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PARAMETRIC MODULATION OF INSTABILITIES OF A NONLINEAR DISCRETE SYSTEM
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Theeffect of modulationon the first instability of thelogistic mapis determined.Similaritieswith the parametrically
modulatedanharmonicoscillatorarediscussed.We also discusssmall-amplitudemodulationof theperiod-doublingbifurca-
tionsandthestructuralsimilarity with bifurcationsof Taylorvortex flow in finite lengthannuli.

Theresponseof a physicalsystem,e.g.a fluid [1], considermostlyrational(or integer)modulation
towardsa periodicallymodulateddriving andin par- “times” 2ir/~2= T= N/N’ andmentionbriefly results
ticularparametricmodulationof aninstability has for irrational T.
receivedincreasingattentionrecently.A representative The trivial fixed pointx” = 0 of (1) is linearly
examplefor this situationanda modelfor manysys- stableif the geometricmeanI .. r~TI 1/N of the con-
tems [2] *1 with stability exchangeis a classicalpar- trol parametersis lessthanone.At the thresholdr~(z~
tide movingwith friction in the potential~ [1 —r(t)] N) determinedby
X x2 + ~x’~varying, e.g.,liker(t) r(l + ~ cos at). N—i
Its reactionis typical for parametricmodulation:Dy- ±1= 8XN(XO)IaXO‘x

00 = (,~)N[1 (1 + ~ cos
namicalstabilizationof a statically unstablestate j=O (2)
[4] andviceversa,generationof harmonicandsub- x” = 0 exchangesstability witha limit cycle: a slope
harmonicmotion [5] andmorecomplicatedbeha- of +1 (—1) of XN (x) at theorigin causesgenerationof
vior [6]. That contraststhesimplebifurcationin the a periodN(2N) cycle. FurthermoreXj+N = in
unmodulatedsystem,~ = 0, wherethe particlestarting thelattercase.Floquettheory [9] yields the same
at not toolargex > 0 is attractedfor r> 1 to the for theoscillator: thebifurcationof x = 0 is either
minimum at\/~T:iiandto theorigin if r < i. harmonic,x (t + T) = x (t) or subharmonicwithx (t

Also the differenceequation + T) = —x(t) [5]. Fig. 1 showsthestabffity boundaries
forN= 10, 11 in thefirst quadrantof ther—~plane.

Xn+i rnxn(l —x~) rn = r(l + ~ cosp12) CO Elsewherethey obtainsimilarly. Werestrict ourselves

showsfor ~ = 0 such an exchangeof stability at r henceforthto positiver. ForevenN the productenter-
= 1 betweenthe origin andanotherfixpoint at (r ing (2) is positive(negative)if ~2 < ~(&> 1), hence
— 1)/r. Herewe determinetheeffect of modulation the trivial fixed pointbifurcatesintoanN.cycle (2N-
on this instability andindicatesimilaritieswith the cycle). Similarly, for oddN thebifurcationisharmon-
responseof the damped,anharmonicoscillator.We ic if z~>—1 andsubharmonicotherwise.While the
also discusssmall-amplitudemodulationof thehigh- periodicorbit doesdependin generalon T= N/N’
erbifurcations[7,8] of theunmodulatedmap.We the thresholdrc(~N) for its appearencedepends
*1 It alsodescribesthefirst instability in the Rayleigh— only on themodulationperiodbutnot onN’.

B~nardproblem[31wherex denotesa Fourieramplitude Note thetendencyto stabilizex * = 0. The enhance-
of thevelocity field andr(t) is relatedto theRayleighnum- ment of the stability domainby small-amplitudemodu-
ber. lation,r~(z~N)— rc(i~= 0) = ~~2, is proportional
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20 r~(I~I< l;N) = (1/cos2a)(l— tanNay2/N__+2/(l+\/l_~2). (3)
N-~00/}‘,‘~

1 0 ,_.,-N ~ The case I I> 1 ismoresubtlesincerc divergesat

/ 2N~_.,_~

7- “ LS~.= —l/cos(2irN’//N). With —2ab= = —1/cos(2mp)
/ anda/b = e’

2~we obtain for irrational p

rc(Ii~I>l;N) = (2/j~I)I4 sin2@N~)L~/N

(4)
N-o 00

Thestability boundaryfor irrationalT= N/N’
1.0

withN, N’ -~ 00 is givenby the aboveN -+ oo limits.
To constructthebifurcatingperiodicorbits closeto

C

0 tO 2.0 ~ 3.0 rc andto determinetheir stability we generalizethe
Poincarë—Hopftechniquefor differential equations.

Fig. 1. Linearstability domain(hatchedarea)ofx* = 0 for Lookingfor solutionsx= ~x0,x1, .. . , ~ i} of(1)
modulationperiodN = 10 (top) andN= 11 (bottom). Full
(dashed)curvedenotesthresholdr~(rd) for harmonic(sub- withperiodN — the2N-periodiccasecanbe treated
harmonic)bifurcation, similarly — we expand

x = Xx(
1) + X2x(2) + ... (5a)

to ~2 asfor themechanicalmodel system.Whereas for small distances
therethethresholdshift increaseswith increasing
modulationperiod [3] herethe prefactorof ~2 is in- r — r~0~= Xr(1) + X2r(2) + ... (Sb)
dependentofN (for N= 2, however,it is ~). Indeed
r~dependsonly weaklyon N for all I I < 1. For from the stability thresholdin termsof the small
I I> 1, however,r~dependsmoresensitivelyon the parameterA. Thecritical valuer(°)= r~is definedby
period: Therearesingularitiesat modulationampli- thecondition(2) that the solutionx,~1)of (1) to linear
tudes = —1/cos~Zj(j = 0, 1, ..., I~NI)for which orderin A
any finite fluctuationx

0 decyasto zero for anyfinite £0x,~~~:=x~’2i— r(
0)(l + ~ cos ~2n)x,~)= 0

r since = 0. Also for other~ thereare parametersr
> 1 for whichx’ = 0 attractsa fmite set IxN (x

0)/x I is periodicx,~~’
2N= ~ Thenalso thesolution~ of

<1 of initial valuesaroundthe origin. ThisbasinoP the adjoint problem
attractionshrinkingto zero at r canbelargerthan £~y~’~~ i — r(0)(l + ~ cos ~TZn)y~= 0
thatof theumnodulatedmap.

With increasingN the numberof singularitiesof is periodicand£~is definedwith respectto the scalar
Tc at Lij (aroundwhich stabilizationoccurs)increases product(xI~)=N1 ~ x~y~betweensequencesof
buttheir widthsdecreaserapidly, sothat rc < 1 for periodN. Forthesubharmonicbifurcationone finds
manymodulationamplitudes.Also the oscillatorexper- X~.2N= —4’~’Y~?N= ~ andr(0) = ç. To order
iencessimilardynamicaldestabilizationfor some~> 1. A2 onehas
In bothcasesthe stability boundaryr~doesneither = (1 + ~ cos &2n)x,~(r(1)—
crossnor touchthe ~ axis for finite ~.

To evaluaterc for largeperiodsN—~oo andfor irra- After scalarmultiplicationwithy (1) one finds that
tional “times” Twe usethe equality r(1) = r(0)N~~ x,~is fmite. ThustheN-cycle
N bifurcatesfrom x * = 0 with a normthat increases

fl (a2 — 2ab cos&lj + b2) = (aN bN)2. linearlywith the distancefrom the stability threshold:
1=1 (xlx) = (x(l)Ix(D)(r — rc)2/r(’)2 + .... Forthesub-
For I I < 1 weset —2ab= = —sin 2aanda/b = harmonicbifurcationr(1~vanishes.Therethe order
tanawith al <ir/4. Then parameterincreasesaccordingto (5)with the square

root of thedistance.Also withexpansion(5) one
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aXN(XO)/aXO= 1 ±N(r — rc)Irc + 0(x2), theyaremembersof a 2N-cycle. Furthermore,theunstableN-cycleis bornin a pitchfork (tangent)bi-
wheretheuppersignholdsfor the trivial fixed point furactionif N is odd (even)sincethederivativeatthe
andthelower for theperiodicorbit. Hencetheyex- correspondingfixpointf(N)’(x; z~= 0) =f’N(x; ~ = 0)
changestability at r,~. goesthrough—l (+1). In thelatter casethereis no

While theaboveanalysisappliesfor arbitrary~ perioddoublingsincef(N) itself hastwo stablefixed
in the neighborhoodof r~it is difficult to determine pointsgeneratingundermodulationtwo different
theevolutionof thebifurcatedperiodicorbit further coexistingstableN-cycles.Perioddoublingoccursonly
away.Wenow discussonly small-amplitudemodula- if f(N)’ = —1 at a fixed point. ForevenN andinfini-
tion. In thatcasetheN-cycle which hasbifurcated tesimal~ that happensnear thekth bifurcationof
from the origin stayscloseto thefixed point 1 — 1 /r thestatic mapfor which 2N is anodd multiple of
of the unmodulatedsystem.Then, if N is odd,the

2k~Until then newadditionalN-cyles areborn as
basiccycle transfersitsstabifity, in apitchforkbifur- shownschematicallyfor N= 4 in fig. 2.
cationat With increasing~ different fixed pointsoff(

4)(x;

Tpf = 3 [1 + ~ ~2(5 + ~ ~ + ~ ~) changetheir positionsin thex, r plane.Forex-
amplebil (fixedpoint IV) movestogetherwith the

to a 2N-cyclewhich undergoeswith increasingr adheringperiod-doublingcascadequickly towards
a Feigenbaumcascade[8] of perioddoublings.If, smaller (larger)r. Also bI (fixed point III) movesin-
however,N isevena newstableN-cycle(II) is born wards(outwards),however,slowlier. That leadsal-
(in atangentbifurcationtogetherwith an unstable readyfor ~ = 0.05 to thesituationshownin fig. 3:
one“u nearthethresholdr = 3 of theunmodulated Fixed pointsIII, IV havemovedaway andcycle I
map)while the original one(I) continuesto live. Coex- coexistswith cycle II. SteadyTaylorvortexflow
isting in somer interval theydie,in generalat different
valuesofr eachgeneratinga Feigenbaumsequenceof
subharmonicbifurcations. till bill

To understandthe situationonehasto investigate
(only) oneof theNdifferentmapsfn(N)(x) identified
by theiterationsequencen,n + 1,... ,N— 1,0,..., n
— 1 (or equivalentlyby aphaseof the modulation)of
the mapsf~(x)= r(1 + ~ cos~n)x(1 —x). Having
foundits fixedpoint(s)x,~= f,~”~(xn)the otherpoints
of the correspondingperiodicorbit(s)obtainvia (1).
FurthermoretheN fixed pointsdefiningtheN-dydle
changetheir stability simultaneouslysinceaf,~)(x~)/ —

ax~is independentof n by virtue of the chainrule. We
considerhenceforththeiterationsequence0, 1, . -. and
leavethesubscriptaway.

Sincef(N)(x; L~)andits iteratesare smooth(poly-
nomials)for small i~onecaninfer thebifurcation I I I

schemeof (1) for sufficientlysmall ~ from the unmod- r t IV b IV

ulatedmap.Onemerelyhasto determine(i) thenum-
Fig. 2. Schematicbifurcationdiagramfor N = 4 andinfinitesi-

berof fixed pointsoff(N)(x; ~ = 0) andof its iterates mal ~ comparedto thatof theunmodulatedmap(dashed

and(ii) the slopesat whichtheychangetheir stability lines). Full lines (dots)denotedifferentstable(unstable)fix-
to deducethe abovementionedresponseof the small- edpointsoff(4)(x). The four members(only oneis shown)

amplitudemodulatedsystem:If N isoddf(N) hasno of eachfour-cyclearelocatedin pairsaroundthedashedlines.

stablefixed pointslightly abover = 3 whereas Secondaryfour-cyclesarebornvia tangentbifurcations(t).
Eachterminationpoint b is the beginningof a sequenceoff(N)) hastwo, sayx~.Beingconnectedby f(N)(x~) period-.loubllngbifurcations.Arrows indicatechangeupon

=x; (N is theperiodicity length of themodulation!) increasing~.
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icr bi b1(A~O) tion ~ ~ 1 the realisticboundaryconditions).I_______________________________________ I ‘/jA
Oursystemhasnot only dynamicallysimilarstates

(cycle I andII) butit showsfor largerr also coexistence
0 9L

of theprimary stateI with thehigherbifurcationsofII and thechaos(includinginbeddedlimit cycles)
generatedbeyondtheperiodicdoublingcascadeII:

Initial fluctuationsoutof the shadedregionof BII
leadto chaoticorbitswhile all x0 EBI are attracted
for correspondingr to the fixed point I off(

4)(x).
Similarly coexistenceof differenttypesof chaosis
possiblefor otherparameters.Thelarger behavior\~ seemsto havea qualitativesimilarity with theTaylor-

0 6-
/

vortexexperimentwherethesteadyvortex statedo-
I existswithwa~,time-dependentvortex states[12].

°~ ib 32 bil ~ r bU(0~) The sharptransitionat 3.43wherechaosII
disappearsandcycle I attractsagainthe interval(0, 1)

Fig. 3. Bifurcation diagramandbasinsof attractionfor mo- occurswhentheimagef(4)(e) of a particularextremum
dulation “time” T = 4 andamplitudeA = 0.05. Thick lines
denotestablefixed points1,11 off(4)(x)or of its iterates.III e [whichis easily readoff the graphof f(4)(x)] falls
andBli arethebasinsof attractionof thetwo four-cycles, uponthe unstablefixed point II~separatingthebasins.
oftheir period-doublingcascades,andof theensuingchaos Then, for r > r.~thepointsof BII are iteratedto its
(shadedareas)with imbeddedlimit cycles.Thebasinsare outside,i.e. into B!. This situationatr

1 is analogous
symmetricaroundx = 1/2. Their boundariesaretheunstable

to that of theunmodulatedmap at r = 4 [7].
fixed point

11u (dots)andits preimages.Nearx = 1 BI and
Bil alternateon scalestoo fine for this figure. Dashedlines
refer to A = 0. References
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