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For fully developed turbulence in an incompressible fluid described by the Navier-Stokes 
equations with Gaussian random forces the relation between the energy spectrum and the 
stirring mechanism is investigated within a variational approach. Therein, the effect of 
nonlinear mode coupling is approximated by a wave number dependent eddy viscosity 
determined via a nonlinear integral equation for the energy spectrum. For various 
stirring spectra analytic approximations are compared with the solution obtained 
numerically with a cutoff in the integral kernel which ensures in eddy relaxing processes 
that the stirring forces exert strain only on scales larger than the eddy size. The results 
are compared with renormalization group calculations and closure approximations. 
Random forces injecting energy at a rate k-1 into the wave number band dk around k 
lead to a Kolmogorov distribution of energy. The spectrum of small-scale velocity 
fluctuations is shown to be universal in the sense that it remains unchanged under 
variations of the long wavelength stirring spectra. 

1. Introduction 

Statistical theories for fully developed homogeneous 
turbulence in incompressible fluids investigate either 
the free decay of an initially prescribed velocity field 
or the statistically stationary flow generated by ran- 
dom stirring. The stirring forces are thought to inject 
enough energy into the fluid to balance dissipation 
caused by viscous energy transfer into molecular 
degrees of freedom. Whereas the former approach 
seems to be the more conventional one with closer 
relation to experimental flow realizability [1], in- 
terest in the latter method has been growing over the 
past few years. A problem continues to be the re- 
lation between velocity fluctuations and random for- 
ces stirring the fluid. 
Renormalization group procedures have been applied 
[2-4] to study the long wavelength fluctuations in a 
fluid agitated by random forces whose energy in- 
jection rate is powerlaw distributed over wave num- 
bers. A crossover dimension, or equivalently a cross- 
over exponent of the forcing spectrum, was found 
separating two regimes of weakly and strongly coup- 
led long wavelength velocity fluctuations. Similar re- 

sults were obtained by a variational approximation 
[5], the closure approximation EDQNM [6], and 
phenomenological arguments [6, 7] similar to those 
used by Kolmogorov [8]. 
Fournier and Frisch also investigated stationary scal- 
ing solutions of the EDQNM at large wave numbers 
with an overall power-law forcing. The result [6, 5] 
shows that the exponent of the energy spectrum 
depends linearly on the forcing exponent so that a 
stirring mechanism which injects energy into the 
wave number band dk around k with a power-law 
rate different from k-1 does not lead to the Kolmo- 
gorov k -5/3 energy spectrum. In the case of random 
forces whose injection rates are not overall power- 
law distributed one expects, on the other hand, the 
large wave number inertial range energy spectrum to 
be independent of long wavelength stirring details. 
For freely decaying turbulence it has long been sug- 
gested [8,9] that the small-scale behaviour is uni- 
versal in the sense that small-scale velocity fluc- 
tuations superimposed on large-scale eddies are sta- 
tistically independent of the latter. In such a case 
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where only local interactions between velocity Fou- 
rier modes are relevant, the famous Kolmogorov 
k-  s/3 distribution of energy over wave numbers [8] is 
obtained by dimensional analysis [8, 10J. 
In this paper we investigate the relation between 
forcing and velocity fluctuations in more detail• Sec- 
tion 2 contains the theoretical framework within 
which the energy spectrum E(k) of forced turbulence 
is discussed. Besides basic formulas we present a 
nonlinear integral equation for E(k) derived pre- 
viously [5] within a variational approximation to the 
generating functional of velocity correlation functions 
in a stirred fluid. We will introduce into the integral 
kernel a physically motivated cut-off for nonlinear 
interactions of Fourier modes which ensures in eddy 
relaxing processes the random forces to exert strain 
only on scales larger than the eddy size. 
In Section 3 we present the numerical results ob- 
tained for various energy injection mechanisms. Con- 
sequences of changing the stirring at long wave- 
lengths, intermediate ones and at small scales on the 
energy spectrum E(k) are discussed in detail. In an 
appendix we investigate the behaviour of velocity 
fluctuations under a uniform convection. 

2. Theoretical Framework 

Consider the Navier-Stokes equation (NSE) for the 
field u(k, t) of velocity fluctuations in a three-dimen- 
sional incompressible fluid stirred by random forces 
f(k, t) 

(~, + vk 2) u~(k, t) + iP~, (k) kr 

dq 
• S (~)3u~(q ,  t) %(k-q, t)=L(k, t). (2.1) 

Here v is the viscosity and P~a(k) denotes the trans- 
verse projector 

k~ k~ 
P=p(k) = 6~t ~ k2 . (2.2) 

It appears when the pressure term is eliminated using 
the incompressibility condition [10]. The externally 
imposed random forces f~(k, t) are Gaussian cor- 
related with zero mean and white frequency spectrum 

(f(k, t)-f(k', t')) 
= 2(2~) 3 5(k + k') 3( t -  t') D(k). (2.3) 

The factor 2 is implied by the solenoidal character of 
the stirring forces. They drive the stochastic process 
(2.1). and maintain a statistically stationary state 
balancing the action of the viscous term by injecting 
energy into the fluid. Viscosity simulates energy dissi- 

pation into molecular degrees of freedom, thus lead- 
ing to decay of the Fourier amplitudes u~(k, t) at a 
rate vk 2. The nonlinear mode coupling term transfers 
energy between the triad of wave numbers k, q, and k 
-q .  The rate at which energy is injected into the 
phase space volume d 3k around k is measured by 
D(k) d 3 k. It is convenient to introduce also F(k) by 

k 2 
F (k) -= ~ D (k) (2.4) 

such that F(k) dk is a measure of the input rate into 
the wave number band dk around k. 
A principal object of interest of statistical theories of 
stationary, homogeneous turbulence is the corre- 
lation function of velocity fluctuations 

C(k, co)=½~dr~dte-~(k'*-~t)(u(r, t). u(O, 0)). (2.5) 

The energy spectrum E(k) is related to the equal-time 
correlation function C(k)= C(k, t=0)  by 

k: 
E(k)=2~2~ 2 C(k). (2.6a) 

E(k) is the spectral distribution of kinetic energy per 
unit mass over wave numbers such that 
co 

dkE(k)=½(u2). (2.6b) 
0 

A variational principle applied to the generating 
functional of correlation functions led to a mean field 
type of approximation [-5] for C(k, co) yielding a 
relaxation dynamics 

2(2(k) 
C(k, (2)) = C(k) (.02 ~_ ~_~2(k ). (2.7) 

The effect of the nonlinear mode-coupling term is 
approximated here by an eddy viscosity #(k) provid- 
ing an additional relaxation rate kZ#(k) to the vis- 
cous damping 

f2(k) = k;  l-v ~ + ~2 (k)] 1/2. (2.8) 

Eddy viscosity and energy spectrum E(k) are coupled 
via a nonlinear integral equation 

F(k) 
E(k) = (2.9) 

20(k)  

2 -~ dqd~c(k)5 E(q) F(k) 
# (k) = .{.t" ~ -  g(k, q, ~c) (2.10) 

q F0c)" 

The dimensionless kinematical coefficient 

"['3 - - 2 T 1  "~2"g 3 (2.11) 
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is determined by the three cosines 

q2 q-k2-/¢2 /¢2 q-q2-k2  

zl  = 2kq ; 722 = 2qtc ' 

K2+k2--q 2 
z3 - 2k~c (2.12) 

of the angles which span a triangle of sidelength k, q, 
tc. The function g(k, q, ~c) is positive, bounded, and 
unsymmetric under ~:~-*q. Its relation to the ki- 
nematical coefficient a appearing in closure approxi- 
mations [7, 10] is g(k,q, tc)=Gq k. The integration 
range A is restricted by momentum conservation to 
the wave number strip [k-ql<<_~c<_k+q in the q,~c 
plane. This reflects the restriction upon the interac- 
tion of wave number triads in the nonlinear term of 
the NSE (2.1). 
Within the variational approximation the energy in- 
jected by the stirring forces is balanced by the effec- 
tive damping produced by kinematic and eddy vis- 
cosity. The latter shows an UV divergence from 
contributions tc~>k (i.e. also q>>k) if E(k) and F(k) 
display reasonable power-law behaviour all the way 
to infinity. These divergent contributions to the 
damping of an eddy of size k-  1 stem from unphysical 
processes where the random force stirs the fluid on a 
scale K-1 being much smaller than the eddy size and 
thus causes energy transfer from wave vector k to a 
much smaller eddy of size q-1. To prevent such a 
relaxation mechanism we follow the commonly adop- 
ted recipe of closure approximations [6, 7, 10]. There, 
eddy viscosities entering the triad relaxation time are 
defined in such a way as to reflect the strain on an 
eddy of size k -1 exerted only by motions of wave 
numbers less than k. In close analogy we introduce a 
tc cutoff into the integral (2.10) which guarantees the 
turbulent driving mechanism F(K) to exert strain on 
an eddy of size k-  ~ only via random forces stirring 
the fluid on scales K- ~ larger than k-1. This seems to 
be the most direct way to compensate the drawback 
of the unrestricted variational solution into which 
enters the bare stirring spectrum and not a renormal- 
ized one as one might expect. Note that such a K 
cutoff 

K<~k;  0<c~< l  (2.13) 

enforces partial locality of the interaction of the wave 
number triad k, q, ~c since momentum conservation 
implies (1 - ~ )  k<__q<=(1 +a) k. The effect of other, lo- 
cality-enforcing restrictions will be investigated in the 
next section. 
The parameter ~ in (2.13) is chosen such that the 
wave number k~, where viscous dissipation becomes 
as important as eddy relaxation (#(kv)=v), is of the 
order of the dissipative cutoff k a. For the latter we 

used the Kolmogorov dissipation wave number [10] 

{g,i  1/4 
ka = k•]  " (2.14) 

The dissipation e is defined by 

e=2v{k 2} (2.15) 

where {k"} abbreviates the n'th moment of the energy 
spectrum 

ka 
{k"} = ~ dk k" E(k). (2.16) 

0 

Using this notation, one finds the following ex- 
pressions for the longitudinal integral scale [10] 

3~r {k -1} 
L p -  4 {k °} (2.17) 

and for the associated Reynolds number [10] 

RE,-- -- (2.18) v v 4 {k°} 1/2 

or 

R E _  ]/~rc k 2 { k-1 } 
4 {k0}l/2 {k2}1/2. (2.19) 

To obtain (2.19) we replaced in (2.18) the viscosity v 
by 

V = ] ~  {k2}1/2 (2.20) 

using (2.15) and (2.14). One thus has the choice of 
expressing v via (2.18) in terms of the Reynolds 
number or via (2.20) in terms of k a. Numerically it is 
more convenient to solve the integral equation (2.8- 
2.10) for fixed dissipative cutoff k a and determine the 
Reynolds number RL, associated with the solution 
according to (2.19). With this procedure the physical 
label RL, , which distinguishes solutions of (2.8-2.10) 
for different forcing spectra F(k), is most easily ac- 
cessible. 

3. Results 

From now on all quantities are understood to be 
dimensionless, measured in units of a wave number 
K 0 and an injection rate F 0 characteristic for the 
externally imposed stirring forces. The energy spec- 
trum, for example, is measured in units of Fo2/3/Ko, 
the viscosities v and #(k) are reduced by F2/3/K~, and 
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the dissipation e has the dimension of FoK o. Note 
that (2.8-2.10, 2.20) determine the energy spectrum 
up to the scale factor F~/3/Ko . 
We investigated, for several values of the parameters, 
two types of stirring spectra: a continuous one 

[)Co k'° for k<O.1 

Fik)=~ae -a(k-°'2? for 0.1_<k<l (3.1) 

(foo M°~ for 1 < k 

with 

fo=(0-1) -y°ae  -°/1°°, f~o=ae-°'64" 

and a discontinuous one 

Fi,(k)=ffo k'° for k < l  (3.2) 
k y~ for 1 < k. 

Common to all cases was that more than 96 70 of the 
total energy was injected into long wavelength exci- 
tations k =< 1. 

a) Technical Details 

The solution for the integral Equation (2.8-2.10, 2.20) 
was obtained by straight-forward iteration starting in 
every case from the same zeroth approximation and 
keeping kd= 104 fixed. It took eight to ten iterations 
to get E(k) pointwise stable within less than 10 ~o on 
a logarithmic scale. The convergence behaviour is 
demonstrated in Figure 1 where RLp is plotted as a 
function of iteration for the representative stirring 
spectrum shown in Figure 2. The spectral moments 
{k"} behave similarly. As another convergence test we 
used the behaviour of the root mean square deviation 

[~ d(ln k)(ln E{,)(k)/E{,_ 1)(k)) 2] 1/2 

between successive iterations as a function of n. 
In Figure 2 we show the influence of the cutoff 
procedures for triad interactions in (2.10) on the 
energy spectrum. Energy was injected into the fluid 
by a type I stirring mechanism (3.1). The parameters 
yo=4,  y ~ = - l ,  a=10  imply that in each case 9670 
of the total energy input rate 4.1 was injected into 
wave numbers k =< 1. For all three cutoffs' (1) ~ <0.9 k, 
(2) ~<0.5 k, and (3) rain (k, q, ~)/max (k, q, ~c)>0.5 
E(k) shows a k s/3 power-law increase for small 
k < 10- ~, a maximum around 0.2, and a k-  5/3 fall-off 
for large k. Since these results are characteristic for 
the stirring spectra (3.1, 3.2) investigated in this work 
we give, in the following, a more detailed discussion. 

b) The Spectrum of Long Wavelength Velocity 
Fluctuations 

For the wave numbers down to 10 .2 as shown in 
Figure 2, the strong coupling limit holds. There, eddy 
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Fig. 1. Reynolds number RLp as a function of iteration n for a 
representative stirring spectrum. The line is a guide to the eye 
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F i g .  2. Influence of cutoff procedures for triad interactions in the 
eddy viscosity on the energy spectrum of velocity fluctuations. Full 
curve: cutoff (1) KG0.9 k; dashed curve: cutoff (2) ~c=<0.5 k; dashed 
dotted curve: cutoff (3) rain (k, q, K)/max (k, q, K) >= 0.5. Arrows in- 
dicate the wave numbers k, where eddy relaxation and viscous 
dissipation are of equal size. The Reynolds numbers are R~L~d 
=6.6.10 4, R(Z} =2.3 - 10 5 and R[3} = 9.6 . 10 4. Insert shows the stir- 
ring spectrum F(k) (3.1) used to obtain the plotted energy spectra 

relaxation due to nonlinear mode coupling exceeds 
viscous damping: #(k)>> v. Then 

F(k) (3.3) E(k)_ 2k 2 ~(k) 

shows, for k ~ 1, power-law behaviour 

E(k) ~- e o k x° (3.4) 

if F(k) varies like fo ky°. This can be readily under- 
stood by observing that the eddy viscosity reads for a 
power-law energy spectrum (3.4) 

/~2(k ) ..~ e0 kX0-1 A~)(Xo, Yo) (3.5) 

where, according to (2.10), 
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A(~(Xo, Y0) = YY d~# d(  g(~#, 0 ~ffo- l ~5-yo. (3.6) 
A(i) 

The integration range A ~° is determined by momen- 
tum conservation and the cutoffs (i)=(1), (2) or (3). It 
covers, for k ~ 1, only values of the reduced variables 
tl = q/k and ( =  tc/k less than one. 
Inserting (3.4) and (3.5) into (3.3) one finds the follow- 
ing power-law solution for the spectrum 

[ E(k)~- 4A~ ) ,Yo) X o - X y o - 1 ,  (3.7) 

Hence E(k) displays for small k a k s/3 behavior if Yo 
--4 as in our case (c.f. Fig. 2). The amplitudes are, on 
a logarithmic scale, of roughly the same size since the 
integration ranges A (° do not differ drastically. The 
amplitude is larger in case (2) c~ = 0.5 than in case (1) 
= 0.9 due to the smaller integration range A entering 
into A o, i.e. #(k). 
In the limit k--+0 there will eventually be a crossover 
2{k2}/k~=v2,~pE(k),,~U °-1 to the weak coupling li- 
mit [-5] whenever x o is larger than one, i.e. for Yo > 3. 
However, the crossover happens because of the small 
dissipation length kz ~, well below the smallest wave 
number 10 .2  shown in Figure 2. Hence, the small k 
energy spectra of Figure 2 still display strong cou- 
pling behaviour despite the forcing exponent yo=4.  
Only in the limit of very small k where v~>#(k--+O) 
one enters the weak coupling regime characterized 
according to (2.8, 2.9) by x o = Y 0 - 2 .  And using re- 
lation (3.5) #2(k)~kx°-a one recovers for k--*0 the 
crossover exponent x o = l  , i.e. yo=3  also from the 
weak coupling side. The relations x o = 2 y o - 1  (3.7) 
for y o < 3  and x o = Y o - 2  for y o > 3  between ex- 
ponents of the energy spectrum and the stirring spec- 
trum in the limit k--+0 have been derived with re- 
normalization group techniques by Fournier [4]. 

c) Energy-Containing Range at Intermediate k 

The maximum in E(k) around 0.2 and the subsequent 
steep decrease reflect the energy injection distribution 
F(k) (3.1) showing a peak at k=0.2. The longitudinal 
integral scale Lp varies with cutoff between 0.44 and 
0.55. Hence, in the stationary state, most of the 
energy is contained in the large-scale eddies into 
which most of the energy has been injected. 
The dip in the energy spectrum for wave numbers 
roughly between 1 and 6 in the cutoff case (1) e=0.9  
is due to an enhancement of the eddy viscosity #(k): 
For  values of k between ~-1 and (1-c~) -~ (in our 
case for 1.1 < k < 1 0 )  the integration range A °) allows 
triad interactions of wave numbers ~c > 1 with wave 
numbers q <  1 which correspond to the energy-con- 
taining range of E(q). For these combinations the 
integrand in (2.10) is large. 

The energy spectrum displays a small bump around 
k~-7.4 as a consequence of the dip: The integration 
range A (1) extends, for that k value, over wave num- 
bers q for which E(q) shows the dip. This yields a 
relative decrease of #(k). The other two cutoff pro- 
cedures enforce a more local triad interaction. Hence 
E(k) shows less structure for wave numbers 1 <k  < 10 
and the inertial range begins already at smaller va- 
lues of k. 

d) The Inertial Range Spectrum 

For all three cases there is an inertial range with a 
k -5/3 decrease. It can be understood with an argu- 
mentation completely analogous to the one presented 
for the explanation of the small k behaviour (c.f. 
discussion connected with (3.3-3.7)). One finds in the 
strong coupling limit a power law E(k)~k x~ 

E(k),--I-- 1 [4k(~)(x~o, yoo)] U:;  xoo=~yo~-I (3.8) 

for a power law forcing F(k)=f~ o k y~ in agreement 
with results of the E D Q N M  [6]. Here A~(xoo, Yoo) is 
determined in direct analogy to (3.6) since for k~> 1 
contributions to A~ from ~<  1 are negligible (see 
below). Equation (3.8) explains the appearance of the 
Kolmogorov spectrum k-  5/3 in Figure 2 as a result of 
a power law forcing k-1 for large k. The Kolmogorov 
constant C r derived from the inertial range para- 
metrization E(k)= C K g 2/3 k -5/3 has the value (1) C K 
=0.93, (2) C~=3.2, and (3) CK=0.7 respectively for 
the three cases shown in Figure 2. 
Note that the locality of triad interactions entered 
decisively into the derivation of (3.8): All three in- 
tegration ranges A (i) are local in q covering only wave 
numbers q of the order of k. Whereas A (3) is also local 
in ~c, A (1) and A (2) allow triad interactions with wave 
numbers K ~ k. For  these wave numbers F(k)/F(~c)~ 1 
so that their contribution to #(k) is negligible. Hence 
local interactions dominate the eddy relaxation. 
The effective locality of the triad interactions entails 
the existence of an inertial range: There the form of 
the energy spectrum E(k) (3.8) does neither depend on 
the details of the energy injection mechanism at long 
wavelengths or on details of the energy containing 
eddies of size Lp nor on the form of the viscous 
energy drainage simulated here by the cutoff at k a. It 
does, however, depend on the forcing at large wave 
numbers. A different power-law forcing at large k 
yields according to (3.8) another power law for E(k) 
[6]. 

e) Viscous Energy Dissipation 

Equation (3.8) was derived for #(k)>> v. Viscous dissi- 
pation equals eddy relaxation at the wave number 
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1 [k e A- 
k~- (3.9) 

L 2{k 2} J 

where we used the s t rong coupling expression 

#2(k)~-eo~ kx~-- i A(ioo)(Xoo, Yoo) 

with e~ denot ing the prefactor  in (3.8). For  the ensu- 
ing explanatory  discussion it is sufficient to approxi-  
mate  {k 2} by eook~ ~+3 since the dominan t  contri-  
but ion  to the second m o m e n t  comes f rom large k and 
since k v is of  the order  of  k a. Insert ing this est imate of  
{k 2} into (3.9) one finds that  

1 

kv-~ k a [ A ~ ] I - ~  (3.10) 

does not  depend on e~ nor  on f ~ .  This has been 
verified by varying f ~  and with it e oo. In  accordance  
with (3.10) we have  found numerical ly  that  the only 
effect of  increasing k a was to enlarge the inertial 
range and to yield a larger Reynolds  number  (2.19). 
The  quali tat ive formula  (3.10) also explains why kv 
for cutoff (1) (full a r row in Fig. 2) is larger than  for 
cutoff  (2) (dashed arrow): A~ ) is larger than  A~  ) since 
the integrat ion range A in (2.10) is larger for e--0.9.  
For  cutoff (3) we found # ( k ) > v  for all wave numbers  
shown in Figure 2. Since cutoff (2), on the other hand, 
gave a value of k~ too small compared  with ka, we 
will f rom now on consider only cutoff  procedure  (1). 
Then the wave vector  k~ where #(k~)=v is located 
just  below the dissipative cutoff  k a. Beyond k, the 
viscous dissipation range v>>#(k) begins where E(k) 
has the form 

E(k)~_ F(k) 2vk2 ~ k  r~-2.  (3.11) 

Fo r  a stirring spect rum with Yo~ = - 1 E(k) displays a 
final k - 3  fall-off to be seen in Figure 2. 

f )  Variation of the Energy Injection at Large k 

In Figure 3 we show the results of  decreasing the 
stirring strength of a type I injection spec t rum (3.1) at 
large k. In  all three cases shown Yo = 4, Yoo = - 1. The  
injection rate f ~  was varied f rom 9.6 x 10 .3  to 5.5 
x 10 -5  by a factor of  abou t  175 and the percentage 

of injection into large wave -number  eddies by a fac- 
tor  of  about  250 (due to the form of (3.1) the total  
energy input increased f rom 4.3 to 6.2 upon  increas- 
ing a f rom 11 to 20). 
There  was no significant change of the energy spec- 
t rum at large k. The  only form change occured at the 
dip becoming  more  pronounced.  The  Reynolds  num-  
ber d ropped  f rom Rrp = 5.9 x 104 to 2.3 x 104 most ly  
since the longitudinal  integral  scale decreased f rom 
Lp=0 .41  to Lp=0.21.  Tha t  can be t raced back  to the 
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Fig. 3. Energy spectrum resulting from a type I stirring (3.1) with 
yo=4, yo~=-1 for various large wave number injection ampli- 
tudes foo = a e- o.64,. Full curve: a = 11 (2 ~ of total input at k > 1); 
dashed curve: a= 15 (0.18 ~o of total input at k> 1); dashed dotted 
curve: a=20 (0.008 Yo of total input at k> 1) 
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Fig. 4. Energy spectra for various type I stirring mechanisms (full 
curves) and for a representative type II injection (dashed curve) 
with a constant energy input up to k= 1. The long wavelength 
exponents Yo for the type I stirring spectra were (from top to 
bottom) 1, 1.5, 2, 3, 4 

injection spect rum (3.1) becoming  sharper  peaked  
a round  k =0.2  with decreasing foo (increasing a). The  
K o l m o g o r o v  constant  for the three curves in Figure 3 
remained  unchanged  C~:=0.9. No te  that  k v is not  
affected by varying f~o or the size of  E(k), as discussed 
earlier. 

g) Variation of the Long Wavelength 
Stirring Spectrum 

In Figure 4 we show the effect of  varying the in- 
ject ion mechan ism at long wavelengths  k =< 1, keeping 
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its small-scale characteristics Yoo = - 1, foo = 10 e -6"4 

fixed. The Reynolds numbers are RL =4.3x10 4 for 
the dashed curve and RLp =6.5 x 10 4 for all full cur- 
ves. We also investigated a stirring spectrum with 
F(k=0)#=0 of the form F(k)=fo-a(k -ko)  2 for k<  1. 
Here k o was varied between 0.1 and 0.3 and fo was 
fixed by requiring F(k) to be continuous at k = 1. The 
resulting energy spectrum shows only minor modifi- 
cations compared to the k ° stirring of type II: The 
discontinuity at k = l  gets rounded while deviations 
at very small wave numbers and in the inertial range 
are within pencil's width. 
Obviously, the large k inertial range is universal in 
the sense that different long wavelength (power law) 
stirring spectra do not modify velocity correlations 
over small scales. This is in a sense a trivial con- 
sequence of the locality of triad interactions. A less 
trivial consequence of the variational approximation 
(2.8-2.13) is that it predicts the same inertial range 
power law (3.8) as the EDQNM [6] and the same 
long wavelength behaviour of velocity fluctuations as 
renormalization group procedures [4, 2]. The long 
wavelength energy spectrum displays according to 
(3.7) in the strong coupling regime exponents x o = 2 y  o 
- 1 to be seen in Figure 4 for various Yo. 

Appendix 

Here we will investigate the behaviour of the va- 
riational approximation (2.7-2.13) when a uniform 
velocity v is superimposed on the field of velocity 
fluctuations u(r, t). The effect of such a uniform con- 
vection on the NSE (2.1) is only a phase change 
n(k, t )~n(k,  t) e iu'vt and f (k t )~f(k ,  t) e ik'v~. Or, sta- 
ted in other words: the NSE (2.1) are invariant under 
the Galilean transformation u'(r', t) = u(r + v t, t) + v if 
also the random forces are Galilean invariant f(r', 0 
= f(r + v t, 0. Hence equal-time correlation functions 
are not affected by a uniform convection. 
The linear NSE 

(~e + v k 2) n(k, t) = f(k, t) (A. 1) 

is not Galilean invariant. It is, however, not changed 
by the addition of a uniform velocity. Note that 
showing invariance under uniform convection rather 
than invariance under Galilean transformations is 
physically relevant for a statistical theory of turbu- 
lence. The variational result [5] is equivalent to the 
following equation of motion 

(0 t + f2(k)) u(k, t) = f(k, t). (A.2) 

Here f2(k) is determined by the solution of the in- 
tegral equation (2.8-2.13) for E(k). Like the linear 

NSE, Equation (A.2) is not Galilean invariant. It is, 
however, not changed by adding to u(k, t) a uniform 
field v(2z) a 6(k) if the total effective relaxation rate 
f2(k) vanishes for k-~O. 
This is trivially the case for forcing spectra F(k) with a 
long wavelength exponent Y0 > 3. Then the weak cou- 
pling limit v~>#(k--,O) holds where E(k---,O)~k y°-2 
(2.8) and #2(k~0)~ky°-3  (3.5) and consequently 
Q(k)~-vk 2. The expression A o (3.6) 

A(ol)(yo-2, Yo) = Y dt/q y°-a i d((5-'Og(rl,() (A.3) 
1-~ Ii-n[ 

entering into ¢tZ(k) (3.5) converges for Yo < 7. Note the 
dependence of the results in this appendix on the 
cutoff procedure (2.13) for the triad interactions. 
In the strong coupling limit (#(k--, 0)> v) enforced by 
long wavelength injection spectra with exponent 
yo<3 we found in Section3: E(k--+O)~k ~y°-I (3.7) 
and #2(k~O)~k~yo-2 (3.5). Then the relaxation rate 
behaves as f2(k--+O)~k ~+y°/3. The conclusion to be 
drawn from this result is that forcing the fluid at long 
wavelengths by power-law distributed injection rates 
leads to velocity correlations invariant under uni- 
form convection as long as the exponent Yo is larger 
than - 3 ,  i.e. for Xo=-~y o -  1 > -3 .  The lower bound 
X o = - 3  for the exponent of the energy spectrum 
coincides with the lower bound for convergence of 
the transfer integral in the EDQNM closure approxi- 
mation [6]. 

Discussions with J.D. Fournier and U. Frisch are gratefully ac- 
knowledged. 
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