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The wavenumber spectrum of the stationary energy injection rate into an incom- 
pressible fluid described by the Navier-Stokes equations is evaluated for some simple 
realizations of stochastic volume as well as stirring forces. A general relation between 
energy injection, fluid's response, and force correlations is derived which was previously 
shown to be particularly simple for Gaussian distributed forces with white noise 
frequency spectrum. For  two kinds of such model volume forces the energy injection 
rates are calculated: Fluid volume elements of variable size around randomly chosen 
positions are forced in one model centralsymmetrically in the other one anti- 
symmetrically under inversion with various force density profiles. The circumstances 
under which both models display an energy injection rate ~ k-1 into a band d k around 
the wavenumber k are discussed. As a simple realization of stochastic stirring forces 
externally moved hard spheres immersed in the fluid are considered. The equation of 
motion and energy balance for the velocity field of the combined system is discussed. 
The spectral distribution of energy injection by stirring is shown to be that of a volume 
force model. 

I. Introduction 

The velocity field of a fluid described by the 
Navier-Stokes equations [1] (NSE) decays to zero 
due to viscous dissipation of momentum and kinetic 
energy into molecular degrees of freedom unless 
both are resupplied. The energy- and momentum 
input into the velocity fluctuations of the fluid flows 
which are investigated [2-6] in nature and in labo- 
ratories to understand turbulence [2-8] stems from 
the action of surface forces if body forces like ther- 
mal buoyancy are absent: Either a finite mean ve- 
locity field exerts Reynolds stresses [2, 4] upon the 
fluctuating components thereby transferring energy 
to them or surface forces exerted by boundaries and 
obstacles like grids in a windtunnel do work on the 
fluid. However, the velocity fluctuations of many of 
these flows when viewed in the appropriate frame of 
reference are neither generated continuously nor 
isotropically but rather represent decaying aniso- 
tropic turbulence. Thus, following the work of Kraich- 
nan [9], Wyld [10], and Edwards [11] a statisti- 
cally defined external random volume force field 

f(r,t) has commonly been introduced [12-18] into 
statistical theories of turbulence in order to provide 
for a statistically stationary isotropic energy injec- 
tion. 
Such a force field f(r,t) appears explicitly in the 
momentum balance of the velocity field. Hence the 
NSE becomes a nonlinear Langevin equation de- 
scribing an externally driven stochastic process. The 
probability distribution of f(r,t) when chosen to be 
invariant under time and space translation and un- 
der arbitrary rotations enforces a statistically sta- 
tionary, homogeneous, isotropic, fluctuating velocity 
field. The latter adjusts itself in a statistically sta- 
tionary state to the forcing such as to guarantee 
dissipation of energy at precisely the rate it is put in 
by the forces. The often heard statement that the 
random forces supply the energy which is dissipated 
by viscous stresses is misinterpreted if the former are 
thought to be adjusted to the latter. The converse is 
true - e.g. in the case of Gaussian distributed forces 
with white frequency spectrum the energy input into 
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any wavenumber band being solely determined by 
the external forces can be chosen arbitrarily. The 
velocity field amplitudes react according to the NSE 
in direct response to the external field and via the 
action of the nonlinear mode-coupling terms and 
thus are capable to set up an energy flow in Fourier 
space by which in every wavenumber band any in- 
jection is balanced against transfer and dissi- 
pation. 
These statistical theories [9-20] of turbulence have 
to cope with the absence of a physically motivated 
guideline which restricts the choice of the driving 
force as, e.g., in stochastic processes simulating fluc- 
tuations around thermal equilibrium [21]. In con- 
trast to turbulent velocity fluctuations the former 
obey detailed balance and a fluctuation dissipation 
theorem [21, 22]. Hence the statistics of the driving 
forces is prescribed [22-24] via potential conditions 
and Einstein relations to ensure a stationary proba- 
bility distribution of the thermal fluctuations of the 
form e -pu. Furthermore, is the physical concept for 
introducing fluctuating forces much better founded 
in this case: they represent the microscopic degrees 
of freedom which have been projected out [-25] in 
the Langevin equation for the macrovariables. The 
relevance of thermal fluctuations upon turbulence 
has also been investigated lately [26, 27] but we will 
not add to the discussion [28] of internally generat- 
ed force fluctuations in the externally unforced non- 
linear NSE. Their energy supply to those wavenum- 
bers relevant in turbulence is negligible in compari- 
son with injection by external random forces since 
the latter has to sustain a velocity field on a macro- 
scopic scale large enough to entail high Reynolds- 
numbers [2-8]. 
A physically well founded concept for the external 
forcing device, however, has not been developed so 
far. Many authors, including the present one, have 
made more or less vague allusions to stirring forces 
but energy injection via external random surface 
forces has, to the best of our knowledge, not been 
discussed explicitly. On the other hand is turbulence, 
generated nonrandomly in cylindrical tanks by 
rotating impellers, investigated experimentally 
[29]. 
Practically all random forcing devices introduced 
into theories and numerical simulations have been 
Gaussian distributed volume force fields with white 
frequency spectrum. Their rate of energy input into 
the velocity field was either chosen, for mathemati- 
cal convenience, to be power-law distributed over 
wavenumbers or to display a step function behavior 
restricting the energy injection to low-wavenumber 
bands. The latter choice is motivated by the Kolmo- 
gorov picture [30-32] of turbulence in which large- 

scale fluid motion (eddies) decay predominantly into 
smaller eddies of comparable size thereby transport- 
ing energy in a sequence of many eddy decay steps 
to the very small-scale motion where dissipation 
takes place. In this picture a band limited forcing is 
singled out by the following commonly adopted ar- 
gumentation: It is reasonable to expect the statisti- 
cal properties of the large-k velocity fluctuations to 
be insensitive to details of the artificially introduced 
external forcing provided the latter generates di- 
rectly only small-wavenumber modes such that large- 
k modes receive their energy predominantly from 
those with smaller wavenumbers. However, a unan- 
imously accepted solution to both problems in- 
voked in the above argumentation, the validity of 
the Kolmogorov picture and the relation between 
forcing and the statistical dynamics of velocity fluc- 
tuations, has not yet been given (c.f. Fig. 1 of [33]) 
despite their central importance in the statistical 
theory of fully developed turbulence. 
Since the net energy flow in k-space is dictated by 
the distribution of the external energy injection rates 
over wavenumber bands we feel it is worthwhile to 
investigate the latter in some detail. So in this work 
the wavenumber spectrum of the stationary energy 
injection rate is evaluated for some reasonable mod- 
el realizations of external random volume as well 
as surface forces. 
In Sect. II we list basic properties of the fluid's 
velocity field in the presence of an external random 
volume force field: The momentum and energy bal- 
ances and the statistical description of the velocity 
field are reviewed. The correlation functions which 
represent energy injection, dissipation, and transfer 
rates and their role in the balance of energy flow 
through a wavenumber band are discussed together 
with their symmetry properties. A relation between 
energy injection, fluid response, and random force 
correlation derived in Appendix A for general forced 
stochastic processes is shown to reduce for Gaussian 
distributed forces with white noise spectrum to a par- 
ticularly simple, well known form in which the fluid 
response drops out. The energy injection rate into 
volume element dk in Fourier space is then given by 
the spectrum D(k) of the force field correlation. 
In Sect. III D(k) is evaluated for two kinds of model 
realizations of Gaussian distributed, white noise vol- 
ume forces: Finite fluid volume elements of various 
sizes around random positions are forced in one 
model centralsymmetrically, in the other model 
antisymmetrically under inversion with different 
force density field profiles. The force field correlations 
D(k) decompose naturally into self and coherent cor- 
relations. Their contributions to the energy injec- 
tion are evaluated for various degrees of field co- 
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herence. We determine the circumstances (and their 
degree of universality) for which D(k)~ k -a such that 
the energy injection rate I(k) into wavenumber 
bands varies ~ k  -~. The special significance of an 
external injection rate I (k )~k  -1 is discussed by 
comparing it with the internal rate at which all 
Fourier velocity modes with smaller wavenumber 
than k transfer energy into the band dk. 
In Sect. IV random stirring by externally moved 
hard spheres immersed in the fluid is investigated. 
The resulting energy injection is shown to be 
equivalent to the one of one of the volume force 
models. Hence many results derived in Sect. III for 
volume forces apply to the stirring model as well. 
The lastsection summarizes the main results of this 
work. 

II. The Fluid Velocity Field in the Presence 
of Random Volume Forces 

A. Balance of Fluid Momentum and Energy 

First the energy and momentum conservation laws 
of an incompressible fluid of density p in the pres- 
ence of an external field of volume forces are briefly 
reviewed. The balance equation for the momentum 
of the fluid particles enclosed in a volume V(t) mov- 
ing along with the fluid velocity field u(r,t) reads 
[34] upon neglection of thermal effects 

d 
dt  ~ drpu~(r,t) 

v (t) 

= ~ x~B(r,t)dS~(r,t)+ ~ drf~(r,t). (2.1) 
s(t) v ( t )  

The momentum of the fluid particles in V(t) is 
changed by surface forces acting on the surface S(t) of 
V(t) and by the volume force acting within V(t). 
Here ~r(r,t).dS(r,t) is the force exerted by the fluid 
upon the surface element dS(r,t) whose normal 
points out of V(t) and fir, t) is the density of the exter- 
nal force field. The fluid stress tensor [1] 

Gp(r, t) = -6~p(r , t )+tl[~u~(r , t )+V~G(r, t )]  (2.2) 

contains the pressure p(r,t) and viscous frictional 
forces. The latter cause a dissipative momentum flux 
into microscopic motion proportional to velocity 
gradients and the viscosity t/. Only via this transport 
coefficient are molecular degrees of freedom (e.g. 
transverse current density excitations) coupled to the 
macroscopic field. Corrections to the above momen- 
tum balance of the fluid continuum from microscop- 
ic motion are negligible even for (ordinary) fully 
turbulent velocity fields [7]. 

For later use the momentum balance was presented 
in the integral form (2.1). The more familiar form of 
the Navier-Stokes equation for the rate of change of 
momentum density is obtained with the help of 
Reynold's transport theorem [34, 35] 

d ~ drpa(r, t)= ~ drp da(r't) (2.3) 
dt v(t) v(t) dt 

valid for the density a(r, t) of an arbitrary quantity of 
the fluid. Then (2.1) is divided by V(t) and the limit 
V(t)--O is taken such that all extensions of V(t) 
shrink to zero. With GauB's theorem one arrives 
[34] at the NSE 

0 
p ~ u~(r, t) 

= - pu(r, t). Vu~(r, t) + ~ ~ ( r ,  t) +L( r ,  t). (2.4) 

Here, the relation did t = 0/3 t + u(r, t). g between sub- 
stantial and partial time derivative in a moving me- 
dium as well as the restriction [1] 

V. u(r, t) = 0 = k .  u(k, t) (23) 

imposed by incompressibility were employed. The 
Fourier transformed velocity field u(k, t) is defined 
by 

u(k, t) = ~ dr e - i k r  u(r, t). (2.6) 

Since the velocity field is solenoidal the pressure 

p(k, t) -- ks kB k2 Gp(k,t) and the longitudinal part of 

the force are determined from (2.4) by a nonlinear 
combination of velocity fields which is nonlocal 
both in k-space and in real space but local in time. 
The instantaneous global adjustment of pressure and 
velocity field is a consequence of the incompress- 
ibility assumption which implies sound propagation 
with infinite velocity [31]. Projecting out the longi- 
tudinal parts on the right side of (2.4) with the 
transverse projector 

P~(k) = ~ k~k~ 
k2 (2.7) 

one finally obtains a rate equation which contains 
only solenoidal quantities 

(0 t -~- V k 2) us(k  , t) = 

dq 1 • 
- i P ~ ( k )  k, ~ ( 2 ~ y  u~(q, t) u,(k - q, t) + - f s  (k, t). 

P 
(2.s) 

Here V=rl/p is the kinematic viscosity of the fluid 
and f~(k)=P~(k)fB(k ) is the solenoidal part of the 
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external force density. In this and the following sec- 
tion p = 1 for convenience. 
Neglecting thermal effects [34, 36] the rate of 
change of the total energy of particles in a volume 
V(t) - i.e. kinetic energy of the macroscopic velocity 
field and internal energy contained in the micro- 
scopic degrees of freedom of the fluid - is given 
(arguments r, t suppressed) by the sum of two contri- 
butions [34] 

d 
�9 

dt ~ dr[elm+eking] ~ u~zc"tjdS~+ ~ dr(u-f). (2.9) 
v (t) s ( t )  v (t) 

Fluid stresses do work on a surface element dS of 
S(t) at a rate u, lr~pdS~ and in addition the external 
force does work on a volume element dr within V(t) 
at a rate (f. u)dr. 
Again the local balance of total energy density 
d 
d t  (eint+ekln) follows from (2.9) by using Reynolds' 

transport theorem (2.3), dividing by V(t), and taking 
the limit V(t)-*O. A comparison with the rate of 
change of the kinetic energy density eki~(r ,t) 
=�89 which is obtained from (2.4) by scalar 
multiplication with u(r,t) shows [34] that the in- 
ternal energy density of the fluid increases at a rate 

dei't(r't)--ediss(r,t ) rtt [ ~ u r  V~u~(r,t)]2=>0. 
d ~  --2 (2.10) 

Hence the macroscopic velocity field dissipates ki- 
netic energy into internal energy at a rate ~aiss(r,t) 
while it receives energy per unit volume at the rate 
f(r, t). u(r, t) through the action of the force field�9 

0 
~?t eki'(r' t) = - eaiss(r, t) + f(r, t)- u(r, t) 

+ V, {u,(r, t) [~,r t ) -  ~,~ eki.(r, t)] }. (2.11) 

Since the internal energy of the molecular degrees of 
freedom is much larger than the kinetic energy of 
the macroscopic velocity field the former can be 
treated as a reservoir which is not changed (e.g. to a 
higher temperature) by irreversible transfer of kinetic 
energy into it. 

B. Statistical Description 

Here the basic formulas for a statistical description 
of the velocity field in the presence of external ran- 
dom forces are given. Averages are taken over an 
ensemble of the external force field and indicated by 
( . . . ) .  To ensure independence of ( . . . )  of the initial 
velocity field the latter is prepared in each realiza- 
tion of the ensemble at time t o= -o9 .  Preparation 

of u(r,t) at a finite t o requires an additional average 
over an ensemble of initial values u(r, to). 
A statistically stationary, homogeneous, isotropic ve- 
locity field is enforced by an ensemble of random 
forces which is invariant under time and space 
translation and under arbitrary rotation. Then the 
mean values of all single fields vanish. Moreover, 
imply the above invariances 

( f~(k,  co) f~(k',  co')) =D(k, co) 
�9 P~p(k) (2 n)4 c~(k + k') 3(0) + co') (2.12) 

(u,(k, co) u6(k', co')) = C(k, co) 
�9 P~(k)(2 ~)~ 6 (k + k') fi (co + co') (2.13) 

where the autocorrelation functions 

D(k, co)=�89176 (2.14) 

C(k, co)=�89176 (2.15) 

are real, positive, even in co and dependent only on 
k = Ikl. The correlations of longitudinal and transver- 
sal force components were assumed to be the same 
in (2.14). However, the general case Dr(k, co) 
+DL(k, co) does not pose any problems. Since the 
longitudinal part of the force is eliminated from the 
NSE one only has to consider the statistics of the 
solenoidal part. For the commonly considered pure- 
ly solenoidal forces the prefactor in (2.14) would 
be 1/2. 
Equation (2.15) suggests to interpret C(k, co)dkdco 
as the field energy per unit mass in the volume 
element dkdco of k, co space and hence C(k,t=O)dk 
as the field energy in dk. A main object of interest 
of stationary isotropic turbulence is the energy spec- 
trum [31, 32] which is defined in d = 3  dimensions 
by 

E k 4~  k 2 ( )= ( -~ )3  C(k,t=O). (2.16a) 

It describes the spectral distribution of field energy 
(per unit mass) over wavenumber bands such that 
the integral over all bands 

o o  

dk E(k) =�89 (u 2) (2.16b) 
0 

determines the average kinetic energy per unit 
mass. 
In Hamiltonian systems evaluation of equal time 
correlations does not require solving equations of 
motion�9 However, since the stationary velocity field 
distribution of the randomly forced fluid is not 
known, except for the uninteresting case simulating 
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thermal equilibrium one has to solve the equation of 
motion 

2 ( - i c o + v k  2) C(k, co)=C3(k, co)+2Cy,(k, co ) (2.17) 

for the dynamic correlation function C(k, co) in order 
to obtain E(k) via a frequency integral. Equation 
(2.17) is obtained by Fourier transforming the NSE 
(2.8) with respect to t, multiplying with u(k',co'), 
averaging, and integrating over k',co'. Both corre- 
lation functions 

Cy,(k, co))=�89176 (2.18) 

and C3(k, co ) which is determined by triple velocity 
correlations depend, because of isotropy, only on lkl. 
Their real (imaginary) parts are even (odd) in co 
since the fields u(r, t) and fir, t) are real. 
Integrating (2.17) over frequencies all imaginary 
parts drop out and one obtains the local balance in k- 
space between the rates of energy dissipation 
2Vk 2 C(k), energy transfer C3(k), and energy injec- 
tion 2 Cf,(k) in a volume element dk 

2v k 2 C(k) = C3(k) + 2 Ciu(k ). (2.19) 

That interpretation is deduced from the integral prop- 
erties of the above equaltime correlations for which 
the arguments t = 0  will be suppressed henceforth: 
The average energy dissipation rate (2.10) is given (d 
= 3) by 

O<3 

dk k2 C(k)=2v ~ d k k  2E(k) (2.20) (eaiss(r , t)) =2v ~ ~ 0 

and the average injection rate by 

dk 
(f(r, t). u(r, t)) = 2 ~ ~ Cs,(k ) = 2 j d k I(k). (2.21 a) 

o 

The energy injection spectrum 

I k 4n k 2 
( )=(~n)3 C~(k) (2.21b) 

is the spectral distribution of the energy injection 
rate into the velocity field over wavenumber 
bands. 
In stationary forced turbulence the transfer C3(k ) is 
determined by the balance between external energy 
injection and dissipation in the considered volume 
element dk in Fourier space. A positive (negative) 
C3(k ) measures [2, 4, 31, 32] the net rate at which 
the nonlinear interaction of different Fourier ve- 
locity modes has to transfer energy into (out of) dk 
in order to provide for the difference between dissi- 
pation and external injection. The nonlinear mode 

coupling process exchanges energy conservatively 
[31, 32, 37] so that the global energy balance be- 
tween injection and dissipation is untouched by 
transfer in k-space: Sdk C3(k)=0. 
In three dimensions the balance equation (2.19) de- 
scribes a net energy flux [2, 31, 32] from small 
wavenumbers to large ones if energy is injected at 
small k since for d = 3  the dissipation vk 2 E(k) works 
predominantly at large k. Hence, in a statistically 
stationary state internal nonlinear interactions trans- 
port energy to the large-k dissipation sink. That is 
widely believed to be done in a universal manner 
[30-32] if energy source and sink are well separated 
in k-space. It still remains to be shown that the 
famous Kolmogorov k -5/3 distribution of energy 
over wavenumber bands developes if to a wide 
range of wavenumbers energy is mostly (or only?) sup- 
plied by internal transfer. As a side remark it should 
be noted that for suitably chosen injection spectra 
energy flow in co-space has to be expected as well: 
There is dissipation 2vk  2 C(k, co) and the energy in- 
jection rate ReC1,(k, co) is positive as will be shown 
later on for Gaussian forces. It would be interesting 
to know whether the energy flow in co-space estab- 
lishes also a universal power-law dominated fre- 
quency spectrum. 

C. Energy Injection by Random Volume Forces 

Here the energy injection into the velocity field by 
random volume forces is worked out. Since the en- 
ergy injection of the surface force model of Sect. IV 
can be mapped onto volume force injection we feel 
that the latter being somewhat generic for energy 
injection merits a thorough investigation. 
The rate at which external forces do work on a 
system depends in general on the system's response 
(c.f. Appendix A for a discussion of the randomly 
forced fluid). In particular one has to consider the 
velocity response function z(k, co) describing the 
change linear in /~ of the velocity average in the 
presence of a small nonrandom external force l~(r, t) 
added to the random force f~ in the NSE (2.4) 

6/~(k, co')I#=0 = Z(k' co) 

�9 P~,(k)(2 n) 4 6(k - k') 6(0) - co'). (2.22) 

For convenience the nonrandom field fi is chosen to 
be purely solenoidal. In the presence of random 
forces f (2.22) is invariant under rotations and time- 
and space translations. Reality of the fields u(r, 0 
and l](r, t) implies the real (imaginary) part of z(k, co) 
to be even (odd) in co and causality demands 
Z(k,t <0)=0.  
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The real part of z(k, co) is positive which can be 
shown by exploiting as in Hamiltonian systems [38] 
the relation between the response and the average 
total rate of work done on the fluid by a small 
perturbation 1~. This work being positive 

0 <  dk de) ~, 
= ~ ~ ~ ~ -  h~ (k, co) (u~(k, co))r 

dk ~ Ili(k, o)12 Re Z(k, co) (2.23) 

entails Re z(k, co)> 0 since the field 11 is arbitrary. In 
(2.23) the expansion (u~(k, co))~=)~(k, co) h~(k, co) 
+O(k~ 2) of the average velocity in the presence of a 
small perturbation/~ was used. 
The energy injected into the velocity field by the 
random force field fir, t) is determined (c.f. Appendix 
A) by its correlations and the response of the fluid 
to external perturbations. For Gaussian force statis- 
tics the relation is (A.13-A.14) 

C f,(k, co) = z*(k, co) D(k, co) (2.24) 

For non-Gaussian statistics there appear (A.13- 
A.14) in addition higher-order force cumulants mul- 
tiplied by higher-order response functions (A.11). 
Since the nonlinear velocity response reflecting non- 
linear dependence of averages on (small) forces I~ 
can presumably be neglected in ordinary fluids re- 
lation (2.24) is a good approximation to Cy,(k, co) 
also for non-Gaussian forces. Hence, with higher 
force cumulants not entering the expression for 
Cy,(k, co) it is presumably sufficient to discuss the 
special case of Gaussian random forces which will 
be done in the following. Note that (2.24) implies 
ReCy~(k, co)>0: The energy injection into every 
Fourier mode of the velocity field is positive (or 
zero) since Rez(k, co)>0 and D(k, co)>O. A proof 
that ReC1,(k, co)>0 holds also for general force sta- 
tistics is still lacking. 
For Gaussian forces with a white frequency spec- 
trum (D(k, co)= D(k)) the frequency integral over (2.24) 
leads to the remarkable statement [11] 

Cf.(k) =D(k) (2.25) 

that the energy injection rate into k-space is de- 
termined solely by the statistics of the force ampli- 
tudes. The equaltime response of the system [11, 14] 

z(k, t = 0) = 1 = Zlin(k, ~ = 0) (2.26) 

being that of the linearized theory has dropped out 
since the instantaneous velocity field response is pure- 
ly local [13] )~(r,t=0)=b(r) and shows neither am- 
plification nor damping of the perturbation. 

Thus the velocity field of the fluid driven with arbi- 
trary forcing adjusts itself such as to ensure dissi- 
pation of the injected energy (2.25) which, depending 
only on force amplitudes, is controlled externally. 
That is most obvious in the spectrum 

D(k) 
C1in(k, co) (2.27) coz + (v k2) 2 

of the linearized NSE. The average square of the 
velocity field amplitude and with it the dissipation 
vk2C(k) is determined by the average squared 
amplitudes of the force field. 

Ill. Energy Injection Spectra 
of Some Volume Force Models 

Here some model realizations of random volume 
forces are discussed and the spectra of energy in- 
jection into the velocity field are evaluated. Consider 
volume forces acting centralsymmetrically within 
surroundings, shortly called blobs, of N b random 
positions Rn(t ) such that the resulting force density 
field is 

Nb 

f(r, t )= ~ K(t) An(Ir-R,(t)l). (3.1) 
n 1 

Here F,(t) is the total force on blob n since the 
volume integral over 

A.(r)=c r clrc R~ (3.2) 

is normalized to unity. The above profile function of 
the force density field is defined via a dimensionless 
cutoff c(x), e.g., 

c(x)=O(1-x) ,  e-X2, e-X,( l+x2) -~. (3.3) 

The force density rapidly drops to zero beyond the 
blob "radius" R~. The exponent 2~ of the power-law 
cutoff has to be larger than 3 or, for general dimen- 
sions d, larger than d to guarantee a finite blob 
"volume" ~ dr c(r/Rb,). 
Only forces {F,(t)} which are f-function correlated 
in time thus leading to a white frequency spectrum 
of the force density field 

(f(r, t). f(r', t')) = 6( t -  t') D(r, r') (3.4) 

will be considered in the rest of this paper. Such 
forces might be visualized by equidistant force pulse 
sequences F , ( t )=~  Fn(ti)c~(t-ti). Their strengths be- 

i 

ing uncorreiated at different times are such that 
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;d(t,)> = bij ~ (F~ (ti) F~ (ti)) is bounded in the 

limit of vanishing pulsseparation r. To avoid clumsi- 

ness we will henceforth call the quantity F(t)/l/r 
"force" and use for it also the old symbol F(t). Then 

D(r,r') = ~ (F,. F m A~(Ir-R,]) Am(Jr'-Rml)) 
n , m  

=D(Ir-r ' l )  (3.5) 

is given by an average over a translational and 
rotational invariant ensemble of forces {F,,}, po- 
sitions {R,}, and Nob volumes {V~}. Exploiting 
translational invariance one obtains for the wave- 
number spectrum the manifestly positive expression 

1 
D(k) = - ~  (F~-F m A,(k) Am(k ) e-~k (a~-~=)) (3.6) 

into which enter the blobpositions {R~} only via 
phase factors. The Fourier transform A~(k) being 
dimensionless depends only on kR~ 

= (kG). (3.7) 

Due to the normalization one has A~(k=0)= 
A (kR~ = 0 )  = 1 so that 

D(k=0)=  1 ~ (F,.Fm). (3.8a) 
~/ n, rn 

Consequently the band injection rate I(k) (2.21) in- 
creases for small wavenumbers like 

I(k) ~ D(k = O) k d- ~. (3.8 b) 

Here D(k=0) is assumed to be finite. If the total 
N b  

force on the fluid ~ F~ not only vanishes on the 
n = l  

average but is constructed to vanish also in every 
realization at every time one has D(k=0)=0  and 
residual correlations of the forces on different blobs: 
(F," F,~) = - (F~Z)/(Nb- 1). However any experimen- 
tal realization of stochastic forces one might think of 
as being feasible, like e.g. random stirring, will pre- 
sumably guarantee only the vanishing of the (time) 
averaged total force. Hence the above mentioned 
effects and similar ones arising if the total torque 
exerted on the fluid is required not only to vanish 
on the average but also at every instant will not be 
dealt with here. 
Obviously D(k) can be written as the sum of two 
functions 

D(k) = Dsele(k ) q- Dcoh(k). (3.9) 

The second one comes from all terms n+m in (3.6) 
and gives the correlation between force densities in 

different blobs. Directly measuring the coherence of 
the field f(r, t)D~oh(k ) vanishes if the forces F,, F,, on 
different blobs are uncorrelated. Thus one expects 
the energy injection rate D(k) to be dominated by 
the self correlations of the force density field. 

A. Self Correlations 

Irrespective whether the forces or the positions where- 
to the forces are applied are coherent or not the 
energy injection rate has always the contribution 

Dself(k) = n b (F,, 2 A 2(kebn) ) (3.10) 

stemming from the N b terms n=m in (3.6) all being 
equal. Here n b=Nb/V denotes the number density of 
blobs whereto forces are applied. The blob index n 
in (3.10) is arbitrary. Although (3.10) involves only 
an average over F, and V,, b we continue to use here 
and in the following the same average symbol ( . . . )  
to avoid undue notational complications. 

1. Infinitesimal Blob Volumes - Minimal Self Cor- 
relations. Maximal randomness obtains in our model 
for infinitesimal blob radii leading to b-function like 
force density distributions. In this case R~--* 0 Dself(k ) 
=nb(F, 2) is independent of k. In the absence of 
correlations between different blobs, Dcoh(k)=O , the 
energy injection rate D(k) caused by such forces is 
uniform in k-space and the band input rate l(k) 
increases proportional to k ~-1. 
The long-wavelength, low-frequency statistics of the 
velocity field generated by such volume forces has 
been investigated by renormalization group tech- 
niques [15, 18] and other methods [11, 16, 20]. 

2. Finite Blobs of Equal Size. The expression (3.10) 
for the spectrum simplifies if the distribution of blob 
volumes is sharply peaked: For the special ensemble 
where all blob radii are the same, Rb, one has (qb 
= kRb) 

D~elf(k ) = n b (Fb 2) A 2(%) 

2) L  ----cosqb . (3.11) 

The second equality holds for a sharp cutoff in the 
force density profile in d = 3  dimensions. However, 
that the energy injection rate is more or less re- 
stricted to wavenumbers kRb< 1 holds in arbitrary 
dimension for every finite force density profile with 
finite Rb: A finite density A(r =0) at the blob center 
implies A(qb) to drop off for large qb whereas a force 
density profile diverging at the blob center (the ex- 
treme case of a b-function emerging for Rb~O was 
discussed above) causes A(qb--+oO ) to be larger and 
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thus an enhanced energy tail at large wavenum- 
bers. 
However, even for the finite profiles (3.3) of the force 
density the confinement of Ds~jf(k) to small wave- 
numbers is not sharp. A discontinuous profile of 
forces in real space has k -4 tails in the energy injection 
rate D(k) at large k. This corresponds to a rate I(k) 
of energy injection into a wave number band dk 
proportional to k 2 with a straightforward general- 
ization to other dimensions. 

3. Distribution of Blob Volumes. As the most simple 
case consider a uniform distribution 

P ( V b ) = L - d [ 1 - ( / ) ~ ] - ~ ' { 1 0  elsef~ la<Eo<IJ (3.12) 

of blob volumes between I e and L d. Since the 
situation I ~ L  does not differ drastically from the 
previously discussed sharp distribution let us con- 
centrate in the following on a broad one with l~L .  
The average of (3.10) over blob volumes V b with 
the distribution (3.12) 

1 kL 
D~elf(k ) = d n b ( ~  ~z dqb qeb-1 A 2(qb) (FbZ) ; 

G =kRb (3.13) 

represents a superposition of the injection spectrum 
(3.11) of single blob sizes. There are two obvious 
choices for its evaluation: a) The total force F b on a 
blob is tied to the blob size, e.g. by (Fb 2) ~ Vb z ( f 2 ) ,  
so that the force density, say at the Nob centers, is 
roughly the same. b) The force F b fluctuates inde- 
pendently of the blob size thus causing a stronger 
variation in the force density. Alternative a) leads to 
a faster decrease of D~e~f(k ) at large k since it allows, 
in contrast to case b, small blobs to feet only a small 
force. Using ( F 2 ) ~  Vb 2 in (3.13) this can readily be 
seen. Since however scenario b) has quite remark- 
able consequences we proceed to present them rath- 
er than dwelling longer on option a). 
As a consequence of the statistical independence of 
forces and blob sizes ( F d )  appears as a constant in 
front of the above integral. Then the energy in- 
jection rate for wavenumbers small compared to the 
inverse of the largest blob size is again constant 

D s~lf(k < L- 1) ~ nb (F2). (3.14 a) 

That follows from (3.13) with A(%-*0)=l .  In addi- 
tion one finds 

D~r ~ k  ~l-~),-~D~,f(k=O)(kL) -d (3.14b) 

and an even faster decay for l ~4k. This result is 
quite universal holding whenever the fluid is forced 

in a wide distribution of blob volumes with Fourier 
transformable force density profiles. In such a case 
A ( q ~ 0 ) = l  and A(q~oo) drops off fast enough so 
that one may replace the integral in (3.13) between 

oo 

k l ~ l  and kL>> l by ~ dqq '~-~ A2(q)~-~dr A2(r). 
0 

The energy injection rate l(k) (2 .21a) into  wave- 
number bands increases, according to (3.13), at small 
k ~ L  -~ proportional to k a-1. In the wavenumber 
r a n g e  L - 1  ~ k ~ l  -~, on the other hand, I(k) displays 
the power law k -1 which has been shown [16, 17, 
20, 39] to enforce a k-5/3 distribution of energy over 
wavenumber bands. The significance of an energy 
injection rate I(k)~k -~ will be dealt with in section 
III, D. 

B. Coherent Correlations 

Here we investigate the relative importance of the 
contribution 

Doo&)= v ~ (F,,-F m e - i k ~ " - " ~ '  A,(k) Am(k)) (3.t5) 
n, m 

(n~=rn) 

to the energy injection rate which stems from co- '  
herent correlations of the force field. D~oh(k) vanishes 
for totally random forces {F,} even if the blob cen- 
ters are maximally correlated whereas it is finite for 
finite force correlations even if the positions {R,} are 
completely random. Thus in our model coherence of 
the field f(r, t) is caused mainly by correlations be- 
tween the forces F,,Fm on different blobs and, to a 
lesser extent, by correlations between blob po- 
sitions. 
For the sake of simplicity let the Nob sizes be the 
same within a particular realization (experiment) of 
the ensemble. Furthermore, let the coherence of the 
forces {F,} (within a particular realization) be char- 
acterized by a correlation length ~:-1 measuring the 
distance up to which forces F,,F,, applied to blobs 
n, m are correlated, e.g. aligned. We thus replace 

V.-F,.~ F) G(IR.- Rml ,c) (3.16) 

in (3.15). The dimensionless correlation function 
G(r~c) could be a Gaussian e -r2~2/2 or ( l+r lc)  1 
�9 e -rE or a similar expression with G(0)=I ;  G(1)-~�89 
G ( ~ ) = 0 .  Let furthermore blob sizes {Rb,} and 
force amplitudes {F, 2} be statistically independent 
of the position {R,} then 

Dooh(k) =nb (F 2 A2(kRb)) 

1 �9 ~ ~ (G(IR,-R~[  K)e -ik'(l~"-R~)) 
n, in 

(n :4: m) 

=D~,f(k)[S(k; K)- 1]. (3.17) 
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(3.18) 

is a product of Dself(k ) with a factor [...] measuring 
the coherence of the force density field. The function 

dq 
S(k; ~:) = j" ~ G~(lk- q[) S(q) 

\ ~ , /  I 

is a convolution of the Fourier transform of the 
force correlation G(r to) with the structure factor [40, 
41] of the blob positions 

S(k) = 1  ~ (e -r (3.19) 
n, m 

which measures correlations of the latter. S(k) con- 
tains a contribution nb(27z) 3 6(k) in addition to a 
function which is nonsingular for k ~ 0  and ap- 
proaches 1 for k~oo.  Isotropy causes this decay of 
S(k)-1 for k large compared to the inverse of the 
average interblob distance ro: Even the maximally 
attainable correlations between blob centers lying in 
every realization on a perfect lattice with only its 
orientation being different approach zero for large 
kr o [H40]. This universal behavior of S(k) enforces 
also S(k; ~ ) - t  (3.20) and hence D~oh(k ) to drop to 
zero for k-+oo since also G~(k~oo)~O because of 
G(r~c=0)=l. Thus, for large k, the coherent contri- 
bution (3.17) to the energy injection rate (3.9) is 
always negligible compared with Dself(k ) irrespective 
of blob center configurations or coherence of the 
forces {F,}. An investigation [42] of Dooh(k ) for, e.g., 
randomly oriented and positioned grids (arrays) of 
several blobs with forces aligned within an array 
shows that also at smaller wavenumbers coherent 
correlations do not play a decisive role. Hence the 
energy injection is dominated by Dself(k ). 

C. Eddy Generating Forces 

Here we present a force model with an antisym- 
metric profile leading to eddy generation. That 
causes the energy injection D(k) to vanish for long 
wavelengths thus having a maximum at finite k in 
contrast to the central-symmetric model. Consider a 
force density field (time arguments suppressed) 

Nb 
f (r)= ~ f~(r-R,)  (3.20) 

n = l  

described by a superposition of N, o contributions of 
the form 

r 
f.(r) = 17. x ~ A.(r) (3.21) 

which is antisymmetric under inversion. A typical 
force density profile around a center R. as sketched 
in Fig. 1 for the equator plane orthogonal to F. has 
maxima at a distance R~ from the center. 
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Fig. 1. Force density profile (arrows) of the eddy generating 
model in a plane orthogonal to F. through the center R.. Full 
(dashed) lines denote smooth (sharp) cut off 

Again the forces {Fn(t)} are chosen to be 6-cor- 
related in time. Then one finds in close analogy to 
(3.5-3.6) 

D(k) = 

p,r 1V ~((V,)~(V~)~A,(q,)A,(qm) e ~k-,..-.~)> (3.22) 

to be an average over a translationally and ro- 
tationally invariant ensemble of {Fn}, {R,}, and blob 
volumes {V~}. The projector (2.7) reflects the trans- 
versality of 

F, x k  , �9 
f,(k) = i ~ A (q~) = f~ ( - k) (3.23) 

and A'(q,) denotes the derivative of the Fourier 
transformed cutoff function with respect to the nor- 
malized wavenumber qn = kR~. 
In contrast to the previously discussed central-sym- 
metric model the force ~dr fn( r -R , )  on blob n and 
with it the total force vanishes automatically at any 
time due to the antisymmetry of (3.21). In order to 
translate tha tunambiguous ly  into the statement 
f~(k=0)=0 one has to require that A'(q,) vanishes 
at q ,=0.  Hence power-law profiles A(r) have to 
decay sufficiently fast for large r to compensate the 
extra r-power from the derivative A'(q~O). 
Here we discuss only the self-correlation contri- 
bution (n = m) 

Dself(k) = n b @ (F  2 A'2(q,,)) (3.24) 

which one obtains after replacing (F,,)~(F,)~ in the 
average by 6~ F,2/d. The coherent contribution Dcoh(k ) 
(n4=m) to the energy injection can be estimated as 
in Sect. III, B. 
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1. Blobs of Equal Size. For blobs of equal size R b in 
d = 3 dimensions the energy injection has the contri- 
bution 

Dself(k)=2nb(F2)A,2(qb) 2 2 2 2- -6  = ~ n  b (Fb )  4qb(l+qb) 
(3.25) 

where the second equality holds for the exponential 
cutoff c(x)= e -~ as a representative example. For  all 
profiles (3.3) the bulk of the energy injection (3.25) is 
centered between qb=kRb~--0.5 and qb~5. Some of 
the cutoffs induce powerlaw tails in the energy in- 
jection spectrum at large wavenumbers. For all of 
them D~df(k ) increases proportional to k 2 at small 
k. 
Hence the model of eddy generating forces allows to 
mimic forces originating from microscopic particle 
current excitations: If one keeps nb(F~)R ~ fixed 
while letting Rb~O,e.g. by increasing the blob num- 
ber density rib, one can obtain the energy injection 
spectrum D(k)=2(v/p)kBTk 2 which enforces a ve- 
locity field simulating microscopic fluctuations 
around thermal equilibrium. 

2. Distribution of Blob Volumes. For the uniform 
distribution (3.12) of blob volumes one finds (c.f. 
Sect. III, A.3) 

2 1 kL 
Dself(]r = ( d -  1) n b {Fb ) ~ ~kl d% q~- ~ A'e(qb). (3.26) 

That yields 

Oself(/r ) = ( d -  1) n b (Fb 2)  

~const (kL) 2 for k L ~  1 
(3.27) 

"(const (kL) -~ for L - l ~ k ~ l  -~ 

showing for wavenumbers k L ~ l  an increase ~ k  2 
since A'(q~O)~q and a decrease ~ k  -d in the wave 
number range L - ~ k ~ l  -~. The const is given by 

dq qe-1 A,2(q). The corrections ~ dq ... and 
0 o 

dq... to it are small for k l ~ l ~ k L  since 
kL 
A'(q~O)~q and A'(q--*oo) falls off rapidly enough to 
guarantee the existence of its Fourier transform. 
Hence, also in this eddy generating model the energy 
injection is distributed proportional to k -~ over 
wavenumber bands provided the forces act over a 
wide range of scales l~  L. 

D. Miscellaneous Comments 

If around every blob center position R, both type of 
forces act, those with central-symmetric density pro- 
file (3.1) and in addition eddy generating forces 

(3.21), then the total energy injection D(k) is just a 
sum of the two contributions (3.6, 3.22). The cross 
terms vanish due to the different symmetries of fn(r 
- R , )  under inversion. The integral of Dself(k ) over 
all wavevectors shows that the total energy injected 
by both kinds of forces is roughly of the order of 
nb(FZ/Vb). The energy injection into the velocity 
field is largest for force density profiles with a sharp 
cutoff. 
A band limited energy injection rate 

I (k) = I o O(k - k t) 0(k2 - k) (3.28) 

into the band A k = k z - k  1 follows, in d = 3  dimen- 
sions, from force field correlations 

D(r) =I0" A k Si(k2 r ) -  Si(k a r) (3.29) 
Ak.r  

Such oscillatory correlations determined by the sine 
integral function Si(x) seem to be artificial and can- 
not be produced within our models. 
The last point of this section is a comment on the 
special role of an external energy injection I(k)~k -1 
in fully developed turbulence. To that end we com- 
pare I(k) with the rate T<(k) of energy input by 
internal transfer into the band dk from all Fourier 
velocity modes with wavenumbers smaller than k. 
The latter input rate, if identified by [43] 

k k 
~dp ~ dqS(klp, q) (3.30) 
0 k--p 

obeys the powerlaw k -1 whenever the scaling be- 
havior 

S(ak[ap, aq)= a- 3 S(klp, q) (3.31) 

holds. Such a scaling is argued [323 to be consistent 
with a Kolmogorov picture of turbulence with an 
energy distribution E(k)~k -5/3. Moreover was (3.31) 
found to hold [32] within the E D Q N M  closure 
approximation for unforced turbulence with a Kol- 
mogorov energy spectrum. In addition T<(k)~k -1 
obtains in the local cacade models [443 with band 
limited injection yielding E(k)~k -s/3. Thus, if 
T<(k)~k -~ characterizes freely decaying or sta- 
tionary turbulence with band limited injection then 
an external input rate I(k)~k -I mimics just the 
internal energy influx into the band dk which causes 
E(k),,~k -5/3. Note that all our model forces when 
applied to a wide distribution of blobvolumes, entail 
energy supply rates I(k)~k -I to the band dk 
around k. 
By a self-consistency argument one furthermore con- 
cludes that external injection spectra I(k) falling off 
faster than k -  1 lead to an energy spectrum 
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E(k) ~ k-5/3 since in such a situation the supply rate 
T(k) by internal transfer dominates. On the other 
hand, if I(k)~k -~ with ~.<1 one might expect [16, 
17, 20] E(k)~k - ~ - ~  

IV. Stirring by Randomly Moved Hard Spheres 

In this section we investigate the energy injection 
caused by moving macroscopic hard spheres in a 
fluid by external forces. This model provides a 
geometrical simplification of forces exerted on a 
fluid by moving randomly grids or other ob- 
stacles. 
Consider a fluid containing N~ hard spheres at po- 
sitions {R,(t)}. For the sake of simplicity they have 
the same mass density p as the fluid. External forces 
{F,(t)} act upon the spheres leading to a velocity 
field 

u(r,t)=[ufl~ia(r,t), for r~fluid 
(4.1a) 

(U,,(t) for r~n-th sphere 

which is by definition spatially uniform within the 
volume occupied by a sphere. A schematic sketch is 
shown in the lower part of Fig. 2. The no-slip 
boundary condition requires the fluid velocity at the 
surface S,,(t) of the n'th sphere to be equal to the 
sphere's velocity 

u(r, t) = ufl~ia(r , t) = U,(t) for r eS,(t). (4.1b) 

Here the external forces are supposed to enforce 
zero angular velocity for all spheres in order to 
avoid unnecessary complications. 
We want to describe the statistical dynamics of the 
system - fluid and hard spheres - in terms of the 
above velocity field. First its equation of motion is 
discussed. 

A. Momentum and Energy Balance of the Field 

Considering the momentum change of an infinites- 
imal volumeelement in the fluid or of the volume V, 
of the n'th sphere, respectively, one deduces from 
(2.1) 

[V~ n~(r, t) r~fluid (4.2a) 
du~(r,t) " 1 1 

P dt -I--F,~(t)+ - ~ n~(r',t)dS~(r',t) 
( V. vo s~ 

reV,. (4.2b) 

Whereas the momentum balance (4.2a) inside the 
fluid is just the ordinary NSE the momentum 
change M, L?2(t ) of the n'th sphere (4.2b) is the result 
of the external force F2(t) and of the force 

Fig. 2. Sketch of a velocity field component along the dashed line 
in a fluid with hard spheres 

n~e dSe which the fluid exerts on the surface Sn(t ) 
S~(t) 

of the sphere. The latter is determined by the fluid's 
stress tensor n ~  being a functional of the velocity 
field. The rate of change of the momentum density 
field is spatially uniform within 1/~,. Note that u(r, t) 
(4.1) is not a pure Eulerian field: "r~n'th sphere" in 
(4.1) means that at all points r defined via [r 
-R,(t)l  <R~ with respect to the moving sphere cen- 
ter R,(t) the velocity is U,(t), and furthermore all 
these points experience the same acceleration 
(4.2b). 
The rate of change of the velocity field's energy 
density follows from (4.2) 

- eais~(r, t) + V~(u,(r, t) n~r ,  t)) 

p duZ(r ,  t )  refluid (4.3a) 

d-t 1 U  t 1 
E "( )" F.(t) +~-n V2(t) ~ rC~p dS~ 

S~ 

reV, (4.3b) 

if one uses the relation u~V~n~z=V~(u~n~z)-eaiss 
(2.14). 

B. Energy Injection 

Let, for the sake of simplicity, the sphere's motion 
be such that U,2(t)=const, which is true anyhow on 
the average. Then the external force F,~(0 injects 
energy into the system at a rate 

U,(t).F,(t)=-U2(t). ~ n~(r',t)dS~(r',t). (4.4) 
S,, (t) 

Note however, that (4.4) really describes the energy 
injection into the fluid: Integrating (4.3a) over the 
fluid's volume Viz the rate (4.4) appears as a source 
term in the balance of the fluid kinetic energy if one 
rewrites 

j V~(u~n~)= - ~  U] ~ n~dS~+ ~ u~n~dS~ (4.5) 
Vf~ n S~ So 

into integrals over the sphere surfaces and over the 
external surface Soo enclosing the system. 
Relations (4.3, 4.4) allow for two equivalent interpre- 
tations: (i) The surfaces {S,(t)} of the hard spheres 
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do work on the fluid velocity field at a rate 
- ~  U2(t) ~ ~c~pdS~. (ii) Energy is injected into the 

n S~(t)  

velocity field u(r, t) per unit volume at a rate 

u(r, t). f(r, t) = ~ U,(t). F,(t) for r6 V, 

else 

(4.6) 

which is uniformly distributed over V, and vanishes 
outside. The force density field f(r, t) can be read off 
(4.3b, 4.6) to be 

f(r, t)= ~ F,(t) d , ( I r -  R,(t)]) (4.7) 
n 

and A n denotes the sharp cutoff function (3.2, 3.3). 
We will adopt interpretation (ii) to determine the 
spectral distribution of the average energy injection 
- into the velocity field u(r,t) to be precise. An 
evaluation of statistical properties of the rate of 
work [ - u ~ n ~  dSp/dS]r~S, done per unit area of the 
spheres on the fluid velocity field u:~ is not only too 
difficult but also unnecessary if the statistical dy- 
namics of the system is described by the velocity 
field u(r, t). 

C. Spectral Distribution of the Energy Injection 

In the following the spectral density �89 - i kr  
{f(r).u(0)} of the energy injection rate (f(r)-u(r)} 
will be related to the correlation function of the 
external force density field. For a Gaussian distrib- 
uted field fir, t) this relation is simplest: For other 
field distributions there appear (c.f. Appendix A) 
higher-order response functions which, presumably, 
are small anyhow. So let us construct for the N s 
hard spheres an ensemble of initial conditions 
{Rn(t0)} 1, {Rn(to)} 2 , ' "  and force histories 
{Fn(r); t o < z < t } l ,  {Fn(~); to<Z<t}2,  ... such that the 
resulting force density field f(r,t) (4.7) is Gaussian 
distributed over the realizations 1,2,... of this en- 
semble. In addition, to keep things simple, we con- 
sider only force density fields which are uncorrelated 
in time by applying forces such that (F,(t)-Fm(t')) 
= D , , .  6(t - t ' ) .  

One might visualize the construction in a Gedanken 
experiment as follows: Choose a particular real- 
ization of initial positions {R,(to) } for the hard 
spheres, apply forces {F,(to<v<t)} to them, record 
the trajectories {R,(t 0<~<t)}  and hence the field 
f(r, t o < r < t  ) (4.7). Then repeat the whole procedure 
aiming at a Gaussian distribution of f over the re- 
sulting realizations. Since f (4.7) is the sum of N s 
(Ns~oo) contributions which can be varied almost 

independently from each other we believe that by 
the law of large numbers it should be possible to 
construct distributions of f(r, t) meeting both require- 
ments: Gaussian statistics and white noise spec- 
trum. 
In that case one can read the equation of motion 
(4.2) for the field u(r,t) as describing a stochastic 
process driven by a preprogrammed force field f(r, t) 
with Gaussian white noise statistics. The field u(r, t) 
reacts to the driving field f(r, t) according to (4.2) 

du(r, t) 
P dt fint(r, t) = f(r, t). (4.8) 

However, determining the statistics of this reaction 
might be even more difficult than for (2.4) since the 
left side of (4.8) depends nonlocally in time on the 
velocity field u: the force density field 

[ V~t~(r,t ) for rCV,; n = l , . . . , N  s 

f~t(r,t)= ~ l  ~ Tc~p(r',t)dS~(r',t) 
1/,, s~(t) 

[ for reV,; n = l , . . . , N  s 

(4.9) 

generated internally by the velocity field is not only 
a functional, nonlocal in space, of the instantaneous 
field u(r,t) but it depends in addition on a set of 
unique positions {Rn(t)} (sphere centers) since the in- 
stantaneous velocity field u(r, t) alone does not allow 
to identify unambiguously the spheres 1 , . . . ,N s by 
spherical regions of uniform u. Hence {Rn(t)} have to 
be thought of as being determined by {Rn(to) } and 
the complete time evolution of the velocity field u 
from time t o to t. And thus the left-hand side of (4.8) 
is not only a functional of the instantaneous velocity 
field but also of its history. 
For our purposes that does not cause any problem 
since the relation (A.13, A.14) 

Cuy(k) = )~(k) D(k) (4.10) 

between the energy injection C.z(k)= Cy.(k) (2.21), 
the equaltime velocity field response )~(k) (c.f. 2.22), 
and the correlation spectrum D(k) of the random 
force field is independent of these details of the 
mapping between the fields u(r,t) and f(r,t). What 
matters for (4.10) to hold is the Gaussian statistics of 
f and its white frequency spectrum. 
The instantaneous response x(k) of the velocity field 
in our model, however, cannot be assumed to be 
purely local, x(r)= 3(r) (2.26), as for the NSE (2.4). In 
addition to the local response of the velocity field to 
an external force field one expects here a nonlocal 
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instantaneous reaction 

z(r, t = 0) = c~ ~(r) q- Znonlocal(r, t = 0) (4.11) 

since the hard spheres can respond in an instan- 
taneous, nonlocal way to an external force. Howev- 
er, Znonloca l ( r , t :0 )  will drop off sharply in r beyond, 
say, the average sphere size (R~) since perturbing 
the velocity field outside a considered sphere does 
not cause the sphere to respond instantaneously. 
Furthermore, the strength c~ of the local response 
will exceed the nonlocal one since the inertia of the 
hard sphere's mass keeps the velocity response of the 
latter low. Thus the Fourier spectrum 

Z(k) = ~ q- Znonlocal(k) (4.12) 

is dominated by the local contribution ~. Therefore 
the energy injection rate CuI(k ) into the velocity 
field is again determined by the squared Fourier 
amplitudes 

1 
D(k) =p~,~ <Fn. F~ zl~(k) Am(k ) e -~k(~n-R~')) (4.13) 

of the force density field (4.7). 
Thus the stirring force model's energy injection spec- 
trum is equivalent to that one of a volume force 
model: The results of Sect. III, A, B for the sharp 
cutoff hold also for the spectrum (4.13) and their 
discussion can be taken over from Sect. III replacing 
the word blob by the word sphere. For example, 
causes stirring with grids of spheres the coherent 
contribution to the energy injection which was in- 
vestigated in Sect. III, B for the case of arrays of 
blobs. Furthermore, there will be a k-~-injection tail 
in D(k) (c.f. 3.11) for k. Rs>> 1 if the fluid is stirred by 
spheres of one size R s. In the presence of spheres of 
all sizes between 1 and L the energy injection into 
the bands of wavenumbers L - ~ k ~ 1 - 1 ,  on the 
other hand, will drop off like k i as before (3.14). 

V. Summary 

We have investigated the statistical properties of 
energy injection by random forces into a fluid whose 
velocity field evolves according to the NSE. The 
wavenumber spectrum of the energy injection rate 
was evaluated for some model realizations of ran- 
dom volume forces and for random stirring forces 
realized by externally moved hard spheres immersed 
in the fluid. We derived a general relation between 
the energy injection, the fluid's response, and the 
force correlations which is most simple for Gaussian 
distributed force fields with white noise [11]. In that 

case the energy injection into wavenumber space is 
given by D(k), the spectral strength of the force field 
autocorrelation function. 
The energy injection into the velocity field by ran- 
domly stirring with spheres was shown to be equiva- 
lent to a volume force model with a force density 
field being constant (in space) within spherical blobs 
around randomly chosen positions {Rn(t)} and 
vanishing elsewhere. To that end we considered the 
velocity field of the fluid plus spheres and described 
the action of external forces {Fn(t)} upon the spheres by 
a force density field with the above described profile 
around the sphere centers. In order to explicitly 
show the equivalence of the energy injection spec- 
trum to that of a Gaussian distributed force density 
field it was assumed that an ensemble of external 
force histories can be chosen such that the resulting 
force density field is Gaussian distributed over the 
realizations of the ensemble. 
The energy injection spectrum D(k) of volume force 
fields was evaluated for: i) spherically symmetric 
force density profiles around random blob positions 
{R~(t)} with sharp and smooth cutoffs - the results 
for the former being also applicable to stirring with 
hard spheres; ii) eddy generating forces which are 
antisymmetric under inversion at blob centers with 
force density profiles cut off sharply and smoothly. 
In both cases the self-correlations Dself(k ) of the 
force density field within the same blob dominate the 
energy injection D(k). Coherent correlations Dooh(k) 
between the forces acting in different blobs contrib- 
ute to the energy injection at most for small wave- 
numbers. Even for randomly positioned grids of a few 
blobs (or spheres in the case of the stirring model) 
with a grid spacing r 0 and forces aligned within a 
grid Dcoh(k ) can be neglected in comparison with 
Dself(k ) above a few inverse interblob distances. 
Whereas the central symmetric model leads to 
D(k~0)=cons t  the eddy generating force model 
yields D(k~O)~k 2. The latter allows to simulate the 
energy injection from microscopic fluctuations 
around thermal equilibrium. Both force models en- 
tail energy injection into velocity field amplitudes 
with wavenumbers large compared to the inverse 
blob (sphere) size, the functional form of the in- 
jection rate being determined by the square of the 
Fourier-transformed force density profile. Since the 
sharp cutoff causes a pronounced large-k tail stirring 
a fluid with solid obstacles Cpaddles") leads to forc- 
ing at large wavenumbers. 
Both model volume forces yield an energy injection 
I(k)~ k-1 into wavenumber bands between L-1 and 
l-  ~ when the forces act within a wide range of blob 
sizes l<R~<L. That result is independent of the 
form of the force density profile provided the latter 
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is Fourier transformable. It also holds for random 
stirring with spheres (or obstacles) of many sizes. 

Discussions with H. Hornet are gratefully acknowledged. 

Appendix 

Energy Injection, Response, and Force Correlations 
in Randomly Forced Systems 

In order to facilitate the investigation of the above 
relation for general and Gaussian random force sta- 
tistics a condensed notation is introduced first within 
which the NSE (2.8) read 

L( t i )  ~b(T) + W(li2) 4)(1) q~(2) = 4(1) +/~(1). (A.1) 

Here l = k ,  co,~ and ~(1) denotes the velocity field, 
4(1) the random force field. A small nonrandom 
external volume force field /~(1) has been added in 
(A.1) to the NSE in order to study the fluid's re- 
sponse to it. Barred arguments like 1 imply integra- 
tion and summation. 
We do not pause to write down to vertices L(12) 
and W(123) [16] since they can be read off from 
(2.8) and since they are not needed anyhow: The 
form of the relation (A.13) between <q5(1)4(2)), i.e. 
the correlation of field (#(1) and random force ~(2), 
and the random force correlation function 
(4(1) 4(2)) does not depend on the form of the left 
side of (A.1). It holds for generalized Langevin equa- 
tions 

0(1) = 4(1) + #(1) 

where 

(A.2) 

~9 = #J [q~] (A.3) 

is any functional of the field 0 whose time evolution 
is governed by the stochastic process (A.2) driven by 
the random force 4(1). To be concrete we refer in 
the following to the NSE (A.1). It should however be 
kept in mind that the general case (A.2, A.3) is 
included as well. 
Correlation functions of the fields q5 and 4 are de- 
termined by a functional integral like 

<~(1) ... ~b(n)> =~ d[~] 4)(1)... 4~(n)P[#.] (A.4) 

over the force field. The probability distribution 
P[~] of the random force field ~ is here only re- 
quired to show all the symmetries and invariances 
discussed in Sect�9 I IB.  The fields q5 in (A.4) have to 
be thought of as solving the NSE in the presence of 
the external field s (and /~) thus being functionals of 
4 (and kT). Later on we will read the NSE (A.1) also 
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the other way around interpreting the field 4 as a 
functional of ~b (and/7) as described by (A.1). 
Let us introduce in analogy to the work of Martin 
et al. [I4] an auxiliary field 6(1) by functional Fou- 
rier transform [45, 46] of the random force distribu- 
tion 

P [~] = ~ d [6 ]  P [6 ]  e-i~*(~)~(~) (A.5) 

That proved to be very helpful [17] in other prob- 
lems [47] as well. Note that 6"(i)  4(i) 
=~dr~dtg~(r,t)s is real since fi is taken to be 
real. 
Since 4(2) P[4] is the Fourier transform of 
- i~P[~b]/36*(2 ) one finds for the correlation func- 
tion C,y(12 ) of the velocity field q~(1) and the ran- 
dom field 4(2) 

C,z(12)= <qS(1) {(2)) = - i -  - -  " @~(i) 6 in-P [6]  ~. (A.6) 
6 q5"(2) / 

Here the average of a functional F[~b,6] is defined 
by 

<F [(#, 6]> = ~ d [~] d [6] F [4, 6] t5 [6] e-J6*(1)~(i) 
(A.7) 

The expression (A.6) for C,I(12 ) is simple only if the 
random force distribution P[#] is Gaussian. Then 
the cumulant expansion of 

terminates with the second order cumulant D(12) of 
the random force (<~(1))=0) 

<~(I) ~(2)> =D(12)= D(kl, oa) P~,~(k~) 2u) 4 
�9 a(k~ + k2) a(o0~ + ~o2). (A.9) 

Hence, for non-Gaussian forces the correlation func- 
tion 

<4(1) ~(2)) = - i  ,,=~2 (1) 6"(i)  ... 6*(n) 

�9 < 4 ( i )  . . .  # . ( f f )>~ ( A . 1 0 )  

contains higher order cumulants of the random 
forces and correlations of the velocity field ~b(1) with 
higher powers of the response field. These are higher- 
order response functions [46, 47]. One finds that 
<~b(1) 6"(1') ... 6*(n')) is the n-th Taylor coefficient 
in a functional expansion of the average velocity 
field <0(1))~ with respect to the non-random force 
field h: 

ah(1').,. 6h(n') e=o = '  <4( i )4  ( I ) . . .  6*(n')>. (A.11) 
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This is most easily verified by a "change of vari- 
ables" in (A.8) from { to q~ as determined by the 
NSE (A.1): The integration measure d[~] 
= d[qS] J[qS] is transformed with the Jacobean J [q)] 
=0[{]/0[q)]  of the mapping (A.1). Hence, 

(F[r 
=J" die]  d i s  3 F [~b, q~] J[q)] P[q~] e -'~162 (A.12) 

where for { in the exponential the NSE {(1) 
=L(1})4(~)+W(li2)4~(i)q~(2)-B(1) has to be in- 
serted. Taking a functional derivative of (A.12) with 
respect to kT(11 generates a field i~*(11 under the 
integral. That leads to the relation (A.11). 
Inserting (A.11) into (A.10) one finally obtains for 
the correlation (~b(1){(2)) of velocity field ~b and 
random force { the general relation 

1 
C,f(12) =,=,~ n', bh(1)... 6h(i) #=o (~(i) " {(i) {(2)) c. 

(a.i3) 

Its spectral function Cul(k, oo)=Cy,(k, oo ) (2.18) is 
thus determined for Gaussian force statistics by a 
product of the (linear) response function )~(k, oo) 
(2.22) with the random force correlation function 
D(k, co) (A.9, 2.14). For general statistics there appear 
in addition n-th order response functions Z (") and (n 
+ t)-th order force cumulants D ~ ~1 with n_> 2 

1 
C~l(k, co)=X(k,m)D(k, co)+ ~2 ~ [ Z  {')* D("+l)Ju o, 

. ~ 2  n !  " ' " 

(A.14) 
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