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The influence of magnetic fields on the flow of a magnetic fluid in the gap between two concentric rotating cylinders is 
investigated by linear analysis and explicit finite-difference numerical solution of the full nonlinear time-dependent field 

equations. An oscillatory instability of the primary flow towards Taylor vortices predicted by Vislovich et al. (1986) on the 
basis of a linear analysis for a superposition of axial and radial magnetic fields is confirmed. Detailed investigations show 

further that this instability manifests itself as a travelling pattern which can be found also in a finite system. In a wide region 
in parameter space nonaxisymmetric flow patterns appear as the primary instability. An axial-azimuthal magnetic field 

generates an axial flow, sustaining a net mass transport in axial direction. 

1. Introduction 

Ferrofluids or magnetic fluids are suspensions 
of small (0 = 10 run) magnetic particles. Com- 
pared to ordinary liquids they exhibit a wealth of 
new phenomena when magnetic fields are applied 
[l]. This is already exploited in many technical 
applications [2] and has stimulated basic research 
(e.g. see ref. [3]). 

Here we investigate the effect of general mag- 
netic fields on the flow of a magnetic fluid in the 
gap between two concentric cylinders of which the 
inner one is rotating. There for ordinary fluids the 
primary, purely azimuthal Couette flow is unsta- 
ble against axially periodic Taylor vortices if the 
rotation velocity 9, of the inner cylinder of radius 
R, (outer cylinder of radius R, is a rest) exceeds a 
critical value Q2,,c. To parametrize the driving we 
either use the Taylor number 

or 

f-2 
E’“l_l 

Wl,C 

which measures the reduced deviation of the rota- 
tion rate from the critical one. Here d = R, - R,, 
TJ = RI/R2 and Y denotes the kinematic viscosity. 
The periodic pattern appears at threshold with a 
unique wave number k, (for reviews see refs. 

[4-W. 
For magnetic fluids Berkovsky et al. [7] de- 

termined in 1984 the stabilizing effect of an axi- 
ally oriented magnetic field on the primary, purely 
azimuthal Couette flow. Their results have been 
confirmed by independent investigations [8,9] 
which beyond that considered also the effect of 
radially and azimuthally oriented (A simple) mag- 
netic fields on the critical parameters Taylor num- 
ber T, and wave number k, of the periodic Taylor 
vortex pattern in a ‘narrow gap’ n - 1. In this 
limit Vislovich et al. [lo] investigated by linear 
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stability analysis the stability of Couette flow to- 
wards axisymmetric Taylor vortices in a more 
general magnetic field: in a superposition of radial 
and axial magnetic fields they found an oscillatory 
instability which could give rise either to a travel- 
ling Taylor vortex pattern or a standing one in the 
finite cylinders assumed. Here we extent their 
linear investigations to a full nonlinear evaluation 
of the flow field. Therein we always found the 
travelling vortex pattern to be realized, i.e. to be 
the stable one. Further on we determine the in- 
fluence of the end plates of a finite cylinder on the 
travelling vortex pattern. For nonaxisymmetric 
disturbances of the primary Couette-flow we show 
in a linear analysis that in radial-axial magnetic 
fields, infinite cylinders and a ‘narrow gap’ these 
disturbances appear as primary instability instead 
of the axisymmetric Taylor vortices for a wide 
region in parameter space. Finally, we elucidate 
some interesting phenomena in a superposition of 
axially and azimuthally oriented magnetic fields. 

The results presented below are obtained by 
linear stability analysis and explicit finite dif- 
ference numerical solution of the full nonlinear 
time-dependent field equations of motion. The 
double characteristic eigenvalue problem one 
arrives at in the linear stability analysis when 
overstability is taken into account has been solved 
with high precision [ll] using a shooting method 
[12] and a modified Newton-Raphson-method 
[13]. The finite difference numerical solution is 
based on the staggered MAC-grid [14] using the 
SMAC-method [Vi]. A homogeneous grid spacing 
of d/20 has been found small enough to produce 
results of sufficient accuracy. Further details on 
the numerics are given in refs. [8,11]. The relative 
high accuracy and satisfactory overall perfor- 
mance of this grid scheme has been demonstrated 
in a recent comparison [16] of nine different 
finite-difference schemes. 

2. Basic equations 

The magnetic fluid is assumed to be incom- 
pressible, nonconducting, to have a constant tem- 
perature and a homogeneous distribution of the 
small magnetic particles within the suspension. 

Starting from general conservations laws [l] and 
using the equation of relaxation for magnetization 
derived phenomenologically by Shliomis [ 17,181 
one arrives [8,11] at the field equations of motion 
for magnetic fluids which are valid for timescales 
large compared to the Brownian time of relaxation 
being of the order of lop6 s for magnetic fluids 
[18]: 

p-&0= -vp+ijv%+c’(H) 

+c(ff){vx (HX [ma]) 
-2([HXQ]q7)H}. (34 

This may be written in a sometimes more useful 
form(withP=rot UXH=OXH) 

p&v=-Vp+i1V%+c'(H) 

+c(H){Fv*H-HX(VXP) 

-Hv*F}. w 

Here 0 = (u, u, w) denotes the velocity of the 
magnetic fluid, 52 = v x u = rot u its vorticity, 
d~/dt=8~/&+(u*v)~, H themagneticfield, 
c(H) = 4~~ poM,,/H and c’(H) its derivative with 
respect to H = 1 H 1, M,, the equilibrium magneti- 
zation, cl0 the permeability and r1 (H) the relaxa- 
tion time constant for the component of the mag- 
netization orthogonal to the magnetic field. Fol- 
lowing Shliomis [18] one can interpret c(H) H2 as 
additional rotational viscosity ii,. +j, reflects the 
fact that the free rotation of the magnetic particles 
due to the local vorticity 52 of the fluid is hindered 
by the magnetic volume force which tends to align 
the magnetic moments being fixed to the particle 
parallel to the magnetic field. Obviously this 
hindrance does not appear if 52 and H are paral- 
lel. Eqs. (3) shows this anisotropy of the rotational 
viscosity since all additional terms are propor- 
tional to F = 52 X H. All information of the specific 
properties of the magnetic fluid (e.g. concentra- 
tion, specific materials) and the strength of the 
magnetic field are collected in 4, which is conveni- 
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ently given in units of viscosity ?I = up in the 
absence of a magnetic field 

s= c(H)H* 9, vr =_=_ 
fi ij v’ 

No-slip boundary conditions have been im- 
posed on the velocity field at the inner (outer) 
cylinder of radius R, (R,) rotating at velocity 
V, = C&R, (0). When considering infinite systems, 
periodic boundary conditions are assumed in axial 
direction with various periodicity lengths specified 
in the text. In a finite system of length L = rd the 
end plates are assumed to be attached to the 
stationary outer cylinder and enforce no-slip con- 
ditions. 

3. Superposition of radial and axial magnetic fields 

In this section we limit ourselves to the ap- 
proximation of a ‘narrow gap’ since it is very 
difficult to realize radial magnetic fields experi- 
mentally in a wide gap. Thus we take TJ + 1 in the 
linear stability analysis and n = 0.95 in the 
numerical simulation. Then the magnetic field H 
= (Hr/r)er + HZe, can be considered constant in 
magnitude across the gap width d (terms = v 1 H 1 
drop in eq. (3)) and characterized by its magnitude 
H and the angle (Y = arctan( H,/R,H,) between its 
orientation and the z-axis. For a detailed investi- 
gation the equation of motion (3) is specialized for 
this superposition of radial and axial magnetic 
fields and S and (Y are used as tuning parameters 
for the system. From the equations obtained (they 
are explicitly given in ref. [ll]) one can see that in 
an infinite cylinder gap the primary flow is the 
circular Couette flow already known from ordinary 
liquids. 

3.1. Infinite system 

3.1. I. Linear stability against axisymmetric dis- 

turbances 

Assuming axisymmetry one can determine the 
stability of this flow by the ansatz that the per- 
turbation of the primary Couette flow are = 
exp{ikz + at + iwt}. Then from linear stability 
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Fig. 1. The critical wave number k, and the reduced critical 
Taylor number T, wry with the orientation of the magnetic 

field (S = 1). Dashed lines are results of ref. [lo]. 

analysis one obtains the critical Taylor number T, 

and the critical wave number k, which are 
1694.950195 and 3.12657, respectively, for normal 
fluids. For magnetic fluids these two critical 
parameters are shown in fig. 1 as a function of the 
angle cw between the orientation of the magnetic 
field and the z-axis for S = 1. Also given are the 
results of Vislovich et al. [lo] (dashed lines). A 
comparison shows a quite good qualitative agree- 
ment: by changing S from 0 to 1 the critical 
Taylor number is increased by about a factor of 
three and by varying (Y the size of the periodic 
vortices can be modified. Quantitatively, however, 
there are slight differences: the high precision 
results of the present investigation show an in- 
fluence of (Y on the critical Taylor number which 
is symmetric about 90” as it should be. The 
deviations of the critical wave number may be 
explained by the inaccuracy of about 3% in the 
determination of the critical Taylor number which 
has a strong influence on k, [12]. 

In contrast to normal fluids magnetic fluids 
exhibit an oscillatory instability towards Taylor 
vortices, that is, w has a finite nonzero value wc at 
the marginal curve where (I changes sign [6]. This 
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Fig. 2. Group velocity (*) and phase velocity (A) resulting 
from the linear analysis vary with the orientation of the 
magnetic field (S = 1). The (phase) velocities of the Taylor 

vortex pattern observed in a numerical simulation (c’ = 0.04, 
0) are a little bit larger, the ratio however (m = (~/0)0.35) is 

nearly constant. The vortex pattern always moves opposite to 
the r-component of the magnetic field. 

result of Vislovich et al. is confirmed by the 
present investigation. The results for the phase 
velocity upt, = q/k, and the group velocity 

%/WkJ~ are given in fig. 2 by the ‘A’ and the 
‘stars’, respectively (S = 1). One clearly sees that 
both velocities have a definite sign: they are al- 
ways directed opposite to the z-component of the 
applied magnetic field. This breaking of the mir- 
ror symmetry in the Taylor Couette system is 
caused by the applied magnetic field. For 0 o < OL 
< 90 o the magnetic field lines move upward with 
increasing radial coordinate while for 90” < (Y < 
180 o they move opposite to the z-axis. The orien- 
tational dependence of the group velocity on (Y in 
magnetic fluids has recently been used to confirm 
the linear influence of the group velocity on the 
propagation velocity of a propagating front as 
predicted by an amplitude equation [19]. 

3.1.2. Numerical solution of the full axisymmetric 
field equations 

The values for the phase velocities may be 
compared with the results of the finite-difference 
numerical solution of the tune dependent field 
equations. Using periodic boundary conditions in 
axial direction the corresponding Hopf-bifurcating 
solution has always been found as an axially tra- 
veiling Taylor vortex pattern with a constant phase 

velocity. Similar to convection in binary mixtures 
a standing wave seems to be unstable in favour of 
a travelling one. Values for the propagation veloc- 
ity are given in fig. 2 by the open circles o, the 
parameters choosen there are S = 1, q = 0.95 and 
9, = 1.04;12,,&. The o-dependence is the same as 
given already in linear stability. The values of the 
linear stability analysis are about 8% smaller than 
those actually observed in numerical simulation. 
This small discrepancy can be partially under- 
stood as being caused by a dependence of the 
phase velocity on the distance, E’ = 0.04, to the 
critical point. The remaining part, about 4%, can 
be attributed to differences in the method of in- 
vestigation and the idealizing approximation ‘nar- 
row gap’ used in the linear stability analysis. How- 
ever, the ratio n = (A/ 0)0.35 of both phase veloci- 
ties is nearly constant (fig. 2) thus the result, 
especially the a-dependence, corroborate each 
other. All our results indicate that the Hopf-bifur- 
cation of the basic Couette flow to the travelling 
Taylor vortex pattern is a forward one as the 
stationary bifurcation without magnetic field. 

A snapshot of the travelling Taylor vortex pat- 
tern in the axially periodic gap is given in fig. 3: 
Shown are isolines of the streamfunction !JJ de- 
fined by w= (l/r)i3,!J’ and u=(l/r)a,9 which 
were determined from the velocity field by solving 
a Poisson-equation with the very efficient ‘con- 
jugate-gradient-method’ [20]. The inner (outer) 
cylinder is left (right), the parameters chosen are 
n = 0.95, S = 1, 52, = 1.0252,,c, (Y = 45” and an 
axial periodicity length of 1.991d. Full (dashed) 

R2 

Fig. 3. Isoline patterns of the streamfunction ‘k( ru - - a,+, 
rw = ?I,*) in the gap with axial periodicity length 1.991d. 
q = 0.95, (Y = 45 ‘, S = 1, c’ = 0.02. The pattern travels down- 

wards in negative z-direction. 
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lines mark clockwise (counterclockwise) rotating 
vortices. Both kinds of vortices are similar, apart 
from their orientation of rotation. The line sep- 
arating the two vortices is straight but not or- 
thogonal to the cylinder walls. It deviates from 
this direction by about 2”. Such an oblique sep- 
arating line has been observed also by Vislovich et 
al. [lo] in their linear analysis. From their fig. 2 
one may deduce an angle of about 17 O. The 
difference may be attributed to different parame- 
ters. We have chosen with the periodicity length 
1.991d the critical wavelength while they used a 
value of k = 2.5 which is to our opinion not 
necessarily Eckhaus stable. Furthermore their ro- 
tation velocity of the inner cylinder is larger. At 
cu=45” the pattern travels downwards. It has 
been checked whether this axial pattern prop- 
agation is accompanied by some mean axial flow 
such that there is a net axial fluid flow. Within the 
accuracy of the numerics this is not the case. Thus 
travelling Taylor vortices in a radial-axial mag- 
netic field show some analogy to acoustic waves 
and small amplitude surface waves. 

3.1.3. Linear stability against nonaxisymmetric dis- 
turbances 

In the classical Taylor-Couette-system for nor- 
mal fluids and independently rotating cylinders 
there are regions in parameterspace where non- 
axisymmetric disturbances in e.g. spiral form apear 
as primary instability of the primary Couette flow 
[4,5]. Even if the outer cylinder is at rest non- 
axisymmetric disturbances appear only slightly 
above the critical rotation rate of the inner cylin- 
der (e.g. about 5% for a radius ratio 77 = 0.95 (ref. 
[4], and refs. therein)). Hence it is worthwhile to 
investigate whether this sequence is reversed in 
magnetic fluids if radial-axial magnetic fields are 
applied. 

The derivatives with respect to the azimuthal 
coordinate which have been neglected so far in the 
equation of motion have to be considered now. 
The primary flow is still the Couette flow. Non- 
axisymmetric disturbances to this flow are of the 
kind - exp{ at + i(wt + kz + mcp)}. For the flow 
field to be defined in a unique way m has to be an 
integer. The perturbation velocity field now de- 
pends on two variables, the radial coordinate and 

(wt + kz + mcp). For m # 0 there are non-axisym- 
metric disturbances under investigation, e.g. for 
m = 1 a helicoidal pattern similar to a barbers 
pole. 

Considering m # 0 it is impossible within the 
framework of a linear stability analysis to dis- 
tinguish between a flow pattern travelling in 
azimuthal direction and representing a standing 
wave in axial direction and a second one which is 
travelling in both axial and azimuthal direction 
[21]. To clarify this point the whole nonlinear 
equations would have to be considered. Within 
linear stability it is only possible to state if non- 
axisymmetric disturbances show up at a Taylor 
number smaller than that for axisymmetric ones. 
And this is the question that we have investigated. 

Having regard to the derivatives with respect to 
the azimuthal coordinate, we specialize again on 
the narrow gap approximation. As pointed out by 
Krueger et al. [21], the variable cp has to be scaled 
in a convenient and straightforward way within 
the narrow gap approximation at which one arrives 
automatically if all curvature effects are treated in 
the same way as the centrifugal term in the normal 
fluid Taylor-Couette-system. For the interpreta- 
tion of the results we chose, following Krueger et 
al., a value of n = (l/(1 + 6) with S = l/20 which 
is considered to be sufficiently small to allow 
comparison to experiments in a narrow gap. The 
double characteristic eigenvalue problem resulting 
for T(k, m, S, a) and w(k, m, S, a) has been 
solved for m = O,..., 5. By comparison one can 
determine for a pair (S, a) that mode m towards 
which the primary Couette flow is unstable first: it 
is the one with the minimal Taylor number. As fig. 
4 shows, both axisymmetric (m = 0) and non- 
axisymmetric (m # 0) modes are possible as 
primary instability depending on S and (Y. The 
points mark the combinations (S, a) in parameter 
space where investigations have been performed 
and m = 0 modes (W), m = l(0) and m = 2 modes 
(A) have been found as primary disturbances. The 
separating lines are guides to the eye. The parame- 
ter S has been enlarged above the value of 1 
(which is considered as an upper limit for real 
magnetic fluids) to demonstrate the structure of 
the phase diagram more clearly - at even larger 
values of S even larger values of m appear at 
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Fig. 4. Instability diagram of Couette flow. Nonaxisymmetric 
disturbances (m # 0) appear in a wide region of the parameter 
space (a, S) as the primary instability. See text for more 

details. 

(Y=45O. The phase diagram is not strictly sym- 
metric about cu = 45 o but the regions are tilted 
slightly to larger (Y’s. Fig. 4 stresses that non- 
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Fig. 5. Radial velocity component u in the middle of the gap for different drivings. r = 15, p = 0.95. The midplane symmetry 
presents in normal fluids (left) is no longer given in magnetic fluids in a radial-axial magnetid field with S = 0.2, (x = 45 o (right). 

axisymmetric disturbances play an important role 
especially at larger S-values. However, one cannot 
say within linear stability analysis how this makes 
itself felt in developed flow patterns. This has to 
be clarified in an analysis of the whole nonlinear 
and nonaxisymmetric equations of motion. 

3.2. Finite system 

So far we have considered a cylinder gap ex- 
tended infinitely in axial direction. End plates 
always present in real experiments modify the 
flow behaviour drastically. In a normal fluid the 
vanishing of the azimuthal flow component at the 
end plates cause vortex flow near the ends which 
is present even in the subcritical region [22], see 
also fig. 5 left. For T c T, the amplitude of the 
vortices decays exponentially with increasing dis- 
tance from the end plates. Yet for T + T, this 
exponential decay length diverges and these Ek- 
man-vortices extend throughout the whole cylin- 
der gap [22]. 
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In this section we investigate the effects of a 
finite length on the flow of a magnetic fluid in 
radial-axial magnetic fields. Of special interest is 
whether these axisymmetric Fkman-vortices at the 
boundaries cause a ‘pinning’ of the travelling 
Taylor vortex pattern observed in infinite cylin- 
ders. At present numerical simulation seems to be 
the theoretical method suited best to study the 
possibly time-dependent flow properties in the 
nonlinear region where vortex flow has a finite 
amplitude (especially that near the end plates). 
Here we again use explicit finite difference 
numerical simulation under the assumption of 
axisymmetry. 

From the continuous range of angles between 
the radial-axial magnetic field and the z-axis we 
specialize for the investigation on a = 45 o as a 
characteristic representative. Numerical simula- 
tion for S = 0.2, n = 0.95 and an axial length 
r = L/d = 15 shows (fig. 5) that even at subcriti- 
cal values of the driving the magnetic field makes 
itself felt in the magnetic fluid. The minimum of 
the vortex flow amplitude which is located at the 
midheight (z = 7.5d) in normal flmds is no longer 
at that place. The vortices in the middle or ‘bulk 
of the gap are shifted downwards to smaller z-val- 
ues by about a quarter of vortex diameter. The 
direction opposite to the z-component of the mag- 
netic field agrees with the results for the travelling 
pattern in the infinite gap. Yet for the parameters 
specified one obtains stationary states. 

If one increases however, the driving of the 
inner cylinder to E’ = 0.04 and considers S = 1, 
time periodic states appear in the bulk of the 
system. What happens can be seen best in fig. 6. 
In the middle of the gap the vortices are travelling 
downwards. They appear in the top part and 
vanish in the bottom part. A ‘pinning’ of this 
travelling pattern by the Ekman-vortices near the 
end plates does not occur. Nevertheless a finite 
gap length does have a distinct influence. Investi- 
gations with a different r but otherwise identical 
parameters show that travelling vortices appear 
only above a threshold value of r = 11. At smaller 
values one finds stationary, asymmetric flow states 
with vortices shifted downwards as described 
above. And with increasing r the traveling veloc- 
ity of the travelhng vortices in the middle of the 

Fig. 

1 d*/v] for c’ = 
0.04, r = 15, n = 0.95, S = 1, Q = 45O. The inner (outer) cylin- 
der is always left (right). Full (dashed) lines mark clockwise 

(counterclockwise) rotating vortices. 

gap approaches the value of the infinite cylinder 
as it should be. The latter value has been de- 
termined separately by applying periodic boundary 
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Fig. 7. Number of the last vortex counted from the correspond- 
ing end plate that does not move (cf. fig. 6). In between 
travelhng vortices exist. Symbols connected by full lines mark 
stationary states (S = 0.2, a = 45O). The influence of the end 
plates on the flow within the whole gap increases with decreas- 

ing driving c ‘. 
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conditions in axial direction. A finite length of the 
gap reduces the velocity slightly until the travel- 
ling stops abruptly when r reaches the threshold 
value 11. 

It was mentioned already that the extension of 
the Ekman vortex system diverges as e’ + 0. Thus 
with E’ + 0 the influence of the localized vortices 
near the end plates on the flow field in the entire 
gap increases. Fig. 7 demonstrates that this is also 
valid for magnetic fluids in a radial-axial magnetic 
field. To larger values of the driving 6’ the region 
of travelling vortices, the ‘bulk’-region, is strongly 
extended. With decreasing driving the number of 
vortices which stay immobile and localized near 
the end plates increases monotonously. The in- 
fluence of the end plates is for E’ < 0.002 so strong 
that one observes after some oscillations only a 
stationary asymmetric flow pattern. 

This system exhibits some interesting similari- 
ties to convection in binary mixtures. In a finite 
container Walden et al. [23] observed 1985 in a 
water-ethanol-mixture travelling waves. This has 
been confirmed in recent experiments and numeri- 
cal simulations, a ‘pinning’ is not obsereved. How- 
ever there is a difference: in contrast to the 
Taylor-Couette-system there are no permanent 
vortices near the boundaries in Rayleigh-Btnard- 
systems. That is why the vortices appear directly 
near the side walls of the container. 

Finally, we want to stress again that the numer- 
ical simulation is based on the assumption of axial 
symmetry. The results of the previous section point 
out that this is not always justified. Nevertheless, 
the main statement ‘ there exist travelling waves in 
a finite cylinder’ continues to be valid. The reason 
is that e.g. for spiral shaped m = 1 modes a (rotat- 
ing) point defect is sufficient to produce a pattern 
travelling in axial direction while for the axisym- 
metric modes considered here a line defect is 
necessary. The latter is a more stringent restric- 
tion. Therefore, one can expect nonaxisymmetric 
vortices to travel if the axisymmetric do so. 

4. Superposition of axial and azimuthal magnetic 
fields 

In this section we consider the flow in a su- 
perposition of axial and azimuthal magnetic fields: 

H = (H+/r)e, + Hg,. For a wide gap (we special- 
ize on n = 0.5) the radial dependence of the 
azimuthal component cannot be neglected. Thus, 
in a description of the magnetic field by its magni- 
tude H and its orientation by the angle p with 
respect to e, one has to consider that both quanti- 
ties depend on the radial coordinate. For simplic- 
ity the following situation is investigated only: a 
strong magnetic field where H, and Hz are ad- 
justed in such a way that the angle &, has a value 
of 45” at the inner cylinder. Thus /3(r) = 
arctan{(r/R,) tan &}. Furthermore V] H 1 = 
-H cos*/3(l/r)e, and c’(H) = a,( H)/liH may be 
expressed as - 2c(H)/H since the rotational 
viscosity q,(H) = c( H)H* saturates in strong 
magnetic fields resulting in %j,/aH + 0. 

The field equations of motion one finally arrives 
at when specializing eqs. (3) for this field have 
been investigated for S = 1 and &, = 45 o by the 
finite-difference code assuming axisymmetry. 
Considering an infinite cylinder gap (periodic 
boundary conditions in axial direction) it turns 
out that the stationary primary flow is not identi- 
cal to the Couette flow. The azimuthal component 
deviates in a very small way from the classical 
Couette profile, its curvature is a little bit larger 
than the classical one. More important is the fact 
that the primary flow shows a nonvanishing axial 
component w of a nearly parabolic shape with a 
magnitude which is less than 1% of the maximal 
azimuthal velocity component. We have re- 
produced and checked this result of the full non- 
linear simulation code by a special computation of 
the primary flow [ll] using the fact that it has no 
radial component and that it does not depend on 
the axial coordinate z. The occurrence of a mod- 
ified primary flow is somehow surprising although 
one has found in viscoelastics in the Taylor-system 
that the purely axisymmetric primary Couette flow 
does not represent a solution for all values of the 
control parameter [24]. 

While increasing the rotation rate of the inner 
cylinder here again Taylor vortices appear. The 
critical parameters have been determined by the 
finite-difference code from the relaxational be- 
haviour of the flow for S = 1 to be T, = 7614.13 
and k, = 2.88. An arrow plot of the flow field 
components u and w slightly above the critical 
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RI R2 

Fig. 8. Flow field of magnetic fluids in an axial-azimuthal 
magnetic field (S = 1, C’ = 0.02, TJ = 0.5, axial periodicity 

lenghs 2.18d, &, = 45 “). 

value (L?, = l.O2J&) is given in fig. 8. Taylor 
vortices are superposed on a primary flow pointing 
downwards. The centers of the vortices are shifted 
relative to each other. If one increases the rotation 
rate of the inner cylinder further the asymmetric 
situation with respec to the radial coordinate is 
reversed and the clockwise rotating vortex is en- 
larged at the cost of the counterclockwise one. 

The variation of the net axial mean flow as a 
function of C’ has been investigated in more detail 
and the results are presented in fig. 9. For subcriti- 
cal values of the driving i.e. in the absence of 
vortices there exists a net flow in the direction 
opposite to the z-component of the magnetic field 
which is due to the nonvanishing axial component 
of the primary flow. This integral value is inde- 
pendent of the driving Q’. (The driving drops out 
of the equations for the primary flow - u = 0, 
u = u(r), w = w(r) - if the velocities are scaled in 
units of 1 V, I. Thus, the umeduced velocity field 
of the primary flow varies linearly with the veloc- 
ity of the inner cylinder.) The Taylor vortices that 
are present above threshold, E’ > 0, in this mag- 
netic field are such that they generate an ad- 
ditional mean flow. However, the vortex generated 

mean flow grows with E’ and, furthermore, is 
directed opposite to constant primary flow. The 
net flow being the sum of these two contributions 
changes sign at e’ = 0.18 for the parameters of fig. 
9. To larger values of the driving there exists a net 
flow in the direction of the axial magnetic field 
component, also the Taylor vortices travel in this 
direction. All these directions are reversed by a 
change in sign of &, as it should be. 

Flows of the kind described above with a net 
mass flow in axial direction are not possible in a 
finite cylinder; due to incompressibility of the 
magnetic fluid the integrated axial flow has to 
vanish for any axial coordinate z. However, our 
simulation for finite cylinders shows that there is a 
circulating axial flow which is directed downward 
near the inner cylinder and which is balanced by a 
counterflow near the outer cylinder. Also for this 
magnetic field we observe for larger values of the 
driving travelling vortices in finite cylinders. Again 
a change in the sign of the magnetic field z-com- 
ponent is equivalent to a reflection of the flow 
field at the z = r/2 plane. One might wonder 
whether the axial-azimuthal magnetic field in its 
spiral form promotes nonaxisymmetric e.g. spiral 
shaped flows. This has to be clarified in a further 
investigation allowing also for nonaxisymmetric 
developed flows in the numerical simulation. 
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Fig. 9. Net mass flow through the gap as a function of the 
driving l ‘. S = 1, 7 = 0.5, &, = 45“, periodicity lengths 2.18d. 
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5. Conclusions 

Summarizing we investigated within a model 
for the flow behaviour of magnetic fluids the 
effects of general magnetic fields on the flow 
between concentric rotating cylinders. Results of 
previous investigations have been confirmed, ex- 
tended and quantitatively improved. Several new 
predictions are given. The various effects should 
stimulate experiments in this field. 
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