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A cylindrical liquid bridge under asymmetric heating is investigated for small Reynolds,
Prandtl, and capillary numbers. Flow field and surface deformation are calculated in terms of a
Papkovich-Fadle series. The present analytical solution is in very good agreement with recent
numerical results. A comparison with numerical simulations of the full Navier-Stokes

equations without surface deformations is made.

I. INTRODUCTION

With the increased importance of high quality semicon-
ductor single crystals, a great deal of research effort has fo-
cused on the study of fluid flows in molten phases during
crystal growth processes.! In particular, the containerless
float-zone process has received much attention, this atten-
tion being stimulated by discussions about its application in
a microgravity environment. Under low gravity, or in small
liquid volumes, the flow is mainly driven by temperature
induced surface tension gradients (thermocapillary convec-
tion). These flows are of fundamental importance in crystal
growth because they are known to become unstable, leading
to a degradation of crystal quality. Since the real float-zone
system involves many detailed complications such as mov-
ing melting and solidification fronts, model systems play an
important role in experimental,>™* numerical,>® and theo-
retical'®'® studies of the most important physical effects in
the melt.

A very useful system for studying thermocapillary phe-
nomena in a float-zone consists of a liquid bridge between
two concentric cylindrical rods held at different tempera-
tures, where the fluid motion is driven by surface tension
gradients along the free surface.® Although experimental
and numerical progress has been made in determining the
structure and stability range of the basic, steady, axisymmet-
ric flow, only a few analytical results are available for a
bridge of finite length. Bauer'® discussed the influence of the
aspect ratio (length/radius) on the flow structure by consid-
ering periodic free boundaries in the axial direction and an
axially periodic heat load. He obtained results for small
Reynolds numbers and zero gravity using an axial Fourier
analysis. Xu and Davis'* investigated the leading order core
flow in a long liquid zone. For large mean surface tension
they obtained similarity solutions, which depend only on the
imposed temperature distribution on the free surface. These
results hold for arbitrarily large driving, i.e., for unlimited
Reynolds number. Planar systems have also been stud-
ied''"** to analyze thermocapillary flow. All theoretical in-
vestigations of the stability of the basic states against time
dependent oscillatory flow in both planar and cylindrical
geometries have been carried out for infinitely large sys-
tems, '>*5 thus dealing with the instability mechanisms, '° but
neglecting the considerable stabilizing effect of the rigid
boundaries.
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Recently Rybicki and Floryan®® numerically investi-
gated the flow structure and free surface deformations of a
cylindrical zone for both small Reynolds and zero Prandtl
numbers in the absence of gravity. The influence of different
heat loads, aspect ratios, and end conditions has been dis-
cussed in great detail. Their basic results are recovered by the
present work. Here, however, an analytical rather than nu-
merical approach is made. Moreover, the convective effect
on the temperature field is obtained and several limits of the
aspect ratio can be examined exactly, relating the present
findings to results for both infinitely short and long zones.
The analysis starts with an expansion of all fields for small
Reynolds, Prandtl, and capillary numbers. An asymptotic
solution is then obtained using a further expansion in terms
of Papkovich-Fadle functions. This last method has been
introduced by Smith'” and successfully applied to some
Stokes flow problems by Joseph and Sturges,'® Yoo and
Joseph,'? and Benmalek.?®

Il. PROBLEM FORMULATION AND FIELD EXPANSION

The system under consideration is a liquid bridge of an
incompressible fluid with kinematic viscosity v, density p,
thermal diffusivity «, and thermal expansion coefficient S,
which is suspended between two coaxial cylindrical rods of
radius R a distance d apart. The solid surfaces in contact
with the liquid are planar. The liquid volume is ¥ = 7R *d
and the location of the deformable liquid—-gas interface is
described by £(z), with £(z = + d /2) = R assuming fixed
contact lines (cf. Fig. 1). The liquid is heated from above by
holding the upper and lower cylinders at temperatures 7,
and T, respectively, with AT =T, — T, > 0. Forces on the
fluid are caused by the acceleration of gravity g= — ge,,
and by the temperature dependent surface tension, approxi-
mated linearly by

o(T) =oo(Ty) — (T —Ty),
where
To = %(Tu + T])

and y is the linear coefficient of a Taylor expansion of o. The
ambient gas is assumed to have a linear temperature profile
of T,(2z) = Ty + AT z/d at the interface.

If the temperature difference AT is small, the flow and
the surface deformations are steady and axisymmetric.*
Therefore, the radial and axial velocities, u{~,z) and w(r,z),
respectively, and the temperature 7T'(r,z) are governed by the
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FIG. 1. Sketch of the liquid bridge.

time independent axisymmetric Navier-Stokes and energy
equations, which are written in the Boussinesq approxima-
tion as

L= —GrD6— [(2/r)(3,¥)

+ (D, )3, — (3.4)D, 1LY, (1a)
A0= —Pr{[(D, )3, — (3,4)D,]6 + D, ¢} .(1b)
For convenience, ¥ is defined such that u=d,¥ and
w= —D,¢ (D, =D+ 1/r=23,+ 1/r). Here, it is re-
ferred to as the “streamfunction,” although the streamlines
are not given by ¢ = const, as occurs for the Stokes stream-
function. Also, 8 is the nondimensional temperature devi-
ation from the conduction profile T, = T, (z), the two-di-
mensional Laplace operator is A=D,D+4d2, and
L = DD, + 3%. The Grashof and Prandtl numbers are de-
noted by Gr = d 3g B AT /v* and Pr = v/, respectively, and
the scales for length, time, velocity, and temperature are d,
d?/v, v/d, and AT, respectively.
The boundary conditions on the rigid cylinder ends are

Y=0.4=60=0, z= +1, (2)
and the deformable surface is modeled by a free boundary
with the vanishing normal and tangential stresses, respec-
tively,

C[Dd,—£:D, 3, —§,(d;—DD,)]¢

— (N?/2)C(p —p.)

+ (N/2)Re[l —C(8+2) (' —£,/NY) =0,

r=£@2) (3a)
and

+ NRe(£,D0+3,0+1)=0, r=£(2), (3b)
where the fluid pressure and the external pressure are de-
noted by p and p,, respectively, I' = d /R is the aspect ratio,
and N = (1 + £2)"/2 The strength of the driving is mea-
sured by the Reynolds number Re = yd AT /pv* and the ca-
pillary number C = y AT /o, measures the relative variation
of surface tension with temperature. Moreover, the normal
component of the velocity must vanish at the surface:

(az +§2D*)¢'=07 r=§(z) . (3c)
The thermal boundary condition on the interface is

(D_gzaz +BN)9=01 r=§(z), (3d)
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where the Biot number B = hd /x measures the heat transfer
through the surface, # being the heat transfer coefficient.
Continuity along the axis » = 0 requires

¢=DD.¢y=D8=0, r=0. (4)
To find the leading order contributions to the flow and
temperature fields for small Re, Pr, and C, and to obtain

corrections to the static meniscus, all fields are expanded in a
power series:

1/J(r,z)= i Re"Prka¢nmk(r,z), (5a)
0
k=0

6(r) = 3 Re"Pr"C*0,,.(r2), (5b)
meo
k=0

p(rz) =p, +£Cgps(z) + 3 Re"Pr” Ckpomi(HZ) s

1

>3 =
oyt

0
(¢}
(5¢)

)

E(rz) =£,(2) + Re"Pr" CkE,, . (2) . (5d)
0
0

k‘s:
[T

1

Inserting this expansion boundary condition [(3a)] yields,
at lowest order, O(Re! Pr° C?), the static meniscus problem
{subscript s in (5) and (6)]

az
Al,(s‘:‘+——A‘,€‘). (6)

In order to retain a rectangular domain for the lowest-
order flow and temperature, the exact limit C— 0 or the ab-
sence of gravity (Gr = 0) is considered. In the former case,
the infinite sum in expansion (5d) drops out and surface
deformations cannot occur. In both cases, however, the stat-
ic zone shape is cylindrical with &, = 1/T’, and the pressure
jump p, =T is independent of z.

ps =

. ASYMPTOTIC SOLUTION
A. The flow and temperature field

Inserting the expansion (5) into Egs. (1a) and ( 1b),
and equating terms of lowest order O(Re' Pr° C?), one ob-
tains

L 2'[’[00 = — Gl' DelOO Y (7a)
Afp=0. (7b)

The corresponding boundary conditions of the same order,
obtained from (2), (3b)-(3d), and (4), are

Y100 =0 %100 =0100=0, z= £}, (8a)
¢100=DD.¢100=D0100=0, r=0, (Sb)

Y100 =DDutpyoo— 1 = (D —B)0,po=0, r=1/T.
(8¢)
From this it follows that the temperature field at
O(Re! Pr° C?) is purely conducting with 8,4, = 0. There-
fore, the leading order flow field ¥, is independent of Gr
and B, i.e., it is affected neither by gravity nor by the heat
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transfer rate at the free surface. Thus one is left with the
Stokes flow problem
L 2(1’100 =0. 9)

To solve this equation with boundary conditions (8), ¢, is
expanded in a series of even Papkovich-Fadle functions'®

(n})
1 s

Yoor) = > AL s,N8"(2)/5 (10)

satisfying (9) exactly.'® Here, I, is a modified Bessel func-
tion of first order, and s, are the first quadrant roots?! of

(11)
numbered according to their increasing real parts. The func-

tions ¢ = (${",¢{") and H = ({M,P{™) are given
by18

#i"(z) =s, sin s, cos 25,z — 2zs, cos 8, sin 25,2,

2s, —sin2s, =0,

(12a)
#5(z) = — (s, sins, + 2 cos s, )cos 25,z
+ 2zs, cos s, sin 25,z , (12b)
¥ (2) = (s, sins, — 2cos s, )cos 25,z
— 228, cos 5, sin 25,2, (12¢)
¥ (2) = 41" () . (12d)

The expansion coefficients 4, are found by projecting the
boundary condition (8c)

[(I)] - [g;)* ]’/’100(%) = ni } 4An11(2;" )¢‘"’ (13)

onto the orthogonal vector functions $” using the biortho-
gonality condition

172 0 — 1

1b‘"’-[ ]-4)"" dz= —2cos*s,b,, , (14)
-2 1 2
where §,, is the Kronecker symbol. This yields the
O(Re'! Pr° C°) streamfunction:

i — 1,(2
Y100(72) = lim 1 \(2s,1)

(n)
(z).
New o 2 n4s? cos*s, 1,(2s,/T) #"(2)

(15)

The velocity field corresponding to the streamfunction g,
has been calculated by direct numerical integration of the
linear differential equation (9) by Rybicki and Floryan,®
who also extensively discussed the respective flow patterns.
ForI'" 2 1, a single toroidal vortex exists, whereas for I' £ 0.5
the flow separates into a radial sequence of concentric
counter-rotating toroidal vortices with equal cross sections,
whose intensities decay nearly exponentially as r—0. The
boundary between adjacent vortices is not flat but takes an
outward concave shape.

Having found 1,4, it is easy to give the first nonvanish-
ing correction to the conduction temperature 8,,, = 0. The
O(Re' Pr! C°) equations are

L2¢110= —Gr DGy, (16a)
A6110= —D*¢100’ (16b)
with homogeneous boundary conditions like (8a)-(8c), but
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with DD, 9,,0 = O instead of DD.v,oo = 1 at r = 1/T". The
solution of Egs. (16a) and (16b) is straightforward. For the
temperature 8,,, one obtains

0110(n2) = i 2a,s, [Io (2s,7r) (2% cos 25,z

+ b,z sin 25,z 4 ¢, cos 25,2)

+ i B,,ho(/lkr)cosikz], (17a)
k=0
where
a, = [16s; cos®s,I,(2s,/T)] ', (17b)
b, = — (1 +2sin’s,)/2s, , (17¢)
c,= —i(14+2b, tans,), (17d)
A, = 2k + D, (17¢)
5 — _p 25025,/D) + B, (25,/D)
n A d (A /T) + BL (A, /T)
172
f cos A,z(2% cos 25,z + b,z sin 25,z
-1/2
+ ¢, cos 2s5,2)dz . (17)

The calculation of ¢, ,, is omitted. A corresponding calcula-
tion for a similar problem can be found in Ref. 21.

Since there is no coupling of 1 and & along the free sur-
face at O(Re'), contributions ¢, ,,, withm >0and 6,,,, with
m > 1 are due to buoyancy or deformation effects. Therefore,
for Gr = 0 and C—0, the solution has the form

¢(r,z) =Re 17,/100(’;2) + O(Re2) ’
0(r.z) =Re Pr8,,4(r,z) + O(Re?) .

(18a)
(18b)

B. Small surface deformations

The lowest order surface deformation of the liquid
bridge is calculated by letting Gr =0, and considering
boundary condition (3a) for £ at O(Re! Pr° C'):

(92 + T = — T2+ (20, D%100 — Proo) 11 - (19)
To derive this equation, £ ~' had to be expanded assuming
C |€001| €1/T. Moreover, Eq. (19) requires that a flow be
present, i.e., Re#0. The resulting deformation C&,,(2),
however, is independent of Re, i.e., the strength of that flow,
whereas the particular shape of £;,,(2) is determined by the
structure of the normal stresses induced by the flow at
O(Re! Pr° C%), and by the temperature dependence of the
surface tension.

After calculating po, from Dp o, = 3, L¢00» Eq. (19)
can be solved to obtain the asymmetric deformation

1/1 sinIz
Soor(2) = r(7 sinT/2 z)
&, 1 sinlz
+ C,,( 08 25,2 — — )
n}_J o8 2 sinT/2

+ D, (sin 25,z —sin s, M—)] ,
sin I'/2

nm,

tanI'/2, (20a)

T/2+# [
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with

4s,, r  Ip(2,/T)
€ =42 “Toyeos, (2.&',, - I,(2s,,/l"))’ (200)
N 2
"7 (48 — I)cost s,
X [(s,, sins, +coss, — M)
452 —T?
( r 1(,(2s,,/r)) cos 10(25,,/1")] .
2s, 1,(2s,/T) " I(2s,/T)

(20c)

Note that the volume Vis preserved at O(C').

Aspect ratios I'/2 = nm and I'/2 = tan I'/2 have been
identified as bifurcation points of £4,.° However, as I't2,
the solution £y, [Eqgs. (20)] diverges, and the differential
equation (19) loses its validity if C>O(27 — T'). The form,
size, and dependence on I of the deformation &, are identi-
cal to the results given in Ref. 9.

IV. GEOMETRY LIMITS
A.T-0

In the limit of a small gap, ¥,40(7.2) takes a simple form
if one considers intermediate radial positions 1<r<1/T.
Then ¢, is dominated by the n = + 1 summands, so that

1
¢100(1<r<—1:’z)
(7s,/T)'2¢{" (2) [ ( 1)]
-~ — 2slr — — .C.
252 cos* s, N r +oc

(21)

Therefore, the two-dimensional flow in a radial cross
section of the bulk consists of equal sized vortices with an
extension 7/2 Im(s;) = 1.396, which are damped exponen-
tially toward » = 0 with a decay constant 2 Re(s,) = 4.212.
These are the same values as obtained by Moffatt*? for a
general class of two-dimensional flows between rigid planes
of infinite extent. Thus the cross-sectional diagrams are simi-
lar in both cases, but the overall flow structure consists of
toroidal vortices and straight rolls, respectively. Rybicki and
Floryan® have suggested this analogy numerically. Equation
(21) is, in fact, a very good approximation for the vortex
diameters, which is indicated by Table I, where the radial
zeros of 1,40 [Eq. (15)] calculated using Newton’s method
are shown for T = 0.1. For this aspect ratio, however, the
absolute radial positions of the vortices are still influenced by
the finite radius of the liquid bridge.

The limiting form of the surface deformation £, is

TABLE 1. Radial zeros 7, of 4, (7.2 = 0) at midplane for I" = 0.1. [ Trun-
cation order (cf. Sec. V) is N =20.]

i 1 2 3 4 5 6 7
r; 0.046 1714 3.115 4513 5910 7.306 8.702
Fo—r_ e 1.668 1401 1.398 1.397 1396 1.396
675 Phys. Fluids A, Vol. 1, No. 4, April 1989

readily obtained from (20) as
= (sin 25,z — 2zsins,

£o0i (2T -0) = Z

n= — oo

2 cos’ s,

ZC0825,Z—ZCOSS
- — = ). (22)
s, cos’ s,

This deformation has the known sinusoidal shape with ex-
trema of size [£oq,| = 0.0125atz = + 0.33, whichis 6% less
than the extrapolated value given by Rybicki and Floryan.®

B.-

Although a liquid bridge is subject to capillary instabili-
ties under most circumstances when I is large,”?* the limit
I' > «» and C—0Q is very useful when studying thermocapil-
lary instabilities.' In this limit, the bulk flow is independent
of z and is governed by [cf. Eqgs. (1) ]

(DD, )y = — Gr D8, (232)
D,D6= —PrD,y. (23b)

These linear equations are identical to Egs. (9) and (16) for
the expansion solution taking the limit I' - . Therefore,
the expansion to O(Re' Pr! C°) approaches the exact solu-
tion if F'-w and C-0. For example, expanding
Y100{7,z2 =0) [Eq. (15)] for small 1/T yields the axial ve-
locity

Weo(nl = 0) = ([/2)(1/2I7 — A7), (24)

which is identical to the Hagen—Poiseuille profile given by
Xu and Davis' for C-0.

Within the present approach it is not possible to take the
formal limit of £y, (T — w0 ) because of its periodic diver-
gence with . Between these poles, however, there always
exist intervals for which the relation C{&,,,] € 1/T holds, so
that £, is a valid approximation to the deformation prob-
lem regardless of its stability properties.

V. COMPARISON WITH NONLINEAR NUMERICAL
CALCULATIONS

In this section a comparison is made between the actual
small Re, Pr, C approximation and numerical solutions of
the full equations (1)-(4) for C—0. Since these numerical
data do not include surface deformations, only axial velocity
and temperature deviations are considered. For a practical
evaluation of ¢,,, and 8, ,, the sums over nand kin (15) and
(17) have to be truncated at orders N and K, respectively.
Here N was chosen such that the results for order N 4+ 1 did
not deviate from those at order N by more than about 1% of
the maximum absolute value of w,y,. Taking the same trun-
cation order K = N for the calculation of 8, , always yielded
sufficient accuracy. This ensures that all values calculated at
interior points are fully converged and only a small uncer-
tainty is left for values at » = 1/T. Since the relative length of
the turning zones at z = + | decreases as I increases, the
series have to be truncated at increasing orders to obtain
good convergence. Some general conditions for the conver-
gence of Papkovich-Fadle series can be found in Refs. 24
and 25.

The radial dependence of w and T at the midplanez =0
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FIG. 2. Radial dependence of (a) axial velocity w(r) and (b) temperature
T(r) atmidplanez = OforI" = 1,Pr = 0.1,and C = B = Gr = 0. Full lines
represent w,q, and 8, ,, truncated at N = K = 20. Plusses and dots are re-
sults of a numerical integration®® for Re = 100 and Re = 500, respectively.

is shown in Figs. 2(a) and 2(b) for ' =1,Pr=0.1, B =0,
and Gr = 0. The results from the present theory and numeri-
cal simulation?® are nearly identical for Reynolds numbers
as large as 100. For larger Reynolds numbers, the present
approximation loses its validity as indicated by the numeri-
cal result for Re = 500 [dots in Figs. 2(a) and 2(b)]. The
axial dependence of w and T shown in Figs. 3(a) and 3(b)
for the same set of parameters is more sensitive. Even for
Re = 100 the numerical data are slightly asymmetric. The
asymmetry of the flow at Re = 500 results from a combined
inertia effect’” of O(Re?) and thermal coupling at the free
surface at O(Re? Pr'). The latter gets notably smaller if
Pr < 0.1, thus improving the approximation. The degree of
asymmetry in the numerical results decreases with increas-
ing I". This is seen in Fig. 4, where the axial velocity on the
free surface r = 1/T isshownforI' = 5, B =0, Gr = 0, and
Pr = 0.1. Small deviations from the numerical results occur
only for Re = 500 in the region z % 0. In a large range around
the midplane z = 0, the surface velocity has already taken
the value for the infinitely long system'* (w/Re
= — 1/4T = — 0.05). Note that @(r = 1/T") vanishes as
I'> .

Modification 8, ,, to the conduction temperature field
caused by a nonzero heat transfer coefficient B are in good
agreement with the numerical simulation as long as
Re % 200. Grashof number effects entering the velocity field
at O(Re Pr) are not studied here because of the lengthy ex-
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FIG. 3. Axial dependence of (a) axial velocity w(z) and (b) temperature
T(z) at the free surface r = 1/I. Parameters and symbols as in Fig. 2.

pressions involved. The choice of a linear gas temperature
T, (z) has been made for simplicity. However, the above
method can be easily applied to other heating profiles,
which, if they are smooth enough, may lead to even better
convergence of ¥, and 8.

The analytical solutions for small Re, Pr, and C capil-
lary flow in a liquid bridge given here are good approxima-
tions for a wide range of Reynolds numbers. They may serve

0.000

-.025 )Z

w/ Re [Vv/d]

-0.50 -0.25 0.00 0.25 0.50

z[d]
FIG. 4. Axial variation of the axial velocity w(z) at the free surface r = 1/T
forI" = 5,Pr = 0.1, C = B = Gr = 0. The straight line is w, o, with N = 80,

the dashed line is the solution for I' — «,' and plusses and dots are numeri-
cal results® for Re = 100 and Re = 500, respectively.
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as reference solutions, which can be easily computed to any
desired precision. It is not sure, on the other hand, if these
solutions can be used in place of the exact basic steady flow in
modeling its instability and the onset of low Prandtl number
time dependent thermocapillary convection; no models have
been given yet. However, since the strength of the exact basic
velocity field is essentially linear in Re, and asymmetries in ¢
result from thermal coupling are small for large aspect ratios
and Gr = 0, one might hope that the instability mechanism
and the amplitude of oscillatory thermocapillary convection
can be reasonably well described on the basis of the above
approximation.
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