PHYSICAL REVIEW A

VOLUME 41, NUMBER 6

15 MARCH 1990

Convective patterns in rotating binary mixtures

Krishna Kumar
Institut fiir Theoretische Physik, Universitdt des Saarlandes, D-6600 Saarbriicken, West Germany
(Received 6 October 1989)

A few-mode Lorenz-like model for convection in a rotating binary mixture confined between
stress-free, impermeable boundaries is presented. It describes for positive separation ratios standing
patterns of convective rolls in mutually perpendicular directions and the superposition of these rolls
with the same wave number. The model is used to investigate the effect of slow rotation on convec-
tive patterns. In ideal systems squares are unstable, and the dynamical behavior immediately in the
Rayleigh regime is chaotic. Side-wall forcing is incorporated by introducing a small inhomogeneity
into the model. In the presence of side walls the chaotic behavior disappears, squares are stabilized
close to onset, and rolls are stable in the Rayleigh regime with oscillations occurring in between.
For Taylor numbers above a critical value, oscillations disappear and stable stationary patterns are

possible over the whole range of Rayleigh numbers.

I. INTRODUCTION

Convection in a horizontal layer of a binary liquid mix-
ture! without rotation has been investigated extensively
in recent years. The presence of concentration currents,
in addition to thermal currents, leads to interesting linear
and nonlinear behavior.? !® The selection of different
convective patterns in different regions of the Rayleigh
number and the competition of these patterns in an inter-
mediate region have been studied both experimentally®
and theoretically.>!° The theoretical treatment® based on
the Galerkin technique explains effectively the
phenomenon of competing patterns. Rotation, on the
other hand, not only delays the onset of convection, but
distorts the convective cells.!""!? In addition, stationary
roll patterns can be destabilized by disturbances with
wave vectors noncoincident with those of the patterns,
giving rise to turbulent behavior!*!* close to the thresh-
old.

A horizontal layer of a rotating binary liquid heated
from below, naturally, represents a versatile system for
the study of convective instability. Recent studies!® on
these systems address the case of when convection sets in
in the form of cylindrical rolls.

In this work we present a Lorenz-like model®'® that
describes convective patterns in the form of rolls as well
as squares—the patterns arising from the superposition
of mutually perpendicular rolls. Here and throughout
this paper, we use the word ‘superposition” to describe
the structure seen, e.g., in a shadowgraph picture. The
fields in square convection are not just linear combina-
tions of the roll fields. We use the model to study the
influence of a small coriolis force on the competing con-
vective patterns and their heat transport behavior.

We introduce the hydrodynamic system in Sec. II. In
Sec. III we present the Galerkin model for rotating
binary liquids with impermeable horizontal surfaces and
discuss the results of linear stability analysis. In Sec. IV
we investigate the stationary solutions describing convec-
tive patterns in the form of rolls and squares, and the

41

time dependent solutions arising because of competition
between these patterns. We discuss the effect of side
walls in Sec. V by phenomenologically introducing a con-
stant inhomogeneity into our model. We shall see that
the stationary squarelike patterns arising from superposi-
tion of mutually perpendicular rolls of unequal intensities
are possible in the rotating system in the presence of
side-wall forcing. We summarize the results of our model
in Sec. VL.

II. HYDRODYNAMIC SYSTEM

An infinite horizontal layer of a binary liquid heated
from below and rotating with a uniform angular velocity
about the vertical axis is considered. Neglecting the
Dufour effect, the equations of motion for the variable
fields (deviations from the conductive state) in the rotat-
ing frame can be written, in the Oberbeck-Boussinesq ap-
proximation, as

3, U+(U-V)U=—V(p/p,,)
—g(a®@+BC)+vwWU+2UXQ, (2.1)

3,0+(U-V)@=AV20—(U-VT, , (2.2)

3,0+ (U-V)C=D(V*C+k; /T, V®)—(U-V)C, , (2.3)

where U(x,1), p(x,t), ®(x,t), and C(x,t) are, respective-
ly, velocity, pressure, temperature, and concentration
fields. Q(=0,0,Q) is the rotation speed of the layer, g
the acceleration due to gravity, a(f3) the thermal (solutal)
expansion coefficient at constant concentration (tempera-
ture) and pressure, v the kinematic viscosity, A(D) the
thermal (mass) diffusitivity, and k4 the thermodiffusion
coefficient. T, and C; stand for the temperature and con-
centration profiles in the conductive state and can be
written for small temperature difference AT across the
layer of thickness d as

T,=T,— (AT /d)x, ,
C,=C,+(ks /T, (AT /d)x; ,

(2.4)
(2.5)
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where T'; and C, are the temperature and the concentra-
tion at the bottom layer. Here we ignored the centrifugal
force acting on temperature and concentration induced
density variations.

Introducing dimensionless variables =®agd*®/vA and
C=(Bgd?>/vA, and scaling all the lengths by d, the thick-
ness of the layer, and time by d2/A, the thermal diffusion
time across the layer, we can put the hydrodynamic equa-
tions in nondimensional form as

3, Viu;=0oVu,+o VI (1+¢4)0+7n]— 0V To,0,

—&;'VX[(@Vu—(u-Ve], (2.6)
3,0;=0Vw;+ 0V Tou; +[(0-Vu;—(u-Viw,], 2.7
9,0=V?0+Ru;—(u-V)8, (2.8)
3,n=LV>p—yV?6—(u-V)y, (2.9)
where the mixed field

n=C—y6 (2.10)

is used to enforce the impermeability of the mass current
at the two horizontal surfaces of the layer in a convenient
way. @=VXu is the vorticity, o(=v/A) the Prandtl
number, L (=D/A) the Lewis number, R
[=ag(AT)d3/vA] the Rayleigh number, T
(=40Q2d*/+v?) the Taylor number, and ¢ the separation
ratio. The subscripts 1 and 2 refer to two mutually per-
pendicular directions in horizontal plane, while 3 refers
to vertically upward direction. € is a unit vector along
the x; axis.

Since the influence of the “no-slip” properties of the
horizontal boundaries on thermal convection in liquids
seems to be less important,”!” we consider stress-free sur-
faces. This implies u;=0%u;=0;0;=0 at x;=0 and 1.
We impose impermeability to capture the essential phys-
ics due to additional coupling between the temperature
and the concentration gradients at the horizontal boun-
daries. The temperature fluctuation =0 at x; =0 and 1,
which corresponds to perfectly conducting surfaces.

III. GALERKIN MODEL
A. Selection of modes

We employ the standard Galerkin procedure to de-
scribe convection in a rotating binary mixture. The spa-
tial dependence of all the fields are expanded in a Fourier
series appropriate to the horizontal free-slip, imperme-
able boundaries, and lateral periodic boundary condi-
tions. The expansion is truncated to describe straight

J

u(x,t)= —i—([wal(t)sin(kx, )+ b,(t)sin(kx,)]cos(mxy)
+ {[2ma;(t)—b4(t)]sin(kx, )cos(kx, ) —[2ma,(t) —b;(t)]cos(kx | )sin(kx,)}cos(2mx;)) ,
wy(x,1)=— %([ﬂ'az(t)sin(kxz)—bl(t)sin(kxl )Jcos(mx; )

+ {[2ma;(¢)+b4(t)]cos(kx | )sin(kx, ) —[2ma@, (1) +b;(1)]sin(kx | Jcos(kx,)}cos(2mx;)) ,
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rolls and patterns arising from the superposition of mutu-
ally perpendicular rolls of the same wavelength. Here,
we restrict ourselves to standing patterns and, hence all
time-dependent Fourier amplitudes will be assumed to be
real.

The rotation couples the vertical components of veloci-
ty and vorticity [Egs. (2.6) and (2.7)], the coupling being
oV T. Thus we have one additional basic mode for the
latter besides other critical modes which can grow at the
onset of convection according to the linearized system of
hydrodynamic equations [Egs. (2.6)-(2.9)]. We retain
those higher modes, which are coupled to the critical
modes through the convective interaction and are compa-
tible with the boundary conditions on the hydrodynamic
fields. Modes representing higher lateral harmonic varia-
tions of the fields are neglected.

With above consideration the vertical component of
the velocity field reads as

uy(x,t)=[a(t)cos(kx,)+a,(t)cos(kx,)]sin(mx)

+2[a;(t)cos(kx)cos(kx,)

+a,(t)sin(kx )sin(kx,)]sin(27x5) . (3.1)
The vertical component of the vorticity is given by
@4(x,1)=[b(t)cos(kx,)+b,(t)cos(kx,)]cos(mx )
+2[b;(t)cos(kx | )cos(kx,)
+b4(t)sin(kx )sin(kx,)]cos(2mx;) . (3.2)

The temperature field can be written as

0(x,t)=[c,(t)cos(kx )+ c,(t)cos(kx,)]sin(mx )
+2[c;(t)cos(kx | )cos(kx,)
+¢,(2)sin(kx )sin(kx,)]sin(27x )

+c4(t)sin(2mxy) , (3.3

and the mixed field
N(x,1)=d (t)cos(kx)+d,(t)cos(kx,)
+[d3(1)+d;(t)sin(kx )sin(kx,)]cos(7xy) .
(3.4)

The equation of continuity and the solenoidal charac-
ter of the vorticity yield the following expressions for
horizontal components of velocity and vorticity fields:

o(x,t)= —%([(ﬂzﬁ-kz)az(t)sin(kxz)—-Trbl(t)sin(kxl )]sin(mx3)

+2{[(2m2+k?)a;(t)+mb,(t)]cos(kx )sin(kx,)

—[(2m*+k)a;(t)+ b, (t)]sin(kx | Jcos(kx,)}sin(27xy)) ,

3.7
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wz(x,t)=%([(1r2+k2)al(t)sin(kx1 )+ b, (1)sin(kx, ) Jsin(mx)

+2{[(27*+ k?)a;(t)—mb4(¢)]sin(kx , )cos(kx,)

—[(2m*+k)a;(t)—mb,(t)]cos(kx  )sin(kx, )}sin(27x 1)) .

The fact that rotation distorts convective patterns'? is

taken care of by the form of the velocity field [Egs. (3.1),
(3.5), and (3.6)]. For the case of roll patterns, stream lines
are elliptical instead of being circular, and the normal,
n=n,¢, +n,@,, to the plane of stream lines forms an an-
gle with the roll axis. This is because of the growth of the
other component of velocity (e.g., u,, which is not
present in the absence of rotation if rolls are along the x,
axis) under the action of coriolis force. Consequently, the
mirror symmetry of the pattern about a vertical plane
through the maximal up (down) flow locations is lost. A
translation by half a wavelength in a direction normal to
the rolls leads to similar patterns with reversed flow
directions. To describe a general square pattern arising
from the superposition of mutually perpendicular set of
these rolls, it is essential to include the nonlinear mode @,
in addition to a;, in the expansion for vertical component
of the velocity field. This leads to other nonlinear modes
b5, ¢4, and d in our model.

B. Model equations

Projecting the hydrodynamic equations [Egs.
(2.6)-(2.10)] onto the above-mentioned modes, and prop-
erly rescaling the variables, we arrive at the following
Lorenz-like'® model:

yX=—0@2X+0% 1Y+ -SU - V76
q T q
4 X2 s 1 G2 GZ
- W, + S;
Xl 1 fq\Z Gl 1 _GI 2
di | X
_,2.@_; _x, W, , (3.9)
. XZ
YY=—9Y+(r—2Z)X+ |, |T,
1
G2 1 YZ
+ -G, T2+3 -, w,, (3.10)
. - G,
yU=—k %»'LU+¢g’Y+XV,+ —G. V2 (3.11)
1
. ) — XZ G2
yG=—09'G+oV X+ X, w,+ G, S,
+b X, 1 G,
| —x, S,+1 —G, |" (3.12)
yZ=—b(Z—-X'Y), (3.13)
. L 2 1 1
yV,=—b :V|+“§¢Z+—2“(X'U)+ZSZV2 , (3.14)

(3.8)
f
o 1452 8 52
?’Vz“'"Ld3V2+§¢d1Tz
—2(G2U1_G1U2)+ VlSZ ) (315)
, N k2 oV'r
yS=—20d%S+a(l+d;)—é:2—T— 72 w
1 1
b .2
;i—z(@ X, X,+G,G,)
160 k2|0 !
3rt 42 |2 k2, ’
™ a4 ;;;b(GzXl—Gle)
1
(3.16)
. . (b/8)(X,Y,+X,Y,)
yT=—2dT+rS— (G,Y,—G,Y,) , (3.17)
yW=—20d W+20V7S . (3.18)

The critical modes of the above dynamical system are
defined by

X X, 1 a,
= X, = 2‘/5% a, |’ (3.19a)
Yl ko2 Cl
Y= =——=
Y, 2‘/2%5 e | (3.19b)
U, kO2 d,
U= - < , .
G Gl J 1 bl
= = — . .1
Gy | 2v2q2 (b2 (3.19d)

The modes representing heat and mass currents are

1choz
Z=———7c, V=

172k02
p; 42° dy . (3.19¢)

The nonlinear modes essential to describe cylindrical rolls
and superposition of mutually perpendicular rolls in ro-
tating fluids are

— a
S Sl 1 9. }
= s, |73, 2| (3.190
T
Tl kOZ qc B
T2 2q05 53 ’ (3 19g)
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— b
we [l oL | % 3 (3.19h)
- - 1, 1
W2 quZ b3
V. ﬂkcoz d (3.191)
= . .19i
2 8qc5 3
In the above, we used
2 k%
p=4T p=Cc =L (320
qc qc qc
The reduced quantities are defined as
m+k? A k2 4 2’ +k?
q°= 7 2= SR di= 2 ’
q. k. qc
12 2 2
a3=T—kK g3-m A2 (3.20b)
q(' qC
choz T
r= , T— N
q q¢
with
g2=m+k9 . (3.20c)

Here k? is the critical wave number for a one-component
rotating fluid, and is given by

kd=k (y=0,T)=n(l,+1,—1)"?, (3.20d)
with
2 172 173
I ,= 11 T |1, T|_1 ,
, 412 5 2 g 4
(3.20e)

In the absence of rotation k (¢=0, T=0)=m/V2, the
critical wave number for a one-component fluid with
free-slip surfaces.

C. Linear stability analysis

The critical convective modes X, Y, U, and G start
growing according to the linearized equations of the
model as the conductive steady state (X=Y=U=G=0)
is destabilized. The threshold for stationary instability is
found to be

(@ °+7)
~2

—1
2
r ik, 7)= 1+¢+ii@—J . (3.21)

7 b'L k2

which means

2 21\3 2
Rk, T)= [ (m+ k7 +a T l .

(1+P)k2+(8/7) /LY +k?)
(3.22)

The critical wave number is obtained from 3?R, /9k *=0.
For positive ¢ (we restrict ourselves to ¥ >0 throughout
this paper), this yields
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S+ k2 DE | |14+ 2L k3(¢,‘r)+§'£’
2L L
— 2 2 3 2 8 _l"b_
= (PR TIP+7T) |19+ 52 | 62y
o

The condition for vanishing critical wave number
[k.(3,T)=0] comes out to be

¢0=L(l+‘7'/rr4)/ (3.24)

T ™

The expression (3.24) shows clearly that above a certain
Taylor number

5 (16/L —7*)m?

> (3.25)
T (1+8/7)

the possibility of a vanishing critical wave number does
not exist.

The wave number k(y,7T) is a function of both ¥ and
‘T. We have used k. (=0,7T) as the reference critical
wave number. On the other hand, in absence of rotation,
experiments® show that the wavelength of the fully
developed convective patterns is almost the same as in
the case of pure (one-component) fluid over a wide range
of . Hence, hereafter, we set k =k/k. (=0,T)=1.

IV. CONVECTIVE PATTERNS
IN IDEAL SYSTEM

Here we discuss different convective patterns possible
within our model in the absence of any imperfection and
their stability behavior. In Sec. V, we shall see that even
small inhomogeneities simulating side-wall forcing can
lead to important changes.

A. Stationary convection

The fixed points corresponding to different stationary
convective patterns are the nontrivial solutions of the
model with time derivatives set equal to zero. There is a
set of two mutually perpendicular cyclindrical rolls.
Similar rolls with reversed flow directions are also possi-
ble. Thus there are four equivalent fixed points corre-
sponding to roll patterns. The superposition of these
rolls gives rise to square pattern, which we shall discuss
shortly.

1. Rolls

To be specific let us consider the set of rolls parallel to
the x, axis, i.e.,
X,=Y,=U,=G,=0. 4.1)
Consequently, all the nonlinear modes, except Z and V),
representing heat and mass transport, respectively,

decouple from the system of Egs. (3.9)-(3.18). The roll
state is given by
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X,
Yoa+xy
X 1
U, =YL s6—2x3)—— ,
b U (14+x2) (L2/6+X2)
_ rXx?
G =V7X, Z=——"+, (4.22)
(1+X2?)
rp(1+3L) X2
Y(Lr6+x?) (1+x3)
with X? being the positive root of
X%+ AX?+B=0, (4.2b)
where
—_ v 2
A=1+102/6— 1 UHYZINWHPT) -y,
r(r) (1+y+8y/m*b'L)
and
B=—L*/6[r/r(r)—1]. (4.2d)

X, andzhence the Nusselt number, depends on 7 through
b'[=kX(1)/q2(1)=1(1+7)] even for fixed values of
r/rr).

2. Squares

Under the action of a coriolis force the square cell is
distorted and the streamlines, as in the case of the roll
pattern, lose mirror symmetry. However, the positions of
maximal up and down flows still remain on the four ver-
tices of a square. A translation in x,; and x, directions by
half a wavelength results in a similar pattern with re-
versed flow directions. Nonlinear modes S, T, W, and V,
arise because of convective nonlinearity (e.g., u-V8). In
the absence of these modes, rolls (in the x, and x, direc-
tions) cannot be distinguished from square patterns. De-
pending upon the convective field intensity, the superpo-
sition of mutually perpendicular rolls can give rise to two
kinds of patterns.

Case 1. Superposition of rolls of equal intensities (S pat-
terns). In this case we have

|X,|=1X,|#0 . (4.3)
The corresponding patterns will be referred to as square
S patterns. Note that the nonlinear modes V,, S,, and
T, [Egs. (3.15)-(3.17)] are excited by the nonlinear in-
teraction of critical modes only through the combinations
(G,U,—G,U,), (G,X,—G,X,), and (G,Y,—G,Y,), re-
spectively. In the present case, these combinations al-
ways vanish and therefore V,, S,, T,, and consequently
W, decouple from the system. We need only 13 modes to
describe the S patterns. First we investigate this kind of
pattern in the limit of large Prandtl number (o >>1). In
this case two more nonlinear modes (S, and W,) drop
out, and the fixed points of the eleven-mode model read
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xi=x? Y= rX reredt
[14+2X3(1+b/8d ?)]
(4.4a)
WL —%Xx}) -
UZ_‘T—ZY, G=\/TX,
(b'L2+4X3)
Z=XY, V== FUY+U)X,
b (4.4b)
T,=—sgn(lX,X,)—=(X'Y),
1 g 142 Sd%
with X7 is the positive root of
Xt+ 4xX3+B=0, (4.5)
where
i=—0 1
2[1+(b/8)d }]
x |1+ L7 |14 L
2 8d?
— 2
(1+¢ 322¢/31r) r 4.6a)
[1+y¢+(8/7*) ¢ /b'L)] ri(7)
and
. vy 2
e (4.6b)
8(1+b/8d3%) | r(7)

For r > r,(7), B is always negative and hence the positive
root of Eq. (4.5) exists.

In the case of a finite Prandtl number fluid, we find the
fixed points numerically using a Newton algorithm. The
pattern exists and the dependence of fixed points on 7 is
slightly stronger.

Case II. Superposition of rolls of unequal intensities (S’
patterns). Here, we have

X% X,]70 . (4.3")

In this situation, the nonlinear modes S,, T,, V,, and W,
cannot be dropped out. And, consequently, the super-
posed rolls will give rise to a square pattern similar to the
previous case, but with checkerboardlike structure. The
intensity of the fields will be relatively higher in the two
neighboring quadrants along a diagonal compared to that
in other two quadrants. We shall refer to these patterns
as squarelike S’ patterns. When |X,| or |X,| goes to
zero, we have a roll pattern. We have not found stable S’
patterns numerically in the ideal system. However, in
presence of any imperfection this state may be possible
(cf. Sec. V).

3. Nusselt number

The Nusselt number—the ratio of laterally averaged
heat current at the lower layer and conductive heat
current—is given in terms of our model variable as

2Z
N=—"—+1.

r

4.7)
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Figure 1(a) presents a plot of the Nusselt number as a
function of the reduced Rayleigh number for stationary
roll patterns at different Taylor numbers. With increas-
ing Taylor number, the threshold for convection in-
creases [Eq. (3.21)] and consequently, the Soret regime
(with small slope) as well as the Rayleigh regime (with
large slope ~2 for 7T=0) are shifted towards higher r.
The slope of the curve decreases slowly with increasing
T.

In Fig. 1(b), we show the same plot for stationary
square S pattern. As in the previous case, the curve is
shifted to higher r values but the slope of the curve de-
creases faster than in case of rolls.

4. Stability

We carry out the stability analysis for the stationary
patterns numerically by evaluating the eigenvalues of the
17X 17 matrix obtained by linearizing the model around
the corresponding fixed points. The square S patterns are
found to be unstable. The positive eigenvalues are very
small in the Soret regime and sufficiently large in the
Rayleigh regime. On the other hand, roll patterns are

06

(a)
b1 970
T F 1. 9550
% 04 | mg=100
02t
I 123 m
- bhg
0.0 . R |
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r
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% 04+ mo=100 o
/ /
I i,
/4
L / Il// /
02 :- // / //
/7 /m
/
I /////
00 ___________ EZ -
00 05 10 15
r

FIG. 1. The Nusselt number vs the reduced Rayleigh number
at different Taylor numbers for stationary (a) roll and (b) square
patterns. Dots indicate unstable rolls. The window of unstable
rolls are marked by arrows labeled nn’ (n=1,2,3). Squares are
always unstable, although weakly unstable in the Soret regime.
The threshold for the onset of convection is not marked in the
figures. Parameters are o =23, ¥=0.1, and L=0.018.
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quite stable in the far Rayleigh regime. In the Soret re-
gime the negative eigenvalues are very small. Roll pat-
terns are, however, unstable in a small window of Ray-
leigh numbers [shown in Fig. 1(a) by dotted lines] in the
transition region between two convective regimes. The
stability behavior of the stationary patterns remain
somehow similar to the case of no rotation. However,
the dynamical behavior in the Rayleigh regime (cf. Sec.
IV B) is interesting.

B. Time-dependent convection

We study time-dependent solutions by numerically in-
tegrating our full model. We investigate the dynamic
character of the patterns in two ways—first by finding
the time-dependent solutions with 7=0 and then study-
ing their development with increasing 7; and second by
studying solutions for fixed 7 with increasing r. Both
yield, with suitable initial conditions, the same behavior.

In the absence of rotation, Miiller and Liicke® found
oscillatory patterns around r =1. In the Soret regime,
they observed either ellipselike orbits centered around the
origin or straight lines through the origin in the X,-X,
plane (or the plane of shadowgraphy). In the Rayleigh
regime they found circular-shaped orbits. We do see
these behaviors. In the Soret regime, however, we find
that these trajectories always lie on one of the axes in the
X,-X, plane. The trajectories oscillate at one side of the
origin before crossing over to the other side of the origin,
and the amplitude of oscillations changes randomly with
time. Thus the sequence of appearance, disappearance,
and reappearance of roll patterns with globally reversed
flow directions seems to be random. Only for r =1 is
there a simple periodic sequence.

In the presence of rotation (7+0) the time-dependent
behavior becomes more complex. In the Soret regime,

0.6
T .
S04

02

00

05 10 15

FIG. 2. The Nusselt number vs the reduced Rayleigh number
at different Taylor numbers for stationary patterns (in the pres-
ence of inhomogeneity). Solid line indicates stable stationary
patterns. The upper branch of both the curves corresponds to
S’ and at higher r to roll patterns, while the lower branch corre-
sponds to S patterns. The dots and dashed line represent, re-
spectively, unstable S’ and S patterns. At lower r, there exists
only one branch representing S patterns. Inhomogeneity,
&,=0.005, and other parameters are as in Fig. 1.
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the size of straight-line-like orbits on the X, (or X,) axis
grows, and, in addition, the time variation of the trajec-
tories becomes more complicated. Now the trajectories
remain on one side of the origin for a longer time,
wandering randomly around the stationary roll fixed
point and the origin, and then cross over to the other side
of the origin.

On the other hand, the effect of rotation is more in-
teresting in the Rayleigh regime. At smaller Taylor num-
bers (T), the circular shaped orbits are distorted. With
increasing 7, the shape changes to distorted squarelike
orbits. At higher 7 the limit cycle breaks, and the trajec-
tory wanders chaotically in the phase space. This corre-
sponds to a chaotic sequence of an alternating sequence
of roll and square patterns. If 7 is enhanced further, the
basin of these chaotic trajectories expands. At relatively
higher 7, the projection of the phase space on the X,-X,
plane look like straight lines lying on the axes—typical
of the behavior in the Soret regime. This is so because at
these values of 7, the shift in Nusselt number is enough
to drag the system into the Soret regime.

Here we mention, as an aside, that the modes V5, S,,
T,, and W, are smaller compared to other modes, but
nevertheless, finite. In the Rayleigh regime they cannot
be ignored in comparison to other nonlinear modes.
Thus they can, in the presence of any inhomogeneity in
the system, give rise to important changes (Sec. V) in the
stationary as well as the dynamical behavior of the sys-
tem.

V. CONVECTIVE PATTERNS
IN REALISTIC SYSTEM

In experimental cells, there are side walls that favor a
particular pattern. This is so because the local flow direc-
tions near the walls are fixed, and consequently the de-
generacy of convective patterns is lifted. However, there
is no exact way to study side-wall effects theoretically,
even in the absence of rotation. Ahlers, Hohenberg, and
Liicke'® incorporated the side-wall forces caused by tem-
perature modulation by introducing inhomogeneous
terms into their Galerkin model. Recently, Miiller and
Liicke’ added a constant inhomogeneity to the equation
for mixed field in their Lorenz-like model for binary mix-
ture and found good agreement with the experiments of
Moses and Steinberg.®

We do not think the mechanism of side-wall forcing is
totally different in the rotating frame of reference. There-
fore we try to incorporate the effect with a constant inho-
mogeneity £ in the equation for mixed field. In what fol-
lows we present the results of our model with Eq. (3.11)
replaced by

G,

yU=—b'LU+yY+XV,+ —G
1

V,+E. (5.1

k and g are set equal to unity as in the preceding sections.
We choose &, =¢§,, which corresponds to forcing caused
by a square cell.

A. Stationary convection

We determine the fixed points corresponding to a sta-
tionary pattern in the presence of a small inhomogeneity
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(§;=E&,>0) in the system numerically by a Newtonian al-
gorithm. The stability of stationary patterns is investi-
gated by evaluating the eigenvalues of the associated
17X 17 matrix as described in Sec. IV.

In the absence of rotation, as reported by Miiller and
Liicke,” we observe stable square S patterns in the Soret
regime, while stable roll patterns are seen in the Rayleigh
regime well above r=1. Here, the roll solution means the
convective amplitude of one set of rolls is much larger
than that of the other set normal to the former. As the
Rayleigh number is lowered, the convective amplitudes of
the latter set of rolls grow. The patterns with X, compa-
rable to X, are unstable.

The results of our model in the presence of inhomo-
geneity show, as in case of the ideal system, that the
Nusselt number plot is shifted (Fig. 2) towards higher 7,
and the slope of the curve decreases with increasing Tay-
lor numbers. In addition, there is an interesting
feature—the window, where stationary patterns are un-
stable, shrinks as the Taylor number increases. The

15

rolls

14

13

12

1.1

7z
. !

0 10 20 30
s

FIG. 3. Phase diagram in the »-T plane. The shaded area
shows the region where stationary patterns are unstable and
there exist only stable oscillatory states. Marching along the
vertical line (at 7=10) one finds roll patterns changing to S’
patterns and the latter becoming unstable at the upper curve.
However, above the upper curve stable rolls and stable oscilla-
tions coexist for some r and 7 values. At the lower line stable
square patterns appear. For 72 T,, there exist always-stable
stationary patterns. With increasing (decreasing) Rayleigh
number, there is a continuous transition from squares (rolls) to
rolls (squares) through S’ patterns. Parameters are o=23,
¥=0.1, L=0.018, and &, =0.005.
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FIG. 4. Fixed points as functions of the Rayleigh number. It
shows the movement of stationary fixed points in the X -X,
plane as the reduced Rayleigh number is lowered in steps of 0.1
starting at r=1.5 along the vertical line in Fig. 3. Open squares
show unstable square patterns, while closed squares show stable
square patterns. Closed circles refer to stable roll patterns
changing into S’ patterns as r decreases. 7 =10 and other pa-
rameters as in Fig. 3.

phase diagram in the plane of r (the reduced Rayleigh
number) and 7 (the Taylor number) is shown in Fig. 3.
Note that there exists a critical value of T (=T ,) above
which there is always a stable stationary pattern. In the
Soret regime, we always see the stable S pattern
(IX,|=1X,|). In the initial Rayleigh regime the patterns
become unstable for small values of 7. Above 7T,, how-
ever, there exists stable S’ patterns in this regime. The
slope of the Nusselt number is higher for this kind of pat-
tern in comparison to the S pattern. The behavior of
fixed points with the Rayleigh number is illustrated in
Fig. 4. In the far Rayleigh regime, there exist two kinds
of solutions—stable rolls or unstable squares (S pattern).
As the Rayleigh number is lowered, the intensity of the
roll pattern decays, while the intensity of the other set of

0.50

3
025

0.00 r

U SRS (T WS SR NN SO N SN S 1

0.00 0.25 0.50

Xy
FIG. 5. Projection of limit cycle trajectories onto the X -X,

plane at different Taylor numbers (r=1.2). Parameters as in
Fig. 3.
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rolls perpendicular to the former ones start growing.
Thus the fixed points corresponding to the S’ pattern
(X,#X,) develop and move towards the line X, =X,,
and in the process come nearer to the origin. On the oth-
er hand, the unstable square fixed points keep moving on
the line X; =X, towards the origin. With a further de-
crease of the Rayleigh number, fixed points (|X,|#|X,])
coming near the axes merge with the square (|X,|=|X,|)
fixed points. Any further decrease in the Rayleigh num-
ber makes the only solution (|X,|=|X,|) shift towards
origin. The stability of the corresponding patterns de-
pends upon the Taylor number.

Note that the nonlinear modes V,, S,, T, and W, of
our model, which were not excited in the ideal system,
are now excited in the presence of a small inhomogeneity.
This leads to stable S’ pattern in the initial part of the
Rayleigh regime. In the Soret regime the convective am-
plitudes are very small and these modes are not excited.
Thus we have only stable S patterns there. The threshold
Rayleigh number where the solution (|X,|#|X,|) be-
comes stable depends slightly on the inhomogeneity, but
the phase diagram in the plane of the Rayleigh and Tay-
lor numbers (Fig. 3) remains qualitatively the same.

B. Time varying convection

There exists a window of the Rayleigh number, for
Taylor numbers below 7. (shaded area in Fig. 3), where
stationary convective patterns are always unstable.

0.35 T

time/period

FIG. 6. The convective amplitude (X,) and the Nusselt num-
ber for one period of the limit cycle at r=1.2 (Fig. 5). The am-
plitude and the period of oscillation decrease with increasing ro-
tation speed, leading to a stationary pattern above a critical
Taylor number.
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There we find stable limit cycles. The chaotic behavior,
observed in the ideal system, is suppressed. These limit
cycles represent alternating S (|X,|=|X,|/) and S’
(IX,|#1X,|) patterns. Trajectories in X,-X, plane are
confined almost to the first quadrant (Fig. 5). Thus the
other degenerate solutions of the ideal system do not
form a part of this oscillation. With increasing Taylor
number, the size of the limit cycle shrinks, and depending
on the Rayleigh number, S, S’, or a roll (e.g., | X, |70 and
|X,| <<|X,|) pattern is obtained.

The time-dependent convective amplitude (X,) and the
Nusselt number corresponding to the limit cycles of Fig.
5 are plotted in Fig. 6. The period of the Nusselt number
oscillation is always double that for the convective ampli-
tude. The convective amplitude decreases with increas-
ing 7 and its time variations become more harmonic.
The mean value of the Nusselt number comes down.

The oscillatory states exist even in a region (above the
upper line in Fig. 3) where stationary rolls or S’ patterns
are stable. The size of the limit cycles decrease with in-
creasing 7T and oscillations disappear at 7T=7,. Howev-
er, there is no oscillatory state in the region of the phase
space where only squares are stable (below the lower line
in Fig. 3). This means, at a given Taylor number below
‘T,, with increasing Rayleigh number the S pattern be-
comes unstable and the system goes to an oscillatory state
through forward Hopf bifurcation, while there is hys-
teresis at the transition between S’ patterns and the oscil-
latory state. For Taylor numbers above T, there is no
hysteresis.

VI. SUMMARY AND CONCLUSIONS

We have derived a quite general Lorenz model for
Bénard convection in rotating binary mixtures confined
between stress-free, impermeable horizontal surfaces. In
the absence of rotation, our model reduces to that of
Miiller and Liicke.® Rotation delays the onset of convec-
tion, and consequently, both the Soret as well as the Ray-
leigh regimes are shifted to higher Rayleigh numbers.
The slope of the Nusselt number decreases with increas-
ing rotation speed. However, the decrease in slope de-
pends on the structure of the convective cell. For exam-
ple, the decrease in the slope for the S pattern is stronger
than that for the roll patterns. In the Soret regime,
where the slope of the Nusselt number curve is already
very small, the decrease is extremely small. On the other
hand, in the Rayleigh regime the decrease is relatively
higher, particularly for square S patterns.

In the ideal system, i.e., in our model without inhomo-
geneity, there exist two kinds of stationary patterns—a
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set of degenerate rolls in mutually perpendicular direc-
tions, and patterns arising from the superposition of these
rolls. Rolls are weakly stable in the Soret regime, while
strongly stable in the far Rayleigh regime. However,
they are unstable in a small range of Rayleigh numbers in
the transition region where the Soret and the Rayleigh re-
gimes meet together. A superposition of mutually per-
pendicular rolls gives rise to an S pattern (|X,|=1|X,|) as
well as an S’ pattern (|X,;#|X,|). The former of these
patterns is unstable in the ideal system, while the latter is
not found. S patterns are weakly unstable in the Soret re-
gime, while quite unstable in the Rayleigh regime.

In the region (for the ideal system) where there is no
stable stationary patterns, there exist stable limit cycles
with alternating rolls, and square patterns for very small
Taylor numbers. At Taylor numbers a little higher these
limit cycles break and the sequence of alternating pat-
terns goes chaotic.

The effect of side walls is incorporated by introducing a
small inhomogeneity into the model. In the presence of
inhomogeneity the square S patterns are stabilized in the
Soret regime, while the roll patterns remain stable in the
far Rayleigh regime. The situation is similar to the case
of no rotation. However, rotation makes the window of
the Rayleigh number, where there are no stable station-
ary solutions to shrink with increasing Taylor number.
This is due to the stabilization of S’ patterns. At Taylor
numbers below T, there exists a stable limit cycle
representing alternating rolls (S’ patterns) and squares.
Consequently for subcritical Taylor numbers, square pat-
terns are destabilized with increasing Rayleigh number to
an oscillatory state through forward Hopf bifurcation.
At Taylor numbers above T, there exists always a stable
stationary pattern.

Here we have not investigated Kiippers-Lortz instabili-
ty,!3 which is likely at relatively higher Taylor numbers.
In this context, it is interesting to note that in the rec-
tangular box configuration the onset of unsteady convec-
tive flow takes place at relatively higher'® Taylor num-
bers, the reason being the suppression of perturbations
noncoincident with convective patterns by the rectangu-
lar box, at least at small Taylor numbers.
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