Z. Phys. B — Condensed Matter 82, 135-141 (1991)

Weakly nonlinear convection:

Condensed
Zeitschrift Matter

fir Physik B
© Springer-Verlag 1991

Galerkin model, numerical simulation, and amplitude equation

J. Niederlkinder!, M. Liicke', and M. Kamps?

! Institut fiir Theoretische Physik, Universitit des Saarlandes, W-6600 Saarbriicken, Federal Republic of Germany
2 Stabsstelle Supercomputing, Forschungszentrum Jilich, W-5170 Jiilich, Federal Republic of Germany

Received July 30, 1990

The quality of three-mode Galerkin models for describ-
ing convective rolls in a fluid layer with rigid horizontal
boundaries is investigated close to onset. Comparisons
are made with the correct linear stability properties of
the conductive state, known weakly nonlinear perturba-
tion results for convection, and high-precision numerical
solutions of the full field equations.

1. Introduction

The three-mode Lorenz model [1] describes very well
linear and weakly nonlinear convective properties close
to the onset of convection in a one component fluid
layer heated from below and subject to free slip horizon-
tal boundary conditions: The model’s marginal stability
curve as a function of wave number is exact and the
initial slope of the Nusselt number, i.e., of the convective
heat current at onset agrees with the result of the lowest-
order amplitude equation [2]. Furthermore, the lateral
average of the vertical convective current through the
fluid layer is independent of vertical position as is neces-
sary to prevent local overheating.

Given this success of the free-slip Galerkin approxi-
mation [3] with analytically simple trigonometric basis
functions it was natural to try also for rigid boundary
conditions modes [4-7] that are analytically simple rath-
er than the exact eigenfunctions of the linear stability
problem as in the approach of Schliiter, Lortz, and Busse
[8]. However, the drawbacks of this simplicity are:
(i) With the above chosen [4-7] modes the linear behav-
iour of the model is not exact. (i) Also the weakly non-
linear properties of the model are not exact, e.g., the
initial slope of the Nusselt number at onset. (iii) The
laterally averaged convective heat current varies with
vertical position.

In this work we examine how well such a three-mode
generalized Lorenz model which is not exact but analyti-
cally simple reproduces the linear and weakly nonlinear
convective behaviour close to onset. To that end we com-

pare the linear properties with the known exact ones.
For comparison of the nonlinear properties we use high
precision numerical simulations of the fully nonlinear
hydrodynamic field equations that we have performed
and results [8, 9] of the amplitude equation for rigid
boundary conditions. This equation follows from a sys-
tematic weakly nonlinear perturbation analysis close to
onset. We investigate in quantitative detail the vertical
as well as the lateral structure of the convective fields
and their symmetry properties, the flow amplitudes, and
the convective heat current as a function of Rayleigh
number in a range up to twice the critical one. Note
that our investigation yields also quantitative informa-
tion on the range of applicability of the amplitude equa-
tion to weakly nonlinear convection.

IL. The system

We consider a fluid layer of height d between perfectly
heat conducting horizontal plates extending laterally in
x, y to infinity. The imposed temperature difference AT
between the bottom plate, at z= —d/2, and the top plate,
at z= +d/2, leads to a Rayleigh number

agd?
KV

R= AT. 2.1)

Here g is the size of the downwards gravitational acceler-
ation, k the thermal diffusivity, v the kinematic viscosity,
and o the thermal expansion coefficient.

In Oberbeck-Boussinesq approximation the equa-
tions for the deviations u=(u, v, w), 8, p of velocity, tem-
perature, and pressure from the conductive state are

@,+u-F)u=—Fp+c(0e,+V2u) (2.2a)
Vu=0 (2.2b)
(6, +u-V)0=Rw+V20 (2.2¢)

where o is the Prandtl number and e, is the unit vector
in z direction. Length, time, 6,u, and p are measured



136

in units of d,d*/x, vi/(agd®), k/d, and p, x?/d?, respec-
tively. Here p, is the constant mass density of the fluid.

We impose rigid boundary conditions at z= +1/2
so that there

w=0, w=0=0820=0. 2.3)

A. The model

We shall describe convective flow with »=0 in the form
of straight rolls with axes parallel to the y-direction and
wave-length A=27/k as seen in experiments. To that end
we express the hydrodynamic fields by a spatial mode
expansion [6] in close analogy to the Lorenz model [1]
for free-slip boundary conditions with basis functions
appropriate to rigid boundary conditions

w(x, z; 1) =219, (t) cos(kx) C{ (4, 2) (2.4a)
u(x,z; )= —%ﬁlol(t) sin(kx) 0, C,(4; z) (2.4b)
6(x, 25 1)=2]/2 0,0, (t) cos(kx) cos(n2)

—1/2800, (1) sin(272). (2.4c)
Here
C, (0 )= cosh(1;z) cos(d;z2) 2.5)

cosh(1,/2) cos(4,/2)

is the first Chandrasekhar [10] function. The eigenvalue
A, =4.73 is determined by the boundary condition 6, w
=0 at z=+1/2. In the three-mode truncation [5] of
Gresho and Sani’s [4] Galerkin expansion the Chandra-
sekhar function C, in (24a, b) is replaced by

1/873cos%nz). The difference between these two func-
tions being small also the results of the corresponding
two models differ only slightly [7].

Projecting the Oberbeck-Boussinesq equations (2.2)
onto the four modes of the Ansatz (2.4) with the scalar
product

e IS

(fey=7[dx | dzfg 26)

'S

one obtains the following system of equations

1X=6(Y—-X) (2.7a)
Y=—Y+X(r—2) (2.7b)
1Z=—bZ+XY. (2.7¢)

It has the same structure as the free-slip Lorenz model,
however, the parameters and the variables are slightly
different. The reduced mode amplitudes are

4]{27ra1 R

X(@)= [ 101 (2) (2.8a)

Y() = 4; 5 010,00 (2.8b)
sb
Z(t)=—l[—_2; 24s 8002 (). (2.8¢)
sb

The parameters are

! K —2k2a, + )4
— 1 . p=dp?r G= 4t A1
=g TG ey ?Y
and
r=R/R,(K) (2.10a)

is the Rayleigh number reduced by the value on the
stability boundary

(*+n?)(k*—2k%a,+ 1%
2k* a3

Ry (k)= (2.10b)

of the model. The numbers q, in (2.8-2.10) are given
by scalar products

a; =<{C, cos(nz) cos(2nz)>=2nlf[l‘l‘in4— 3 ]

A3 —81x*
=0.406 (2.11a)
2
a,={C, cos(nz)) = ;“’24 =0.697 (2.11b)
T
a;=ai/a,=0.582 (2.11¢)

a,={C, 82 C;>=21, tanh(4,/2)— 12 tanh?(1,/2)

= 12.303. 2.11d)

B. Numerical simulation

In our numerical simulation we have integrated the full
time dependent equations for the velocity fields u and
w, the pressure p, and the total temperature T all depend-
ing on x,z for a fluid with Prandtl number o=1. The
integration domain in the x —z plane had length 2, ie.,
the critical wave-length A,~ 2 for rigid horizontal bound-
ary conditions. Laterally the boundary conditions were
periodic.

We used the MAC [11] method to discretize the
fields on three staggered grids with uniform spacing
Ax=A4z=0.025. Spatial derivatives were replaced by
central differences and time derivatives by forward differ-
ences with a time step 4t=1.25x10"* To determine
the pressure we used a variant [12] of the SOLA code
[13]. The critical Rayleigh number for onset of convec-
tion in the discretized system of equations, R,=1702,
is about 0.34% smaller than the theoretical one, R,
=1707.8. This we found by extrapolating the stationary
squared flow amplitudes and the convective currents that
were obtained for several supercritical values of R.



II1. Stability behaviour of the conductive state

Here we compare the model’s stability properties of the
conductive state with exact results [10, 14] that have
been obtained analytically or numerically.

The eigenvalues of the system (2.7) linearized around
the conductive fixed point X =Y=27=0 are

6+1 G+1P
m=~Ti1/[ | +ee-ns w=b )

So the stability boundary of the conductive state is given
by r=1, i, R=Ry(k) (2.10b). The critical values of
this curve

R.=17284; k,=3.098 (3.2)

agree within 1.2%- and 0.8%, respectively, with the exact
results [10] R,=1707.8, k,=3.117 (the three-mode trun-
cation [5] of Gresho and Sani [4] has R,=1824.7, k.
=3.101). For the reduced curvature of the stability
boundary at R,

1
2___ _R” 3
60 2RC sb (3 )

the model gives £,=0.388 which differs by 0.8% from
the result of [14]. The form of the stability curve R, (k)
(2.10b) agrees also further away from the critical point
very well with the exact one.

The growth rate for infinitesimal deviations from the
conductive state

s=7,/1 3.4

is determined by the largest eigenvalue. In order to com-
pare with the exact results of [14] we have computed
the growth rate amplitude of the model

stk8) 1000

So= I = == 1 5.1380 (3-5)
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Fig. 1. Initial slopes s,(3.5) and (3.6) of the growth rate and of
the wave number of maximal growth, respectively, versus Prandtl
number. Lines represent the model and crosses the result of [14]
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and the wave number k,,(¢) of maximal growth rate, ex-
pressed in terms of

kn(e)—k, 1+1391¢

o= i T 20961 40760 (3.6)

Here and in the following ¢ is defined by
e=R/R,—1. 3.7

Figure 1 shows that s, (3.4) and « (3.5) agree very well
with the exact results [14] over a wide range of Prandtl
numbers o.

IV. Convection

In this section we compare various convective properties
of stationary straight parallel rolls resulting from the
model, from our numerical simulation, and from the am-
plitude equation [8, 93. To that end we fix the wave
number to the respective critical one for each method
and use as control parameter ¢ (3.7) defined relative to
the respective critical Rayleigh number.

Convection in the model is determined by the fixed
point

X=Y=1|/br—1);

of (2.7) that is stable for r>1 and that fixes the mode
amplitudes of the fields (2.4). Note that for k=k, we
have r—1=¢in (4.1) since R,,(k=k)=R,.

Z=r—1 (4.1)

A. Vertical variation of convective fields

In Fig. 2a we show as a representative example the verti-
cal velocity w as a function of z at the lateral position
of maximal upflow between two rolls — x=0 in (2.4a).
The profile of w(z) given in the model by the first Chan-
drasekhar function as well as the flow amplitude is in
good agreement with the amplitude equation and with
the numerical simulation for ¢, say, less than 0.5. Then
also upflow and downflow velocities are still of same
absolute size. Note, however, that the profile w(z) ob-
tained in our high precision simulation of the full system
is at ¢=0.1 definitely no longer symmetric around mid
height, z=0, as the profile of the model or of the ampli-
tude equation.

In Fig. 2b we show the vertical variation of the devia-
tion 6(x, z) of the temperature from the conductive linear
profile at the three lateral positions of maximal upflow
(x=0), roll center (x=4/4), and of maximal downflow
(x=4/2).

For the sake of completeness we have also included
in Fig. 2b the 6-profiles resulting from the lowest-order
amplitude equation (dashed lines), ie., from the linear
stability analysis. Being mirror symmetric around mid-
height, z=0, they clearly demonstrate that the ]/E-order

result of the perturbation [8, 9] expansion is no longer
adequate to describe the temperature field at ¢=0.1.
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Fig. 2a—c. Convective fields as function of vertical position z: a vert-
ical velocity, w, at x =0 (lateral position of maximal upflow); b de-
viation, 6, from the conductive temperature profile divided by the
temperature difference, AT, at x=0, x=4/4 (center of roll), and
x=1/2 (maximal downflow). Full lines represent the model, dashed
lines the amplitude equation, and dots (every second one is shown)
the numerical simulation, all for £=0.104, o= 1. ¢ Vertical oscilla-
tion of the laterally averaged convective heat current of three-mode
Galerkin models. Full line: our model, dash-dotted line: model
of [4, 5]

B. Flow amplitudes

For small ¢ the square, w2,,, of the maximal upflow
velocity grows linearly with &

lin(l) W2 /e=S 4.2)

with an initial slope S, at onset that is listed in Table 1
for the model, the simulation, and the amplitude equa-
tion. While the latter two agree very well the former
is larger by 8.5%. That the model yields larger convective
flow is also visible in Fig. 2a. In our simulation we found
that the slope of w2,, increases with increasing e. In
the range <1 our numerical data are represented by
the fit

Wlax=139.42[1+0.025 |/ +0.09¢]. 4.3)

Note the correction ~g*? that is also to be expected

from a perturbation analysis in powers of [/E of the Over-
beck-Boussinesq equations.

Table 1. Slope, §(4.2), of w2, and inverse slope, g (4.4), of theNusselt
number at threshold each for a Prandtl number o =1

Model Simulation Amplitude equation [8, 9]
S 151.2 1394 139.1
g 0.677 0.707 0.703

C. Nusselt number and convective heat current

For small supercritical driving & the Nusselt number
grows at lowest order as

N=1+gle (4.4)

The values of g of the model [g=2(a,/a,)*], the simula-
tion, and the amplitude equation are listed in Table 1
for a Prandtl number ¢ =1. The deviation of the model’s
initial slope of the Nusselt number from the simulation
is 44% (in the three-mode truncation [5] of Gresho
and Sani [4] one has $=150.248 and g=0.72 [15]).

Similar to w?,, also N increases stronger with ¢ than
linearly in our simulation. In the range ¢<1 our data
are represented by

Joomy=14148[1+0.038)/2+0.078] 4.5)
as shown in Fig. 3 by the dotted line. Here we identify
jconv = (N - 1) R/Rc (463)

with the total spatial average

N

Jeony (% Z)>=% Jdx | dz[w(x,2)—3.]10(x,2)/R, (4.6b)

o

of the vertical convective heat current reduced by the
current, R,, at threshold. The result of the lowest-order
amplitude equation is shown by the dashed line and
that of our model by the full line.

There are three points to note: (i) Already at e=0.1
the convective current of the full numerical solution is
by 2% larger than the result g~ !¢ of the amplitude equa-
tion. (ii) In the model g=0.677 is independent of
Prandtl number while in the numerical simulation and
the amplitude equation [8, 9] g is ¢ dependent. The
latter gives g=0.6995—0.0047/6+0.0083/6%> which
shows a marked variation only for small ¢. (iii) The
laterally averaged convective heat current,

A
Jrom @ = [ dxDw(x, 20,1 0(x, /R, @)
‘o
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Fig. 3. Variation of the reduced convective current j,,,,(4.6) with
& Full line represents the model (2.7), dashed line the amplitude
equation, dots the numerical simulation, and dotted line the fit
(4.5) to the latter. Prandtl number 6 =1



is not constant in the model but oscillates as a function
of z slightly around the total spatial mean, j,,, c.f. the
dashed curve in Fig. 2c¢. In particular, the model’s cur-
rent at the plates, j.,(z=x1/2), is larger by about
16.3% than the spatial mean. Also the three-mode trun-
cations using cos?{nz) for w show this behaviour (dash-
dotted curve in Fig. 2¢). This deficiency of the model
— a variation of of j_,,(z) with z would imply local
heating or cooling — can be cured in a purely ad hoc
manner by modifying the z-dependence of the current
carrying mode 0y, in such a way as to guarantee j,op,
(4.7) to be constant. The vertical convective heat current
of the amplitude equation is independent of z and in
our numerical simulation the deviation of j..,4(2)/jcony
from 1 was less than 1074,

D. Symmetry of convective fields

Within the numerical accuracy of our simulation the
convective fields ¢(x, z) showed in the driving range in-
vestigated here the following symmetry behaviour under
the combined operations of lateral translation by A/2
and mirror imaging at the horizontal midplane

O(x+4/2, —2)= 1 ¢(x,2) 4.8)

with + for u, p and — for w, 0. This symmetry has
first been observed [16] in traveling wave convection
in binary fluid mixtures where right- and left-turning
rolls are not mirror images of each other. Our stationary
rolls, however, do show in addition to the more general
symmetry (4.8) also the mirror symmetry of left and right
turning rolls: ¢(x, z)= + #(—x, z) when x=0 is a posi-
tion of up- or downflow with + for w,60,p and — for
u. Combining this symmetry with (4.8) results in the pre-
viously known inversion symmetry around a roll center.

E. Lateral Fourier analysis

We have performed a lateral Fourier analysis of the fields
obtained in our numerical simulation to compare magni-
tudes and e-behaviour of their mode amplitudes with
the two other methods. Theoretical results from pertur-
bation expansions around thresholds have been pre-
sented by Busse [17] and Normand et al. [18]. They
are discussed in comparison with experiments by Dubois
and Bergé [19]. We discuss below the lateral Fourier
modes of w and of § at some representative vertical posi-
tions, e.g., z=0 and z= 40.25.

1. Vertical velocity field. The Fourier analysis of the x-
dependence of the vertical component of the velocity
field in the middle of the fluid layer shows that in the
& range considered in this work this field is very well
represented by a few cosine modes

w(x,z=0)= ) W,(z=0) cos(nkx) (k=mn). 4.9)

n=1
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Fig. 4. Variation of the lateral Fourier amplitudes w, (dots), and
Ws (triangles) of the numerically obtained vertical velocity field
w(4.9) at z=0 with ¢ for ¢=1. Here w is measured in units of

w/d. Solid arrow represents the model (W, =12.296 ]/5) and dashed
arrow the amplitude equation (W, = 11.794]/;:)

The amplitudes of the sine modes vanish due to the mir-
ror symmetry of left and right turning convection rolls.
Also the cosine modes with even n are zero within our
numerical resolution in accordance with the symmetry
(4.8) which translates into W, (z)=(—1)"**w,(—2).

The analysis shows that even for e~ 1w, is still about
6 times larger than the next relevant mode amplitude

w3 and for small e the ratio W/, ~0.004}/&. So w(x, z
=0) is reasonably well approximated by using only the
predominant mode w;. The & dependence of W, is shown
in Fig. 4. Only in the limit of small ¢ it is given by

Wy =11.81/e.

The model (W1=12.296]/E) as well as the amplitude

equation (W, =11.7941/§) show the [/g—variation for all
¢ as indicated in Fig. 4 by the solid and dashed arrows,
respectively. From experiments done at larger ¢ Dubois
and Bergé [19] inferred a growth behaviour of the first
mode W, =(12.6+0.4)¢%3%%92 without further correc-
tions. _

In our simulation the next important mode is
W, cos(3kx). Its & dependence is shown in Fig. 4 as well.
In the limit of small ¢ we found that W, is given by

(4.10)

Wy =0.046 632 (4.11)

Also this mode shows additional growth with increasing
&. The large ¢ experimental results of Dubois and Bergé
[19] for w; were parametrized by W,;=(0.35+
0035) 81'5 i0.06.

A Fourier analysis of w at positions z=+0.25
showed that also there w; dominates: even for e= 1,
is about 15 times larger than w, and about 70 times
larger than w5. Again the amplitudes were in accordance
with the symmetry (4.8), i.e. w,(z=025)=(—1)""'W,(z=
—0.25). The nonvanishing of modes with even n reflects
the asymmetry around midheight, w(x, z)# w(x, —z) (cf.
Sect. IV A. and Fig. 2a).
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Fig. 5. Variation of the lateral Fourier amplitudes 0, (thombs),

8, (dots), and 8, (squares) of the numerically obtained reduced de-
viation 0/AT, (4.12) from the conductive temperature profile at z
= —0.25 with ¢ for o=1. Solid arrows represent the model (8, =

—0.274¢,0,=0.387 ]/;,) and dashed arrow the amplitude equation
(6,=0371)/)

2. Temperature field. Similar to the velocity field, the
Fourier analysis of the x-dependence of the deviations
from the conductive temperature profile at z= 40.25
shows that these deviations are very well represented
by just a few Fourier modes

O(x,z= +0.25)

T = 10.25) cos(nkx).

(4.12)

The only difference is that n starts with the value zero,
due to x-independent deviations from the conductive
profile. Again the sine modes are absent reflecting the
mirror symmetry. Furthermore we checked that 0,(z)
=(—1y"*10,(—z) holds according to the symmetry (4.8).

The ¢ dependence of the first modes 8,(z= —0.25)
is shown in Fig. 5. For small ¢f, varies linearly with
&

f,=—0.265¢. (4.13)

The next relevant modes are §, which is proportional
to ]/;, for small ¢

0, =0368]/¢ (4.14)
and 0, which is linear with ¢ for small ¢
8,=0.01%¢. 4.15)

Note that =1 the first mode that is not included in
the model, 8,, carries the relative weight 8,/0,~ —0.1
and 0,/0,~0.08 as can be read off from Fig. 5. Higher
modes are less important, e.g., 05/8,~04 at e=1.

V. Summary and Discussion
The critical Rayleigh number and the critical wave

number of our three mode Galerkin model agree within
1.2% and 0.8%, respectively, with the exact results. Also

the stability curve near the critical point, the growth
rate, and the wave number for maximal growth rate
agree very well.

The nonlinear convective properties of the model,
however, show larger deviations from our high precision
numerical solution of the full field equations. While the
shape of the profile w(z) of the model’s vertical velocity
agrees quite well with that of the simulation the squared
convective flow amplitudes of the former are for o=1
close to threshold by about 8.5% larger than the latter.
The model’s convective flow intensity and convective
current grow linear in ¢ as does the lowest order ampli-
tude equation while the numerical solution shows steeper
growth for both (at ¢=0.1 the deviation from the linear
behaviour of j,,, is already 2%). A more serious limita-
tion of the model’s applicability is the fact that the mod-
el’s initial slope of the Nusselt number is independent
of Prandtl number while the correct slope shows for ¢ <1
a strong variation with o.

A lateral Fourier analysis of the numerically ob-
tained convective fields at different vertical positions
shows that the three modes of the truncation (2.4) are
the dominant ones in the range ¢<1 considered in this

work. However, while the latter vary as W or & the
corresponding lateral Fourier amplitudes of the simula-
tion show clear deviations from this ¢ —0 asymptotic
behaviour.

The vertical convective temperature profiles taken,
e.g., at the lateral positions of maximal upflow, down-
flow, and roll center show already at ¢é=0.1 large devia-
tions from the vertical mirror symmetry at midplane that

one obtains to lowest order, ]/;,, in a perturbation expan-
sion [8, 9]. The model’s temperature profiles do reflect
via the additional mode ~sin(2zz) this asymmetry.
Small differences to the numerical profiles are the reason
that the laterally averaged convective heat current j ..,
instead of being z-independent shows variations around
its mean of relative size up to 16%. A simple, ad hoc
way to eliminate this deficiency would be to change the
z-dependence of the contribution ~ 8y, sin(27z) to the
temperature field such as to guarantee a constant j,o,,.
But even so the initial slope of the Nusselt number (flow
intensity) at onset would be still too large by 3% (7%).

All in all the model describes for not too small
Prandtl number fluids the convective roll fields rather
well. Even at twice the critical Rayleigh number, =1,
the ratios of the rnagnltudes of the next important lateral
Fourier modes, W,, Ws, 0,, that were discarded in the
model to the dominant incorporated ones are only
Wo/W ~0.07, W3/, ~0.17, and §,/0,~0.1.

Finally we mention that the convective fields ob-
tained in the numerical simulation show in addition to
the symmetry of left- and right-turning rolls also a newly
discovered symmetry behaviour under lateral translation
by half a wavelength combined with vertical mirror imag-
ing at midheight of the fluid layer.

This work was supported by the Volkswagen-Stiftung.
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