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Convection in binary mixtures: 
the role of the concentration field 
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Structure and dynamics of different roll states appearing close to onset of convection in binary mixtures and the 
influence of the concentration field on the properties of these states are elucidated. Numerical solutions of the 
hydrodynamic field equations in a vertical cross section perpendicular to the roll axes are reviewed for room temperature 
ethanol-water parameters. Extended states of stationary overturning convection (SOC) and of traveling wave (TW) 
convective rolls are investigated as well as spatially confined states of localized traveling wave (LTW) rolls. The field 
structure and symmetries of these states are discussed. The appearance of a concentration contrast in TW's between rolls 
of different turning sense is explained. A mean lateral concentration current that is generated in the TW state by the phase 
difference between the concentration wave and thevelocity wave is reviewed. A comparison of LTW's of arbitrary and 
selected width obtained for different fluid parameters reveals the same field structure under the leading and trailing fronts 
of these states with only the extensions of the center parts being different. The presence of a large-scale concentration 
current, the associated large-scale concentration redistribution, and the resulting hindering of the drift of the LTW is 
reviewed. 

1. Introduction 

C o n v e c t i o n  in ho r i zon ta l  layers  o f  b ina ry  fluid 

mix tu re s  ~l, such as e t h a n o l - w a t e r ,  h e a t e d  f rom 

b e l o w  has  been  inves t iga t ed  qu i te  in tens ive ly ,  

b o t h  e x p e r i m e n t a l l y  [2-27]  as well  as theore t i ca l -  

ly [28-52] .  This  t h e r m a l l y  dr iven  sys tem is ex- 

p e r i m e n t a l l y  and  t heo re t i c a l l y  very  well  su i ted  to 

s tudy  a va r i e ty  o f  d i f fe ren t  l inear  and  n o n l i n e a r  

p a t t e r n  fo rming  p h e n o m e n a  in d i ss ipa t ive  con-  

t i nuous  sys tems.  N o t e  tha t  as a resul t  of  the  

a d d i t i o n a l  deg ree s  o f  f r e e d o m  of  the  concen-  

t r a t i on  field be ing  c o u p l e d  via  the  Sore t  effect  to  

the  t e m p e r a t u r e  field convec t ive  p a t t e r n s  in mix-  

t u r e s  a p p e a r  in the  v ic in i ty  of  the  p r i m a r y  in- 

s tab i l i t i es  o f  the  l a t e ra l ly  h o m o g e n e o u s  bas ic  

s ta te  of  c o n d u c t i o n  in a dynamica l l y  and  struc-  

~lFor an early review see ref. [1]. For later work we refer 
to the references in recent experimental [2-27] and theoreti- 
cal [28-52] papers. 

t u ra l ly  much  r icher  va r ie ty  than  for  s t a n d a r d  

R a y l e i g h - B 6 n a r d  convec t ion  in a pu re  fluid. 

H e r e  we focus ou r  a t t en t ion  on  mix tu res  with 

nega t ive  So re t  coupl ing ,  $ < 0. T h e n ,  upon  in- 

c r eas ing  the  R a y l e i g h  n u m b e r  r the  first ins tabi l i -  

ty occurs  at a H o p f  b i fu rca t ion  th re sho ld ,  r . . . .  

whi le  the  t h r e sho ld  for  g rowth  of  s t a t iona ry  con- 

vec t ion  is o f t en  at  much  l a rge r  t he rma l  dr iv ing,  

rstat > rosc. A t  ro~ c a T W  solu t ion  of  p r o p a g a t i n g  
convec t ive  rol ls  b r anches  off  the  qu iescen t  con-  

duc t ive  s ta te .  F o r  a wide  p a r a m e t e r  reg ion  this 

b i fu rca t ion  is b a c k w a r d s  in to  an uns tab le  T W  

b r a n c h  which  b e n d s  u p w a r d s  and  connec t s  via  a 

s a d d l e  node  to  an u p p e r  branch.  This  u p p e r  

b r a n c h  loca tes  s tab le ,  n o n l i n e a r  T W  states .  

E v e n t u a l l y  the  T W  branch  ends  with ze ro  fre- 

q u e n c y  by  me rg ing  in to  the  S O C  so lu t ion  b ranch  

o f  s t a t i ona ry  s ta tes  tha t  has  subcr i t ica l ly  bifur-  

c a t e d  at  ?'star' This  k n o w l e d g e  of  the  b i fu rca t ion  

s t ruc tu re  has  g rown ove r  the  years  since the  first 

o b s e r v a t i o n  of  T W ' s  in r e c t a n g u l a r  cells [2-5]  by  
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accumulating various bits of information coming 
from experiments, amplitude equations [28,29], 
Galerkin models [30-32], numerical solutions of 
the full field equations [33-37], and analytical 
approaches using boundary layer techniques 
[38]. Moreover, recent experiments in annular 
cells showed quantitative agreement [6] with the 
analytical [38] and numerical [36] bifurcation 
behaviour. Also the field structure of the TW 
and SOC states including the boundary layer 
properties of the concentration field has now 
been elucidated numerically in quantitative de- 
tail [34,36] '~2. The results of these calculations 
for top view shadowgraph intensity profiles com- 
pare quite well with measurements of the latter 
[7]. Hence using the numerical information it 
was possible to distinguish and study the concen- 
tration field also experimentally as a function of 
r, e.g., when approaching the T W o  SOC transi- 
tion [7]. Most recently the concentration field of 
TW states was extracted quantitatively ]8] from 
experimental side view shadowgraphs by using 
fits to the laterally trapezoidal form of the nu- 
merically obtained [34,36] TW concentration 
profiles. The latter reflect a concentration con- 
trast between TW rolls which breaks the mirror 
symmetry between left and right turning rolls 
and which decreases when approaching the tran- 
sition T W o  SOC. 

In addition to and competing with the stable, 
nonlinear extended TW or SOC there are stable 
LTW s ta tes -  their occupation depends, e.g., on 
initial conditions. LTW's consist of traveling con- 
vective rolls that are spatially confined under a 
pulse-like intensity envelope which drops via two 
fronts to zero into the surrounding quiescent 
conductive state. First being observed [4,9] in 
rectangular cells near a sidewall, their existence 
was related [39] to lossy wall reflection and the 
convective nature of the instability. However, 
the subsequent experiments in annular cells pro- 
ducing LTW's with various widths below onset at 

~2In this paper  the correct ordinate  labels of fig. 5a are 
U(lO-2~/d) and (p~(lO -3 × 21r). 

~b = -0.25 [10] and with uniquely selected width 
below and above onset at qJ~--0.1 [11,12] 
showed the intrinsic nature of LTW states. Fur- 
thermore, LTW's in rectangular and annular 
cells were shown to be similar [11] and the 
former were also found [13,14] sitting in the cell 
center, away from the walls. Subcritical LTW's 
with various widths and a supercritical LTW 
state with selected width were also generated by 
numerical integration of the full hydrodynamic 
field equations for experimental parameters 
[40] #3 . An analysis of their structure [40] shows 
their similarity (cf. section 4). We also mention 
that comparing experimental top view shadow- 
graph measurements with shadowgraph inten- 
sities from the simulations [40] quantitative 
agreement was found for LTW's of various 
widths [15] and for LTW states of selected width 
[16]. 

Subcritical pulse solutions of selected width 
were also found in complex Ginzburg-Landau 
equations with quintic amplitude terms [41,42]. 
However, these pulses being packets of linear 
waves moved with the large group velocity of the 
latter whereas the early experimental LTW's 
[4,9-12,14,15,17-19] were motionless after 
transients. While adding [43] cubic nonlinear 
gradient terms to the Ginzburg-Landau equa- 
tion can change the pulse velocity and shape, 
numerical simulations of the full field equations 
suggest that a large-scale current-induced con- 
centration redistribution hinders the pulse mo- 
tion and reduces the drift velocity of LTW's to 
very small values [40]. Such small group ve- 
locities Vg in the direction of roll propagation 
have then also been found in cells with improved 
homogeneity [16,20]. The experimental observa- 
tion [16,20] that Og decreases (and eventually 
may even change sign [16]) when the LTW 

'~3The wavelength A(x) in figs. 2a and 4a of [40} is defined 
via node distances. This definition is not strictly local. It 
magnifies structural variations of small amplitude fields be- 
hind the trailing edge. Thus the strong increase of A there is 
misleading. 
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frequency grows with decreasing r is discussed in 
section 4.3 in terms of an associated increase of 
the concentrat ion redistribution. 

In this work we discuss the influence of the 
concentrat ion field and some of the phenomena 
intimately related to it in extended TW and SOC 
states and in L T W  states. In section 2 we de- 
scribe the system and our numerical method to 
investigate it. In section 3 the bifurcation prop- 
erties of TW and SOC are reviewed and a de- 
tailed comparison of their structural properties is 
given. We explain the mirror symmetry breaking 
appearance of a concentration contrast in TW's 
and we review phase-induced mean lateral cur- 
rents. Section 4 deals with LTW states. We 
compare  LTW's  of selected and arbitrary width 
and we discuss the interplay between the struc- 
tural dynamics of LTW's,  the large-scale current 
in the latter, the large-scale field modifications, 
and the behaviour of the drift velocity. Section 5 
contains concluding remarks on the role of the 
concentrat ion field in convection in mixtures. 

concentrat ion field that causes a wealth of  new 
convection phenomena in mixtures. 

2.1. The equations 

The balance equations of mass, momentum, 
heat,  and concentration read in Oberbeck Bous- 
sinesq approximation 

V - u  = 0 ,  (2.1a) 

(O, + u "V)u = -V p  + oW2u + be z , (2.1b) 

(0, + u "V)T = ~ 7 2 T  , (2.1c) 

(O, + u . V ) C =  L V 2 ( C -  q,T).  (2.1d) 

Here  u is the velocity field. The deviations ~F = 
F -  F 0 of the pressure p,  the temperature T, and 
the concentrat ion C from their respective mean 
values F 0 are small. Then the vertical buoyancy 
force density is 

2. The system 

Consider a horizontal fluid layer of, say, an 
alcohol water mixture heated from below be- 
tween two plates that are good heat conductors 
and thereby impose a laterally homogeneous 
tempera ture  boundary condition. The mixture is 
characterized by two time-scale ratios: The 
Prandtl  number  tr = v/K is the kinematic viscosi- 
ty v, i.e.,  the momentum diffusivity, divided by 
the heat diffusivity K. In ethanol water mixtures 
considered here o- is about 10, The Lewis num- 
ber L = D/K is the alcohol concentration diffu- 
sion constant D divided by K. Since concen- 
tration diffusion in the mixture is about 100 times 
slower than heat diffusion, the relaxation times 
that have to be waited out in experiments as well 
as in numerical simulations are about 100 times 
longer than in pure water. On the one hand that 
is inconvenient,  but on the other  hand it is the 

b = o'R(ST + 8C) .  (2.2) 

The Rayleigh number  is 

R -  agd3 AT  (2.3) 
K/,' 

and the separation ratio 

/3 k T 
g ' -  a T o (2 .4)  

with g the gravitational constant, d the layer 
thickness, A T the vertical temperature difference 
across the layer, a = - ( 1 / p )  Op(T, p, C) /OT the 
thermal expansion coefficient, /3 = - ( l / p )  
Op(T,p ,  C)/OC the solutal expansion coeffi- 
cient, and k T the thermodiffusion ratio of the 
mixture. We measure lengths in units of d, times 
by the vertical thermal diffusion time dE~r, 
tempera ture  by A T, and concentration by A Ta ~ft. 
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The concentrat ion is changed convectively by 
the velocity field and fur thermore  via the Soret 
effect by the t empera ture  field. The latter effect 
implies that  t empera ture  differences contribute 
to the concentrat ion current 

d = u ~ C -  L V ( C -  ~ r ) .  (2.5) 

2.2. Numer ica l  simulation 

We have numerically solved the field equations 
(2.1) in a vertical x - z  section of the layer per- 
pendicular  to the axes of the convective rolls by 
suppressing any y-dependence  of the fields. Thus 
the velocity field 

In states like the quiescent basic conductive state u = u(x ,  z; t) e x + w(x ,  z; t) ez (2.10) 

U¢ond = 0 ,   T¢ond=½-z, 
~C~ond = ~(½ -- z ) ,  (2.6) 

where  J = 0 the Soret effect generates a tempera-  
ture induced concentrat ion gradient.  Thus 

~b = gCcond/gTco,d measures  the strength of the 
Soret  effect. It can be positive or negative and 
thus ei ther enhances or depresses the buoyancy 

bco.a = o'R(½ - z)(1 + ~O). (2.7) 

H e r e  the layer extends vertically from z = 0 to 
z = 1. Without  Soret effect, ~b = 0, the concen- 
t rat ion gC relaxes to zero so that ~b = 0 is hydro- 
dynamically equivalent to a pure  fluid. 

While the pure  fluid is characterized by two 
paramete rs ,  or and R, in the mixture we have in 
addition L and ~. Conventionally the two ma- 
terial pa ramete rs  o- and L are considered to be 
fixed, while R measuring the thermal  part  of the 
buoyancy force (2.7) and ~b the strength of the 
Soret  coupling are taken as control parameters .  
In  the following we shall use instead of R the 
reduced Rayleigh number  

r = R/Rc(~b = 0 ) ,  (2.8) 

with Re( 4, = 0) being the critical one for onset of 
convect ion in a pure  fluid. We also introduce the 
convective parts 

c =  C -  C~ona , O= T -  Tcona (2.9) 

of the concentrat ion and tempera ture  fields. 

has a lateral component  u and a vertical compo-  
nent  w. The  horizontal boundaries  are rigid, 
isothermal,  and impermeable .  Lateral  bound- 
aries are periodic, F(x,  z; t) = F(x  + F, z; t). To 

simulate extended states we took F = 2 corre- 
sponding to a wave number  k = ~r very close to 
the critical one [34,36]. Stable LTW states were 
found for F = 20 and 40 to coexist with stable 
extended T W  or SOC states [40]. Whether  an 
LTW state or an extended state evolves depends 
on the history of the system. 

We used the M A C  method [53] to discretize 
the fields with uniform spatial resolution Ax = 
Az = 0.05. Spatial derivatives are replaced by 
central  differences and for t ime differences we 
use a forward Euler  step. Pressure and velocity 
fields are iteratively adapted [54] to each other.  
All simulations presented here were done for 
L = 0.01 and cr = 10. Then typical relaxation 
t imes towards an SOC, TW, LTW state were 
about  5, 100, 500 vertical thermal  diffusion 
times, respectively. 

3. Extended states: stationary and traveling 
convective rolls 

In this section we review characteristic convec- 
tion propert ies  of extended SOC and TW states 
occuring at negative separation ratios. 

3.1. Bifurcation structure 

In a pure fluid (~  = 0) a stable, spatially per- 
iodic SOC state of parallel rolls branches off the 
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conductive state when increasing the thermal 
stress beyond the convective threshold rstat(~b = 

0) = 1 as shown by the dotted line in fig. lb. The 
transition to convection is second order in the 
language of Landau's mean field classification of 
equilibrium phase transitions with the order pa- 
rameter, the deviation of the Nusselt number 
from 1, initially increasing linearly. Upon de- 
creasing ~ the bifurcation threshold rstat(~b ) 

moves to larger r while the bifurcated SOC 
branch rapidly approaches the dotted ~b = 0 line. 
Thus the initial slope of the Nusselt number 
steepens up. With further decreasing ~ the SOC 
order parameter goes through a tricritical point 

3 
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Fig. 1. Numerically obtained bifurcation properties of non- 
l inear convective states, a) Frequency of stable TW and b) 
Nusselt numbers  vs r. Full dots and squares (thin dots) refer 
to states in the mixture (pure fluid) that are stable under  
lateral periodic boundary conditions. At  r* the TW branch 
merges nonhysteretically with zero frequency with the SOC 
branch.  Full triangles denote  SOC states in the mixture that 
have been stabilized by phase pinning lateral boundaries• We 
identify the lowest T W  (SOC) state with the saddle 
r~w(rsoc) of the TW (SOC) solution branch• Dashed lines 
denot ing unstable bifurcation branches are schematic• ~b = 
-0 .25 ,  rosc(k=~r)=  1.3347 [45], t o n ( k = ~ r ) =  11.235 [45], 

s s rTw ---- 1•215, rso c ----- 1.08, r* ----- 1,65• 

[29] with infinite initial slope beyond which the 
transition becomes first order. The SOC branch 
forms a saddle relatively close to the $ = 0 line 
while the bifurcation threshold, rs tat(~b),  m o v e s  

to ever larger r. Such a situation is shown in fig. 
lb. 

For sufficiently negative ~/, there is also a Hopf 
bifurcation threshold, rosc [29,44,45]. There a 
solution describing TW convective rolls branches 
off the conductive state. First the TW bifurcation 
is forwards. However, seeing such a forwards 
bifurcation in ethanol-water is difficult. There 
are some hints in 3He-4He mixtures [21]. Then, 
with decreasing ~b the initial slope of the TW 
Nusselt number steepens up, there is a tricritical 
TW transition [29], and beyond that it is a 
hysteretic backwards bifurcation as shown in fig. 
lb. The reason for the associated discontinuous 
onset of convection is a nonlinear feedback [47]: 
For ~b < 0 the Soret induced conductive concen- 
tration distribution weakens the buoyancy. Con- 
vection, on the other hand, redistributes the 
alcohol more evenly thereby reducing the ad- 
verse Soret effect and thus increasing the 
buoyancy. The increased buoyancy in turn 
strengthens convection which again amplifies the 
buoyancy. 

Moving along the TW solution branch the 
frequency decreases monotonously from the 
Hopf value toll at the bifurcation point ro~ c to 
zero at r* as shown in fig. la. At the saddle node 
where TW convection first becomes stable to has 
dropped already to about tol~/3 for ~ - - - 0 . 2 5 .  
At r* there is under laterally periodic boundary 
conditions a nonhysteretic transition [6,36,38] to 
SOC. There the frequency vanishes - X / - ~ - r .  
The r variation of to shown in fig. la agrees after 
appropriate rescaling [6] very well with recent 
experiments [6] and theoretical results [38]. With 
increasing qJ the zero-frequency endpoint r* of 
the TW branch glides along the SOC branch 
towards the SOC saddle, and then onto the 
lower SOC branch where it moves away from the 
saddle. 

The SOC states marked by full triangles in fig. 
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lb  below the TW endpoint at r* are unstable. 
Thus stable SOC and stable TW states do not 
coexist there. By pinning the phase of the hydro- 
dynamic fields we have suppressed the TW states 
and thereby stabilized these SOC states in fig. 
lb. Releasing the phase pinning the SOC con- 

s vective rolls evolve for rTW < r < r* into a TW 
S $ and for rso c < r < rTw they decay into the con- 

ductive state. The upper unstable SOC branch 
can also be stabilized in experiments [22]. 

3.2. Comparison o f  T W  and SOC states 

The vertical convective heat transport of the 
TW rapidly approaches that one of SOC which 
in turn is close to the one in the corresponding 
pure fluid. So one expects the temperature and 
velocity field structure of these states to be some- 
what similar which is indeed the case [36,7]. But 
the concentration field in TW rolls differs signifi- 
cantly from that one in SOC rolls as demon- 
strated in fig. 2. There we show in the left plate a 
right propagating TW close to the saddle and in 
the right plate an SOC state slightly above r*. In 
(a) we display lateral profiles of the vertical 
velocity field w, of bC, and of bT at midheight, 
z = ½, of the fluid layer. In (b)-(e) we show in 
x - z  sections of the layer the velocity field, the 
alcohol concentration, streamlines of the velocity 
field in a frame that for the TW is comoving with 
the phase velocity of the TW, and finally the side 
view shadowgraph intensity distribution [23] 

I(x, z) = (a~ z + Oz~)(C + aT)  (3.1) 

that one would see by shining light parallel to the 
roll axes through the layer. Here a = -0.919 [7]. 
In fact the experimental shadowgraph pictures of 
Winkler and Kolodner [8] of TW and SOC states 
look in remarkable detail similar to those in (e) 
following from our numerical simulation [36]. 
SOC as well as TW states have a glide-mirror 
symmetry [34] 

~F(x, z; t) = +--~F(x + ½ A, 1 - z; t) (3.2) 

around the mid-layer plane z = ½ with + for u, p 
and - for w, T, C. This symmetry is most easily 
seen in fig. 2e. 

If one moves along the upper TW branch from 
the saddle at r~rw to the TW end point r* and 
beyond it onto the SOC branch by increasing the 
thermal stress the concentration field shows the 
most conspicuous changes. Those of u and T are 
much smaller but can be seen in a lateral Fourier 
analysis. Furthermore,  the concentration field in 
fig. 2 most clearly reveals that both states are 
strongly nonlinear in the sense that their lateral 
variation differs significantly from the critical 
one, e ikcx. 

In the SOC state the fields of left and right 
turning rolls are mirror symmetric to each other 
and thus also the alcohol distribution displays 
this symmetry. As an aside we mention that we 
could get the unstable SOC states on the upper 
branch also by using a symmetry conserving 
property [55] of our numerical code. In the SOC 
state the layer is well mixed convectively as 
demonstrated by the predominance of the green 
colour for C--- Co in the bulk of the layer in fig. 
2c right plate. There are small concentration 
variations in the upflow (yellow vertical stripe) 
and downflow (blue vertical stripe) regions be- 
tween the rolls and more intense concentration 
variations in the narrow boundary layers of al- 
cohol rich (blue) and alcohol .poor (red) fluid 
near the top and bottom plates. But convection 
has greatly reduced the Soret induced vertical 
concentration difference between top and bot- 
tom [34]. 

The mirror symmetry of SOC between left and 
right turning rolls is broken to a varying degree 
in all fields upon decreasing the driving r below 
r* in the transition to the TW state that is stable 
at lower driving. With decreasing r and increas- 
ing co the TW state develops a monotonously 
increasing concentration contrast [34,36]: in a 
right propagating TW the right (left) turning 
rolls are alcohol rich (poor) as shown by the blue 
(yellow) colours in the left plate of fig. 2. Simul- 
taneously the widths of the boundary layers at 
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the top and bottom plates and between the rolls 
increase. The lateral TW concentration profile at 
z = ½ (fig. a of the left plate) shows a characteris- 
tic, anharmonic, trapezoidal shape with linear 
pieces between the different concentration 
plateaus of adjacent roils. With increasing r and 
decreasing TW frequency the plateau heights 
decrease and only the spikes between the rolls 
remain becoming more and more mirror sym- 
metric. This mirror symmetry restoring develop- 
ment has been seen also experimentally in top 
view shadowgraph intensity profiles [7] that 
agree very well with our numerical results [7]. 

The side view shadowgraph intensity distribu- 
tions shown in fig. 2e reflect to a large extent the 
structure of the concentration fields in fig. 2c 
which explains why this experimental technique 
can be used to extract [8] quantitative informa- 
tion on the concentration field structure in TW 
states. The influence of the concentration field 
on top view shadowgraph intensity profiles has 
first been elucidated by Eaton et al. [7] by 
comparing experimental and our numerical top 
view profiles. 

3.3. Passive scalar motion and the T W  
concentration contrast 

We now explain why in a right propagating 
TW the right (left) turning roll is alcohol rich 
(poor). To that end we observe this state from 
the frame of reference 2 '  comoving with the 
phase velocity vp = to/k of the TW. In that frame 
the streamlines (shown in 2d) are the path lines 
of passively advected particles. Their structure 
can easily be understood [48,24,31,36] to follow 
from a stream function that has the form 

1 
¢(x' ,  z) = - ~ if(z) sin(kx') - vpz (3.3) 

if one approximates the vertical velocity field by 
w~-f f , ( z )cos[k(x-opt )] .  The contribution vpz 
has two effects: it shifts the closed equipotential 
lines alternatingly towards the top and bottom 
plates and furthermore it generates open stream- 

lines meandering between and around the roll 
like regions. As an aside we mention that passive 
particles trapped on some [31] of the latter also 
show a large-scale backwards motion in the lab- 
oratory frame [24,31,36]. Note however, that 
this complicated Lagrangian particle motion 
which is a trivial consequence of any velocity 
potential like (3.3) should not be confused with 
the large-scale currents discussed in section 3.4. 

On the other hand, the alternatingly upwards 
and downwards shifted roll regions together with 
the open stream lines separating them in the 
frame ,~' suggest a simple mechanism to explain 
the two different concentration levels of the TW: 
In fig. 2d there are vertical jets near the plates at 
x = 0.2, 2.2 (x = 1.2, 3.2) that transport alcohol 
poor (rich) fluid marked in red (blue) in fig. 2c 
upwards (downwards) from the bottom (top) 
plate where the Soret effect has depleted (en- 
riched) the alcohol content. These red (blue) jets 
inject alcohol poor (rich) fluid from the bottom 
(top) boundary layer into the left (right) turning 
rolls. There the fluid is then mixed in each roll 
separately with the open streamlines prohibiting 
an alcohol exchange between the rolls. This sim- 
ple explanation works because the concentration 
dynamics is dominated by advection with the 
diffusive contribution being small (L ~ 1) except 
in boundary layers which have large gradients. 

3.4. Phase induced lateral currents 

The TW state supports global, stationary, 
horizontal mean convective currents of concen- 
tration and heat: 

(J~) = (u ~C) , (3.4a) 

( Q , )  = (u g T ) .  (3.4b) 

The concentration current (J~) flows in the 
upper (lower) half of the fluid layer into (oppo- 
site to) the propagation direction of the TW and 
the heat current (Qx) is directed opposite to 
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(Jx) #4 Here  we average over a TW period in 
space or time. The currents (3.4) having mirror 
symmetric profiles [34] around midheight inte- 
grate vertically over  the whole height of the layer 
to zero. Their  size increases roughly linearly with 
the TW  frequency [36]. 

The currents are driven [30,31] by the phase 
difference between the vertical velocity field and 
the concentration or temperature  field, respec- 
tively: one finds [36] that the mean currents 

For  the extended TW states with spatial 
periodicity as, e.g.,  in annular experimental cells 
the physical significance of the above currents is 
not clear. However ,  in spatially confined LTW 
convection the large-scale concentration current 
plays a very important  role (cf. below). 

4. Spatially confined states: localized traveling 
convective rolls 

--1 
(u  ~F)  --- ~ [)~(z)[ 0z[ f t (z) [  sin(q~f - ~,,) 

(3.5) 

are well approximated by a product of the first 
lateral Fourier  mode of the concentration or 
tempera ture  field, f l (z) ,  and that of u. The argu- 
ment  of the sine in (3.5) is the phase difference 
between the first lateral modes of F and w where 
~ F = R e E , , . f , ( z ) e  i'kx and L=lLle-' .. tn fig. 

2a one sees that the temperature  wave slightly 
lags behind the w-wave while the concentration 
wave is about ~w ahead of the w-wave. The 
latter phase relation reflects the fact that in the 
center  of right (left) turning blue (yellow) rolls 
where w = 0 the concentration 8C has a large 
positive (negative) value for the reasons de- 
scribed in the previous section. 

One should not try to explain the mean lateral 
currents (u  8F)  (3.4) by moving a snapshot of 
the field ~F, like that one in fig. 2c for ~C as a 
whole with the TW phase velocity Vp. That pro- 
cedure  would generate a current vp(~F)  irres- 
pective of the phase relation of ~F and u. 
Fur thermore ,  its vertical profile would be that of 
the zeroth lateral Fourier  mode of ~F. The mean 
concentrat ion current does not arise because the 
concentrat ion pattern of fig. 2c propagates but 
because velocity and concentration fields are 
phase s h i f t e d -  even stationary fields would gen- 
erate a mean convective current (3.5) if they 
were phase shifted. 

*4In refs. [34, 36] the directions of the currents are erro- 
neously described as being opposite to the correct ones. The 
correct profiles are shown in fig. 5b of ref. [34]. 

In this section we discuss LTW  states at 4' = 
- 0 . 2 5  and at 4' = - 0 . 0 8 .  At 4' = - 0 . 2 5 L T W ' s  
with various widths have been seen in experi- 
ments in annular cells [10,15] and in our simula- 
tion [40] as stable states while at 4' = -0 .08  only 
LTW's  with uniquely selected width have been 
seen in experiments [11,12,14,16] and simulation 
[40]. Here  we present a comparison between a 
representat ive example of each variety to show 
common features and differences. 

4.1. Bifurcation diagrams 

Fig. 3 shows the LTW  states discussed here by 
open circles in the bifurcation diagrams of fre- 
quency and vertical convective flow amplitude, 
Wmax, versus Rayleigh number.  For orientation 
the extended TW and SOC states are included 
by full symbols. The TW states of fig. 3 for 
4 ' - - - 0 . 2 5  are also shown in fig. 1. The LTW 
flow amplitudes are only slightly smaller but the 
L T W  frequencies are considerably larger than 
those in the competing extended states at the 
same r. In fact, for 4' = -0 .08  the extended SOC 
state has zero frequency. On the other  hand, 
toLXW is in each case considerably smaller than 
the frequency of small-amplitude linear pertur- 
bations of the conductive state at this r. 

For  4' = - 0 . 2 5 ,  r = 1.246 we have evaluated 
LTW's  having widths l = 6.5 and 8.9 in a F = 20 
system. The latter state increased its width to 
l = 9.9 in a F = 40 system. All these states have 
very similar to and Wma x. The structure of the 
fields under  the fronts of the LTW  regions is the 
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Fig. 3. LTW states (open circles) discussed here in the 
bifurcation diagrams of frequency to and of  maximal vertical 
flow velocity Wr, ax VS. Rayleigh number for @ = - 0 . 2 5 ,  
-0 .08 .  Full symbols are numerically obtained extended 
states. Thin lines are hand drawn guides to the eye. 
Schematic dashed ones for unstable lower branches show the 
bifurcation topology of TW's  [38] and SOC's [30]. For @ = 
-0 .25 ,  - 0 . 0 8  the oscillatory threshold is at ro,¢ = 1.3347, 
1.0965 [45]; Hopf  frequency ton = 11.235, 5.753 [45]; group 

c velocity of linear TW at onset u~ = o~H/xr [44]; TW saddle 
r~rw ~ 1.215, 1.06 [36]; transition T W o S O C  r * =  1.65, 1.09 
[36}. Our LTW's are at r -  ro~, = -0.089,  0.008. 

s a m e - o n l y  the extension of the center part of 
these states differ. However, despite applying 
various numerical procedures for @ = -0.08, r = 
1,104 we found there only one LTW with the 
uniquely selected width 1 = 4.9 that agrees with 
experimental results [11,16]. 

The LTW at @ = - 0 . 0 8  is supercritical, i.e., 
stable above the convective onset ro~ ~. Thus, 
spatially confined convection stably coexists here 
with quiescent conduction in the remainder of 
the system despite the fact that the latter state is 
unstable. To explain this feature it has been 
suggested [40,13] and experimentally seen [12] 
and analyzed [17] that small-amplitude perturba- 
tions growing out of the unstable conductive 

region are swept convectively with the fast group 
velocity of linear TW's into the large-amplitude 
nonlinear pulse-like LTW region in laterally per- 
iodic systems. See refs. [17,14] for further discus- 
sions. However, the absorption of small- 
amplitude perturbations by the pulse does not 
explain its very existence with a fixed extension, 
i.e., the fact that the nonlinear TW does not 
expand into an extended state which is stable at 
the same Rayleigh number. 

4.2. L T W ' s  of  arbitrary and selected width: a 
comparison 

Fig. 4 shows some structural properties of 
LTW states obtained in our simulation. Their 
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Fig. 4. Lateral structure of the LTW states shown in fig. 3 by 
open circles, Phase and group velocities of both states are to 
the left. (a) Snapshot of the vertical velocity field at 
midheight (thin lines) and its envelope (thick lines) below 
which the wave train moves during one oscillation period. (b) 
Streamlines of the mean concentration current ( J )  (4.3) are 
shown by dashed (full) lines for the large-scale, large- 
amplitude primary (small-amplitude secondary) current 
loops. For better presentation the stream-function scale has 
been magnified for the full lines. (c) Lateral profiles of (c )  
and (0 )  are shown at z = 0 . 2 5  together with ( c + O )  de- 
termining the convective contribution to the mean buoyancy 
force. The states shown are characterized for qs = - 0 . 2 5 ,  
- 0 . 0 8  by r = 1.246, 1.104; to = 4.51, 2.42; Ug = 0.054, 0.052; 
width 6.5, 4.9. 
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location in the bifurcation diagrams of fig. 3 is 
marked by the open circles. In both states the 
phase velocity as well as the group velocity vg of 
the envelope is to the left. However, v~ is by a 
factor of ---30 for 4  ̀= - 0 . 2 5  (15 for 4' = - 0 . 0 8 )  
smaller than the mean phase velocity of the 
LTW. Furthermore Og is smaller than the group 

c velocity Vg of linear TW's at onset [44] by a 
factor of ---70 for 4' = -0 .25 (35 for 4' = -0.08).  
For 4' = -0 .25 Vg slightly decreases with increas- 
ing width. 

The LTW states are time periodic with period 
~" in the reference frame ~ that comoves with the 
group velocity 

z ;  t )  = z ;  t + (4.1 a) 

Furthermore the fields display in this frame the 
symmetry 

Z; t )  = a - -  Z; t + 

( 4 . 1 b )  

under time translation by ½ ~- combined with verti- 
cal reflection at the mid-layer plane z = ½. The 
extended TW shows the symmetries (4.1) in the 
laboratory frame and, in addition, the symmetry 
(3.2) that is broken by the lateral intensity vari- 
ation of the LTW. 

In the center part of the LTW's, in particular 
in those of larger extension, the fields are very 
similar to those we would expect for an extended 
TW with similar frequency. Hence, since the 
concentration field shows the strongly anhar- 
monic variation discussed for TW's in section 
3.2, LTW's  are strongly nonlinear states with a 
lateral spatial structure differing substantially 
from that of the critical wave, e ik~x. Furthermore, 
the envelope of the fields of w, 0, and c all differ 
in shape and extension so that also for this 
reason the LTW is not just a wave packet, 
~A(x)  e ikx, of harmonic waves with a common 
envelope A(x). 

Comparing the LTW's of different widths at 
4' = -0 .25  with the one at 4  ̀= -0 .08 with select- 

ed width one finds that they basically differ only 
in the extension of their center part: Not only do 
the streamlines of the mean concentration cur- 
rent ( J )  in fig. 4b reveal the same concentration 
transport mechanism (discussed further below) 
but, more importantly, the envelope and struc- 
ture of all fields in the leading edge of each LTW 
state is practically the same for the different 
states as well as the envelope and field structure 
in the trailing edge. This holds for w shown in 
fig. 4a but also for 0 and c. The local wavelength 
A(x) drops in both LTW states monotonously 
from A ~> 2 under the leading edge to a value of 
A---1.5 under the trailing edge with some A < A~ 
in the center portion. The spatial variation of 
A(x) under the respective edges is the same for 
both states whereas with a growing center exten- 
sion in a wider LTW state a plateau like part of 
A(x) opens up. The characteristic variation of 
A(x) obtained in the simulation [40] has been 
found also in experiments for 4  ̀= -0 .25 [15] and 
4' = - 0 . 1 2 3  [16]. To sum up: the wider LTW 
states have the same front structure as the nar- 
row uniquely selected LTW state at 4' = - 0 . 0 8  
which just lacks a sizeable center part. While this 
observation does not explain the appearance of 
an arbitrary (uniquely selected) width at 4  ̀= 
-0 .25  (-0 .08)  it might help in finding an expla- 
nation. 

We finally mention that the envelopes of the 
w, 0, and c fields are to a varying degree asym- 
metric [40] around the respective center. Fur- 
thermore,  they have also different extensions. In 
particular the localized concentration wave is 
significantly wider than the localized velocity 
wave. Common to them, however, is that the 
leading fronts are steeper than the trailing ones 
and that the field amplitudes are largest just 
behind the leading front. On the other hand, the 
top view shadowgraph intensity distribution 

1 

I(x) = J dz OZx(C + aT) (4.2) 
0 

is more symmetric [15] since the second deriva- 
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tive in (4.2) depresses (enhances) the leading 
(trailing) parts of the LTW's with the small 
(large) local wave numbers. The experimentally 
observed shadowgraph intensity variation at tO = 
-0 .25 is in good agreement [15] with (4.2) ob- 
tained from the simulation. 

4.3. Large-scale current and concentration 
redistribution 

We discuss here the effect of a large-scale 
current-induced concentration redistribution [40] 
upon the pulse velocity. Such a redistribution has 
earlier been speculated upon [31,32]. This effect 
being outside the range of a one-mode, single- 
field amplitude equation (cf. [46] for a first at- 
tempt to model it) seems to be able to explain 
the very small group velocities observed in our 
simulation. Recent experiments [16,20] in very 
homogeneous cells also showed very small 
Rayleigh number dependent drift velocities that 
are only slightly smaller than our results. 

The phase shift between vertical velocity and 
concentration waves in the center part of the 
LTW state drives there as in the extended TW a 
strong large-scale mean concentration current 

( J )  = (gC u) - L V (  C -  tOT) (4.3) 

that flows in the upper (lower) half of the layer 
parallel (antiparallel) to the phase velocity. Since 
in the quiescent conductive state there can be no 
concentration current the latter is deflected verti- 
cally under the fronts of the LTW to form a large 
primary concentration circulation loop shown by 
dashed lines in fig. 4b. Under the leading (trail- 
ing) front the vertical current (Jz) is laterally 
focused (dilated). Since part of (Jz) is diffusive 
under the fronts and since the 0 pulse is nar- 
rower than the c pulse (cf. fig. 4c) the associated 
mean vertical concentration gradient around 
midheight of the layer is bigger (smaller) under 
the leading (trailing) front than in the conductive 
state. So the current sustains relative to the 
conductive concentration stratification a small 

concentration surplus (deficiency) in the upper 
(lower) half of the layer just ahead of the leading 
f ron t -  cf. fig. 3a in ref. [40]. In this transition 
region from conduction to convection the above 
concentration difference generates at the plates a 
diffusive lateral current - L 0 x (c) .  While it 
strengthens at the trailing front the large primary 
concentration loop it is directed under the lead- 
ing front opposite to the primary current, thus 
generating two small secondary counter circulat- 
ing current loops (full lines in fig. 4b) under the 
leading front of the pulse. 

Thus the net overall effect of the primary 
lateral current that is generated in the center 
part of the pulse and that transports concen- 
tration to (away from) the leading front is to 
deposit (withdraw) concentration in the region 
ahead of the leading front in the upper (lower) 
half of the layer. The resulting concentration 
barrier ahead of the leading front stabilizes the 
conductive state and hinders convection since the 
convective contribution 

(b  - bco.a ) = trR( c + O) (4.4) 

reduces the size of the mean buoyancy force. 
Simultaneously convection is strengthened at the 
trailing edge against invasion of the conductive 
state. The negative dip in the thick full line in 
fig. 4c showing (c + 0) at z = ¼ demonstrates the 
vertically downwards, i.e., stabilizing contribu- 
tion from (c)  to (b} in the lower half of the 
layer. Similarly in the upper half (c + 0) is 
positive there so that again the convective contri- 
bution is stabilizing, i.e., upwards. In the center 
of the pulse the convective part (4.4) enhances 
the driving force. 

We believe that this interplay between the 
structural dynamics of a confined pattern, the 
large-scale current generated by the latter, and 
the resulting large-scale field modification ex- 
plains why the drift velocity is reduced so 

C dramatically from vg to almost zero. Further- 
more, from the results obtained for TW's one 
infers that the strength of the current and the 
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resulting concentration redistribution which hin- 
ders convection at the leading pulse front in- 
crease with growing frequency, i.e., decreasing 
Rayleigh number.  Thus the drift velocity de- 
creases upon reducing r as found experimentally 
[16,20]. Also drift velocities opposite to the 
phase velocity at the smallest Rayleigh numbers 
[20] can be explained when the current-induced 
concentrat ion redistribution becomes strong 
enough to "overstabil ize" (enhance) the conduc- 
tive (convective) state ahead of (behind) the 
pulse so that the conductive state no longer 
recedes at the leading front from the pulse but 
expands thereby pushing the pulse backwards, 
i.e.,  opposite to its phase velocity. Finally an 
explanation of the collision behaviour [25] of two 
pulses seems to be feasible with the large-scale 
current  induced concentration redistributions 
that affect the buoyancy forces at the pulse 
fronts. 

Soret  coupling can be understood most easily 
with one-mode representations for each field. 
Then,  having perturbations at threshold of the 
form e i'°' e ikx the possibility of TW states is obvi- 
ous. Fur thermore ,  the suppression of the 
buoyancy for ~b < 0 by the Soret induced concen- 
tration distribution together with the nonlinear 
feedback resulting from the buoyancy enhance- 
ment  by convective homogenization makes the 
transition first order,  i.e., causes hysteretic back- 
wards bifurcation branches. Finally, complex 
Ginzburg-Landau  equations with quintic am- 
plitude terms that capture the subcritical nature 
of the bifurcation TW branch suggest the exist- 
ence of spatially confined convective regions em- 
bedded below the convective threshold in the 
stable conductive state. However ,  the structure 
and dynamics of these nonlinear LTW  states are 
very strongly influenced by the concentration 
field. 

5. Concluding remarks 

The importance of the role that the concen- 
tration field plays in the convective states of 
binary mixtures discussed here can easily be 
appreciated by comparing these states with con- 
vection in the corresponding pure fluid, ~ = 0, at 
the same Rayleigh and Prandtl number.  Thus 
one sees that the appearence of an oscillatory 
convective instability, the backwards hysteretic 
bifurcation topology for negative ~b, the existence 
of TW  convection and of LTW states are all 
consequences of the concentration field being 
coupled via the Sorer effect to the temperature:  
The Soret coupling with the degrees of freedom 
represented by the concentration field generates 
in the linear dynamics of perturbations around 
the conductive state an effective "restoring 
force"  in the language of mechanical systems for 
the perturbations.  The appearance of the associ- 
ated pair of complex conjugate characteristic 
exponents  resulting at negative ~b for any Lewis 
number  (not just L ~ 1) from the "off-diagonal" 
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