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Bistability of Slow and Fast Traveling Waves in Fluid Mixtures
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The appearance of a new type of fast nonlinear traveling wave states in binary fluid convection w
increasing Soret effect is elucidated and the parameter range of their bistability with the common slo
ones is evaluated numerically. The bifurcation behavior and the significantly different spatiotempo
properties of the different wave states—e.g., frequency, flow structure, and concentration distributio
are determined and related to each other and to a convenient measure of their nonlinearity. This al
one to derive a limit for the applicability of small amplitude expansions. Additionally, a universa
scaling behavior of frequencies and mixing properties is found. [S0031-9007(96)02101-1]
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In binary fluid mixtures heated from below, the
is an interesting feedback loop between the fields
concentration, velocity, and temperature. The buoya
force that drives the convective flow is changed
concentration variations. They, in turn, areproducedvia
the Soret effect [1,2] by temperature gradients, i.e.,
thermodiffusion andreducedby dissipative concentratio
diffusion and by mixing through the convective flo
This coupling chain causes a surprising richness
spatiotemporal pattern formation [3] even close to
onset of convection. In particular, there are convec
structures [2–15] consisting of coupled traveling wa
(TW’s) of velocity, temperature, and concentration w
significantly different shapes [14,15]. Since nonlin
concentration advection is typically much larger th
linear diffusion—the ratio of these two transport rates
easily be above 1000—it is not surprising that these
states are typically strongly nonlinear.

In this Letter we elucidate how with increasing So
coupling there appear two different bistable TW’s—o
about twice as fast as the other—which both sta
coexist with the stable quiescent conductive state.
convective amplitude of the fast (slow) TW is sm
(large) while the amplitude of its concentration contr
is large (small). The fast stable TW’s have so
remained unnoticed in experiments [4–13] and numer
simulations [14,15]. They develop with increasing So
coupling via a saddle node bifurcation out of a dent in
subcritically bifurcating unstable TW branch. They a
most easily accessible via a two-loop hysteresis at la
but experimentally realizable Soret effects. Furtherm
we discovered an universal scaling behavior of T
frequencies and mixing properties. We also found
the ratio of flow and phase velocity is a relevant param
and a convenient measure of their nonlinearity that allo
one to determine where an amplitude expansion aro
the onset breaks down.

To investigate roll-like convection structures in a ho
zontal layer of, say, ethanol water with Lewis numb
L ­ 0.01 and Prandtl numbers ­ 10, we determine the
convective solutions that bifurcate with a lateral period
0031-9007y97y78(2)y235(4)$10.00
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ity lengthl ­ 2 out of the quiescent heat conducting sta
[16]. A finite difference method [17] as well as a man
mode Galerkin scheme is used to solve the appropriate
equations [1,15] in a vertical cross section through the r
perpendicular to their axes. Horizontal boundaries at
and bottom,z ­ 61y2, are no slip, perfectly heat conduc
ing, and impermeable. Our control parameterr ­ RyR0

c
measuring the thermal driving is the Rayleigh numberR
reduced by the critical oneR0

c ­ 1707.762 for the onset of
convection in a pure fluid. We are interested here in ne
tive separation ratiosc [3]. Then the Soret coupling be
tween deviationsT of temperature andC of concentration
from their means tends to increase (decrease) the eth
concentration in the cold (warm) fluid regions.

In Fig. 1 we show how an increasing Soret coupli
strength changes the bifurcation diagrams of (a) ma
mal vertical flow intensityw2

max, (b) TW frequencyv,
(c) mixing number1 2 M, and (d) convective contribu
tion N 2 1 to the Nusselt number. The order parame

1 2 M ­ 1 2

q
kC2lykC2

condl measures the convectiv
mixing. It is defined so as to vanish in the conducti
state,Ccond ­ 2cz, and it approaches11 for convec-
tion with strong mixing properties where the spatia
averaged square of the concentration variationkC2l be-
comes small. The overall subcritical bifurcation topolo
is caused by the interplay of two adverse effects: (i) T
Soret coupling to the degrees of freedom of the conc
tration field stabilizes the quiescent basic state [19], si
the Soret induced concentration distribution reduces
buoyancy force that drives convection. This shifts w
increasingjcj the TW bifurcation thresholdrosc (arrows
in Fig. 1) upward along ther axis. (ii) With increasing
convection mixing advectively reduces the Soret induc
concentration gradients and with it the influence of t
Soret effect on the buoyancy so that the convection
havior of the mixture approaches that of the pure fluid
dashed curves labelledc ­ 0 in Figs. 1(a) and 1(d).

We found that the spatiotemporal properties of T
states substantially change when the convective flowwmax

becomes larger than the phase velocityy ­ v
l

2p . Start-
ing atrosc with a large Hopf frequencyvH andwmax ­ 0,
© 1997 The American Physical Society 235
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FIG. 1. Evolution of TW–bifurcation diagrams with Sore
coupling strengthc: (a) squared maximal vertical flow
w2

max, (b) frequencyv, (c) mixing number1 2 M, and (d)
convective contribution to the Nusselt numberN 2 1 vs
reduced Rayleigh numberr. Stable (unstable) TW states a
marked by filled (open) symbols. Four of them on the verti
dotted line at r ­ 2.24, c ­ 20.6 are identified for later
discussion by different triangles. Arrows mark Hopf thresho
rosc for onset of TW convection. Thec ­ 0 pure fluid limit is
included in (a) and (d) by the dashed line. Full lines throu
the data points of (a) represent the fit discussed in the t
Only states in the shaded region of (a) are weakly nonlin
(cf. text).

the frequency [Fig. 1(b)] monotonically decreases alo
the TW solution branch while the convection amplitu
wmax grows. States withx ­ wmaxyy , 1 [shaded re-
gion in Fig. 1(a)] are weakly nonlinear, while those wi
larger x are strongly nonlinear. In the former there a
only open streamlines in the frame comoving with t
TW [Fig. 2(a)] and the concentration wave profile is ba
cally harmonic [Fig. 2(b),, and.]. On the other hand
for x . 1 there are also regions of closed streamlin
[Fig. 2(c)]. With growingx their size and with it the an
harmonicity of the concentration wave [Fig. 2(b),n and
m] increases, since within regions of closed streamli
concentration is diffusively mixed to alternatingly hig
and low plateau levels. Moving along a TW branch, o
observes with growingx first an increase of the amplitud
of a harmonic concentration wave up tox . 1 and then
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FIG. 2. (b) Wave profiles of concentration deviationC
(scaled byDTayb) at the vertical position marked by arrows
in (a) und (c). Therein streamlines in the frame comoving wi
the TW are shown. Symbols identify states in Fig. 1 on th
dotted vertical line.

a decrease in amplitude combined with its wave profi
becoming more and more trapezoidal [Fig. 2(b)].

The structural changes that occur with growingx can
be observed experimentally in topview and even better
sideview shadowgraph intensity distributions [10,12,20
The sideviews in Fig. 3 of four TW’s (marked by triangle
in Fig. 1) existing at the samer ø 2.24 show in Fig. 3(a)
the smooth distribution of a weakly nonlinear linear sta
(,) and in Figs. 3(b)–3(d) strongly nonlinear ones.
the latter the Soret induced ethanol rich (poor) bounda
layers near the top (bottom) plate increasingly dischar
via concentration jets into the growing roll-like region
of closed streamlines. Therein, the concentration is th
homogenized on alternating high and low levels.

With increasing Soret coupling strengthjcj, the TW
solution branches in Fig. 1 become more and mo
contorted. Already atc . 20.001 the lower unstable
branches ofw2

max and N have two inflection points with
a dent in-between that can clearly be seen in Fig. 1
c ­ 20.25. The significance of such a dent on th
lower unstable branch of solutions being unaccessible
experiments [4–13] as well as to earlier numerical sim
lations [14,15] has not been appreciated appropriately,
though it can be seen in the paper of Bensimon et al.[ 2
in the limit of small Soret coupling ands ! `. With
our new finite difference method and our many mod
Galerkin scheme, we can now trace out the comple
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FIG. 3. Sideview shadowgraph intensity distributions o
tained as described in [10,15] from the numerically determin
TW states that are marked by the respective triangles in Fig

solution branch and determine how its bifurcation top
ogy changes withc . We found that the above mentione
dent develops atc . 20.4 into a forward bending arc
when the first inflection point (p in Fig. 4) emits two
new saddles (j and ≤ in Fig. 4). So in the shaded re
gion of the control parameter plane of Fig. 4, three sta
states occur: Forc & 20.4 two different stable TW’s
coexist—one fast, the other one slow—that compete w
each other and with the stable quiescent basic state.
thermore, a new scenario appears forc & 20.61. There,
the Rayleigh numberrS

≤ of the saddle with smallN, wmax

and largev drops below the saddlerS
r with largeN, wmax

and smallv so that a two-step hysteresis opens up b
tween basic state, slow TW’s, and fast TW’s [22].

The first inflection point (p in Fig. 4) of the TW
bifurcation branch coincides closely with the bounda
x ­ 1 between weakly and strongly nonlinear states
the change in curvature of the bifurcation branch refle
the change in the TW structure. Even forc as small as
about20.001 amplitude equations of quintic order migh
possibly reproduce realistically only those TW states t
lie betweenrosc and the first inflection point. The fact tha
x . 1 is an upper limit to amplitude expansions arou
-
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FIG. 4. c 2 e phase diagram of TW states at subcritic
driving. In the shaded parameter regime two stable TW
exist. Bifurcation diagrams ofN vs e in the insets explain
the meaning of the symbols:≤, j, and r represent saddle
node states with small, medium, and large convection amplitu
(large, medium, and small frequency), respectively. The fi
(second) inflection point is denoted byp (1).

the Hopf bifurcation threshold follows also directly from
the behavior of the multivalued functional dependen
of the flow intensityX ­ w2

max on r. Its singlevalued
inversersXd—to see it just turn Fig. 1(a) by 90±—can
be represented extremely well by the product

rsXd ­ r0sXd QsXd , (1)

cf. the full lines in Fig. 1(a). Herer0sXd is the c ­ 0
border curve for the pure fluid [dashed line in Fig. 1(a
that starts atr0sX ­ 0d ­ 1 and grows for largeX
slightly sublinearly. The rational function

QsXd ­
a0 1 a1X 1 a2X2 1 a3X3

1 1 b1X 1 b2X2 1 b3X3

ensures witha0 ­ rosc that rsX ­ 0d ­ rosc and with
finite a3yb3 that r 2 r0 does not diverge for largeX.
With the third order polynomials inQ, four different X
can have the samer. In that sense (1) is a minima
representation of the bifurcation diagrams of Fig. 1(
Now, the radius of convergenceXc of an amplitude
expansion ofQ in a power series inX is given by the
absolute value of that pole ofQ closest toX ­ 0 in the
complexX plane. Our fits forQsXd show that this pole
lies on the negative realX–axis with Xc close toy2 so
that x ­ wmaxyy . 1 is indeed anupper limit for the
applicability of amplitude expansions.

A recent TW model [23] into whichx enters as
a relevant parameter predicts that the frequencies
237
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FIG. 5. Universal,c independent scaling relations betwee
(a) frequency and “distance”r 2 r0 of TW states fromc ­ 0
convection (cf. text), (b) degree of convective mixing1 2 M
and TW frequency. HerevH is the Hopf frequency at onse
Shown are all TW states of Fig. 1 and some that have b
suppressed there for clarity (stable TW’s—filled symbo
unstable TW’s—open symbols).

universally determined by the “distance”rsXd 2 r0sXd
of the TW states from the pure fluid convection st
sc ­ 0d. For any TW with a particularX ­ w2

max,
this distance parallel to ther-axis can be read of
in Fig. 1(a). We confirm this prediction in Fig. 5(a
It shows that the scaled frequencies1 2 vyvH are
indeed linearly related to

p
r 2 r0yvH in a universal,

c-independent manner that holds for stable as wel
for unstable TW’s. Furthermore, according to Fig. 5(
the convective mixing1 2 M grows linearly with the
reduced frequency deviation1 2 vyvH from the Hopf
frequency and also1 2 M is roughly linearly related to
p

r 2 r0yvH .
To summarize, we have found bistability between sl

and fast TW’s and we have elucidated how the la
appear when the Soret coupling becomes sufficie
strong. Test runs with smaller Lewis and/or larg
Prandtl numbers lead to similar bifurcation behavior.
check our results experimentally—preferably in annu
containers—and also to investigate effects related
spatially confined states, we suggest using mixtures w
c . 20.6 as in Refs. [4,5].

This work was supported by the Deutsche Forschun
gemeinschaft. A graduate scholarship of the Saarland
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