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Bistability of Slow and Fast Traveling Waves in Fluid Mixtures
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The appearance of a new type of fast nonlinear traveling wave states in binary fluid convection with
increasing Soret effect is elucidated and the parameter range of their bistability with the common slower
ones is evaluated numerically. The bifurcation behavior and the significantly different spatiotemporal
properties of the different wave states—e.g., frequency, flow structure, and concentration distribution—
are determined and related to each other and to a convenient measure of their nonlinearity. This allows
one to derive a limit for the applicability of small amplitude expansions. Additionally, a universal
scaling behavior of frequencies and mixing properties is found. [S0031-9007(96)02101-1]

PACS numbers: 47.20.Ky, 03.40.Kf, 47.10.+g

In binary fluid mixtures heated from below, there ity lengthA = 2 out of the quiescent heat conducting state
is an interesting feedback loop between the fields of16]. A finite difference method [17] as well as a many
concentration, velocity, and temperature. The buoyancynode Galerkin scheme is used to solve the appropriate field
force that drives the convective flow is changed byequations[1,15]in a vertical cross section through the rolls
concentration variations. They, in turn, gducedvia  perpendicular to their axes. Horizontal boundaries at top
the Soret effect [1,2] by temperature gradients, i.e., viand bottomz = *=1/2, are no slip, perfectly heat conduct-
thermodiffusion andeducedby dissipative concentration ing, and impermeable. Our control parameter R/R?
diffusion and by mixing through the convective flow. measuring the thermal driving is the Rayleigh numBer
This coupling chain causes a surprising richness ofeduced by the critical onR® = 1707.762 for the onset of
spatiotemporal pattern formation [3] even close to theconvection in a pure fluid. We are interested here in nega-
onset of convection. In particular, there are convectivdive separation ratiog [3]. Then the Soret coupling be-
structures [2—15] consisting of coupled traveling wavegween deviationg’ of temperature and' of concentration
(TW’s) of velocity, temperature, and concentration withfrom their means tends to increase (decrease) the ethanol
significantly different shapes [14,15]. Since nonlinearconcentration in the cold (warm) fluid regions.
concentration advection is typically much larger than In Fig. 1 we show how an increasing Soret coupling
linear diffusion—the ratio of these two transport rates carstrength changes the bifurcation diagrams of (a) maxi-
easily be above 1000—it is not surprising that these TWmal vertical flow intensityw2,,, (b) TW frequencyw,
states are typically strongly nonlinear. (c) mixing numberl — M, and (d) convective contribu-

In this Letter we elucidate how with increasing Sorettion N — 1 to the Nusselt number. The order parameter
coupling there appear two different bistable TW's—one; _ py — | — \/(c2)/(C2,,) measures the convective
about twice as fast as the other—which both stablymixing. It is defined so as to vanish in the conductive
coexist with the stable quiescent conductive state. Thetate, C.,,q = —tz, and it approaches-1 for convec-
convective amplitude of the fast (slow) TW is small tion with strong mixing properties where the spatially
(large) while the amplitude of its concentration contrastaveraged square of the concentration variati6R) be-
is large (small). The fast stable TW’'s have so farcomes small. The overall subcritical bifurcation topology
remained unnoticed in experiments [4—13] and numericak caused by the interplay of two adverse effects: (i) The
simulations [14,15]. They develop with increasing SoretSoret coupling to the degrees of freedom of the concen-
coupling via a saddle node bifurcation out of a dent in therration field stabilizes the quiescent basic state [19], since
subcritically bifurcating unstable TW branch. They arethe Soret induced concentration distribution reduces the
most easily accessible via a two-loop hysteresis at largdsuoyancy force that drives convection. This shifts with
but experimentally realizable Soret effects. Furthermoreincreasing|| the TW bifurcation threshold,,. (arrows
we discovered an universal scaling behavior of TWin Fig. 1) upward along the axis. (ii) With increasing
frequencies and mixing properties. We also found thatonvection mixing advectively reduces the Soret induced
the ratio of flow and phase velocity is a relevant parametegoncentration gradients and with it the influence of the
and a convenient measure of their nonlinearity that allowssoret effect on the buoyancy so that the convection be-
one to determine where an amplitude expansion aroun@avior of the mixture approaches that of the pure fluid—
the onset breaks down. dashed curves labelled = 0 in Figs. 1(a) and 1(d).

To investigate roll-like convection structures in a hori- We found that the spatiotemporal properties of TW
zontal layer of, say, ethanol water with Lewis numberstates substantially change when the convective flgy
L = 0.01 and Prandtl numbes = 10, we determine the becomes larger than the phase veloeity= w%. Start-
convective solutions that bifurcate with a lateral periodic-ing atr.s. With a large Hopf frequencywy andwp,x = 0,
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] FIG. 2. (b) Wave profiles of concentration deviatiofi
y 4 (scaled byAT a/B) at the vertical position marked by arrows
0.0, i e oS P

in (@) und (c). Therein streamlines in the frame comoving with
the TW are shown. Symbols identify states in Fig. 1 on the
r dotted vertical line.

FIG. 1. Evolution of TW-bifurcation diagrams with Soret
coupling strengthy: (a) squared maximal vertical flow
w2, (b) frequencyw, (c) mixing numberl — M, and (d)

max !

convective contribution to the Nusselt numbat — 1 vs @ decrease in amplitude combined with its wave profile
reduced Rayleigh number. Stable (unstable) TW states are becoming more and more trapezoidal [Fig. 2(b)].

marked by filled (open) symbols. Four of them on the vertical The structural changes that occur with growipgcan
dotted line atr =2.24, y = —0.6 are identified for later e gpserved experimentally in topview and even better in

discussion by different triangles. Arrows mark Hopf thresholds_. : . . AT
Foso foO onsetyof W Convect‘?on_ Theé = 0 pure fluliod limitis _sideview shadowgraph intensity distributions [10,12,20].

included in (a) and (d) by the dashed line. Full lines through he sideviews in Fig. 3 of four TW's (marked by triangles
the data points of (a) represent the fit discussed in the texin Fig. 1) existing at the same = 2.24 show in Fig. 3(a)
Only states in the shaded region of (a) are weakly nonlineathe smooth distribution of a weakly nonlinear linear state
(cf. text). (V) and in Figs. 3(b)—3(d) strongly nonlinear ones. In
the latter the Soret induced ethanol rich (poor) boundary
layers near the top (bottom) plate increasingly discharge
the frequency [Fig. 1(b)] monotonically decreases alongia concentration jets into the growing roll-like regions
the TW solution branch while the convection amplitudeof closed streamlines. Therein, the concentration is then
Wmax grows. States withy = wy./v < 1 [shaded re- homogenized on alternating high and low levels.
gion in Fig. 1(a)] are weakly nonlinear, while those with  With increasing Soret coupling strengttt|, the TW
larger y are strongly nonlinear. In the former there aresolution branches in Fig. 1 become more and more
only open streamlines in the frame comoving with thecontorted. Already ai/ = —0.001 the lower unstable
TW [Fig. 2(a)] and the concentration wave profile is basi-branches ofv2,, and N have two inflection points with
cally harmonic [Fig. 2(b) and¥]. On the other hand, a dent in-between that can clearly be seen in Fig. 1 at
for y > 1 there are also regions of closed streamlinesy = —0.25. The significance of such a dent on the
[Fig. 2(c)]. With growing y their size and with it the an- lower unstable branch of solutions being unaccessible to
harmonicity of the concentration wave [Fig. 2(ld),and  experiments [4—13] as well as to earlier numerical simu-
A] increases, since within regions of closed streamlinesations [14,15] has not been appreciated appropriately, al-
concentration is diffusively mixed to alternatingly high though it can be seen in the paper of Bensimon et al.[ 21]
and low plateau levels. Moving along a TW branch, onen the limit of small Soret coupling and- — «. With
observes with growing first an increase of the amplitude our new finite difference method and our many mode
of a harmonic concentration wave up o= 1 and then Galerkin scheme, we can now trace out the complete
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= FIG. 4. ¢ — e phase diagram of TW states at subcritical
L driving. In the shaded parameter regime two stable TW's

exist. Bifurcation diagrams oV vs e in the insets explain
the meaning of the symbols:e, B, and ® represent saddle
(d) node states with small, medium, and large convection amplitude
A (large, medium, and small frequency), respectively. The first
(second) inflection point is denoted by(+).

the Hopf bifurcation threshold follows also directly from

-1 % (d) 0 I the behavior of the multivalued functional dependence
. . — 2 .
FIG. 3. Sideview shadowgraph intensity distributions ob-.Of the flow intensityX = wp,, on r. lts singlevalued

tained as described in [10,15] from the numerically determinedNVerser(X)—to see it just turn Fig. 1(a) by 96-can
TW states that are marked by the respective triangles in Fig. 10€ represented extremely well by the product

r(X) = ro(X) 0(X), 1)

solution branch and determine how its bifurcation topol-
ogy changes withy. We found that the above mentioned cf. the full lines in Fig. 1(a). Herey(X) is the ¢y = 0
dent develops afy = —0.4 into a forward bending arc border curve for the pure fluid [dashed line in Fig. 1(a)]
when the first inflection point#(in Fig. 4) emits two that starts atro(X = 0) =1 and grows for largeX
new saddlesl and e in Fig. 4). So in the shaded re- slightly sublinearly. The rational function
gion of the control parameter plane of Fig. 4, three stable
states occur: For < —0.4 two different stable TW's ox) = ot aX + aX? + a3X’
coexist—one fast, the other one slow—that compete with 1+ b1 X + byX? + b3X3
each other and with the stable quiescent basic state. Fur-
thermore, a new scenario appearsgors —0.61. There, ensures withag = ro that r(X = 0) = r. and with
the Rayleigh number; of the saddle with smalV, wy,.,  finite a3/bs that r — ry does not diverge for larg&.
and largew drops below the saddigy with largeN, wn.x ~ With the third order polynomials i@, four different X
and smalle so that a two-step hysteresis opens up beean have the same. In that sense (1) is a minimal
tween basic state, slow TW's, and fast TW's [22]. representation of the bifurcation diagrams of Fig. 1(a).

The first inflection point £ in Fig. 4) of the TW Now, the radius of convergenc®. of an amplitude
bifurcation branch coincides closely with the boundaryexpansion ofQ in a power series irX is given by the
x = 1 between weakly and strongly nonlinear states—absolute value of that pole @ closest toX = 0 in the
the change in curvature of the bifurcation branch reflecteomplexX plane. Our fits forQ(X) show that this pole
the change in the TW structure. Even fgras small as lies on the negative reat—axis with X, close tov? so
about—0.001 amplitude equations of quintic order might that y = wu.x/v = 1 is indeed anupper limit for the
possibly reproduce realistically only those TW states thaapplicability of amplitude expansions.
lie betweerv,, and the first inflection point. The factthat A recent TW model [23] into whichy enters as
x = 1 is an upper limit to amplitude expansions arounda relevant parameter predicts that the frequencies are
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