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We considera ferrofluid cylinder, that is rotatingwith constantrotationfrequency � = Ωez

asa rigid body. A homogeneousmagneticfield H0 = H0ex is appliedperpendicularto the
cylinder axis ez . This causesa nonequilibriumsituation.Thereinthe magnetizationM and
the internalmagneticfield H areconstantin time and homogeneouswithin the ferrofluid.
According to the Maxwell equationsthey are relatedto eachother via H = H0 −M/2.
However, H and M are not parallel to eachother and their directionsdiffer from that of
the applied field H0. We have analyzedseveral different theoreticalmodels that provide
equationsfor the magnetizationin sucha situation.The magnetizationM is determined
for eachmodel as a function of Ω and H0 in a wide rangeof frequenciesand fields.
Comparisonsare made of the different model results and the differencesin particular
of the predictions for the perpendicularcomponents Hy = −My/2 of the fields are
analyzed.

1. Intr oduction

Thereare several theoreticalequationsfor the dynamics of the magnetization
M(r , t) of a ferrofluid that is flowing with velocity u(r , t) in an externally
appliedmagneticfield H0 [1–5]. Herewecomparetheir predictionsfor a sim-
ple special case that is experimentally accessible. We consider a ferrofluid
cylinder of radius R of sufficiently large length to be approximated as infi-
nite in a homogeneousappliedfield H0 = H0ex in x-direction.The ferrofluid
cylinder is enforced via its walls to rotate as a rigid-body aroundits long
axis with constant rotation frequency � = Ωez beingorientedperpendicular
to H0. The flowfield is thus u(r) = � × r = Ωreϕ where eϕ is the unit vec-
tor in azimuthal direction.In such a situationall aforementionedmodelsallow
for a spatially andtemporally constant nonequilibriummagnetizationM that

* Corresponding author. E-mail: andy@lusi.uni-sb.de



T
h

is article is p
ro

tected
 b

y G
erm

an
 co

p
yrig

h
t law

. Y
o

u
 m

ay co
p

y an
d

 d
istrib

u
te th

is article fo
r yo

u
r p

erso
n

al u
se o

n
ly. O

th
er u

se is o
n

ly allo
w

ed
 w

ith
 w

ritten
 p

erm
issio

n
 b

y th
e co

p
yrig

h
t h

o
ld

er. 

220 A. LeschhornandM. Lücke

Fig.1. Schematic plot of relevant vectors.

is rotatedout of the directionsof H0 andH by the flow. The Maxwell equa-
tions demand that thefieldsH andM within the ferrofluid arerelatedto each
othervia

H = H0 −
1

2
M (1.1)

as indicatedschematically in Fig. 1 and that the magneticfield outside the
ferrofluid cylinder

Hout = H0 +
1

2

R2

r 2

(

2
r
r

M · r
r

−M
)

(1.2)

is a superposition of theappliedfield H0 andthedipolarcontribution from M .
This resultcanbeusedfor comparisonswith experiments which measurethe
outsidefield.

2. Magnetizationequations

The modelequationsthat we comparehereimply a relaxationaldynamics ei-
therof M towardstheequilibriummagnetization

M eq(H) =
Meq(H )

H
H = χ(H )H (2.1)

or of the“ local equilibrium” or “effective” field

Heff(M) =
M−1

eq (M)

M
M = F(M)M (2.2)
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towards the internalfield H. Theequilibrium magnetizationMeq(H ) referring
to the functional relation betweeninternal field H and magnetizationin the
case of Ω = 0 is a thermodynamic materialpropertyof theferrofluid. Theef-
fectivefieldHeff liesparallelto M andcanbeseenastheinverseof thedefining
requirement

M = M eq(Heff) . (2.3)

In equilibrium, Ω = 0, onehasHeff = H andM = M eq.
We considerheretherelations

Debye: � ×M =
1

τ
(M −M eq) (2.4)

S’72 [2]: � ×M =
1

τ
(M −M eq)+

µ0

4ζ
M × (M ×H) (2.5)

FK [3]: � ×M = γH(Heff −H)+
µ0

4ζ
M × (M ×H) (2.6)

S’01 [4]: � ×Heff =
1

τ
(Heff −H)+

µ0

4ζ
Heff × (M ×H) (2.7)

ML [5]: � ×M = ξ(Heff −H) (2.8)

resulting for the rotating cylinder from the above 5 models. Here τ denotes
a magneticrelaxationtime, γH and ξ relaxationrates, ζ the vortex viscos-
ity andµ0 the vacuumpermeability. In ML we use the weakfield variant of
Ref. [5]. These equationshave to be solved numerically in combination with
theMaxwell equation(1.1).

As an aside we mention that the above equationscan be written in the
common form

M × (� +α3M ×H0) =α1(H0 −α2M) (2.9)

with coefficients:

Debye: α1 =
χ

τ
, α2 =

1

χ
+

1

2
, α3 = 0

S’72: α1 =
χ

τ
, α2 =

1

χ
+

1

2
, α3 =

µ0

4ζ

S’01: α1 =
1

Fτ
, α2 = F +

1

2
, α3 =

µ0

4ζ

FK: α1 = γH , α2 = F +
1

2
, α3 =

µ0

4ζ

ML: α1 = ξ , α2 = F +
1

2
, α3 = 0 .
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Fig.2. Equilibrium magnetizationMeq(H ) usedasinput into the modelscomparedhere.

3. Results

In order to make the comparison of the theoretical results easier we re-
place the equilibrium magnetization Meq(H ) by the Langevin expression
Meq(H ) = MsatL (3χ0H/Msat) with the initial susceptibility χ0 = χ(H = 0).
We use χ0 = 1.09 and Msat = 18149A/m for the saturationmagnetization
which is appropriatefor the ferrofluid APG 933 of FERROTEC. The result-
ing curve is shown in Fig. 2. Furthermore,wereplacetherelaxationtime τ(H )

by τB = 6×10−4 s.For ζ � 3
2
Φη weusethevaluesη = 0.5 Pasand Φ = 0.041

andfor γH we useγH = χ0/τB [6]. For the parameterξ of ML [5] we inves-
tigatetwo differentchoices: Either the low-field variant,ξ = χ0/τB, as in FK
that is denotedhereby ML(F). Or thevariantξ = 1/[F(M)τB] asin S’01 that
is denotedhereby ML(S).

EspeciallytheperpendicularcomponentHy = − 1
2
My of themagneticfield

is suited for acomparison of thedifferentmodelswith eachotherand with ex-
periments.Beforedoingtheformer we shouldlike to draw theattentionto the
frequency behavior of My(H0,Ω). Wementionedalreadythat My vanishes for
zerovorticity, Ω = 0. Furthermore,onefinds that My aswell as Mx vanishes
also in thelimit Ω → ∞. Andsinceonecanrewrite thesolutionof Eq. (2.9) in
theform My = Ωτ

α1+α3M2
M2

H0
oneseesthat My(Ω) hasamaximum asafunctionof

Ω asin Fig. 3. Therewe show Hy versusΩ.
Thedifferencesin theresults for thedifferentmodelsareeasily capturedby

comparing their predictionsfor the maximum valuesof |Hy|, the locationsof
these maxima at Ωmax, and theinitial slopesd|Hy |

dΩ
at Ω → 0, eachasa function

of appliedfield H0. This is donein Fig. 4.
The maximal valuesof |Hy| of DebyeandS’72 are the same while their

locations, Ωmax, differ. ThemodelsS’01, FK, and ML formulatedin terms of
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Fig. 3. Comparisonof thepredictionsof thedifferenttheoreticalmodelsfor the transverse
internalfield Hy versusrotationfrequency Ω.

Fig. 4. (a) Frequency Ωmax leadingto maximal transversefield, (b) largesttransversefield,
and(c) initial slope −dHy

dΩ
at Ω → 0.
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the effective field also sharea common maximal value of |Hy| being larger
than that of Debyeand S’72 while the location,Ωmax, differ partly substan-
tially. Hencethe magnetictorque,M ×H, entering into S’72, FK, and S’01
only shifts thefrequency Ωmax. It remainsto beseenwhetherexperimentscan
be performed with sufficient accuracy to discriminate between the different
theoreticalpredictions.
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