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1 Vorbemerkungen, Lernziele und Fragen

1.1 Hinweis zum Hinweis zu BTEX auf der FoPra-Homepage (— Hinweise)

Tatsachlich gibt es 'Kreise', die KTEX bevorzugen. Bezeichnenderweise sind das genau diejenigen, die
sich IATEX angeschaut haben, bevor sie dariiber urteilen und sich dann einfach fiir die bessere Alternative
entschieden haben. Hier einige Argumente von Nutzern. Mir ist in der Tat kein Vorteil von Word
gegeniiber KTEX bekannt.

= Die Angst davor, Studenten mit ATEX in Kontakt kommen zu lassen, ist berechtigt: Ich kenne
niemanden, der nach dem Wechsel von Word zu KTEX freiwillig wieder zu Word zuriickgekehrt
ist.

» Die Benutzung von TEX fiihrt nicht dazu, dass man Word danach nicht mehr verwenden kann.
Man kann Studenten also problemlos mit IATEX arbeiten lassen, ohne dass sie die Fahigkeit
verlieren, in der 'normalen Arbeitswelt’ in Word herumzuklicken.

= Es ist ein weit verbreiteter Mythos, dass in der 'normalen Arbeitswelt’ nur Windows verwendet
wiirde. Das gilt vielleicht fiir Sekretariate und Business-Kasper, aber nicht fir die Aufgaben, die
ein Physiker ausliibt.

» ATEX ist nicht nur etwas fiir Programmierer: Word heiBt 'Klicken auf Eigenschafts-Buttons', KTEX
heiBt 'Hinschreiben der Eigenschaften’. Merken muss man sich die jeweilige Eigenschaft in beiden
Fallen.

» In Word arbeitet man zu 70-80% am Aussehen, mit IATEX arbeitet man am Inhalt, IKTEX kiimmert
sich ums Aussehen — und das sogar besser als Word.

= Word ist extrem umstandlich bei der Eingabe von Formeln. Es (ibersetzt sie zwischen verschie-
denen Sprachen hin und her, und zwar nicht konvergierend.

= Einbinden von Objekten in Word fiihrt regelmaBig zu einer nur schwer reversiblen Zerstérung des
Seitenlayouts. In IKTEX kommentiert man Code einfach aus und compiliert neu.

= GroBe Dokumente sind schwierig zu handeln in Word. Es gibt Leute, die das Dokument gesplittet
und die Seitenzahlen im Inhaltsverzeichnis manuell eingetragen haben.

» Word-Blocksatz lasst u.U. groBe Wortzwischenrdume, weil Microsoft nach 35 Jahren Entwicklung
immer noch keine Box-basierte Positionierung hinbekommen hat. Deshalb sehen Word-Texte
teilweise schrecklich aus und sind unangenehm zu lesen. Typographie ist sowieso keine Stérke
von Word.

» ATEX ist frei und es existieren zahllose Zusatzpakete fiir nahezu alle Anwendungsbereiche.

= Da ein ETEX-Dokument eigentlich ein IATEX-Programm ist, lassen sich sehr einfach Dokumente
automatisch tiber Shell-Skripte erzeugen.

= Schiiler der Mittelstufe erlernen die Grundlagen von ETEX in 30-60 Minuten. Wenn man das
Konzept verstanden hat, kann man sehr schnell beliebig komplexe Aufgaben losen. Viele Aufgaben
sind in Word gar nicht erst umsetzbar und wenn, dann nur mit massivem Aufwand, um dann im
Zweifel ein typographisch schlechtes Ergebnis zu erhalten.

= Bei den meisten der Moglichkeiten von IKTEX ist Word-Nutzern nicht einmal bewusst, dass so
etwas lberhaupt existiert oder moglich ist (s. nachsten Abschnitt ©).

= Hier noch ein Zitat von Donald E. Knuth (beriihmter Informatiker und Physiker, Erfinder von
TeX und METAFONT): "If you were young again, would you start writing TeX again or would
you use Microsoft Word, or another word processor?” — "l hope to die before | have to use
Microsoft Word.” — Harald Koenig asking Donald Knuth, Tiibingen, 2001 Oct 2.
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1.2  BigBug Button

Mit dem BigBug Button @ auf jeder Seite unten rechts kommst du direkt auf eine Web-Seite, auf
der du einen Fehler melden kannst. Die Position des Fehlers wird automatisch lbertragen, kann aber
von dir beliebig angepasst werden. Die Angabe eines Kontakts ist freiwillig.

1.3 Lernziele

Das Skript soll anhand des praktischen Beispiels Computertomographie die verschiedene grundsatzliche
Konzepte und Arbeitsweisen der theoretischen Physik vermitteln.

Analyse des physikalischen Problems

Mathematische Modellierung

Algorithmische Umsetzung

Implementierung in einer geeigneten Programmiersprache
Fehlersuche und Optimierung

Simulation und Variation der Parameter

Analyse der Ergebnisse

Nooewh =

Im Zentrum steht die Implementierung verschiedener Algorithmen, die sich im wesentlichen auf Ma-
trixoperationen zurlickfihren lassen. Die Programmierung kann wahlweise in C, C++ oder Python
erfolgen. Es werden folgende Teilaufgaben gel6st:

Simulation einer computertomographischen Aufnahme (Sinogramm)
Rekonstruktion des Urbildes aus dem Sinogramm

Variation der Rekonstruktionsverfahren und Parameter

Analyse der Urbilder durch Methoden der Bildverarbeitung

Sl

1.4 Vorkenntnisse

= Mathematik: Lineare Algebra 1

= Physik: Grundkenntnisse

» Numerik: Grundkenntnisse

= Programmieren: Computerpraktikum/ITG1 bzw. Programmierkenntnisse z.B. in C o.a.

Anmerkung: Das Skript befindet sich im Aufbau und wird nach und nach erweitert.

1.5 Fragen
1. Verfahren zur Erzeugung von Réntgenstrahlung - Energiespektren
2. Absorptionsprozesse von Rontgenstrahlung, Wechselwirkung mit Materie
3. Detektion von Rontgenstrahlung
4. |dealisierte Annahmen lber Absorption und Ausbreitung - Modellgrundlagen
5. Herleitung der rechten Seite von GI. (2.1).
6. Warum kein GauB-Verfahren zur Bildrekonstruktion?
7. Analytische und numerische Losungsverfahren fiir lineare Gleichungssysteme


http://alef.lusi.uni-sb.de/~chhof/typos.html?page=3&chap=FP1-1.2
http://alef.lusi.uni-sb.de/~chhof/typos.html?page=4&chap=FP1-1.5

2 Grundlagen 5

2 Grundlagen

2.1 Tomographie und Radon-Transformation

Viele Messverfahren liefern integrale GroBen der inneren Struktur eines Objekts. Dann besteht das
Problem, aus diesen auf die gesuchte innere Struktur zuriick zu schlieBen, z.B. bei der Tomographie
(Schnittbildverfahren), bei der ein zweidimensionales Schnittbild durch das Objekt iiber die orts- und
richtungsabhangige Absorption von Réntgenstrahlen (integriert entlang jedes einzelnen Strahls) als
integrale GroBe entlang des eindimensionalen Randes bestimmt wird. Neben elektromagnetischer (bzw.
optischer) Absorption kénnen natirlich auch andere physikalische MessgroBen wie z.B. mechanische
Schwingungen (geologische Analysen) etc. verwendet werden.

Mathematisch liegt diesen Verfahren die Radon-Transformation zugrunde. Sei f : R? — R stetig und
auBerhalb eines Kreises K um den Ursprung identisch Null. Sei gq9 C R? eine beliebige Gerade mit
Winkel 8 zur z-Achse und Abstand d vom Ursprung, dann heiBt das Linienintegral

Rlf(z,v)](d,0) = /f(a:, y) ds = /f(dcos@ + tsinf, dsinf — tcosf) di (2.1)
9d,0 —o0

Radon-Transformierte von f entlang der Geraden g.

2.2  Sinogramm

In der Computertomographie werden S parallele Rontgenstrahlen (jeweils mit einer endlichen Breite),
welche alle in einer Ebene liegen, durch das Testvolumen (beschrieben durch den ortsabhangigen Ab-
sorptionskoeffizienten f(z, y)) gefiihrt und auf der gegeniiberliegenden Seite von einem Detektor mit S
Sensorelementen gemessen. Dadurch entsteht eine eindimensionale Projektion von f(z,y) auf das De-
tektorarray. Je nach Gesamtabsorption Bs = [, f(,y) ds entlang des s-ten Strahls ray, (0 < s < 5)
wird das s-te Element des Detektors proportional angeregt. Wird dies fiir alle Winkel 0 < 6 < 180° wie-
derholt, wobei der Halbkreis in T Schritten mit 0 < ¢ < T abgefahren wird, erhalt man das sogenannte

Sinogramm in Abhangigkeit aller (7" - S) Strahlengange
1800)

B = RIf (o)) (dt- =

wobei d, der Abstand des s-ten Strahls vom mittleren Strahl darstellt und 0 < s < Sund 0 <t < T
gilt.

(2.2)

2.3 Bildrekonstruktion

Ziel der Bildrekonstruktion ist es nun, aus dem Sinogramm auf die urspriingliche Dichteverteilung (ent-
spricht der Absorption) f(z,y) zuriick zu schlieBen (inverse Radon-Transformation). Da der Detektor
und damit auch das Sinogramm eine diskrete Elementzahl besitzen, stehen auch nur endlich viele Glei-
chungen zur Bestimmung von f(z, y) zur Verfigung, d.h. wir nahern die gesuchte Dichteverteilung auf
dem Gitter 0 < ¢,j < N durch f;; = f(x;,y;). Um ausreichend viele Gleichungen zu erhalten, sollte
das Gleichungssystem (iberbestimmt sein, also

N2 <(T-09) (2.3)

gelten.

D
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2.4 Diskretisierung

Wir beginnen die Analyse mit der Herleitung der diskreten Radon-Transformierten von f;; = f(x;, y;),
wobei der Zeilenindex i die y- und der Spaltenindex j die x-Koordinate reprasentieren . Das Objekt,
wie auch das rekonstruierte Bild seien quadratisch (N x N Pixel) und um den Ursprung zentriert.
Dies vereinfacht die Berechnung der Projektionen bei Rotation des Objekts um den Winkel 6. Der
Einfachheit halber definieren wir die Weltkoordinaten des Zentrums des Pixels (7, 7)

zj=7—|N/2|+0.5

yi=i— | NJ2] +05. (24)

Dadurch betragt der Pixelabstand immer 1. Wegen 0 < ¢, j < N erhalten wir fiir das Beispiel N = 100
folgende Pixelzentrumskoordinaten z;, y; = {—49.5, —48.5,... — 0.5,0.5,...48.5,49.5}.

Die Radon-Transformation stellt eine lineare Uberlagerung der Beitrige fi; samtlicher Pixel (j,17) €
{0,..., N — 1}? dar. Es liegt also nahe, die Transformation des Bildes auf das Sinogramm B als
lineare Abbildung der Form

R-F=P (2.5)

zu schreiben, wobei F' und P die aus f; ; bzw. B; ; mittels
Finyj =1ty bzw. Pygis:= By, (2.6)

gewonnenen Spaltenvektoren sind. Anschaulich wird also jede Zeile beider Matrizen transponiert und
unten an den jeweiligen Spaltenvektor angehingt. Offensichtlich gilt |F| = N? und |[P| = T - S und
damit R € R(T-5)xV?,

Innerhalb dieser Ubung wahlen wir N = 100. Der gebrauchliche Wert fiir die Winkelaufldsung betragt
T = 180, d.h. Af = 1°. Da der Detektor ein Quadrat der Kantenlange N fiir alle Drehwinkel vollstandig
abdecken soll, benétigen wir eine Detektorlange von v/2'- N (entspricht der Diagonalen im Objekt bei
einem Drehwinkel von 6 = 45° bzw. § = 135°). Um eine gerade Anzahl an Detektorelementen S zu
gewahrleisten, was fiir die Implementierungen einfacher ist, definieren wir:

s=2. Wﬂ , 27)

also hier S = 142 fir N = 100. Diese Wahl erfiillt im lbrigen auch die notwendige Bedingung der
Gl. (2.3): T-S =180-142 > 100 - 100 = N?. Da im allgemeinen die Hardware (also die Zahl S der
Sensoren des Detektorarray und die Winkelaufldsung Af) durch die Mechanik vorgegeben ist, ergibt
sich aus Gl. (2.3) die maximal maégliche Aufldsung N des rekonstruierten Bildes.

Anmerkung: Eine kleine Abschitzung zeigt die Komplexitit des numerischen Problems: Nach Gl. (2.3) erhalten wir z.B.
fur eine relativ geringe Auflésung des rekonstruierten Bildes von N = 100 eine Matrix R der MindestgroBe 2500010000,

was klassische Invertierungsverfahren ineffizient macht.

2.5 Berechnung von R

Jedes Element des Vektors I € R™N’ reprasentiert genau einen Pixel des zu rekonstruierenden (NxN)-
Bildes. Jedes Element P, = P.g.s = B, des Vektors P reprasentiert den resultierenden Wert des
s-ten Strahls beim ¢-ten Winkel im Sinogramm P ¢ RS,

Die r-te Zeile R, der Gewichtsmatrix R enthilt samtliche relativen Beitrage der Pixel n = 0..N? — 1

an der r-ten Projektion P,. Es gilt also (R,., F') = P,, wobei (-,-) das Standardskalarprodukt darstellt.

D
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Das Skalarprodukt gewichtet somit jeden Pixelwert F), des zu rekonstruierenden Bildes mit R, ,. Im
einfachsten Fall enthilt die r-te Zeile R, eine 1 fiir jeden Pixel (4, 7), dessen Zentrum in Weltkoordinaten
(%, y;) im r-ten Strahlstreifen liegt, ansonsten eine O fiir alle iibrigen Pixel. Der r-te Strahlstreifen ist
der Strahlstreifen des s-ten Strahls im t-ten Winkel 6 = ¢ - A#, also r =t - S + s. Es gilt somit:

17 (xja yl) € rayt,s

2.8
0, sonst (28)

Rr,n = Rt-SJrs,i-NJrj =

mit0<t< T, 0<s<Sund0<4,j<N.Um die Elemente von R zu erhalten, bestimmen wir fiir
jeden Winkelindex ¢ = 0...7 — 1 und firr jeden Pixel (j,7) mit 0 < 4,5 < N zunichst dessen Position
(zj, y;) € R? mittels Gl. (2.4) in Weltkoordinaten und rotieren diese mittels Rotationsmatrix um den

Winkel 0 =t - Ad
z;\ [ cos§ —sind z; \ [ zjcosf — y;sind (2.9)
v, )\ sinf cosd yi |\ zjsin@+ y;cosf |- '

Die Projektion s~ € R auf das Detektorarray entspricht nun gerade der ersten Komponente z; =
z; cos ) — y; sin 6, so dass wir den gesuchten Index s durch Abrunden und Verschieben in den positiven
Bereich (s = [s*| 4+ S/2) erhalten:

)

L

s = |zjcosh — y;sinf| + S/2. (2.10)

Weil sich S nach GI. (2.7) berechnet und demnach eine gerade Zahl ist, ist S/2

ganzzahlig. Mit dem so erhaltenen Quadrupel [7,7, t, s] setzen wir das entspre- 'i> 'i>
chende Element von R auf Eins: R, , = Risis:ny; = 1. Vergleiche hierzu die

Snapshot-Folge mit N = 6 und S = 10 (vollstandiges Video inkl. Source-Code als Movie Code
Attachment).

) 20 40 60 80 100 120 140 160 180 0 20 40 60 80 100 120 140 160 180

0 — 0

20 40 60 80 100 120 140 160 180

) 40 60 80 100 120 140 160 180
4

4

Detektor — Quelle Detektor — Quelle
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#!/bin/tcsh -f


# für Projektion
set N = 6	# Objektkantenlänge
set S = 10	# Detektorelemente
set dS = 1	# Detektorauflösung

rm sino.dat CT_video_*.png >& /dev/null

foreach theta (`seq 1 25 180`)
  echo $theta
  set ifile = "CT_video.tex"
  set ofile = `printf "CT_video_%06d.png" $theta`

  # sinogramm daten
  foreach w (`seq 0 $theta`)
    cat << EOF \
     | awk -v w=$w -v S=$S -v N=$N -v dS=$dS \
           'BEGIN {for (i=0;i<S;i++) {a[i] = 0}}; \
                  {s = int((($1-N/2+0.5)*cos(w*3.1415/180.)-($2-N/2+0.5)*sin(w*3.1415/180.))/dS+S/2); \
                   a[s] += $3}; \
            END   {for (i=0;i<S;i++) {printf "%f %f %f\n", w,i,a[i]}; printf "\n"}' >> sino.dat
0 0 0.6
4 1 0.4
4 3 0.3
EOF
  end


  set gv = `cat sino.dat | awk -v th=$theta '$1==th {printf ",%d/%d",$2,100-100*$3}' | cut -c 2-`

  # tikz file
  cat << EOF > $ifile
\documentclass[tikz,border=10pt,convert={density=300,outext=.png}]{standalone}
\usepackage{tikz}
\usetikzlibrary{arrows.meta}
\usepackage{pgfplots, filecontents}
\begin{document}
\newcounter{tmpidx}
\begin{tikzpicture}

  \fill[white, draw=black, rounded corners, line width=4pt] 
          (-18,-7) rectangle (5.5,6);

  % object
  \begin{scope}[rotate=90+$theta]
    \draw[-latex,draw=black, line width=3pt] (-4.5,0) -- (4.5,0);
    \draw[transform shape, black, font=\sffamily\Large\bfseries] (4.25,-0.3) node {x};
    \draw[-latex,draw=black, line width=3pt] (0,-4.5) -- (0,4.5);
    \draw[transform shape, black, font=\sffamily\Large\bfseries] (-0.3,4.25) node {y};

    \setcounter{tmpidx}{0}
    \foreach \j in {0,1,...,5} {
      \foreach \i in {0,1,...,5} {
        \fill[black!100, draw=white, rounded corners, line width=2pt] 
          (\i-3,\j-3) rectangle (\i-2,\j-2);
        \draw[white, font=\sffamily\bfseries] (\i-2.5,\j-2.5) node {\thetmpidx};
        \addtocounter{tmpidx}{1}     
      }
    }
  \end{scope}


  % tomograph
  \draw[black,font=\sffamily\Large\bfseries] (-4.8,-6) node {Detektor};
  \draw[black,font=\sffamily\Large\bfseries] (0,-5.5) node {X-Rays};
  \draw[-latex,draw=black, line width=3pt] (1,-6) -- (-1,-6);
  \draw[black,font=\sffamily\Large\bfseries] (4.3,-6) node {Quelle};

  \begin{scope}[rotate=90]
    % x-rau source
    \setcounter{tmpidx}{0}
    \fill[red!80, draw=black, line width=2pt] 
          (-5.2,-5) rectangle (5.2,-4.5);
    \foreach \i in {0,1,...,9} {
      \fill[red, draw=black, fill opacity=0.4, thick] (\i-4.9,5) rectangle (\i-4.1,-5);
      \draw[white,font=\sffamily\bfseries] (\i-4.5,-4.7) node {\thetmpidx};
      \addtocounter{tmpidx}{1}     
    }
    % detector elements
    \fill[blue!80, draw=black, thick] 
          (-5.2, 5) rectangle (5.2, 5.8);
    \setcounter{tmpidx}{0}
    \foreach \i/\k in {$gv} {
      \fill[black!\k, draw=black, thick] 
        (\i-4.5, 5.4) circle (0.3);
      \draw[white,font=\sffamily\bfseries] (\i-4.5,5.4) node {\thetmpidx};
      \addtocounter{tmpidx}{1}     
    }
  \end{scope}


  \begin{scope}[rotate=90+$theta]
    \setcounter{tmpidx}{0}
    \foreach \i/\j/\k in {0/0/40, 4/1/60, 4/3/70} {
      \fill[white, draw=black, rounded corners, line width=1pt] 
        (\i-3+0.05,\j-3+0.05) rectangle (\i-2-0.05,\j-2-0.05);
      \fill[black!\k, draw=black, rounded corners, line width=1pt] 
        (\i-3+0.05,\j-3+0.05) rectangle (\i-2-0.05,\j-2-0.05);
      \draw[black, font=\sffamily\bfseries] (\i-2.5,\j-2.5) node {\thetmpidx};
    }
  \end{scope}


%%%%%%%%%%%%%%%%%%%%%%%5

  \fill[black,rounded corners] 
    (-17.5,-6.5) rectangle (-6,5.5);

  \begin{axis}[xshift=-16.5cm, yshift=-5cm,
               view={0}{90},
               width=11.5cm,
               height=11.5cm,
xmin=-0.5,
xmax=180.5,
ymin=0,
ymax=10,
               xmajorticks=true,
xticklabel style={white,font={\sffamily\bfseries\large}},
xtick = {0,20,...,180},
               ymajorticks=true,
yticklabel style={white,yshift=5mm,font={\sffamily\bfseries\large}},
ytick = {0,1,...,9},
%               xmajorgrids,
%               ymajorgrids,
grid,
grid style={line width=0.5pt},
               xlabel=\$\theta\$,
xlabel style={white,font={\sffamily\bfseries\Large}},
               ylabel=\$s\$,
ylabel style={white,font={\sffamily\bfseries\Large}},
colormap={gray}{color=(black) color=(white)},
%               title=Sinogramm,
%
            enlargelimits=false,
            axis on top,
            point meta min=0.0,
            point meta max=1.0
]
%    \addplot3[surf] file {sino.dat};
    \addplot3 [surf,shader=flat corner] file {sino.dat};
%     \addplot [matrix plot*, point meta=explicit] file [meta=index 2] {sino.dat};


\draw[white, line width=2pt] (0,0) -- (180,0);
\draw[white, line width=2pt] (0,100) -- (180,100);
  \end{axis}


\end{tikzpicture}
\end{document}
EOF

  pdflatex -shell-escape $ifile >& /dev/null
  mv CT_video.png $ofile
  rm sino.dat
end


rm movie.mp4
ffmpeg -r 10 -i CT_video_%06d.png -c:v libx264 movie.mp4
mencoder -ovc lavc -lavcopts vcodec=mpeg4:vbitrate=500:autoaspect=1 -ffourcc DX50 movie.mp4 -o movie.avi
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2.6  Veranschaulichung von R

Zum besseren Verstandnis der Bedeutung der Radon-Transformationsmatrix
R betrachten wir ein Beispiel mit N = 4 (das rekonstruierte Bild hat dann
eine Auflésung von 4 x 4 Pixel) und T' = 4 verschiedenen Winkeln zwischen
0° und 180°, also 6 = 0°,45°,90°, 135°.

Nach Gl. (2.7) erhalten wir S = 6 und wegen Gl. (2.5) ergibt sich
die Lange des Pixelvektors |F| = 16 und die Dimension der Radon-
Transformationsmatrix R zu (7'-S) x (N-N) = (4-6) x (4-4) = 24 x 16.

Strahl #
Moo oo
COONOU L WN=ODO0NO UL WN =D

IR
w N =

Die nach den GIn. (2.8), (2.9) und (2.10) erhaltene Transformationsmatrix
besteht aus Nullen und Einsen und ist in der Abbildung rechts gezeigt,
wobei die Einsen als schwarze Quadrate dargestellt sind.

01234567 8911112131415
Pixel #

Jede der 24 Zeilen reprasentiert einen Gewichtsvektor fiir jeden der 16 Pixel.
Die Zeilen sind in 4 Blocke (1" = 4) fiir die vier Einstrahlwinkel (gekenn-
zeichnet durch die graue Unterlegung) zu je 6 Zeilen (S = 6) unterteilt.
Es gilt wie bereits in Gl. (2.9) fur die Zeile r in der Matrix die Beziehung r = t - S + s. Jede Zeile
entspricht somit einem einzelnen Rontgenstrahl (endlicher Breite) definiert durch das Detektorelement
s und den Winkelindex ¢.

Zum Verstandnis der Belegung von R beginnen wir fiir (¢, s) = (0, 0), also mit dem ersten Rontgenstrahl
(r = 0) fur & = 0° und dem ersten Detektorelement. Da der Detektor breiter ist als die Kantenlange
N befinden sich keine Pixel im Strahlengang. Der zweite Strahl » = 1 fir das Detektorelement s = 1
und dem Winkelindex ¢t = 0 streift eine Kante des Objekts mit 4 Pixeln, namlich Pixel #0, #4, #8
und #12. Der dritte Strahl 7 = 2 mit s = 2 und ¢ = 0 streift die benachbarte Kante des Objekts mit
den Pixeln #1, #5, #9 und #13. Analog ergeben sich die Eintrage fiir die restlichen 4 Strahlen des
Winkels 6 = 0°.

Der zweite Block der Matrix reprasentiert den Winkel § = 45° mit dem Index t = 1. Die S = 6
zugehorigen Strahlen » = 6...11 streifen das um 45° gegen den Uhrzeigersinn gedrehte Objekt, so
dass die Randstrahlen 7 = 6 und r = 11, die den Randelementen s = 0 und s = 5 des Detektors
entsprechen, jeweils nur einen (Eck-)Pixel #12 fiir s = 0 bzw. #3 fir s = 5 streifen. Die dazwischen
liegenden Strahlen streifen entsprechend mehrere Pixel, jeweils zwei fiir s = 1 und s = 4 und jeweils
drei fir s = 2 und s = 4.

Beim nachsten Winkel # = 90° (¢ = 2) streifen die Randstrahlen s = 0 und s = 5 wiederum keine Pixel
und die innen liegenden streifen jeweils eine Zeile des Objekts, also die Pixel #12, #13, #14 und #15
fur s =1, #8, #9, #10 und #11 fiir s = 2 usw. Vergleiche dazu auch die oben gezeigten Snapshots
bzw. das Video.

D
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2.7 Erhohung der Genauigkeit von R

Gl. (2.8) beschreibt ein sehr simples Verfahren zur Bestimmung der Ge-
wichtsmatix R. Eine genauere Zuordnung der Pixel beriicksichtigt die
Lage des Zentrums (z;, y;). Dazu definieren wir dessen relative Position

innerhalb einer Zelle gegeben durch frac := 2+ — s. Wir kénnen
dann folgende Falle unterscheiden: L1‘.-‘L1

= frac = 0.5: Das Pixelzentrum befindet sich genau in der Mitte der 13____
Zelle, so dass diese den Wert 1 erhalt. e

= frac < 0.5: Das Pixelzentrum befindet sich links von der Mitte der ig
Zelle, so dass ein Teil des Pixels in die linke Nachbarzelle ragt. In 2t
diesem Fall wird der Wert der Zelle um 0.5 — frac und der der linken =

- 012345678 9101112131415
Nachbarzelle um 0.5 + frac erhoht.

0O NO U AWN =D

Pixel #

= frac > 0.5: Das Pixelzentrum befindet sich rechts von der Mitte der
Zelle, so dass ein Teil des Pixels in die rechte Nachbarzelle ragt. In diesem Fall wird der Wert der
Zelle um 1.5 — frac und der der rechten Nachbarzelle um —0.5 + frac erhdht.

Die nebenstehende Abbildung enthalt die graukodierten Eintrage der Matrix R. Fiir die Winkel 6 = 0°
und € = 90° gibt es keine Unterschiede zur ersten Variante. Jedoch fiir 6 = 45° und 6§ = 135°
iiberdecken einige der Pixel zwei benachbarte Strahlstreifen.

Intuitiv sollte diese Gewichtsmatrix zu einem besseren Ergebnis der u.a. Riicktransformation fiihren. In
Testmessungen hat sich aber eine Verschlechterung der Konvergenz gezeigt.

2.8 Diskrete Riicktransformation

Die Radon-Transformationsmatrix &2 hangt nur von der gewahlten Pixelauflésung N und der gewiinsch-
ten Winkelauflésung T ab, wobei GIn. (2.3) und (2.7) zu beriicksichtigen sind. Sie kann also fiir ge-
gebenes N = 100 und T = 180 vorab berechnet werden und liefert gemaB Gl. (2.5) fiir verschiedene
Objektpixelvektoren F' das zugehorige Sinogramm P.

Da in der Praxis I’ unbekannt und gesucht ist, 2 berechnet und P gemessen werden kann, stellt sich
die Frage der Losung des Gleichungssystems (2.5) mit der schwachbesetzten Matrix R:

=

.F=P (2.11)

Es handelt sich um ein (iberbestimmtes und schlecht gestelltes Problem, was eine exakte Losung er-
heblich erschwert. In der Praxis stehen eine Vielzahl numerischer Verfahren zur Verfiigung, von denen
vorallem in der Medizintechnik die sogenannte Filtered Back-Projection (FBP) eingesetzt wird. Die dazu
notwendige Mathematik ist (iberschaubar, jedoch setzt sie Kenntnisse tber die Fourier-Transformation
voraus. Wir wahlen daher hier einen bedeutend einfacher zu implementierenden Algorithmus aus der
Gruppe der Algebraic Reconstruction Techniques (ART).

Das Iterationsverfahren nach Kaczmarz, wie es auch in Numerik-Vorlesungen behandelt wird, 16st das
Gleichungssystem (2.11) durch sukzessive Projektion einer Naherungslésung auf die durch jeweils eine
der Einzelgleichungen definierten Hyperebenen. Wir machen dies an einem kleinen Beispiel deutlich.

D
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Gegeben sei das Gleichungssystem A - z = b mit E:>
A € R*? und z, b € R?, wobei A und b gegeben Code
und z gesucht sind. Das Gleichungssystem lasst
sich ausschreiben:

o)

(0) @121+ 122 = by

(1) a1 + A9 2T = bz.

Jede der Gleichungen (0) und (1) stellt einen 1-
dimensionalen Unterraum (Gerade) des R? dar
(im allgemeinen eine (n — 1)-dimensionale Hy-
perebene des R™). Die gesuchte Losung z =
(71, 75) T stellt den Schnittpunkt beider Geraden
dar (s. nebenstehende Abbildung). Wir nahern
diese Losung iterativ durch die Folge z(**1 =
fn(2®)) mit einem beliebigen Startpunkt z(?), wo- !
bei fm(g(’“)) die senkrechte Projektion von (k) §
auf die m-te Hyperebene darstellt. Dabei gilt hier > +
8
5

m = k mod 2, da nur zwei Gleichungen vorhan-
den sind. Im Falle von n Gleichungen gilt natdrlich
m==% mod n

2.9 ART nach Gordon et al.

Die allgemeine Iterationsvorschrift fiir die Projektionsfolge E(k) zur Rekonstruktion des Bildes F' leitet
sich aus der Kaczmarz Methode ab und wurde 1971 von Gordon et al. in [1] zum ersten Mal beschrieben
und in [2] Kap. 7 sehr anschaulich und versténdlich dargestellt. Eine einfache geometrische Herleitung
ergibt demnach fir E(k)

Pr — <R F(k)>
—7) — ET, = E +
| R, | L,
fir den k-ten Iterationsschritt. Dabei bedeuten R, die r-te Zeile von R und P, das r-te Element von P.

Das bedeutet, die Iteration beginnt nach einem vollstandigen Durchlauf aller Zeilen wieder von vorne,
solange bis die Naherung gut genug ist.

P, — ¢®
(k) 7%«Em FO pel., r=k mod (T-5) (2.12)

E(k+1) _ E(k)

Gl. (2.12) liefert eine Folge von rekonstruierten Bildpixelvektoren F®  deren Grenzwert der gesuch-
ten Losung F entspricht. Zur bequemeren Implementierung schreiben wir diese Vektorgleichung in
Komponenten, d.h. fiir jeden Pixel F), und erhalten nach einfacher Umformung

k
F£k+1) _ FT(Lk) + ‘PTEQT(’)RTJL, 0 S n < N2
N2-1
& = (R FO) Z R, F (2.13)
N2-1

Z R2,, r=Fkmod(T-5)

Die Betragsquadrate L, der Zeilen R, (0 < r < T'-S) von R sind (wie R) unabhangig von der Iteration
und koénnen daher vorab berechnet werden. GemaB Gl. (2. 13) wird in jedem einzelnen lterationsschritt
k — k + 1 eine Schleife iiber samtliche Pixel 0 < n < N? durchgefiihrt. In der Implementierung gibt
es also zwei Arrays (float FprevN+N] | und (float Fnext [N+N] ).

D




\begin{tikzpicture}
 \coordinate (r0) at ( 4  ,  0.5);
 \coordinate (A)  at ( 1.5, -2);
 \coordinate (B)  at ( 3.5,  5);
 \coordinate (C)  at (-3.5, -1.5);
 \coordinate (D)  at ( 4.5,  5);

 \draw[name path=g1, line width=1.5pt] (A) -- node[font={\scriptsize}, below, pos=0.1, sloped]{$a_{1,1}x_1+a_{1,2}x_2=b_1$} (B);
 \draw[name path=g2, line width=1.5pt] (C) -- node[font={\scriptsize}, below, pos=0.1, sloped]{$a_{2,1}x_1+a_{2,2}x_2=b_2$} (D);

 \draw[dotted, thick] (r0) --  ($(A)!(r0)!(B)$) coordinate (r1);
 \draw[dotted, thick] (r1) --  ($(C)!(r1)!(D)$) coordinate (r2);
 \draw[dotted, thick] (r2) --  ($(A)!(r2)!(B)$) coordinate (r3);
 \draw[dotted, thick] (r3) --  ($(C)!(r3)!(D)$) coordinate (r4);
 \draw[dotted, thick] (r4) --  ($(A)!(r4)!(B)$) coordinate (r5);
 \draw[dotted, thick] (r5) --  ($(C)!(r5)!(D)$) coordinate (r6);
 \draw[dotted, thick] (r6) --  ($(A)!(r6)!(B)$) coordinate (r7);
 \draw[dotted, thick] (r7) --  ($(C)!(r7)!(D)$) coordinate (r8);

 \draw[red,-latex, line width=1pt] (0,0) -- (r0) node[font={\scriptsize},right]{$\ul{x}^{(0)}$}; 
 \draw[red,-latex, line width=1pt] (0,0) -- (r1) node[font={\scriptsize},above right]{$\ul{x}^{(1)}$}; 
 \draw[red,-latex, line width=1pt] (0,0) -- (r2) node[font={\scriptsize},left]{$\ul{x}^{(2)}$}; 
 \draw[red,-latex, line width=1pt] (0,0) -- (r3) node[font={\scriptsize},right]{$\ul{x}^{(3)}$}; 
 \draw[red,-latex, line width=1pt, name intersections={of=g1 and g2,by=rx}] (0,0)--(rx) node[font={\scriptsize},left]{$\ul{x}$}; 

 \draw[thick,-latex] (-3.5,0) -- (5,0)   node[font={\small},below]{$x_1$}; 
 \draw[thick,-latex] (0,-3) -- (0,5.5) node[font={\small},left]{$x_2$}; 
\end{tikzpicture}
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2.10 Visualisierung und Interpretation der Radon-Transformation

Zur Veranschaulichung und zum tieferen Verstandnis der bei der Tomographie auftretenden Projek-
tionen (Sinogramm, Radon-Transformation) betrachten wir einige einfache Originalbilder (Weltkoor-
dinaten [—0.5,0.5]% skaliert auf die Arraykoordinaten [0...99]?) und den zugehdrigen Sinogrammen,
sowohl in kartesischen Koordinaten in der (¢, s)-Ebene (d.h. Abszisse = Winkelkoordinate, Ordinate =
Detektorelement) als auch in Polarkoordinaten.

Wir beginnen mit zwei Kreisen, einem groBen grauen Kreis mit Mittelpunkt im Ursprung (um den auch
das Objekt rotiert wird) und einem zweiten, kleineren und hellerem Kreis auf der y-Achse (linkes Bild).
Das Sinogramm (mittleres Bild) lasst sich leicht verstehen, wenn man sich vorstellt, dass das Objekt

im Tomographen (Strahlengang senkrecht nach oben) um den Ursprung gegen den Uhrzeigersinn um
den Winkel 6 = f - 180°/ T gedreht wird.

Da der Strahlengang fir Winkel 8 = 180° + « dem fiir § = « entspricht, wird natirlich nur ein
Halbkreis gescannt. Da wir aber auch die Detektorelemente umnummerieren —S5/2 < s < §/2, kann
das Sinogramm auch in einem 360° Polardiagramm dargestellt werden. Dort erkennt man direkt die
Periodizitat. Versuchen Sie auch die folgenden Tomographien nachzuvollziehen.

10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 160 170 180
Winkel [t]

10 20 30 40 50 60 70 80 90 100 110 120 130 140 150 160 170 180
Winkel [t]
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y-Achse [i]
distance

=
g
£
k3
2
s
8
2
H
@

50 10 20 30 40 S0 60 70 80 90 100 110 120 130 140 150 160 170 180
x-Achse [[] Winkel [t]

70 60 50 -40 <30 20 -10 0 10 20 30 4o

distance

y-Achse [i]
Sensorelement [s]
distance

50 10 20 30 40 S0 60 70 80 90 100 110 120 130 140 150 160 170 180
x-Achse [[] Winkel [f]

70 60 50 -40 <30 20 -10 0 10 20 30 4o
distance

Als letztes Beispiel benutzen wir ein professionelles Testmuster (Phantom) von Shepp und Logan, wel-
ches sie 1974 in einem Paper iiber die Rekonstruktion von Tomographieaufnahmen vorgeschlagen haben
und als klassisches Testbild verwendet wird. Es besteht aus 10 Ellipsen unterschiedlicher Graustufen, die
einen Schnitt durch einen Schadel modellieren sollen. Die Graustufen sind so gewéhlt, dass sie aufgrund
eines zu geringen Kontrastverhaltnisses in der Rekonstruktion schlecht erkennbar sein konnten. Man
kann also den implementierten Algorithmus so anpassen, dass bei Phantom alle Aneurysmen, Zysten,
Thromben, Tumore etc. erkennbar werden.

y-Achse [i]
Sensorelement [s]
distance

°
50 40 50 60 70 80 90 100 110 120 130 140 150 160 170 180 70 60 50 -40 30 -20 .10 O 10 20 30 40 50 60 70
x-Achse [j] Winkel [t] distance

Der lterationsprozess fiihrt zu einer sukzessiven Rekonstruktion des urspriinglichen LJ‘>
Objekts. Die folgenden Snapshots zeigen die Stadien nach jeweils 5000 lterationen.
Die Animation (Attachment rechts) zeigt den kompletten Ablauf. Movie
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Betrachtet man die mittlere Abweichung zwischen Original- und rekonstruiertem Bild in Abhangigkeit
von der Anzahl der Iterationen, erhalten wir folgende Ergebnisse (s. Abb.: Dargestellt sind erheblich we-
niger Symbole als Messwerte). Man erkennt, dass die Standardabweichung schon nach einigen wenigen
1000 Iterationen unter 1% fallt (die Grauwerte des Bildes liegen zwischen 0 und 1). Zur Komplexitat:
100000 Iterationen bendtigen auf einer durchschnittlichen i7-CPU etwa 1.5s.

0.1

0.01

0.001

0.0001

1e-05

Standardabweichung

1e-06

1e-07

12-08

0 1000 2000 3000 4000 5000 6000 7000
Iterationen [x1000]

3 Aufgaben

1. Schreiben Sie eine Funktion, die den Bildvektor z.B. mit aus einer Datei

einliest und ggfs. eine Normierung von {0..155} auf das Intervall [0; 1] durchfiihrt.

Erstellen Sie eine weitere Funktion [save_vector(float* v, int rows, int cols) ), die einen Vektor (v)im

Format i j vlixco1s + j1 in eine Datei abspeichert. numeriert die Zeilen, die

Spalten der dem Vektor (v] zugrundeliegende (rowsx cols)—-Matrix.

2. Schreiben Sie eine Funktion, welche die Radon-Transformationsmatrix (f1cat rIs+11 N1 ) und die
Betragsquadrate ihrer Zeilenvektoren als globale Variablen berechnet. Bestimmen

Sie (s) gem. Gl. (2.3) und wahlen Sie z.B. (#define T 180).

3. Erstellen Sie eine Funktion, die das Sinogramm eines eingelesenen Bil- $
des nach Gl. (2.11) erstellt. Das Bild und sein Sinogramm koénnen mit- DATA
tels der Funktionen aus Teil 1 eingelesen bzw. abgespeichert werden. Dateien im
oben beschriebenen Format konnen z.B. mit dargestellt werden. Tipp:

(plot 'sinogram.dat'us 1:2:3 w p palette ps 1 pt 7] erzeugt ein farbkodiertes Bild der eingele-
senen Daten. Verwenden Sie nebenstehende Daten eines Testbildes.

4. Implementieren Sie die diskrete Riicktransformation nach Gl. (2.13) und testen Sie sie an dem im
vorangegangenen Teil berechneten Sinogramm. Anmerkung: In der Regel geniigen einige wenige
vollstandige Durchlaufe von (S - T') lterationen, um eine sehr gute Qualitat zu erhalten.



2 0 58 137 126 126 135 138 126 129 127 139 130 128 127 133 137 126 129 127 140 130 128 127 133 137 126 129 126 139 130 128 126 132 139 126 129 126 139 130 127 127 131 139 127 130 128 140 131 126 125 131 140 128 130 127 138 131 127 128 130 140 126 129 126 139 132 127 128 130 139 127 129 126 138 132 127 128 130 140 127 129 126 136 133 127 128 129 140 127 129 126 137 134 126 126 137 58 0 2 
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2 0 58 137 126 126 135 138 126 129 127 139 130 128 127 133 137 126 129 127 140 130 128 127 133 137 126 129 126 139 130 128 126 132 139 126 129 126 139 130 128 129 128 130 130 162 194 221 233 239 239 232 221 193 162 129 130 128 129 128 130 140 126 129 126 139 132 127 128 130 139 127 129 126 138 132 127 128 130 140 127 129 126 136 133 127 128 129 140 127 129 126 137 134 126 126 137 58 0 2 
6 0 61 137 126 127 135 138 126 129 127 139 130 128 127 134 138 127 129 127 140 131 128 127 133 137 126 129 127 139 131 128 127 132 139 126 129 127 139 132 127 115 138 195 233 254 255 255 255 254 254 255 255 255 254 233 195 138 115 127 132 140 127 129 127 139 132 127 128 131 139 127 129 127 138 132 127 128 130 140 127 129 127 137 133 127 128 130 140 127 129 126 137 135 127 126 137 61 0 6 
2 0 56 136 125 125 133 136 125 127 125 138 128 126 125 132 136 124 127 125 139 129 125 125 130 136 124 128 125 138 129 126 125 131 138 125 127 125 140 123 129 207 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 207 129 123 140 125 127 125 138 131 126 126 129 138 125 127 124 136 131 125 126 129 139 123 126 124 135 133 125 126 128 138 125 127 125 136 133 125 125 136 56 0 2 
106 103 128 152 148 147 154 156 147 149 148 158 150 148 147 153 157 148 149 148 154 151 150 149 152 155 146 149 147 159 151 148 148 152 158 147 149 149 151 172 220 159 144 143 143 144 144 144 144 144 144 144 144 144 144 143 143 144 159 220 171 151 149 149 147 158 152 148 148 150 158 147 149 146 157 153 150 150 151 156 150 151 149 156 151 147 148 150 158 148 149 147 156 154 147 148 152 128 103 106 
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248 255 204 120 130 126 134 137 126 128 126 139 129 127 126 132 138 129 131 131 129 130 130 130 133 133 126 128 126 139 130 127 126 132 139 126 118 185 255 255 230 18 1 5 4 4 4 4 4 4 4 4 4 4 4 4 5 1 18 230 255 254 185 119 126 139 132 127 127 130 139 126 128 125 136 134 129 131 130 134 137 137 135 139 130 127 127 129 139 126 128 126 136 134 126 130 120 204 255 248 
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252 255 207 120 130 126 135 138 126 129 127 139 130 128 127 132 139 130 132 131 131 131 131 131 134 133 127 129 126 139 130 127 129 125 174 252 254 254 253 255 231 14 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 14 231 255 253 254 254 253 174 125 129 127 130 139 127 128 126 137 136 131 132 131 134 138 137 137 139 130 127 128 129 140 127 129 126 137 134 126 130 120 207 255 252 
249 255 205 121 130 127 135 138 126 129 127 140 130 128 127 133 139 130 132 132 131 131 131 131 134 133 127 129 127 139 131 129 121 139 245 252 252 254 252 255 232 17 0 4 3 3 3 3 3 3 3 3 3 3 3 3 4 0 17 232 255 253 254 252 252 245 139 121 129 131 139 127 129 126 137 136 131 132 130 134 138 137 137 139 130 128 128 130 140 127 129 127 137 135 127 130 121 205 255 249 
253 255 208 118 128 124 133 136 124 127 125 137 128 126 125 130 139 130 132 132 131 131 131 131 134 131 125 127 124 137 129 124 136 232 255 254 255 254 253 255 230 12 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 12 230 255 253 254 255 254 255 231 135 124 129 137 125 126 124 135 136 131 132 130 134 138 137 137 139 128 125 126 127 138 125 127 124 135 132 124 128 118 208 255 253 
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2 0 58 137 126 126 135 138 126 129 127 139 130 128 127 132 139 130 132 132 131 131 132 131 134 132 127 126 134 100 0 1 0 0 4 0 148 255 180 239 255 254 254 254 254 254 254 254 254 254 254 254 254 254 254 254 254 254 254 254 254 250 255 150 0 4 0 0 1 0 102 134 127 126 136 136 130 132 130 134 138 137 137 139 130 128 128 129 140 127 129 126 137 134 127 126 137 58 0 2 
5 0 60 137 127 127 135 138 127 129 127 140 131 128 127 133 139 129 132 132 130 131 132 130 134 133 127 127 135 39 0 2 0 0 5 0 149 255 179 236 255 253 253 253 251 251 251 253 253 253 251 251 251 253 253 253 252 251 251 252 253 250 255 148 0 5 3 3 3 0 39 134 128 126 137 136 130 132 131 134 138 137 137 139 130 128 128 130 140 127 129 127 137 135 127 127 137 60 0 5 
2 0 56 133 123 123 131 135 122 125 123 137 127 124 123 129 139 130 132 132 130 130 130 129 132 129 122 130 95 0 0 1 1 0 4 0 147 255 184 240 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 255 251 255 153 0 4 0 0 0 0 2 104 130 121 134 135 129 130 129 133 138 137 137 138 126 124 124 126 136 123 125 122 134 131 123 123 133 56 0 2 
70 63 105 154 147 147 153 156 147 149 147 157 149 148 147 151 141 129 132 131 134 139 138 138 140 151 146 155 97 49 61 22 0 0 36 48 163 228 126 167 201 237 237 222 179 179 187 233 237 231 185 179 181 227 237 237 194 179 179 215 238 235 217 105 0 30 60 59 40 0 0 60 156 145 154 143 138 138 139 139 137 138 136 142 150 148 148 150 158 147 149 147 155 153 147 147 154 105 63 70 
253 255 211 127 137 134 141 144 133 136 134 146 137 135 134 139 140 129 132 130 136 133 132 131 136 143 136 120 161 205 210 71 0 0 110 212 203 107 0 0 62 196 195 144 0 0 26 185 192 176 14 0 2 161 193 193 47 0 0 124 197 199 85 0 0 91 211 209 135 0 0 49 154 129 144 135 131 131 133 146 137 138 136 140 137 135 135 136 146 134 136 133 143 141 134 137 128 211 255 253 
250 255 205 118 128 125 133 136 124 127 125 138 128 126 125 130 139 130 132 131 135 128 127 126 132 134 133 72 136 198 198 67 0 0 104 199 200 113 0 0 67 200 198 149 0 0 29 189 195 180 17 0 6 166 196 197 50 0 0 129 200 202 89 0 0 86 199 197 128 0 0 52 169 118 137 131 126 127 127 144 137 138 137 139 128 126 126 128 138 125 127 124 135 133 125 128 118 205 255 250 
252 255 207 120 130 127 135 138 126 129 127 139 130 128 127 132 139 130 132 131 135 129 128 127 133 136 133 30 139 199 200 67 0 0 104 201 201 111 0 0 66 200 197 148 0 0 28 188 195 179 15 0 4 165 195 196 48 0 0 128 200 202 87 0 0 86 201 199 129 0 0 48 191 127 137 132 127 128 129 144 137 138 137 139 130 128 128 130 140 127 129 126 137 134 127 130 120 207 255 252 
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5. Die Rekonstruktion kann erheblich beschleunigt werden, wenn man wahrend der Iteration Kennt-
nisse Uber Eigenschaften des zu rekonstruierenden Bildes einflieBen Iasst. In den hier verwendeten
Originalbildern liegt der Grauwert stets zwischen 0 und 1. Wird also ein Pixel wahrend der ltera-
tion > 1 bzw. < 0 sein, setzen wir ihn auf 1 bzw. 0.

6. Als kleinen Test fiir lhr Programm sollten Sie versuchen, das Originalbild aus folgendem Sino-
gramm zu rekonstruieren. Das Datenfile ist im Format [t s preits1]). Viel SpaB...

o

DATA

distance

g
£
H
H
3
2
s
H
H
5
@

o
0 10 20 30 40 50 60 70 8 90 100 110 120 130 140 150 160 170 180 70 60 50 -40 30 -20 -0 O 10 20 30 40 50 60 70
Winkel [f] distance

7. Kontrasterh6hung: Unabhéngig vom Rekonstruktionsverfahren kann ganz allgemein zur Verbes-
serung der Erkennbarkeit von Strukturen in Graustufenbildern der Kontrast erhoht werden. Im
einfachsten Fall wird dem Funktionswert z € [0; 1] eines Punktes ein Grauwert ¢ € [0; 1] gemaB
c¢(z) = z zugeordnet. Soll der Kontrast innerhalb einem Teilintervall aus I C [0; 1] erhoht werden,
bietet sich ein 'Strecken’ der Grauwertabbildung ¢(z) in diesem Intervall an. Sigmoidale Funktio-
nen wie ein (skalierter und verschobener) tanh(z) oder die abschnittsweise definierte Funktion

1*tanh(‘x) !
08 - c(2) Ld
06 - Sl
0, 2 <2 — 5 S el [ |
c(z)=m(z—2)+1/2, 2—5-<z2<2+5- w2 Co (3.1)
1, Z> 2+ ﬁ 0 o‘.z 0.4 nl.s o‘.s 1

z

erfillen dies. Dabei ist 7 die Mitte von I und m € R* die Steigung von c¢(z) innerhalb von I,
so dass [ = [z — ﬁ; 20 + ﬁ] gilt. Anschaulich andert sich dadurch der dargestellte Grauwert
c(z) in einem kleinen Intervall viel starker als der darzustellende Funktionswert z, so dass der
(lokale) Kontrast erhoht wird. Die folgende Abbildung zeigt an einem realen Bild (links oben)
den Effekt der Kontrastverstarkung um verschiedene Intervallmitten z (jeweils angegeben in der

blauen Box) und einer Steigung von m = 2.
Der zur Erzeugung des nachfolgenden Bildes benutzte gnupiot -Code lautet

. )
1 # Multiplot-Example (verkiirzt) E>
2 N = 200 # Input-Bild Kantenlénge
3 ROWS = 5 # Multiplot rows x cols
4 COLS = 6 Code
5
6 set term x11 nopersist size 200*COLS,200*ROWS
7 set size noratio
8 set font "-adobe-helvetica-bold-r-normal-*-20-*-*-%—k—k—%-x"

9 unset colorbox; unset key; unset xlabel; unset ylabel; unset title;
10 set grid front

11 set xtics 50

12 set ytics 50

13 set format x "" # grid w/o tick labels

14 set format y ""




    0     0       0.00000
    0     1       0.00000
    0     2       0.00000
    0     3       0.00000
    0     4       0.00000
    0     5       0.00000
    0     6       0.00000
    0     7       0.00000
    0     8       0.00000
    0     9       0.00000
    0    10       0.00000
    0    11       0.00000
    0    12       0.00000
    0    13       0.00000
    0    14       0.00000
    0    15       0.00000
    0    16       0.00000
    0    17       0.00000
    0    18       0.00000
    0    19       0.00000
    0    20       0.00000
    0    21       0.00000
    0    22       2.34902
    0    23       8.16471
    0    24      17.50980
    0    25      16.81569
    0    26      13.06667
    0    27       8.00000
    0    28       8.51373
    0    29      19.10588
    0    30      21.65490
    0    31      17.96470
    0    32      13.04706
    0    33      14.93334
    0    34      16.02353
    0    35      13.48627
    0    36       7.10196
    0    37      21.07059
    0    38      24.19216
    0    39      17.49020
    0    40      35.04706
    0    41      36.02353
    0    42      30.05883
    0    43      17.41961
    0    44      12.05882
    0    45       7.58431
    0    46       6.39608
    0    47      15.12549
    0    48      21.08236
    0    49      22.40000
    0    50      46.45490
    0    51      48.09412
    0    52      38.92548
    0    53      26.28236
    0    54      19.12549
    0    55      17.07451
    0    56      24.23529
    0    57      21.30196
    0    58      23.06275
    0    59      27.30588
    0    60      24.74510
    0    61      25.61961
    0    62      22.29804
    0    63      19.83137
    0    64      22.24314
    0    65      28.85882
    0    66      20.05490
    0    67      15.73726
    0    68      20.49804
    0    69      24.78039
    0    70      32.89804
    0    71      35.30980
    0    72      31.44706
    0    73      24.40000
    0    74      21.88235
    0    75      21.67059
    0    76      28.23137
    0    77      25.24314
    0    78      15.30980
    0    79      12.43922
    0    80      16.83529
    0    81      20.82353
    0    82      21.04314
    0    83      26.61568
    0    84      27.30980
    0    85      23.69020
    0    86      16.94510
    0    87      15.63137
    0    88      30.33333
    0    89      38.64312
    0    90      46.93725
    0    91      35.12941
    0    92      14.70196
    0    93      23.18431
    0    94      22.26274
    0    95      17.32941
    0    96      14.62745
    0    97      12.29804
    0    98      20.52549
    0    99      36.18038
    0   100      48.90196
    0   101      34.75294
    0   102      11.02745
    0   103      14.66275
    0   104      14.45490
    0   105      23.14118
    0   106      26.79216
    0   107      20.20000
    0   108      13.51765
    0   109      14.46667
    0   110      16.59216
    0   111      15.75686
    0   112      10.51765
    0   113      11.02353
    0   114       7.55686
    0   115       0.21569
    0   116       0.00000
    0   117       0.00000
    0   118       0.00000
    0   119       0.00000
    0   120       0.00000
    0   121       0.00000
    0   122       0.00000
    0   123       0.00000
    0   124       0.00000
    0   125       0.00000
    0   126       0.00000
    0   127       0.00000
    0   128       0.00000
    0   129       0.00000
    0   130       0.00000
    0   131       0.00000
    0   132       0.00000
    0   133       0.00000
    0   134       0.00000
    0   135       0.00000
    0   136       0.00000
    0   137       0.00000
    0   138       0.00000
    0   139       0.00000
    0   140       0.00000
    0   141       0.00000

    1     0       0.00000
    1     1       0.00000
    1     2       0.00000
    1     3       0.00000
    1     4       0.00000
    1     5       0.00000
    1     6       0.00000
    1     7       0.00000
    1     8       0.00000
    1     9       0.00000
    1    10       0.00000
    1    11       0.00000
    1    12       0.00000
    1    13       0.00000
    1    14       0.00000
    1    15       0.00000
    1    16       0.00000
    1    17       0.00000
    1    18       0.00000
    1    19       0.00000
    1    20       0.00000
    1    21       2.34902
    1    22       8.16471
    1    23      11.03137
    1    24       6.23921
    1    25      11.47451
    1    26      16.57647
    1    27      11.08627
    1    28      12.00000
    1    29      15.32941
    1    30      16.57255
    1    31      13.12157
    1    32      19.05883
    1    33      23.32549
    1    34      16.14510
    1    35       5.75686
    1    36      13.37255
    1    37      18.10196
    1    38      23.49412
    1    39      19.17255
    1    40      36.63922
    1    41      36.34510
    1    42      31.32549
    1    43      14.70196
    1    44      10.54902
    1    45       6.77255
    1    46      15.12549
    1    47      17.18824
    1    48      16.44706
    1    49      18.25883
    1    50      43.72157
    1    51      48.20784
    1    52      37.81960
    1    53      20.94902
    1    54      18.36079
    1    55      27.01176
    1    56      27.17647
    1    57      20.25098
    1    58      18.92157
    1    59      26.03137
    1    60      30.43921
    1    61      25.81961
    1    62      20.05490
    1    63      12.60000
    1    64      22.58431
    1    65      24.74510
    1    66      20.29804
    1    67      26.41569
    1    68      26.30196
    1    69      25.85098
    1    70      24.05882
    1    71      33.85882
    1    72      30.07451
    1    73      23.98431
    1    74      20.46667
    1    75      28.25882
    1    76      29.59608
    1    77      22.77255
    1    78      16.91765
    1    79      12.61569
    1    80      12.84706
    1    81      16.52549
    1    82      28.53725
    1    83      30.50588
    1    84      23.97255
    1    85      21.30980
    1    86      21.40784
    1    87      21.68235
    1    88      21.70196
    1    89      31.82351
    1    90      43.27451
    1    91      37.88628
    1    92      21.12549
    1    93      24.54510
    1    94      21.88235
    1    95      18.25490
    1    96      14.88235
    1    97      16.16079
    1    98      17.88235
    1    99      29.93334
    1   100      42.68235
    1   101      36.84314
    1   102      11.61176
    1   103      15.59608
    1   104      26.47843
    1   105      23.85491
    1   106      18.00392
    1   107      19.65490
    1   108      20.66275
    1   109      15.05882
    1   110       9.85490
    1   111       7.07451
    1   112       9.03137
    1   113      11.43922
    1   114      10.04706
    1   115       7.53333
    1   116       0.21569
    1   117       0.00000
    1   118       0.00000
    1   119       0.00000
    1   120       0.00000
    1   121       0.00000
    1   122       0.00000
    1   123       0.00000
    1   124       0.00000
    1   125       0.00000
    1   126       0.00000
    1   127       0.00000
    1   128       0.00000
    1   129       0.00000
    1   130       0.00000
    1   131       0.00000
    1   132       0.00000
    1   133       0.00000
    1   134       0.00000
    1   135       0.00000
    1   136       0.00000
    1   137       0.00000
    1   138       0.00000
    1   139       0.00000
    1   140       0.00000
    1   141       0.00000

    2     0       0.00000
    2     1       0.00000
    2     2       0.00000
    2     3       0.00000
    2     4       0.00000
    2     5       0.00000
    2     6       0.00000
    2     7       0.00000
    2     8       0.00000
    2     9       0.00000
    2    10       0.00000
    2    11       0.00000
    2    12       0.00000
    2    13       0.00000
    2    14       0.00000
    2    15       0.00000
    2    16       0.00000
    2    17       0.00000
    2    18       0.00000
    2    19       0.00000
    2    20       0.00000
    2    21       2.34902
    2    22       8.16471
    2    23      11.03137
    2    24       6.23921
    2    25      10.83921
    2    26      16.63529
    2    27      11.66275
    2    28      12.00000
    2    29      14.73333
    2    30      16.16862
    2    31      13.03137
    2    32      19.05883
    2    33      23.41569
    2    34      17.12549
    2    35       5.77647
    2    36      13.37255
    2    37      18.10196
    2    38      23.49412
    2    39      19.17255
    2    40      31.63922
    2    41      35.70196
    2    42      32.14118
    2    43      16.33726
    2    44      10.54902
    2    45       6.77255
    2    46      15.12549
    2    47      17.18824
    2    48      16.44706
    2    49      22.25882
    2    50      43.98039
    2    51      47.59216
    2    52      37.31372
    2    53      21.03922
    2    54      18.36079
    2    55      27.01176
    2    56      27.17647
    2    57      20.25098
    2    58      19.01569
    2    59      26.03922
    2    60      30.33725
    2    61      25.81961
    2    62      20.05490
    2    63      12.60000
    2    64      22.58431
    2    65      24.74510
    2    66      20.29804
    2    67      26.41569
    2    68      26.30196
    2    69      25.85098
    2    70      24.05882
    2    71      33.85882
    2    72      30.07451
    2    73      23.98431
    2    74      20.46667
    2    75      28.25882
    2    76      29.59608
    2    77      22.77255
    2    78      16.91765
    2    79      12.61569
    2    80      12.84706
    2    81      16.52549
    2    82      28.53725
    2    83      30.50588
    2    84      23.97255
    2    85      21.30980
    2    86      21.40784
    2    87      21.68235
    2    88      22.05490
    2    89      32.47057
    2    90      43.02353
    2    91      33.91765
    2    92      21.11765
    2    93      24.54510
    2    94      21.88235
    2    95      18.25490
    2    96      14.88235
    2    97      16.43530
    2    98      18.45882
    2    99      28.57256
    2   100      41.11765
    2   101      38.03922
    2   102      17.66275
    2   103      16.19216
    2   104      25.96471
    2   105      23.79216
    2   106      17.33726
    2   107      18.43922
    2   108      20.54510
    2   109      15.05882
    2   110       9.85490
    2   111       7.07059
    2   112       8.95686
    2   113      10.51765
    2   114      11.02353
    2   115       7.55686
    2   116       0.21569
    2   117       0.00000
    2   118       0.00000
    2   119       0.00000
    2   120       0.00000
    2   121       0.00000
    2   122       0.00000
    2   123       0.00000
    2   124       0.00000
    2   125       0.00000
    2   126       0.00000
    2   127       0.00000
    2   128       0.00000
    2   129       0.00000
    2   130       0.00000
    2   131       0.00000
    2   132       0.00000
    2   133       0.00000
    2   134       0.00000
    2   135       0.00000
    2   136       0.00000
    2   137       0.00000
    2   138       0.00000
    2   139       0.00000
    2   140       0.00000
    2   141       0.00000

    3     0       0.00000
    3     1       0.00000
    3     2       0.00000
    3     3       0.00000
    3     4       0.00000
    3     5       0.00000
    3     6       0.00000
    3     7       0.00000
    3     8       0.00000
    3     9       0.00000
    3    10       0.00000
    3    11       0.00000
    3    12       0.00000
    3    13       0.00000
    3    14       0.00000
    3    15       0.00000
    3    16       0.00000
    3    17       0.00000
    3    18       0.00000
    3    19       0.00000
    3    20       2.34902
    3    21       8.16471
    3    22      11.03137
    3    23       6.23921
    3    24       4.99608
    3    25       6.00000
    3    26       9.49412
    3    27      20.57647
    3    28      17.90196
    3    29       7.46667
    3    30       7.49804
    3    31      19.08235
    3    32      23.28235
    3    33      20.27059
    3    34      13.05882
    3    35      16.03137
    3    36      16.75686
    3    37      15.79608
    3    38      13.09020
    3    39      19.48627
    3    40      32.97647
    3    41      38.52157
    3    42      30.82354
    3    43      15.49020
    3    44       9.41569
    3    45      18.09020
    3    46      17.56471
    3    47      16.44706
    3    48      14.43137
    3    49      23.74510
    3    50      42.27451
    3    51      41.29020
    3    52      28.18039
    3    53      19.02745
    3    54      28.83529
    3    55      28.46275
    3    56      23.02745
    3    57      24.79608
    3    58      23.21961
    3    59      22.05490
    3    60      27.10588
    3    61      24.87451
    3    62      16.12157
    3    63      14.86667
    3    64      22.58824
    3    65      25.02353
    3    66      20.95686
    3    67      29.58431
    3    68      32.86274
    3    69      29.02745
    3    70      25.73334
    3    71      19.83922
    3    72      24.27843
    3    73      24.66275
    3    74      30.36078
    3    75      28.39216
    3    76      22.80000
    3    77      21.27059
    3    78      20.07843
    3    79      17.32549
    3    80      12.30588
    3    81      20.56078
    3    82      25.98824
    3    83      25.89412
    3    84      24.50588
    3    85      21.69020
    3    86      26.04706
    3    87      27.47451
    3    88      19.61176
    3    89      19.15686
    3    90      41.08236
    3    91      41.46275
    3    92      24.76078
    3    93      19.80392
    3    94      20.53726
    3    95      19.43529
    3    96      19.78823
    3    97      20.46667
    3    98      19.51373
    3    99      13.31765
    3   100      29.10196
    3   101      42.67451
    3   102      27.41961
    3   103      23.37255
    3   104      24.99608
    3   105      21.36470
    3   106      16.69412
    3   107      18.47451
    3   108      21.18824
    3   109      16.00392
    3   110       6.63922
    3   111       4.17255
    3   112       5.39608
    3   113       9.53725
    3   114      11.43922
    3   115       9.84706
    3   116       6.73333
    3   117       0.21569
    3   118       0.00000
    3   119       0.00000
    3   120       0.00000
    3   121       0.00000
    3   122       0.00000
    3   123       0.00000
    3   124       0.00000
    3   125       0.00000
    3   126       0.00000
    3   127       0.00000
    3   128       0.00000
    3   129       0.00000
    3   130       0.00000
    3   131       0.00000
    3   132       0.00000
    3   133       0.00000
    3   134       0.00000
    3   135       0.00000
    3   136       0.00000
    3   137       0.00000
    3   138       0.00000
    3   139       0.00000
    3   140       0.00000
    3   141       0.00000

    4     0       0.00000
    4     1       0.00000
    4     2       0.00000
    4     3       0.00000
    4     4       0.00000
    4     5       0.00000
    4     6       0.00000
    4     7       0.00000
    4     8       0.00000
    4     9       0.00000
    4    10       0.00000
    4    11       0.00000
    4    12       0.00000
    4    13       0.00000
    4    14       0.00000
    4    15       0.00000
    4    16       0.00000
    4    17       0.00000
    4    18       0.00000
    4    19       1.00392
    4    20       5.50980
    4    21      10.03137
    4    22       7.93725
    4    23       3.30980
    4    24       4.98823
    4    25       6.00000
    4    26       8.38431
    4    27      19.10980
    4    28      18.40392
    4    29       7.54118
    4    30       6.23529
    4    31      18.91765
    4    32      22.62353
    4    33      17.15686
    4    34      14.15687
    4    35      23.25098
    4    36      20.64706
    4    37      13.78824
    4    38      12.48235
    4    39      13.76079
    4    40      30.28235
    4    41      42.94510
    4    42      30.97256
    4    43      16.96471
    4    44      13.21177
    4    45      19.26275
    4    46      17.85490
    4    47      14.96471
    4    48      14.24314
    4    49      27.20784
    4    50      37.16079
    4    51      33.03922
    4    52      26.50980
    4    53      26.57647
    4    54      29.71765
    4    55      29.25882
    4    56      23.28628
    4    57      23.96078
    4    58      26.65098
    4    59      21.96471
    4    60      20.64314
    4    61      20.60784
    4    62      19.00000
    4    63      17.94118
    4    64      22.47451
    4    65      22.59216
    4    66      25.01176
    4    67      29.92941
    4    68      31.41961
    4    69      31.49412
    4    70      27.88628
    4    71      18.23922
    4    72      19.16471
    4    73      25.75686
    4    74      32.19608
    4    75      26.37647
    4    76      22.61961
    4    77      20.90196
    4    78      20.67451
    4    79      18.74902
    4    80      18.80000
    4    81      22.11373
    4    82      20.17255
    4    83      24.72549
    4    84      24.38824
    4    85      23.60000
    4    86      26.97255
    4    87      26.55294
    4    88      16.67059
    4    89      22.41961
    4    90      42.67059
    4    91      38.95294
    4    92      26.89020
    4    93      20.16079
    4    94      17.12941
    4    95      21.14902
    4    96      22.94902
    4    97      21.49020
    4    98      14.08235
    4    99      11.64706
    4   100      24.18824
    4   101      43.42745
    4   102      39.38431
    4   103      22.67059
    4   104      20.73726
    4   105      20.02745
    4   106      20.72157
    4   107      18.18039
    4   108      18.77255
    4   109      12.43922
    4   110       8.01569
    4   111       1.45098
    4   112       4.44314
    4   113       8.95686
    4   114      10.51765
    4   115       9.47059
    4   116       7.80000
    4   117       3.76471
    4   118       0.21569
    4   119       0.00000
    4   120       0.00000
    4   121       0.00000
    4   122       0.00000
    4   123       0.00000
    4   124       0.00000
    4   125       0.00000
    4   126       0.00000
    4   127       0.00000
    4   128       0.00000
    4   129       0.00000
    4   130       0.00000
    4   131       0.00000
    4   132       0.00000
    4   133       0.00000
    4   134       0.00000
    4   135       0.00000
    4   136       0.00000
    4   137       0.00000
    4   138       0.00000
    4   139       0.00000
    4   140       0.00000
    4   141       0.00000

    5     0       0.00000
    5     1       0.00000
    5     2       0.00000
    5     3       0.00000
    5     4       0.00000
    5     5       0.00000
    5     6       0.00000
    5     7       0.00000
    5     8       0.00000
    5     9       0.00000
    5    10       0.00000
    5    11       0.00000
    5    12       0.00000
    5    13       0.00000
    5    14       0.00000
    5    15       0.00000
    5    16       0.00000
    5    17       0.00000
    5    18       0.00000
    5    19       2.34902
    5    20       9.25882
    5    21      10.96078
    5    22       5.21568
    5    23       4.99608
    5    24       6.00000
    5    25       3.01569
    5    26      11.00000
    5    27      10.67843
    5    28      16.09804
    5    29      10.39608
    5    30      11.31373
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   39    35      10.52157
   39    36      18.17647
   39    37      13.32549
   39    38      13.49804
   39    39      14.36078
   39    40      13.93333
   39    41       6.88235
   39    42       6.15686
   39    43      12.45490
   39    44      14.80784
   39    45      20.38824
   39    46      20.56471
   39    47      25.30196
   39    48      19.47059
   39    49      26.42745
   39    50      25.82745
   39    51      25.80392
   39    52      24.93334
   39    53      21.35294
   39    54      21.78039
   39    55      18.40392
   39    56      23.04314
   39    57      24.12549
   39    58      23.01569
   39    59      31.93333
   39    60      33.65882
   39    61      39.64314
   39    62      34.74118
   39    63      38.34902
   39    64      34.69411
   39    65      39.40000
   39    66      36.77254
   39    67      37.40000
   39    68      31.38824
   39    69      30.39608
   39    70      24.15294
   39    71      22.10980
   39    72      22.98039
   39    73      19.34902
   39    74      25.27059
   39    75      21.37647
   39    76      23.71764
   39    77      29.20784
   39    78      34.34118
   39    79      32.23922
   39    80      21.74902
   39    81      16.74902
   39    82      22.89412
   39    83      25.27451
   39    84      22.73726
   39    85      21.98431
   39    86      16.96471
   39    87      21.57647
   39    88      20.73726
   39    89      21.23922
   39    90      19.27451
   39    91      22.53333
   39    92      23.50196
   39    93      18.01177
   39    94      22.19216
   39    95      18.25098
   39    96      22.09412
   39    97      17.59608
   39    98      16.25882
   39    99      16.33726
   39   100      16.57255
   39   101      20.47451
   39   102      14.77255
   39   103      12.44706
   39   104      13.56471
   39   105      11.14510
   39   106       9.67059
   39   107       7.24314
   39   108      12.11765
   39   109      12.25490
   39   110      10.08235
   39   111       5.84706
   39   112       4.89412
   39   113       6.57647
   39   114       7.34510
   39   115       7.67059
   39   116       9.43529
   39   117      13.00000
   39   118       8.53726
   39   119      10.59216
   39   120       7.09020
   39   121      12.10980
   39   122      13.61568
   39   123       9.87843
   39   124       6.04706
   39   125       3.38823
   39   126       5.33333
   39   127       5.43922
   39   128       5.12157
   39   129       3.32941
   39   130       0.78039
   39   131       0.00000
   39   132       0.00000
   39   133       0.00000
   39   134       0.00000
   39   135       0.00000
   39   136       0.00000
   39   137       0.00000
   39   138       0.00000
   39   139       0.00000
   39   140       0.00000
   39   141       0.00000

   40     0       0.00000
   40     1       0.00000
   40     2       0.00000
   40     3       0.00000
   40     4       0.00000
   40     5       0.00000
   40     6       0.00000
   40     7       0.25882
   40     8       4.02745
   40     9       7.00000
   40    10       3.24314
   40    11       3.96078
   40    12       4.00000
   40    13       9.30196
   40    14       9.69804
   40    15       8.59216
   40    16       7.59216
   40    17      11.25490
   40    18       7.84314
   40    19       5.91765
   40    20      10.75686
   40    21       8.39608
   40    22       9.85098
   40    23       8.74510
   40    24       5.22353
   40    25       8.65098
   40    26      10.05098
   40    27      12.67451
   40    28       8.56079
   40    29       7.19216
   40    30       9.18823
   40    31       8.29804
   40    32       8.66275
   40    33       7.61961
   40    34       8.01569
   40    35      12.70588
   40    36      13.61176
   40    37      16.69020
   40    38      12.81569
   40    39      13.55294
   40    40      10.52549
   40    41       7.56078
   40    42       7.05490
   40    43      12.87451
   40    44      17.10196
   40    45      18.09804
   40    46      20.70588
   40    47      23.47843
   40    48      25.07059
   40    49      23.96863
   40    50      27.46667
   40    51      27.41961
   40    52      20.90196
   40    53      24.33333
   40    54      17.54118
   40    55      21.83922
   40    56      19.56863
   40    57      23.63922
   40    58      20.86275
   40    59      28.79216
   40    60      35.61961
   40    61      38.25882
   40    62      34.88235
   40    63      35.93333
   40    64      41.79608
   40    65      36.20392
   40    66      38.41961
   40    67      35.58431
   40    68      35.59608
   40    69      26.03137
   40    70      32.03137
   40    71      22.87451
   40    72      22.56470
   40    73      21.61176
   40    74      22.75686
   40    75      23.35686
   40    76      20.10980
   40    77      28.67451
   40    78      30.46667
   40    79      30.57255
   40    80      22.13725
   40    81      17.51765
   40    82      16.74510
   40    83      27.15294
   40    84      27.00000
   40    85      21.77255
   40    86      20.12549
   40    87      19.72941
   40    88      19.95687
   40    89      19.81569
   40    90      21.45490
   40    91      20.14118
   40    92      21.68628
   40    93      23.16079
   40    94      20.85883
   40    95      18.81177
   40    96      20.85098
   40    97      20.76471
   40    98      15.85883
   40    99      11.45490
   40   100      18.06275
   40   101      21.09020
   40   102      14.67451
   40   103      14.12549
   40   104      14.07451
   40   105       9.56863
   40   106       8.26274
   40   107       7.60392
   40   108      10.75294
   40   109      13.24706
   40   110      12.06274
   40   111       5.28235
   40   112       5.47843
   40   113       6.57647
   40   114       6.34510
   40   115       7.18039
   40   116      11.49020
   40   117      11.44314
   40   118      10.52941
   40   119       9.59216
   40   120       7.14902
   40   121      12.05098
   40   122      13.61568
   40   123      11.86275
   40   124       5.06275
   40   125       3.05490
   40   126       4.66667
   40   127       5.43922
   40   128       6.12157
   40   129       3.32941
   40   130       0.78039
   40   131       0.00000
   40   132       0.00000
   40   133       0.00000
   40   134       0.00000
   40   135       0.00000
   40   136       0.00000
   40   137       0.00000
   40   138       0.00000
   40   139       0.00000
   40   140       0.00000
   40   141       0.00000

   41     0       0.00000
   41     1       0.00000
   41     2       0.00000
   41     3       0.00000
   41     4       0.00000
   41     5       0.00000
   41     6       0.00000
   41     7       0.25882
   41     8       4.02745
   41     9       7.00000
   41    10       3.24314
   41    11       3.96078
   41    12       4.00000
   41    13       9.19216
   41    14       9.80784
   41    15       8.59216
   41    16       8.67843
   41    17      10.16863
   41    18       8.84314
   41    19       5.91765
   41    20       9.75686
   41    21       9.39608
   41    22      10.85098
   41    23       7.38039
   41    24       5.58824
   41    25       7.67059
   41    26      12.29804
   41    27      11.01961
   41    28      11.05882
   41    29       7.08235
   41    30       8.18823
   41    31       8.64706
   41    32       7.95294
   41    33       7.80000
   41    34      11.18431
   41    35      10.32157
   41    36      15.46274
   41    37      12.23922
   41    38      14.59608
   41    39      15.42353
   41    40       6.50196
   41    41       7.18824
   41    42      10.06667
   41    43      12.69412
   41    44      17.23922
   41    45      16.55294
   41    46      21.34510
   41    47      24.29804
   41    48      25.32941
   41    49      25.56863
   41    50      29.13334
   41    51      26.06667
   41    52      19.92549
   41    53      24.88628
   41    54      17.15686
   41    55      19.88235
   41    56      21.97255
   41    57      20.44706
   41    58      19.34902
   41    59      33.75686
   41    60      30.51373
   41    61      31.75686
   41    62      36.70588
   41    63      39.20784
   41    64      37.60000
   41    65      42.89804
   41    66      38.03137
   41    67      33.21176
   41    68      30.96471
   41    69      37.86667
   41    70      25.67059
   41    71      29.11765
   41    72      23.14902
   41    73      22.44314
   41    74      24.58431
   41    75      20.25098
   41    76      23.96863
   41    77      24.52549
   41    78      24.92157
   41    79      23.23922
   41    80      26.28627
   41    81      15.61176
   41    82      20.41176
   41    83      21.70196
   41    84      28.59608
   41    85      27.27059
   41    86      21.76863
   41    87      15.90980
   41    88      23.71373
   41    89      18.41569
   41    90      18.61961
   41    91      20.14510
   41    92      24.74510
   41    93      19.22745
   41    94      24.83922
   41    95      19.39216
   41    96      18.92549
   41    97      22.31373
   41    98      14.68628
   41    99       9.16863
   41   100      20.17647
   41   101      17.72941
   41   102      17.63922
   41   103      15.36863
   41   104      13.89020
   41   105       7.57647
   41   106       8.62353
   41   107       8.19608
   41   108       9.47451
   41   109      13.54118
   41   110      13.50588
   41   111       6.74902
   41   112       3.70980
   41   113       8.05098
   41   114       4.74902
   41   115       9.14902
   41   116       9.50196
   41   117      12.44314
   41   118       9.52941
   41   119      10.59216
   41   120       8.14902
   41   121      11.41961
   41   122      14.23137
   41   123      11.87843
   41   124       5.06275
   41   125       3.05490
   41   126       4.66667
   41   127       5.31765
   41   128       6.24314
   41   129       3.32941
   41   130       0.78039
   41   131       0.00000
   41   132       0.00000
   41   133       0.00000
   41   134       0.00000
   41   135       0.00000
   41   136       0.00000
   41   137       0.00000
   41   138       0.00000
   41   139       0.00000
   41   140       0.00000
   41   141       0.00000

   42     0       0.00000
   42     1       0.00000
   42     2       0.00000
   42     3       0.00000
   42     4       0.00000
   42     5       0.00000
   42     6       0.00000
   42     7       0.25882
   42     8       4.02745
   42     9       6.00000
   42    10       4.24314
   42    11       2.96078
   42    12       5.00000
   42    13       8.19216
   42    14      10.80784
   42    15       8.59216
   42    16       7.67843
   42    17      11.16863
   42    18       8.84314
   42    19       6.91765
   42    20       8.75686
   42    21      11.39608
   42    22       8.85098
   42    23       7.38039
   42    24       6.18431
   42    25       9.46274
   42    26      11.50196
   42    27      13.52549
   42    28       8.10588
   42    29       7.93725
   42    30       8.12157
   42    31       8.14902
   42    32       8.51765
   42    33       9.61961
   42    34       9.46274
   42    35      11.22353
   42    36      14.92549
   42    37      11.84706
   42    38      16.66666
   42    39       9.42353
   42    40       8.92941
   42    41       6.61961
   42    42      12.80784
   42    43      12.23922
   42    44      16.95294
   42    45      15.55294
   42    46      23.02353
   42    47      23.02745
   42    48      25.06275
   42    49      26.57648
   42    50      31.75687
   42    51      22.87451
   42    52      25.00784
   42    53      15.76863
   42    54      23.61177
   42    55      18.20000
   42    56      22.61177
   42    57      15.43922
   42    58      28.46275
   42    59      26.21961
   42    60      31.04313
   42    61      29.70980
   42    62      33.36863
   42    63      38.30588
   42    64      41.17646
   42    65      43.63530
   42    66      37.72548
   42    67      31.95686
   42    68      32.10196
   42    69      34.32157
   42    70      33.57255
   42    71      28.41568
   42    72      26.52157
   42    73      22.96078
   42    74      24.41961
   42    75      21.56470
   42    76      21.87059
   42    77      26.19216
   42    78      13.58824
   42    79      19.60784
   42    80      26.50588
   42    81      22.97647
   42    82      15.50196
   42    83      24.33725
   42    84      26.90980
   42    85      27.84706
   42    86      24.47843
   42    87      20.63137
   42    88      16.69020
   42    89      21.13333
   42    90      17.96078
   42    91      22.17647
   42    92      20.01569
   42    93      23.94510
   42    94      22.30196
   42    95      21.43530
   42    96      18.47451
   42    97      20.13726
   42    98      15.98824
   42    99      12.61177
   42   100      15.45882
   42   101      16.83137
   42   102      19.81961
   42   103      18.01176
   42   104       9.43137
   42   105      12.17255
   42   106       5.64706
   42   107       7.58823
   42   108      10.44706
   42   109      13.54118
   42   110      12.74902
   42   111       8.50588
   42   112       4.70980
   42   113       5.09804
   42   114       7.70196
   42   115       7.14902
   42   116      11.50196
   42   117      11.44314
   42   118      10.47059
   42   119       8.65098
   42   120      10.22745
   42   121      11.34118
   42   122      14.23137
   42   123      11.87843
   42   124       5.06275
   42   125       2.05490
   42   126       5.66667
   42   127       5.31765
   42   128       5.24314
   42   129       4.32941
   42   130       0.78039
   42   131       0.00000
   42   132       0.00000
   42   133       0.00000
   42   134       0.00000
   42   135       0.00000
   42   136       0.00000
   42   137       0.00000
   42   138       0.00000
   42   139       0.00000
   42   140       0.00000
   42   141       0.00000

   43     0       0.00000
   43     1       0.00000
   43     2       0.00000
   43     3       0.00000
   43     4       0.00000
   43     5       0.00000
   43     6       0.00000
   43     7       0.25882
   43     8       4.02745
   43     9       5.00000
   43    10       5.24314
   43    11       1.95686
   43    12       6.00392
   43    13       8.19216
   43    14      10.79216
   43    15       8.74510
   43    16       6.54118
   43    17      13.16863
   43    18       9.04314
   43    19       5.71765
   43    20      10.07843
   43    21      10.07451
   43    22       9.85098
   43    23       8.40000
   43    24       4.16471
   43    25      11.11372
   43    26      12.85098
   43    27      12.13334
   43    28       8.43529
   43    29       8.18823
   43    30       6.93725
   43    31      10.02353
   43    32       7.66667
   43    33       9.96863
   43    34      11.08628
   43    35      12.30196
   43    36      12.06275
   43    37      13.56471
   43    38      10.49804
   43    39      13.65882
   43    40       5.18431
   43    41      10.07059
   43    42      12.38824
   43    43      13.09804
   43    44      17.48627
   43    45      15.87451
   43    46      19.06667
   43    47      27.21569
   43    48      25.14902
   43    49      30.21569
   43    50      28.58432
   43    51      24.73726
   43    52      21.47843
   43    53      20.61176
   43    54      18.61961
   43    55      22.46275
   43    56      16.16863
   43    57      22.57647
   43    58      22.81177
   43    59      30.46667
   43    60      25.36863
   43    61      31.38431
   43    62      28.97647
   43    63      36.70588
   43    64      45.58039
   43    65      38.67451
   43    66      39.35686
   43    67      35.23137
   43    68      30.89804
   43    69      31.21176
   43    70      34.29803
   43    71      31.03529
   43    72      30.03137
   43    73      23.12549
   43    74      26.07059
   43    75      23.87059
   43    76      22.48627
   43    77      14.04314
   43    78      19.07059
   43    79      12.94510
   43    80      23.67451
   43    81      25.45882
   43    82      22.69804
   43    83      19.73334
   43    84      25.69412
   43    85      27.10980
   43    86      28.14902
   43    87      19.81177
   43    88      21.07843
   43    89      17.88627
   43    90      18.90980
   43    91      20.96079
   43    92      20.84314
   43    93      23.40785
   43    94      24.35294
   43    95      19.90588
   43    96      18.86667
   43    97      21.14510
   43    98      11.97647
   43    99      14.92941
   43   100      14.48235
   43   101      17.45098
   43   102      18.78039
   43   103      18.21569
   43   104      12.26275
   43   105      10.18039
   43   106       5.67059
   43   107       6.94510
   43   108      10.79216
   43   109      11.80784
   43   110      15.01569
   43   111       7.11765
   43   112       7.81569
   43   113       4.11373
   43   114       7.27843
   43   115       6.57255
   43   116      13.50196
   43   117       9.42353
   43   118      12.49020
   43   119       7.65098
   43   120      10.21961
   43   121      12.34902
   43   122      14.03137
   43   123      11.83529
   43   124       5.30588
   43   125       2.03529
   43   126       6.68627
   43   127       4.31765
   43   128       5.24314
   43   129       4.32941
   43   130       0.78039
   43   131       0.00000
   43   132       0.00000
   43   133       0.00000
   43   134       0.00000
   43   135       0.00000
   43   136       0.00000
   43   137       0.00000
   43   138       0.00000
   43   139       0.00000
   43   140       0.00000
   43   141       0.00000

   44     0       0.00000
   44     1       0.00000
   44     2       0.00000
   44     3       0.00000
   44     4       0.00000
   44     5       0.00000
   44     6       0.00000
   44     7       0.09412
   44     8       4.19216
   44     9       4.00000
   44    10       6.24314
   44    11       1.95686
   44    12       6.00392
   44    13       8.19216
   44    14       8.79216
   44    15      11.17255
   44    16       6.11372
   44    17      14.16863
   44    18       8.04314
   44    19       5.71765
   44    20      13.07843
   44    21       7.07451
   44    22      11.62353
   44    23       6.62745
   44    24       4.16471
   44    25      14.10196
   44    26      10.47059
   44    27      13.22353
   44    28       9.73726
   44    29       5.18824
   44    30      11.64706
   44    31       6.16471
   44    32       8.79608
   44    33      13.08627
   44    34       7.97647
   44    35      14.51765
   44    36       8.67451
   44    37      11.38824
   44    38      17.10196
   44    39       5.23529
   44    40      10.36863
   44    41      10.81177
   44    42       9.11765
   44    43      18.62353
   44    44      13.63530
   44    45      15.40392
   44    46      25.25098
   44    47      17.49412
   44    48      35.57255
   44    49      25.56471
   44    50      29.25098
   44    51      24.44314
   44    52      19.19216
   44    53      22.92941
   44    54      21.42745
   44    55      16.38431
   44    56      19.38432
   44    57      22.80000
   44    58      24.78039
   44    59      28.83529
   44    60      21.87059
   44    61      33.12157
   44    62      30.38039
   44    63      32.41961
   44    64      41.16079
   44    65      40.78431
   44    66      37.01569
   44    67      38.55294
   44    68      29.49804
   44    69      32.55294
   44    70      32.56078
   44    71      32.36863
   44    72      34.34118
   44    73      26.87843
   44    74      26.80392
   44    75      21.57647
   44    76      15.89019
   44    77      15.33725
   44    78      16.29020
   44    79      16.62745
   44    80      17.99608
   44    81      23.01176
   44    82      25.98824
   44    83      22.80000
   44    84      23.80392
   44    85      27.48235
   44    86      27.07451
   44    87      23.86275
   44    88      21.86274
   44    89      18.75686
   44    90      16.58039
   44    91      20.81569
   44    92      18.71765
   44    93      25.84706
   44    94      20.79608
   44    95      23.00000
   44    96      19.65883
   44    97      14.97647
   44    98      20.30980
   44    99      10.56863
   44   100      16.81569
   44   101      15.70196
   44   102      18.40000
   44   103      18.13725
   44   104      13.01176
   44   105      10.49804
   44   106       7.67059
   44   107       4.58039
   44   108      10.59608
   44   109      13.05490
   44   110      10.32941
   44   111      13.11764
   44   112       6.14118
   44   113       5.78824
   44   114       7.27843
   44   115       4.58431
   44   116      15.49020
   44   117       9.42353
   44   118      10.49020
   44   119       9.65490
   44   120       7.56079
   44   121      15.80000
   44   122      13.23529
   44   123      10.83529
   44   124       6.30588
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   56    21      10.03137
   56    22       9.60784
   56    23       9.33725
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   56    27      14.75686
   56    28       8.95294
   56    29      12.37255
   56    30      16.09804
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   56    41      11.60784
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   56    47      22.46667
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   56    49      26.54510
   56    50      27.30589
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   56    52      28.67843
   56    53      33.32157
   56    54      28.90196
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   56    56      24.20392
   56    57      22.43921
   56    58      26.28627
   56    59      25.92941
   56    60      24.31765
   56    61      23.56470
   56    62      25.72549
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   56    65      26.58432
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   56    67      14.71372
   56    68      13.02745
   56    69      15.72549
   56    70      13.11372
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   56    87      23.25882
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   56    94      16.28628
   56    95      21.95294
   56    96      16.54510
   56    97      18.34510
   56    98      20.84314
   56    99      22.36078
   56   100      23.49412
   56   101      18.32941
   56   102      16.32941
   56   103      12.01961
   56   104      12.63921
   56   105      10.96863
   56   106      11.90981
   56   107      11.21569
   56   108       8.76863
   56   109      12.04706
   56   110       9.90196
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   56   112      13.26274
   56   113       8.71765
   56   114       8.85882
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   56   116      13.58039
   56   117      12.70588
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   56   120      15.34510
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   56   123       8.23529
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   57     5       0.00000
   57     6       0.00000
   57     7       0.00000
   57     8       0.00000
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   57    14       5.84314
   57    15       5.80000
   57    16       9.75294
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   57    19      14.58823
   57    20      13.87059
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   57    22       9.60784
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   57    25      14.90588
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   57    27      13.81961
   57    28      11.02745
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   57    31      11.47843
   57    32      10.50980
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   57    34      12.47451
   57    35      14.77647
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   57    52      29.24706
   57    53      32.36471
   57    54      31.72941
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   57    57      22.56078
   57    58      23.78432
   57    59      24.93725
   57    60      24.48235
   57    61      26.27843
   57    62      24.96471
   57    63      27.42745
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   57    65      21.05490
   57    66      17.25098
   57    67      14.01569
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   57    71      13.36078
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   57    86      23.00392
   57    87      24.60784
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   57    92      15.23530
   57    93      17.30589
   57    94      16.69020
   57    95      17.34902
   57    96      19.98824
   57    97      19.55294
   57    98      19.19608
   57    99      23.93726
   57   100      22.04706
   57   101      19.12549
   57   102      16.94902
   57   103      13.54902
   57   104      11.10196
   57   105      11.43137
   57   106      12.15294
   57   107      10.36471
   57   108       9.37647
   57   109      12.52157
   57   110      12.08235
   57   111      16.67451
   57   112      13.60000
   57   113       9.73725
   57   114       8.83529
   57   115      12.37255
   57   116      11.58431
   57   117      14.20784
   57   118      14.89020
   57   119      12.11372
   57   120      15.36863
   57   121      13.67059
   57   122       9.45098
   57   123       7.00392
   57   124       2.40392
   57   125       5.67059
   57   126       6.10588
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   58     3       0.00000
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   58     6       0.00000
   58     7       0.00000
   58     8       0.00000
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   58    10       2.16471
   58    11       3.00392
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   58    13       5.00000
   58    14       6.14510
   58    15       4.81569
   58    16       8.75686
   58    17      10.99608
   58    18      11.83529
   58    19      16.38431
   58    20      12.03922
   58    21      14.86275
   58    22       9.32549
   58    23      10.68235
   58    24      12.70980
   58    25      12.65882
   58    26      17.94902
   58    27      12.34902
   58    28      14.49804
   58    29      12.28627
   58    30      14.89020
   58    31       9.76078
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   58    33      11.14510
   58    34      12.08235
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   58    38       9.43137
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   58    41      12.60784
   58    42      15.01961
   58    43      12.22353
   58    44      20.47059
   58    45      22.84314
   58    46      24.27059
   58    47      23.18431
   58    48      26.90981
   58    49      29.34902
   58    50      28.96471
   58    51      33.63922
   58    52      31.49020
   58    53      30.85491
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   58    55      26.11765
   58    56      22.00392
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   58    58      24.96078
   58    59      24.77255
   58    60      27.65882
   58    61      23.68627
   58    62      26.33726
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   58    64      20.87059
   58    65      19.51373
   58    66      14.48627
   58    67      15.23529
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   58    69      14.07843
   58    70      12.72549
   58    71      12.95686
   58    72      15.90980
   58    73      13.89804
   58    74      18.18039
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   58    76      20.07059
   58    77      24.94118
   58    78      29.71373
   58    79      35.46667
   58    80      30.95294
   58    81      32.70588
   58    82      34.67843
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   58    84      31.80784
   58    85      33.23529
   58    86      26.61176
   58    87      22.80000
   58    88      16.96471
   58    89      14.36863
   58    90      18.21961
   58    91      18.22745
   58    92      19.54510
   58    93      15.87843
   58    94      14.10196
   58    95      18.18824
   58    96      19.84706
   58    97      21.64314
   58    98      18.33726
   58    99      24.16471
   58   100      21.98039
   58   101      18.18039
   58   102      18.35294
   58   103      12.02745
   58   104      13.56078
   58   105      11.09019
   58   106      12.60392
   58   107       9.97647
   58   108      10.37647
   58   109      12.53726
   58   110      12.11373
   58   111      17.62745
   58   112      12.60000
   58   113      11.12157
   58   114       8.45882
   58   115      14.36471
   58   116      11.58431
   58   117      14.20784
   58   118      14.59608
   58   119      13.09412
   58   120      16.68235
   58   121      11.53725
   58   122       9.58431
   58   123       6.00392
   58   124       2.40392
   58   125       6.67059
   58   126       5.10588
   58   127       4.34510
   58   128       0.90196
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   58   130       0.00000
   58   131       0.00000
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   59     0       0.00000
   59     1       0.00000
   59     2       0.00000
   59     3       0.00000
   59     4       0.00000
   59     5       0.00000
   59     6       0.00000
   59     7       0.00000
   59     8       0.00000
   59     9       0.09412
   59    10       1.18824
   59    11       4.00000
   59    12       2.92549
   59    13       5.00000
   59    14       6.25882
   59    15       5.70196
   59    16       7.36471
   59    17      10.45490
   59    18      11.58823
   59    19      14.97647
   59    20      15.62745
   59    21      12.86275
   59    22      11.60784
   59    23       9.40000
   59    24      12.85882
   59    25      14.52157
   59    26      16.93333
   59    27      14.10196
   59    28      14.67059
   59    29      12.36471
   59    30      13.42353
   59    31      12.22745
   59    32      10.23137
   59    33      13.13725
   59    34      14.87059
   59    35      12.25098
   59    36      10.75686
   59    37       9.44314
   59    38       7.99608
   59    39      11.51765
   59    40      12.43137
   59    41      13.30980
   59    42      12.62353
   59    43      14.19216
   59    44      18.17255
   59    45      21.78432
   59    46      19.74118
   59    47      26.37255
   59    48      30.51765
   59    49      29.77255
   59    50      33.23529
   59    51      31.50196
   59    52      29.18824
   59    53      32.07451
   59    54      32.56078
   59    55      26.57647
   59    56      22.36471
   59    57      21.87843
   59    58      21.88627
   59    59      23.92941
   59    60      29.51765
   59    61      24.81569
   59    62      23.61177
   59    63      23.50981
   59    64      17.72941
   59    65      15.58431
   59    66      16.41176
   59    67      13.92157
   59    68      13.76078
   59    69      14.20784
   59    70      11.99608
   59    71      11.95686
   59    72      15.36863
   59    73      14.90980
   59    74      15.12157
   59    75      18.50196
   59    76      17.61176
   59    77      22.88235
   59    78      28.88627
   59    79      32.34510
   59    80      35.17647
   59    81      34.24706
   59    82      31.05490
   59    83      37.67451
   59    84      38.45490
   59    85      32.95686
   59    86      27.82745
   59    87      23.10588
   59    88      15.89804
   59    89      14.72157
   59    90      17.20000
   59    91      17.25098
   59    92      19.48627
   59    93      18.67059
   59    94      15.81961
   59    95      14.11373
   59    96      21.06275
   59    97      19.98824
   59    98      21.61569
   59    99      23.36470
   59   100      20.72157
   59   101      18.45882
   59   102      18.02353
   59   103      13.78823
   59   104      13.28627
   59   105      13.96470
   59   106       8.69804
   59   107      11.39608
   59   108      11.50588
   59   109      13.03137
   59   110      15.04314
   59   111      14.92157
   59   112      11.75686
   59   113      11.55294
   59   114      11.63137
   59   115      13.47059
   59   116      13.14118
   59   117      14.56863
   59   118      14.33725
   59   119      14.32941
   59   120      12.69804
   59   121      13.74902
   59   122       9.35686
   59   123       4.05882
   59   124       3.66667
   59   125       6.35294
   59   126       5.32941
   59   127       3.25098
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   59   130       0.00000
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   59   135       0.00000
   59   136       0.00000
   59   137       0.00000
   59   138       0.00000
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   59   140       0.00000
   59   141       0.00000

   60     0       0.00000
   60     1       0.00000
   60     2       0.00000
   60     3       0.00000
   60     4       0.00000
   60     5       0.00000
   60     6       0.00000
   60     7       0.00000
   60     8       0.00000
   60     9       0.00000
   60    10       1.11765
   60    11       2.16471
   60    12       3.01176
   60    13       5.91372
   60    14       5.00000
   60    15       5.14510
   60    16       6.24706
   60    17      10.13333
   60    18      12.84314
   60    19      13.97647
   60    20      15.62745
   60    21      13.86275
   60    22      11.60784
   60    23      11.54902
   60    24      12.84706
   60    25      13.74118
   60    26      16.58039
   60    27      15.12549
   60    28      15.52941
   60    29      14.25490
   60    30      13.64706
   60    31      10.43137
   60    32      10.96471
   60    33      13.92157
   60    34      14.75686
   60    35      13.64314
   60    36      10.76079
   60    37       9.43922
   60    38       8.99608
   60    39      10.94902
   60    40      14.17647
   60    41      13.32941
   60    42      12.52941
   60    43      16.03922
   60    44      15.90196
   60    45      17.51373
   60    46      23.60392
   60    47      27.10196
   60    48      30.42745
   60    49      33.05882
   60    50      32.74118
   60    51      29.22353
   60    52      32.13726
   60    53      33.16470
   60    54      30.97255
   60    55      25.56863
   60    56      20.20392
   60    57      21.36863
   60    58      25.26666
   60    59      27.18823
   60    60      25.88627
   60    61      23.14902
   60    62      21.00393
   60    63      20.13726
   60    64      19.17255
   60    65      14.14118
   60    66      14.52157
   60    67      13.59216
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   60    69      13.20784
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   60    80      33.40392
   60    81      34.40392
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   60    91      18.20392
   60    92      18.18824
   60    93      20.20392
   60    94      16.87059
   60    95      15.09804
   60    96      16.40784
   60    97      21.83921
   60    98      22.85883
   60    99      21.10980
   60   100      22.54118
   60   101      20.21569
   60   102      15.32941
   60   103      13.93333
   60   104      15.89804
   60   105      12.29412
   60   106      10.54902
   60   107      10.78431
   60   108      10.69412
   60   109      12.56078
   60   110      17.41177
   60   111      15.44706
   60   112      11.75686
   60   113      12.55294
   60   114      11.48627
   60   115      14.61176
   60   116      14.62745
   60   117      14.10588
   60   118      14.94510
   60   119      14.49804
   60   120      11.55686
   60   121      13.08235
   60   122       9.37255
   60   123       3.07059
   60   124       4.67059
   60   125       6.43922
   60   126       5.22353
   60   127       2.01569
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   60   136       0.00000
   60   137       0.00000
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   61    22      13.43922
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   61    25      14.74118
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   61    27      17.07059
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   61    45      15.89019
   61    46      24.74902
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   62    26      14.43921
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   62   103      15.01961
   62   104      17.63922
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   62   110      16.05882
   62   111      15.47843
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   63    95      21.03529
   63    96      15.93333
   63    97      14.37255
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   63    99      24.75686
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   63   110      18.32941
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   64    24      13.23529
   64    25      13.10196
   64    26      16.01961
   64    27      19.78039
   64    28      18.57647
   64    29      17.37255
   64    30      15.20000
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   64    32       9.98823
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   64    38      13.16471
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   64    40      15.38431
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   64    44      17.02353
   64    45      20.12549
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   64    47      29.52157
   64    48      34.96471
   64    49      29.80392
   64    50      32.14118
   64    51      33.07843
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   64    80      26.40784
   64    81      27.36862
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   64   110      19.56471
   64   111      16.10196
   64   112      12.03529
   64   113      14.90980
   64   114      17.47843
   64   115      16.28235
   64   116      14.55686
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   64   127       0.00000
   64   128       0.00000
   64   129       0.00000
   64   130       0.00000
   64   131       0.00000
   64   132       0.00000
   64   133       0.00000
   64   134       0.00000
   64   135       0.00000
   64   136       0.00000
   64   137       0.00000
   64   138       0.00000
   64   139       0.00000
   64   140       0.00000
   64   141       0.00000

   65     0       0.00000
   65     1       0.00000
   65     2       0.00000
   65     3       0.00000
   65     4       0.00000
   65     5       0.00000
   65     6       0.00000
   65     7       0.00000
   65     8       0.00000
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   65    19      10.31765
   65    20      17.81176
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   65    26      13.65098
   65    27      19.15686
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   65    33      15.66667
   65    34      18.18823
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   65    40      14.44314
   65    41      14.51373
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   65    46      23.86274
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   65    48      28.97255
   65    49      29.90196
   65    50      34.08627
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   65    54      28.76863
   65    55      28.84706
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   65    57      23.63530
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   65    91      22.49804
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   65    93      21.01177
   65    94      20.82353
   65    95      18.18824
   65    96      20.18824
   65    97      16.21177
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   65    99      18.28628
   65   100      19.12941
   65   101      21.48236
   65   102      17.66275
   65   103      16.21961
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   65   105      20.15686
   65   106      13.90196
   65   107       9.16470
   65   108      10.86666
   65   109      18.12941
   65   110      20.20000
   65   111      14.14510
   65   112      15.01961
   65   113      15.29804
   65   114      18.55686
   65   115      15.78431
   65   116      16.56078
   65   117      16.90196
   65   118      11.54510
   65   119      12.69804
   65   120      12.94510
   65   121       8.35294
   65   122       4.38824
   65   123       6.79216
   65   124       5.10196
   65   125       3.25098
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   66    10       0.00000
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   66    12       0.11765
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   66    14       3.00784
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   66    17       6.94118
   66    18       6.47843
   66    19       9.99608
   66    20      15.13333
   66    21      15.79608
   66    22      16.60392
   66    23      16.32157
   66    24      17.74902
   66    25      16.35294
   66    26      14.20392
   66    27      19.12157
   66    28      20.21961
   66    29      20.97255
   66    30      14.10980
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   66    33      16.89804
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   66    58      21.29804
   66    59      18.38039
   66    60      17.33726
   66    61      15.41176
   66    62      16.69020
   66    63      16.66667
   66    64      15.62745
   66    65      10.17647
   66    66      11.44706
   66    67      11.72157
   66    68      11.76863
   66    69      13.82745
   66    70      13.65098
   66    71      12.93333
   66    72      13.97255
   66    73      14.57647
   66    74      17.40392
   66    75      23.22745
   66    76      23.67843
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   66    79      27.69411
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   66    85      24.18039
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   66    87      22.73726
   66    88      25.88628
   66    89      24.97255
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   66    94      23.27843
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   66    96      20.03922
   66    97      17.96863
   66    98      14.33726
   66    99      14.25882
   66   100      17.41569
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   66   102      20.16471
   66   103      18.12157
   66   104      23.65490
   66   105      19.78824
   66   106      15.48627
   66   107       9.34117
   66   108      10.58823
   66   109      18.89412
   66   110      19.82353
   66   111      14.76470
   66   112      16.01961
   66   113      16.57255
   66   114      19.30588
   66   115      18.41176
   66   116      16.51765
   66   117      13.83529
   66   118      12.83137
   66   119      13.51373
   66   120      10.54510
   66   121       7.10981
   66   122       5.72157
   66   123       6.45882
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   67    21      18.58823
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   67    38      13.50196
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   67    43      21.00784
   67    44      22.58039
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   90    59      10.48235
   90    60       6.93725
   90    61       8.14510
   90    62       8.27843
   90    63      23.78433
   90    64      49.43922
   90    65      47.55686
   90    66      41.91375
   90    67      12.50588
   90    68      13.39216
   90    69      12.92941
   90    70      10.69020
   90    71       9.69412
   90    72       9.69412
   90    73       9.69412
   90    74       9.69412
   90    75      26.21567
   90    76      46.98039
   90    77      46.97647
   90    78      34.30588
   90    79       4.97647
   90    80       4.97647
   90    81       4.97647
   90    82       4.97647
   90    83       4.97647
   90    84       4.97647
   90    85       4.97647
   90    86       4.97647
   90    87      39.18824
   90    88      62.00392
   90    89      62.00000
   90    90      35.69413
   90    91       0.00000
   90    92       0.00000
   90    93       0.00000
   90    94       0.00000
   90    95       0.00000
   90    96       0.00000
   90    97       0.00000
   90    98       0.03137
   90    99       3.87843
   90   100      12.78039
   90   101      27.56078
   90   102      44.44706
   90   103      53.22745
   90   104      48.89019
   90   105      41.96471
   90   106      42.29020
   90   107      40.63922
   90   108      37.45882
   90   109      42.43529
   90   110      53.23922
   90   111      55.72941
   90   112      36.90981
   90   113      16.13725
   90   114       0.38824
   90   115       0.00000
   90   116       0.00000
   90   117       0.00000
   90   118       0.00000
   90   119       0.00000
   90   120       0.00000
   90   121       0.00000
   90   122       0.00000
   90   123       0.00000
   90   124       0.00000
   90   125       0.00000
   90   126       0.00000
   90   127       0.00000
   90   128       0.00000
   90   129       0.00000
   90   130       0.00000
   90   131       0.00000
   90   132       0.00000
   90   133       0.00000
   90   134       0.00000
   90   135       0.00000
   90   136       0.00000
   90   137       0.00000
   90   138       0.00000
   90   139       0.00000
   90   140       0.00000
   90   141       0.00000

   91     0       0.00000
   91     1       0.00000
   91     2       0.00000
   91     3       0.00000
   91     4       0.00000
   91     5       0.00000
   91     6       0.00000
   91     7       0.00000
   91     8       0.00000
   91     9       0.00000
   91    10       0.00000
   91    11       0.00000
   91    12       0.00000
   91    13       0.00000
   91    14       0.00000
   91    15       0.00000
   91    16       0.00000
   91    17       0.00000
   91    18       0.00000
   91    19       0.00000
   91    20       0.00000
   91    21       0.00000
   91    22       0.00000
   91    23       0.00000
   91    24       0.00000
   91    25       0.63922
   91    26       4.34510
   91    27       6.16863
   91    28      16.41961
   91    29      47.75294
   91    30      59.15294
   91    31      56.16471
   91    32      45.04706
   91    33      48.80784
   91    34      51.14510
   91    35      49.48236
   91    36      46.92941
   91    37      51.24314
   91    38      54.79608
   91    39      42.73726
   91    40      16.95294
   91    41       0.68235
   91    42       0.00000
   91    43       0.00000
   91    44       0.00000
   91    45       0.00000
   91    46       0.00000
   91    47       0.00000
   91    48       0.00000
   91    49       0.00000
   91    50       0.00000
   91    51       9.14118
   91    52      42.00000
   91    53      42.00784
   91    54      42.00000
   91    55       4.68627
   91    56       4.71765
   91    57       4.88627
   91    58       9.75294
   91    59      10.48235
   91    60       6.93725
   91    61       8.14510
   91    62      11.83922
   91    63      28.62354
   91    64      41.03921
   91    65      45.48627
   91    66      36.20785
   91    67      20.28628
   91    68      13.39216
   91    69      12.92941
   91    70      10.69020
   91    71       9.69412
   91    72       9.69412
   91    73       9.69412
   91    74       9.69412
   91    75      26.21567
   91    76      46.98039
   91    77      46.97647
   91    78      34.30588
   91    79       4.97647
   91    80       4.97647
   91    81       4.97647
   91    82       4.97647
   91    83       4.97647
   91    84       4.97647
   91    85       4.97647
   91    86       4.97647
   91    87      40.18824
   91    88      62.00000
   91    89      60.29804
   91    90      35.75296
   91    91       0.64314
   91    92       0.00000
   91    93       0.00000
   91    94       0.00000
   91    95       0.00000
   91    96       0.00000
   91    97       0.00000
   91    98       1.89804
   91    99       7.52157
   91   100      16.95686
   91   101      29.85098
   91   102      37.61176
   91   103      44.42745
   91   104      48.90589
   91   105      45.71764
   91   106      43.39608
   91   107      39.80784
   91   108      38.27842
   91   109      46.22353
   91   110      50.34903
   91   111      44.91764
   91   112      35.40784
   91   113      20.53725
   91   114       6.00392
   91   115       0.19608
   91   116       0.00000
   91   117       0.00000
   91   118       0.00000
   91   119       0.00000
   91   120       0.00000
   91   121       0.00000
   91   122       0.00000
   91   123       0.00000
   91   124       0.00000
   91   125       0.00000
   91   126       0.00000
   91   127       0.00000
   91   128       0.00000
   91   129       0.00000
   91   130       0.00000
   91   131       0.00000
   91   132       0.00000
   91   133       0.00000
   91   134       0.00000
   91   135       0.00000
   91   136       0.00000
   91   137       0.00000
   91   138       0.00000
   91   139       0.00000
   91   140       0.00000
   91   141       0.00000

   92     0       0.00000
   92     1       0.00000
   92     2       0.00000
   92     3       0.00000
   92     4       0.00000
   92     5       0.00000
   92     6       0.00000
   92     7       0.00000
   92     8       0.00000
   92     9       0.00000
   92    10       0.00000
   92    11       0.00000
   92    12       0.00000
   92    13       0.00000
   92    14       0.00000
   92    15       0.00000
   92    16       0.00000
   92    17       0.00000
   92    18       0.00000
   92    19       0.00000
   92    20       0.00000
   92    21       0.00000
   92    22       0.00000
   92    23       0.00000
   92    24       0.00000
   92    25       0.63922
   92    26       4.34510
   92    27       6.46274
   92    28      22.10588
   92    29      42.71372
   92    30      57.60000
   92    31      55.62746
   92    32      47.16471
   92    33      45.70196
   92    34      51.39215
   92    35      49.78040
   92    36      46.75294
   92    37      47.30981
   92    38      49.50196
   92    39      43.93726
   92    40      22.07451
   92    41       5.35686
   92    42       0.00000
   92    43       0.00000
   92    44       0.00000
   92    45       0.00000
   92    46       0.00000
   92    47       0.00000
   92    48       0.00000
   92    49       0.00000
   92    50       1.14902
   92    51      12.59608
   92    52      36.40392
   92    53      42.00000
   92    54      38.16862
   92    55       9.18824
   92    56       4.70588
   92    57       4.88627
   92    58       9.75294
   92    59      10.48235
   92    60       6.93725
   92    61       8.14510
   92    62      14.41177
   92    63      31.53333
   92    64      35.55687
   92    65      44.40000
   92    66      30.61568
   92    67      26.57647
   92    68      13.38823
   92    69      12.92941
   92    70      10.69020
   92    71       9.69412
   92    72       9.69412
   92    73       9.69412
   92    74      11.82745
   92    75      26.91763
   92    76      44.48628
   92    77      44.52941
   92    78      32.29019
   92    79       9.43921
   92    80       4.97647
   92    81       4.97647
   92    82       4.97647
   92    83       4.97647
   92    84       4.97647
   92    85       4.97647
   92    86      13.80000
   92    87      37.08628
   92    88      56.67057
   92    89      54.58824
   92    90      33.17256
   92    91       8.93333
   92    92       0.00000
   92    93       0.00000
   92    94       0.00000
   92    95       0.00000
   92    96       0.00000
   92    97       1.05490
   92    98       4.65098
   92    99       8.44706
   92   100      15.96470
   92   101      28.47058
   92   102      35.37255
   92   103      45.45883
   92   104      47.55294
   92   105      48.40000
   92   106      43.96078
   92   107      39.90196
   92   108      38.74902
   92   109      45.98039
   92   110      45.37255
   92   111      39.60785
   92   112      31.97255
   92   113      24.08235
   92   114      11.40784
   92   115       1.60000
   92   116       0.00000
   92   117       0.00000
   92   118       0.00000
   92   119       0.00000
   92   120       0.00000
   92   121       0.00000
   92   122       0.00000
   92   123       0.00000
   92   124       0.00000
   92   125       0.00000
   92   126       0.00000
   92   127       0.00000
   92   128       0.00000
   92   129       0.00000
   92   130       0.00000
   92   131       0.00000
   92   132       0.00000
   92   133       0.00000
   92   134       0.00000
   92   135       0.00000
   92   136       0.00000
   92   137       0.00000
   92   138       0.00000
   92   139       0.00000
   92   140       0.00000
   92   141       0.00000

   93     0       0.00000
   93     1       0.00000
   93     2       0.00000
   93     3       0.00000
   93     4       0.00000
   93     5       0.00000
   93     6       0.00000
   93     7       0.00000
   93     8       0.00000
   93     9       0.00000
   93    10       0.00000
   93    11       0.00000
   93    12       0.00000
   93    13       0.00000
   93    14       0.00000
   93    15       0.00000
   93    16       0.00000
   93    17       0.00000
   93    18       0.00000
   93    19       0.00000
   93    20       0.00000
   93    21       0.00000
   93    22       0.00000
   93    23       0.00000
   93    24       0.63922
   93    25       4.34510
   93    26       5.12157
   93    27       8.19608
   93    28      20.85098
   93    29      39.31764
   93    30      50.70980
   93    31      53.24314
   93    32      45.98040
   93    33      48.04314
   93    34      51.62745
   93    35      50.98039
   93    36      47.74509
   93    37      47.87451
   93    38      43.87058
   93    39      41.03922
   93    40      28.23137
   93    41      10.37255
   93    42       0.27843
   93    43       0.00000
   93    44       0.00000
   93    45       0.00000
   93    46       0.00000
   93    47       0.00000
   93    48       0.00000
   93    49       0.00000
   93    50       2.28627
   93    51      15.32158
   93    52      32.54118
   93    53      42.00000
   93    54      33.16862
   93    55      14.18824
   93    56       4.70588
   93    57       4.88627
   93    58       9.75294
   93    59      10.48235
   93    60       6.93725
   93    61      11.70589
   93    62      22.85098
   93    63      31.53333
   93    64      29.56471
   93    65      27.39217
   93    66      31.61961
   93    67      28.80000
   93    68      21.16471
   93    69      12.92941
   93    70      10.69020
   93    71       9.69412
   93    72       9.69412
   93    73       9.69412
   93    74      14.04314
   93    75      28.21959
   93    76      42.25883
   93    77      43.15686
   93    78      29.76078
   93    79      12.34117
   93    80       4.97647
   93    81       4.97647
   93    82       4.97647
   93    83       4.97647
   93    84       4.97647
   93    85       5.40000
   93    86      17.08628
   93    87      36.08236
   93    88      52.96860
   93    89      51.25098
   93    90      32.25098
   93    91      13.25098
   93    92       0.64314
   93    93       0.00000
   93    94       0.00000
   93    95       0.00000
   93    96       0.00000
   93    97       1.89804
   93    98       7.51765
   93    99      12.44706
   93   100      20.50588
   93   101      27.85490
   93   102      33.83921
   93   103      37.19608
   93   104      45.11373
   93   105      47.14510
   93   106      42.50981
   93   107      44.77647
   93   108      44.33725
   93   109      44.67059
   93   110      36.60392
   93   111      36.30588
   93   112      28.94510
   93   113      25.11765
   93   114      15.02353
   93   115       6.00392
   93   116       0.19608
   93   117       0.00000
   93   118       0.00000
   93   119       0.00000
   93   120       0.00000
   93   121       0.00000
   93   122       0.00000
   93   123       0.00000
   93   124       0.00000
   93   125       0.00000
   93   126       0.00000
   93   127       0.00000
   93   128       0.00000
   93   129       0.00000
   93   130       0.00000
   93   131       0.00000
   93   132       0.00000
   93   133       0.00000
   93   134       0.00000
   93   135       0.00000
   93   136       0.00000
   93   137       0.00000
   93   138       0.00000
   93   139       0.00000
   93   140       0.00000
   93   141       0.00000

   94     0       0.00000
   94     1       0.00000
   94     2       0.00000
   94     3       0.00000
   94     4       0.00000
   94     5       0.00000
   94     6       0.00000
   94     7       0.00000
   94     8       0.00000
   94     9       0.00000
   94    10       0.00000
   94    11       0.00000
   94    12       0.00000
   94    13       0.00000
   94    14       0.00000
   94    15       0.00000
   94    16       0.00000
   94    17       0.00000
   94    18       0.00000
   94    19       0.00000
   94    20       0.00000
   94    21       0.00000
   94    22       0.00000
   94    23       0.00000
   94    24       0.98431
   94    25       5.10588
   94    26       7.17255
   94    27      12.63922
   94    28      23.51765
   94    29      37.96471
   94    30      44.82352
   94    31      46.34510
   94    32      45.14510
   94    33      49.84706
   94    34      50.25098
   94    35      50.02353
   94    36      43.93725
   94    37      44.25490
   94    38      42.67059
   94    39      38.95686
   94    40      30.90588
   94    41      20.55294
   94    42       3.36863
   94    43       0.00000
   94    44       0.00000
   94    45       0.00000
   94    46       0.00000
   94    47       0.00000
   94    48       0.00000
   94    49       0.00000
   94    50       2.74118
   94    51      16.18432
   94    52      31.22353
   94    53      42.00000
   94    54      31.16863
   94    55      16.18824
   94    56       4.70588
   94    57       4.88627
   94    58       9.75294
   94    59      10.48235
   94    60       8.24706
   94    61      17.64706
   94    62      27.60000
   94    63      30.16471
   94    64      22.79216
   94    65      15.46276
   94    66      26.98039
   94    67      29.84314
   94    68      28.95294
   94    69      16.41569
   94    70      10.69020
   94    71       9.69412
   94    72       9.69412
   94    73       9.69412
   94    74      14.93333
   94    75      27.70979
   94    76      40.59217
   94    77      42.60392
   94    78      29.13333
   94    79      14.51764
   94    80       4.97647
   94    81       4.97647
   94    82       4.97647
   94    83       4.97647
   94    84       4.97647
   94    85       9.60000
   94    86      21.08628
   94    87      35.68236
   94    88      45.52547
   94    89      44.35293
   94    90      31.29020
   94    91      17.29020
   94    92       4.78824
   94    93       0.00000
   94    94       0.00000
   94    95       0.00000
   94    96       1.10588
   94    97       4.09412
   94    98       9.95686
   94    99      16.26274
   94   100      19.80000
   94   101      26.73333
   94   102      34.90196
   94   103      35.99216
   94   104      43.46275
   94   105      39.95686
   94   106      45.98824
   94   107      47.46274
   94   108      44.07058
   94   109      37.78824
   94   110      32.30981
   94   111      35.18039
   94   112      29.81961
   94   113      23.02353
   94   114      15.02745
   94   115       9.06275
   94   116       5.81176
   94   117       0.19608
   94   118       0.00000
   94   119       0.00000
   94   120       0.00000
   94   121       0.00000
   94   122       0.00000
   94   123       0.00000
   94   124       0.00000
   94   125       0.00000
   94   126       0.00000
   94   127       0.00000
   94   128       0.00000
   94   129       0.00000
   94   130       0.00000
   94   131       0.00000
   94   132       0.00000
   94   133       0.00000
   94   134       0.00000
   94   135       0.00000
   94   136       0.00000
   94   137       0.00000
   94   138       0.00000
   94   139       0.00000
   94   140       0.00000
   94   141       0.00000

   95     0       0.00000
   95     1       0.00000
   95     2       0.00000
   95     3       0.00000
   95     4       0.00000
   95     5       0.00000
   95     6       0.00000
   95     7       0.00000
   95     8       0.00000
   95     9       0.00000
   95    10       0.00000
   95    11       0.00000
   95    12       0.00000
   95    13       0.00000
   95    14       0.00000
   95    15       0.00000
   95    16       0.00000
   95    17       0.00000
   95    18       0.00000
   95    19       0.00000
   95    20       0.00000
   95    21       0.00000
   95    22       0.00000
   95    23       0.63922
   95    24       4.34510
   95    25       5.12157
   95    26       6.59216
   95    27      12.70196
   95    28      25.03137
   95    29      37.47058
   95    30      43.27059
   95    31      37.10196
   95    32      42.64706
   95    33      50.81962
   95    34      50.35686
   95    35      52.29411
   95    36      45.34902
   95    37      41.50980
   95    38      37.43529
   95    39      34.11765
   95    40      29.80784
   95    41      25.26275
   95    42      14.31372
   95    43       2.27843
   95    44       0.00000
   95    45       0.00000
   95    46       0.00000
   95    47       0.00000
   95    48       0.00000
   95    49       0.46667
   95    50       5.50196
   95    51      16.73726
   95    52      28.50196
   95    53      38.10980
   95    54      29.18824
   95    55      18.18824
   95    56       7.18824
   95    57       4.87451
   95    58       9.70588
   95    59       9.52941
   95    60      11.39608
   95    61      22.10197
   95    62      27.49804
   95    63      29.14510
   95    64      18.50981
   95    65      12.01961
   95    66      22.55295
   95    67      28.85098
   95    68      29.42353
   95    69      22.61177
   95    70      10.70588
   95    71      10.67843
   95    72       9.98431
   95    73      10.49804
   95    74      16.38431
   95    75      28.82352
   95    76      37.75686
   95    77      38.86274
   95    78      27.95686
   95    79      17.68235
   95    80       6.53725
   95    81       4.97647
   95    82       4.97647
   95    83       4.97647
   95    84       5.40000
   95    85      12.88628
   95    86      24.28236
   95    87      33.58040
   95    88      39.98822
   95    89      38.38430
   95    90      31.10588
   95    91      19.51373
   95    92       9.15686
   95    93       0.00000
   95    94       0.00000
   95    95       1.10588
   95    96       4.08627
   95    97       8.20392
   95    98      13.29020
   95    99      15.49020
   95   100      20.26274
   95   101      23.94118
   95   102      36.62353
   95   103      38.02745
   95   104      38.36863
   95   105      38.67843
   95   106      47.52157
   95   107      48.27059
   95   108      36.25882
   95   109      31.41961
   95   110      31.30196
   95   111      35.30980
   95   112      30.45098
   95   113      18.72157
   95   114      16.67059
   95   115      13.80784
   95   116       8.19216
   95   117       2.00392
   95   118       0.00000
   95   119       0.00000
   95   120       0.00000
   95   121       0.00000
   95   122       0.00000
   95   123       0.00000
   95   124       0.00000
   95   125       0.00000
   95   126       0.00000
   95   127       0.00000
   95   128       0.00000
   95   129       0.00000
   95   130       0.00000
   95   131       0.00000
   95   132       0.00000
   95   133       0.00000
   95   134       0.00000
   95   135       0.00000
   95   136       0.00000
   95   137       0.00000
   95   138       0.00000
   95   139       0.00000
   95   140       0.00000
   95   141       0.00000

   96     0       0.00000
   96     1       0.00000
   96     2       0.00000
   96     3       0.00000
   96     4       0.00000
   96     5       0.00000
   96     6       0.00000
   96     7       0.00000
   96     8       0.00000
   96     9       0.00000
   96    10       0.00000
   96    11       0.00000
   96    12       0.00000
   96    13       0.00000
   96    14       0.00000
   96    15       0.00000
   96    16       0.00000
   96    17       0.00000
   96    18       0.00000
   96    19       0.00000
   96    20       0.00000
   96    21       0.00000
   96    22       0.00000
   96    23       1.98431
   96    24       5.10588
   96    25       7.15294
   96    26       7.72549
   96    27      14.72941
   96    28      27.19608
   96    29      39.23922
   96    30      38.10588
   96    31      35.77647
   96    32      39.69411
   96    33      47.97255
   96    34      47.28236
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  130    44      13.81177
  130    45      21.97647
  130    46      23.45883
  130    47      22.65098
  130    48      21.61177
  130    49      20.99216
  130    50      26.71372
  130    51      29.01961
  130    52      27.50980
  130    53      21.25098
  130    54      20.65882
  130    55      20.63529
  130    56      15.63922
  130    57      18.88235
  130    58      25.13334
  130    59      27.62353
  130    60      22.94118
  130    61      19.69019
  130    62      21.27451
  130    63      26.05098
  130    64      28.82353
  130    65      28.41177
  130    66      36.76078
  130    67      33.16470
  130    68      35.20784
  130    69      32.14902
  130    70      29.58824
  130    71      31.27059
  130    72      31.74510
  130    73      36.50588
  130    74      31.81176
  130    75      30.28235
  130    76      24.00784
  130    77      23.91764
  130    78      23.80000
  130    79      25.28235
  130    80      29.75686
  130    81      25.65098
  130    82      29.07059
  130    83      29.00784
  130    84      26.47843
  130    85      27.54118
  130    86      31.58432
  130    87      31.30196
  130    88      23.45490
  130    89      19.36471
  130    90      18.28236
  130    91      16.77255
  130    92      23.21177
  130    93      22.22353
  130    94      20.49020
  130    95      15.76863
  130    96      14.64706
  130    97      14.96471
  130    98      14.77647
  130    99      13.99216
  130   100      22.45490
  130   101      22.58824
  130   102      14.90588
  130   103      10.36078
  130   104      17.53725
  130   105      11.86667
  130   106      16.34510
  130   107      14.23137
  130   108       7.44706
  130   109       4.12157
  130   110       4.09804
  130   111       5.50980
  130   112       7.00000
  130   113       7.12549
  130   114      10.92549
  130   115       8.81961
  130   116       8.85490
  130   117       7.08235
  130   118       7.24706
  130   119       4.49412
  130   120       4.43137
  130   121       6.33725
  130   122       9.85882
  130   123       4.25490
  130   124       9.24706
  130   125      10.01569
  130   126       9.35294
  130   127       4.46275
  130   128      10.18039
  130   129       7.98039
  130   130       6.05098
  130   131       3.00000
  130   132       2.57255
  130   133       0.63529
  130   134       0.00000
  130   135       0.00000
  130   136       0.00000
  130   137       0.00000
  130   138       0.00000
  130   139       0.00000
  130   140       0.00000
  130   141       0.00000

  131     0       0.00000
  131     1       0.00000
  131     2       0.00000
  131     3       0.00000
  131     4       0.00000
  131     5       0.00000
  131     6       0.00000
  131     7       0.00000
  131     8       0.00000
  131     9       0.00000
  131    10       0.00000
  131    11       0.00000
  131    12       0.00000
  131    13       0.47451
  131    14       6.81569
  131    15       8.99216
  131    16       9.73333
  131    17       7.32941
  131    18       5.47451
  131    19       6.44706
  131    20       7.99608
  131    21       9.16471
  131    22       5.97647
  131    23      10.09412
  131    24      13.42353
  131    25      14.84314
  131    26      10.02745
  131    27      12.71765
  131    28      11.45098
  131    29      10.00000
  131    30      12.17255
  131    31       8.94510
  131    32      11.63922
  131    33      10.08627
  131    34      15.18824
  131    35       8.88235
  131    36      13.18824
  131    37       7.12157
  131    38       9.45098
  131    39       8.76471
  131    40      12.70196
  131    41       8.58431
  131    42      18.24314
  131    43      15.72941
  131    44      16.93334
  131    45      15.80784
  131    46      26.92157
  131    47      19.61961
  131    48      25.70981
  131    49      20.62353
  131    50      23.17647
  131    51      26.89412
  131    52      30.29412
  131    53      21.19608
  131    54      20.03529
  131    55      19.58823
  131    56      18.70588
  131    57      15.88627
  131    58      21.45490
  131    59      25.31373
  131    60      26.38824
  131    61      25.01176
  131    62      19.09019
  131    63      24.64706
  131    64      27.01961
  131    65      31.63137
  131    66      34.65882
  131    67      33.61961
  131    68      35.67451
  131    69      34.87843
  131    70      37.09412
  131    71      28.16471
  131    72      35.34118
  131    73      32.71373
  131    74      36.69804
  131    75      28.12941
  131    76      30.14117
  131    77      21.34510
  131    78      28.50980
  131    79      21.33725
  131    80      27.08235
  131    81      25.60000
  131    82      31.67451
  131    83      22.56079
  131    84      29.68235
  131    85      28.92941
  131    86      29.29020
  131    87      28.54118
  131    88      21.52549
  131    89      20.32941
  131    90      16.96471
  131    91      19.78824
  131    92      25.33726
  131    93      24.44314
  131    94      15.95686
  131    95      15.58824
  131    96      15.33726
  131    97      13.15294
  131    98      16.43137
  131    99      19.05883
  131   100      19.18431
  131   101      19.46275
  131   102      14.42353
  131   103      13.25882
  131   104      15.96471
  131   105      14.60784
  131   106      15.24314
  131   107      13.38431
  131   108       5.29804
  131   109       5.10196
  131   110       4.11765
  131   111       5.52157
  131   112       6.11765
  131   113       7.99608
  131   114      10.92549
  131   115       8.81961
  131   116       7.85490
  131   117       6.33333
  131   118       6.99608
  131   119       5.49412
  131   120       4.43137
  131   121       5.33725
  131   122       9.93333
  131   123       5.15294
  131   124       7.27451
  131   125      10.99216
  131   126      10.37647
  131   127       3.61569
  131   128       9.66667
  131   129       7.34118
  131   130       8.05098
  131   131       2.00000
  131   132       3.57255
  131   133       0.63529
  131   134       0.00000
  131   135       0.00000
  131   136       0.00000
  131   137       0.00000
  131   138       0.00000
  131   139       0.00000
  131   140       0.00000
  131   141       0.00000

  132     0       0.00000
  132     1       0.00000
  132     2       0.00000
  132     3       0.00000
  132     4       0.00000
  132     5       0.00000
  132     6       0.00000
  132     7       0.00000
  132     8       0.00000
  132     9       0.00000
  132    10       0.00000
  132    11       0.00000
  132    12       0.00000
  132    13       0.47451
  132    14       6.81569
  132    15       9.99216
  132    16       7.73333
  132    17       8.32941
  132    18       6.47451
  132    19       5.44706
  132    20       7.89804
  132    21       9.26274
  132    22       5.95686
  132    23      10.56863
  132    24      11.96863
  132    25      15.07451
  132    26      10.79608
  132    27      11.71765
  132    28      10.45098
  132    29      10.00000
  132    30      11.03137
  132    31      11.04314
  132    32       9.25882
  132    33      10.50980
  132    34      14.34118
  132    35      12.70980
  132    36       8.20784
  132    37      10.51373
  132    38       8.79608
  132    39      11.34902
  132    40       8.59216
  132    41      15.54510
  132    42      11.84314
  132    43      17.84706
  132    44      13.92549
  132    45      20.78824
  132    46      17.05882
  132    47      30.78823
  132    48      20.85490
  132    49      21.98824
  132    50      24.78432
  132    51      22.64706
  132    52      23.72549
  132    53      29.58039
  132    54      17.19608
  132    55      18.26667
  132    56      24.28627
  132    57      13.76863
  132    58      17.56078
  132    59      23.50588
  132    60      24.16471
  132    61      26.32941
  132    62      26.40000
  132    63      21.89804
  132    64      29.36078
  132    65      29.76471
  132    66      31.17255
  132    67      35.46667
  132    68      37.45490
  132    69      38.94902
  132    70      37.20784
  132    71      31.52941
  132    72      34.98039
  132    73      32.15686
  132    74      36.42353
  132    75      28.22745
  132    76      31.84706
  132    77      28.80392
  132    78      24.36078
  132    79      23.01961
  132    80      25.18431
  132    81      24.56471
  132    82      30.06667
  132    83      22.77647
  132    84      26.83529
  132    85      33.51373
  132    86      27.29804
  132    87      22.38824
  132    88      24.79608
  132    89      17.98432
  132    90      14.67059
  132    91      27.15294
  132    92      24.69020
  132    93      20.34510
  132    94      18.69020
  132    95      15.63922
  132    96      12.97255
  132    97      16.50196
  132    98      15.26275
  132    99      18.45098
  132   100      21.38039
  132   101      18.21569
  132   102      12.60392
  132   103      15.43922
  132   104      15.43922
  132   105      14.66667
  132   106      18.45490
  132   107       8.93726
  132   108       6.37647
  132   109       3.23137
  132   110       4.91372
  132   111       5.50588
  132   112       7.14118
  132   113       7.00392
  132   114      12.53726
  132   115       6.19216
  132   116       9.85490
  132   117       4.30196
  132   118       7.02745
  132   119       5.49412
  132   120       4.43137
  132   121       5.33725
  132   122       8.94118
  132   123       6.14510
  132   124       6.27451
  132   125      11.00000
  132   126       9.02353
  132   127       5.96078
  132   128       8.67059
  132   129       7.33725
  132   130       8.45490
  132   131       2.59608
  132   132       2.99608
  132   133       1.21177
  132   134       0.00000
  132   135       0.00000
  132   136       0.00000
  132   137       0.00000
  132   138       0.00000
  132   139       0.00000
  132   140       0.00000
  132   141       0.00000

  133     0       0.00000
  133     1       0.00000
  133     2       0.00000
  133     3       0.00000
  133     4       0.00000
  133     5       0.00000
  133     6       0.00000
  133     7       0.00000
  133     8       0.00000
  133     9       0.00000
  133    10       0.00000
  133    11       0.00000
  133    12       0.00000
  133    13       0.47451
  133    14       5.81569
  133    15      11.99216
  133    16       6.73333
  133    17       8.32941
  133    18       6.47451
  133    19       5.44706
  133    20       9.87843
  133    21       7.28235
  133    22       6.48628
  133    23       9.03922
  133    24      12.96863
  133    25      12.07451
  133    26      12.79608
  133    27      11.39216
  133    28       9.81961
  133    29       8.95686
  133    30      13.03137
  133    31       8.61176
  133    32       9.69020
  133    33      11.40392
  133    34      12.44706
  133    35      11.86275
  133    36      12.05490
  133    37       7.00000
  133    38      11.44706
  133    39      11.92549
  133    40       9.98431
  133    41      10.65098
  133    42      13.82745
  133    43      16.50588
  133    44      22.24314
  133    45      11.53334
  133    46      22.46667
  133    47      24.90588
  133    48      25.52157
  133    49      22.12157
  133    50      23.71765
  133    51      17.87059
  133    52      26.09412
  133    53      25.89020
  133    54      21.86667
  133    55      19.43137
  133    56      17.46666
  133    57      19.90980
  133    58      17.67843
  133    59      18.36470
  133    60      22.57647
  133    61      27.70196
  133    62      30.74510
  133    63      28.14510
  133    64      23.28235
  133    65      33.07451
  133    66      22.38039
  133    67      43.25883
  133    68      33.88235
  133    69      43.78823
  133    70      36.97255
  133    71      36.47451
  133    72      35.32941
  133    73      31.52549
  133    74      29.20000
  133    75      29.56863
  133    76      38.56863
  133    77      24.21569
  133    78      32.47843
  133    79      19.43921
  133    80      27.22745
  133    81      21.69020
  133    82      28.03922
  133    83      25.14118
  133    84      30.03137
  133    85      28.40000
  133    86      25.87451
  133    87      21.61961
  133    88      17.87451
  133    89      22.61961
  133    90      19.51765
  133    91      26.97255
  133    92      22.75686
  133    93      24.69020
  133    94      11.91765
  133    95      20.92157
  133    96      11.56078
  133    97      14.02353
  133    98      19.55294
  133    99      18.69020
  133   100      19.00000
  133   101      18.69412
  133   102      10.90196
  133   103      17.80000
  133   104      15.04706
  133   105      16.66274
  133   106      15.24706
  133   107       9.26667
  133   108       5.25490
  133   109       3.23137
  133   110       5.45882
  133   111       6.47059
  133   112       4.63137
  133   113       9.25490
  133   114      10.28627
  133   115       7.17647
  133   116       8.97255
  133   117       4.20000
  133   118       6.02745
  133   119       6.49412
  133   120       2.96078
  133   121       6.80784
  133   122       7.68628
  133   123       7.40000
  133   124       5.34902
  133   125      10.92549
  133   126      10.02353
  133   127       4.96078
  133   128       9.67059
  133   129       6.33725
  133   130       8.45490
  133   131       3.59608
  133   132       2.00000
  133   133       2.20784
  133   134       0.00000
  133   135       0.00000
  133   136       0.00000
  133   137       0.00000
  133   138       0.00000
  133   139       0.00000
  133   140       0.00000
  133   141       0.00000

  134     0       0.00000
  134     1       0.00000
  134     2       0.00000
  134     3       0.00000
  134     4       0.00000
  134     5       0.00000
  134     6       0.00000
  134     7       0.00000
  134     8       0.00000
  134     9       0.00000
  134    10       0.00000
  134    11       0.00000
  134    12       0.00000
  134    13       0.47451
  134    14       4.23921
  134    15      13.56863
  134    16       6.73333
  134    17       9.10588
  134    18       5.69804
  134    19       5.44706
  134    20       9.87843
  134    21       5.96078
  134    22       9.80784
  134    23       5.07451
  134    24      14.93333
  134    25      12.07451
  134    26      10.42745
  134    27      13.76078
  134    28       6.81961
  134    29      11.95686
  134    30       7.72549
  134    31      13.91765
  134    32       6.08235
  134    33      12.03137
  134    34      12.78039
  134    35      11.50980
  134    36      12.05882
  134    37       5.99608
  134    38      15.16078
  134    39       8.78039
  134    40      14.73726
  134    41      10.09804
  134    42      10.38039
  134    43      18.36863
  134    44      16.77255
  134    45      19.84314
  134    46      15.10588
  134    47      28.46667
  134    48      22.10981
  134    49      26.94118
  134    50      20.22353
  134    51      21.72549
  134    52      19.95294
  134    53      23.61569
  134    54      27.26667
  134    55      17.76078
  134    56      19.69804
  134    57      15.54510
  134    58      23.03922
  134    59      16.53725
  134    60      19.06275
  134    61      25.20784
  134    62      29.87843
  134    63      38.07843
  134    64      24.70980
  134    65      29.46275
  134    66      27.75686
  134    67      35.54118
  134    68      37.29804
  134    69      40.01176
  134    70      41.82353
  134    71      39.13725
  134    72      36.21961
  134    73      31.00000
  134    74      28.71372
  134    75      28.47843
  134    76      35.54902
  134    77      29.61961
  134    78      30.31372
  134    79      26.82745
  134    80      23.06666
  134    81      22.39216
  134    82      26.79216
  134    83      27.54510
  134    84      28.78432
  134    85      26.07059
  134    86      20.90589
  134    87      22.94118
  134    88      21.09804
  134    89      20.41569
  134    90      24.09412
  134    91      25.28628
  134    92      21.03922
  134    93      18.69412
  134    94      19.71765
  134    95      15.47843
  134    96      15.90981
  134    97      16.85883
  134    98      14.85490
  134    99      23.99608
  134   100      14.87059
  134   101      17.58824
  134   102      11.22745
  134   103      19.30980
  134   104      15.83922
  134   105      18.96078
  134   106      12.97647
  134   107       8.41961
  134   108       3.12157
  134   109       3.18431
  134   110       7.44706
  134   111       4.48235
  134   112       7.61961
  134   113       6.83137
  134   114       9.72157
  134   115       9.25882
  134   116       6.89020
  134   117       4.20000
  134   118       4.02745
  134   119       8.49412
  134   120       2.96078
  134   121       8.80784
  134   122       5.68628
  134   123       7.40000
  134   124       5.34902
  134   125       7.92549
  134   126      13.02353
  134   127       3.90196
  134   128      10.72941
  134   129       6.33725
  134   130       7.10196
  134   131       4.94902
  134   132       2.00000
  134   133       2.20784
  134   134       0.00000
  134   135       0.00000
  134   136       0.00000
  134   137       0.00000
  134   138       0.00000
  134   139       0.00000
  134   140       0.00000
  134   141       0.00000

  135     0       0.00000
  135     1       0.00000
  135     2       0.00000
  135     3       0.00000
  135     4       0.00000
  135     5       0.00000
  135     6       0.00000
  135     7       0.00000
  135     8       0.00000
  135     9       0.00000
  135    10       0.00000
  135    11       0.00000
  135    12       0.00000
  135    13       0.47451
  135    14       4.23921
  135    15      13.56863
  135    16       6.73333
  135    17      10.54510
  135    18       4.25882
  135    19       4.16078
  135    20      11.16471
  135    21       5.96078
  135    22       9.80784
  135    23       5.07451
  135    24       8.01176
  135    25      18.99608
  135    26       8.29020
  135    27      15.89804
  135    28       5.81961
  135    29      12.95686
  135    30       7.72549
  135    31       8.27451
  135    32      11.72549
  135    33       7.03137
  135    34      17.78039
  135    35       8.66274
  135    36       7.86667
  135    37      14.38039
  135    38       7.83529
  135    39      17.96471
  135    40       7.78431
  135    41       7.78824
  135    42      17.50588
  135    43       9.22353
  135    44      28.03138
  135    45      13.69804
  135    46      24.39608
  135    47      16.14902
  135    48      18.87451
  135    49      36.46275
  135    50      15.43922
  135    51      29.55687
  135    52      12.58039
  135    53      14.03529
  135    54      33.91373
  135    55      16.96863
  135    56      25.94902
  135    57      13.69804
  135    58      26.85490
  135    59      12.77255
  135    60      13.33333
  135    61      31.42745
  135    62      24.78823
  135    63      50.01960
  135    64      20.93333
  135    65      19.85882
  135    66      42.82353
  135    67      24.00392
  135    68      51.62353
  135    69      29.56863
  135    70      43.63529
  135    71      40.87452
  135    72      24.98824
  135    73      45.49019
  135    74      23.43921
  135    75      43.18431
  135    76      19.18431
  135    77      21.05882
  135    78      46.00392
  135    79      21.62745
  135    80      33.05098
  135    81      14.39608
  135    82      19.34118
  135    83      43.12157
  135    84      18.81569
  135    85      31.70588
  135    86      16.09020
  135    87      27.27843
  135    88      13.83921
  135    89      16.87843
  135    90      36.72549
  135    91      16.20000
  135    92      28.83138
  135    93      13.24706
  135    94      13.90588
  135    95      26.20784
  135    96      10.56471
  135    97      24.01177
  135    98      12.49804
  135    99      26.48236
  135   100      11.21177
  135   101       9.83922
  135   102      22.33334
  135   103      12.48627
  135   104      24.85490
  135   105      13.38824
  135   106       9.53333
  135   107      10.49412
  135   108       1.04706
  135   109       7.09804
  135   110       3.53333
  135   111       4.48235
  135   112       8.61961
  135   113       5.83137
  135   114      13.72157
  135   115       5.25882
  135   116       7.13726
  135   117       3.95294
  135   118       4.02745
  135   119       8.49412
  135   120       2.96078
  135   121       9.50980
  135   122       4.98431
  135   123       5.17255
  135   124       7.57647
  135   125       6.92549
  135   126      14.02353
  135   127       3.90196
  135   128      11.72549
  135   129       5.34118
  135   130       6.10196
  135   131       5.94902
  135   132       2.00000
  135   133       2.20784
  135   134       0.00000
  135   135       0.00000
  135   136       0.00000
  135   137       0.00000
  135   138       0.00000
  135   139       0.00000
  135   140       0.00000
  135   141       0.00000

  136     0       0.00000
  136     1       0.00000
  136     2       0.00000
  136     3       0.00000
  136     4       0.00000
  136     5       0.00000
  136     6       0.00000
  136     7       0.00000
  136     8       0.00000
  136     9       0.00000
  136    10       0.00000
  136    11       0.00000
  136    12       0.00000
  136    13       0.47451
  136    14       4.23921
  136    15      13.56863
  136    16       6.73333
  136    17       8.52941
  136    18       6.27451
  136    19       4.16078
  136    20      11.16471
  136    21       5.96078
  136    22       7.87059
  136    23       7.01177
  136    24       8.86667
  136    25      18.14118
  136    26       8.29020
  136    27      13.89804
  136    28       7.81961
  136    29       5.95686
  136    30      13.72549
  136    31       9.27451
  136    32       5.64314
  136    33      13.11372
  136    34       7.98039
  136    35      15.81568
  136    36      10.51373
  136    37       9.38431
  136    38      15.32549
  136    39       9.18431
  136    40      14.64314
  136    41      10.39608
  136    42       9.23922
  136    43      17.49020
  136    44      16.70981
  136    45      22.55294
  136    46      20.29412
  136    47      14.03530
  136    48      29.85490
  136    49      25.30196
  136    50      21.41569
  136    51      22.10588
  136    52      18.01961
  136    53      20.23529
  136    54      21.71765
  136    55      22.90980
  136    56      19.49412
  136    57      19.23137
  136    58      17.77647
  136    59      21.80392
  136    60      20.18823
  136    61      22.72157
  136    62      27.14902
  136    63      33.44314
  136    64      39.72157
  136    65      32.52549
  136    66      31.07843
  136    67      32.02353
  136    68      34.77647
  136    69      39.42746
  136    70      41.47451
  136    71      38.10196
  136    72      33.70196
  136    73      34.05883
  136    74      36.14117
  136    75      30.92941
  136    76      21.74510
  136    77      32.23921
  136    78      30.12941
  136    79      32.22745
  136    80      26.21961
  136    81      26.16078
  136    82      27.39608
  136    83      29.50196
  136    84      23.94510
  136    85      21.32157
  136    86      20.81177
  136    87      17.74902
  136    88      23.29412
  136    89      25.96863
  136    90      23.60392
  136    91      22.54902
  136    92      18.69412
  136    93      21.03922
  136    94      17.06667
  136    95      20.21177
  136    96      16.73726
  136    97      16.06275
  136    98      21.78824
  136    99      14.00000
  136   100      18.16471
  136   101      12.23530
  136   102      17.85883
  136   103      19.49020
  136   104      16.25882
  136   105      18.00784
  136   106      13.74510
  136   107       4.25490
  136   108       4.23137
  136   109       3.91372
  136   110       4.53333
  136   111       6.74118
  136   112       5.36078
  136   113      10.10588
  136   114       9.44706
  136   115       6.36079
  136   116       6.03529
  136   117       3.95294
  136   118       4.02745
  136   119       8.49412
  136   120       2.96078
  136   121       9.50980
  136   122       4.98431
  136   123       5.51372
  136   124       7.23529
  136   125       6.92549
  136   126      13.00000
  136   127       4.92549
  136   128       8.89804
  136   129       8.16863
  136   130       6.10196
  136   131       5.94902
  136   132       2.00000
  136   133       2.20784
  136   134       0.00000
  136   135       0.00000
  136   136       0.00000
  136   137       0.00000
  136   138       0.00000
  136   139       0.00000
  136   140       0.00000
  136   141       0.00000

  137     0       0.00000
  137     1       0.00000
  137     2       0.00000
  137     3       0.00000
  137     4       0.00000
  137     5       0.00000
  137     6       0.00000
  137     7       0.00000
  137     8       0.00000
  137     9       0.00000
  137    10       0.00000
  137    11       0.00000
  137    12       0.00000
  137    13       0.47451
  137    14       4.23921
  137    15      10.56863
  137    16       9.73333
  137    17       8.26667
  137    18       6.53725
  137    19       5.61961
  137    20       8.43137
  137    21       7.23529
  137    22       7.87059
  137    23       6.99216
  137    24       8.88627
  137    25      13.14118
  137    26      13.29020
  137    27      10.91372
  137    28       9.47843
  137    29       7.28235
  137    30       8.72549
  137    31      11.27451
  137    32       8.64314
  137    33       8.50588
  137    34      11.58824
  137    35      11.81568
  137    36      14.01177
  137    37      12.20784
  137    38      10.00392
  137    39      13.36471
  137    40      12.46667
  137    41       8.64314
  137    42      14.16863
  137    43      11.51765
  137    44      19.38039
  137    45      20.99608
  137    46      21.68628
  137    47      20.61961
  137    48      19.65490
  137    49      28.27059
  137    50      24.37647
  137    51      18.88235
  137    52      18.28628
  137    53      19.13333
  137    54      16.03529
  137    55      28.30588
  137    56      19.96863
  137    57      20.32941
  137    58      17.96078
  137    59      22.32941
  137    60      21.70588
  137    61      24.30196
  137    62      23.98039
  137    63      32.62745
  137    64      42.92157
  137    65      33.22745
  137    66      31.34118
  137    67      37.43921
  137    68      30.35295
  137    69      40.28627
  137    70      37.26667
  137    71      34.29412
  137    72      38.28627
  137    73      34.76863
  137    74      32.21176
  137    75      32.57255
  137    76      28.47059
  137    77      26.96078
  137    78      31.63921
  137    79      22.01961
  137    80      34.90980
  137    81      29.95686
  137    82      31.76471
  137    83      24.37647
  137    84      21.26275
  137    85      20.35294
  137    86      22.52549
  137    87      16.35686
  137    88      27.85098
  137    89      26.10588
  137    90      21.00392
  137    91      19.39608
  137    92      21.46667
  137    93      17.40392
  137    94      22.08236
  137    95      17.02353
  137    96      21.59608
  137    97      18.68235
  137    98      15.63529
  137    99      17.00000
  137   100      14.90196
  137   101      14.03137
  137   102      18.19608
  137   103      20.80392
  137   104      18.04706
  137   105      17.36079
  137   106       9.04706
  137   107       4.20784
  137   108       4.18431
  137   109       4.94118
  137   110       6.98431
  137   111       3.26274
  137   112       9.17647
  137   113       7.15294
  137   114       9.66667
  137   115       6.27843
  137   116       5.03529
  137   117       3.95294
  137   118       5.02745
  137   119       7.49412
  137   120       3.47843
  137   121       6.99216
  137   122       6.98431
  137   123       5.52549
  137   124       7.22353
  137   125       6.92549
  137   126      12.00000
  137   127       5.92549
  137   128       8.89804
  137   129       8.16863
  137   130       6.10196
  137   131       5.94902
  137   132       2.00000
  137   133       2.20784
  137   134       0.00000
  137   135       0.00000
  137   136       0.00000
  137   137       0.00000
  137   138       0.00000
  137   139       0.00000
  137   140       0.00000
  137   141       0.00000

  138     0       0.00000
  138     1       0.00000
  138     2       0.00000
  138     3       0.00000
  138     4       0.00000
  138     5       0.00000
  138     6       0.00000
  138     7       0.00000
  138     8       0.00000
  138     9       0.00000
  138    10       0.00000
  138    11       0.00000
  138    12       0.00000
  138    13       0.12941
  138    14       4.58431
  138    15       9.57647
  138    16      10.72549
  138    17       8.26667
  138    18       6.31765
  138    19       5.83922
  138    20       8.43137
  138    21       6.23529
  138    22       8.87059
  138    23       4.97647
  138    24       9.90196
  138    25      12.14902
  138    26      12.28235
  138    27      12.91372
  138    28       7.87451
  138    29       6.88627
  138    30      10.00000
  138    31       9.69412
  138    32       8.77647
  138    33       8.82353
  138    34      10.44314
  138    35      12.69412
  138    36      14.13333
  138    37      13.53333
  138    38      11.36863
  138    39      12.67451
  138    40       9.85490
  138    41      11.96863
  138    42      10.39608
  138    43      16.43530
  138    44      14.63529
  138    45      19.89020
  138    46      27.61961
  138    47      18.67843
  138    48      19.95686
  138    49      21.83530
  138    50      28.80392
  138    51      17.73333
  138    52      20.39608
  138    53      16.12157
  138    54      18.27451
  138    55      20.92549
  138    56      27.09412
  138    57      16.91372
  138    58      24.20784
  138    59      20.99608
  138    60      21.89412
  138    61      25.58039
  138    62      24.03922
  138    63      35.99215
  138    64      33.01961
  138    65      41.38039
  138    66      33.85490
  138    67      34.63922
  138    68      33.07451
  138    69      37.52549
  138    70      33.11765
  138    71      34.07451
  138    72      39.83530
  138    73      34.14510
  138    74      35.05490
  138    75      30.26274
  138    76      30.37255
  138    77      29.40000
  138    78      23.32549
  138    79      24.63137
  138    80      35.84706
  138    81      34.42745
  138    82      25.35294
  138    83      30.94510
  138    84      19.91765
  138    85      18.54510
  138    86      21.62353
  138    87      24.34118
  138    88      24.33334
  138    89      25.96863
  138    90      19.37647
  138    91      19.73333
  138    92      18.82353
  138    93      19.54902
  138    94      19.52549
  138    95      20.25883
  138    96      20.63530
  138    97      19.65490
  138    98      16.62353
  138    99      14.87059
  138   100      16.06667
  138   101      13.99608
  138   102      19.18431
  138   103      21.04706
  138   104      17.11765
  138   105      18.89412
  138   106       7.19216
  138   107       3.22745
  138   108       5.18431
  138   109       5.44706
  138   110       4.48628
  138   111       6.24314
  138   112       6.20392
  138   113       9.13725
  138   114       9.65098
  138   115       4.29412
  138   116       5.03529
  138   117       3.95294
  138   118       6.02745
  138   119       6.49412
  138   120       5.47843
  138   121       4.99216
  138   122       8.98431
  138   123       3.52549
  138   124       7.22353
  138   125       7.92549
  138   126      10.98824
  138   127       5.93725
  138   128       8.89804
  138   129       8.16863
  138   130       6.10196
  138   131       5.94902
  138   132       2.00000
  138   133       2.20784
  138   134       0.00000
  138   135       0.00000
  138   136       0.00000
  138   137       0.00000
  138   138       0.00000
  138   139       0.00000
  138   140       0.00000
  138   141       0.00000

  139     0       0.00000
  139     1       0.00000
  139     2       0.00000
  139     3       0.00000
  139     4       0.00000
  139     5       0.00000
  139     6       0.00000
  139     7       0.00000
  139     8       0.00000
  139     9       0.00000
  139    10       0.00000
  139    11       0.00000
  139    12       0.00000
  139    13       0.01176
  139    14       4.63921
  139    15       8.63922
  139    16       9.72549
  139    17      10.26667
  139    18       5.31765
  139    19       6.83922
  139    20       7.43137
  139    21       6.25490
  139    22       9.85098
  139    23       4.57255
  139    24       9.34118
  139    25      11.11373
  139    26      12.29020
  139    27      11.76863
  139    28      10.65882
  139    29       6.23922
  139    30       7.00000
  139    31      11.72549
  139    32       9.27451
  139    33       7.29412
  139    34       8.85490
  139    35      13.28235
  139    36      15.48627
  139    37      12.69020
  139    38      14.72157
  139    39      10.69020
  139    40      11.29804
  139    41      10.65098
  139    42      12.64314
  139    43      11.41961
  139    44      18.39215
  139    45      17.76863
  139    46      27.07451
  139    47      24.41177
  139    48      18.17647
  139    49      20.08628
  139    50      26.84314
  139    51      21.15294
  139    52      15.99608
  139    53      20.41569
  139    54      16.06275
  139    55      19.33333
  139    56      25.56470
  139    57      23.61176
  139    58      19.81961
  139    59      27.25490
  139    60      17.76078
  139    61      25.34117
  139    62      30.70980
  139    63      31.87059
  139    64      31.84705
  139    65      38.43137
  139    66      37.85098
  139    67      37.32549
  139    68      34.80000
  139    69      32.76863
  139    70      33.29019
  139    71      36.73725
  139    72      35.91373
  139    73      30.31373
  139    74      38.61961
  139    75      30.68235
  139    76      31.59216
  139    77      23.23922
  139    78      28.14117
  139    79      26.62745
  139    80      35.14117
  139    81      27.87843
  139    82      31.82353
  139    83      24.16079
  139    84      24.49412
  139    85      22.42353
  139    86      20.35686
  139    87      23.37255
  139    88      31.77255
  139    89      17.51765
  139    90      19.58824
  139    91      20.24706
  139    92      18.32941
  139    93      19.36079
  139    94      22.76079
  139    95      20.30589
  139    96      17.72941
  139    97      23.30196
  139    98      17.60000
  139    99      10.70980
  139   100      16.62353
  139   101      16.51765
  139   102      18.93333
  139   103      20.47451
  139   104      20.60784
  139   105      13.21961
  139   106       8.84314
  139   107       2.42745
  139   108       4.89412
  139   109       5.53333
  139   110       5.61569
  139   111       5.11373
  139   112       7.20392
  139   113      10.99608
  139   114       5.79216
  139   115       5.54118
  139   116       3.78823
  139   117       3.95294
  139   118       6.02745
  139   119       6.49412
  139   120       5.78039
  139   121       4.69020
  139   122       8.98431
  139   123       3.52549
  139   124       7.20784
  139   125       8.94118
  139   126       9.98824
  139   127       6.59216
  139   128       9.11765
  139   129       6.93333
  139   130       7.05882
  139   131       4.35294
  139   132       3.00000
  139   133       2.20784
  139   134       0.00000
  139   135       0.00000
  139   136       0.00000
  139   137       0.00000
  139   138       0.00000
  139   139       0.00000
  139   140       0.00000
  139   141       0.00000

  140     0       0.00000
  140     1       0.00000
  140     2       0.00000
  140     3       0.00000
  140     4       0.00000
  140     5       0.00000
  140     6       0.00000
  140     7       0.00000
  140     8       0.00000
  140     9       0.00000
  140    10       0.00000
  140    11       0.00000
  140    12       0.00000
  140    13       0.00000
  140    14       3.65098
  140    15       9.63922
  140    16       8.44706
  140    17       9.76863
  140    18       6.09412
  140    19       7.83922
  140    20       6.58039
  140    21       7.10588
  140    22       8.00000
  140    23       6.42353
  140    24       7.34118
  140    25      11.11373
  140    26      12.29020
  140    27      11.99216
  140    28      11.43529
  140    29       3.95686
  140    30      10.28235
  140    31       7.72549
  140    32       9.28235
  140    33       9.07059
  140    34       9.07059
  140    35      11.64706
  140    36      15.42353
  140    37      17.42353
  140    38      10.16079
  140    39      13.53726
  140    40      10.01961
  140    41      10.99608
  140    42       9.96863
  140    43      14.86275
  140    44      17.33726
  140    45      17.78823
  140    46      25.23529
  140    47      25.74902
  140    48      22.16471
  140    49      16.32157
  140    50      24.05490
  140    51      24.10196
  140    52      15.79216
  140    53      18.50588
  140    54      17.28235
  140    55      17.83921
  140    56      24.40000
  140    57      26.14510
  140    58      23.81961
  140    59      21.70588
  140    60      25.01961
  140    61      27.87059
  140    62      26.23921
  140    63      32.16862
  140    64      37.20784
  140    65      33.75294
  140    66      36.12941
  140    67      39.96471
  140    68      33.10196
  140    69      33.06667
  140    70      34.67843
  140    71      36.94902
  140    72      27.52941
  140    73      32.62353
  140    74      35.65490
  140    75      36.27451
  140    76      25.79216
  140    77      28.35686
  140    78      27.85490
  140    79      33.18039
  140    80      28.75686
  140    81      28.16078
  140    82      23.69804
  140    83      28.20784
  140    84      27.21569
  140    85      23.95294
  140    86      25.52157
  140    87      27.73333
  140    88      22.89020
  140    89      18.50980
  140    90      20.89020
  140    91      18.18040
  140    92      19.54510
  140    93      20.05883
  140    94      21.37647
  140    95      20.23922
  140    96      19.15686
  140    97      23.18039
  140    98      14.90196
  140    99      14.63529
  140   100      15.69804
  140   101      17.20784
  140   102      20.19608
  140   103      20.50981
  140   104      19.52549
  140   105      13.50980
  140   106       5.87059
  140   107       3.18431
  140   108       5.94118
  140   109       5.01569
  140   110       5.12941
  140   111       5.90588
  140   112       8.66275
  140   113       7.81176
  140   114       7.80392
  140   115       3.43922
  140   116       3.78823
  140   117       3.95294
  140   118       7.02745
  140   119       5.49412
  140   120       5.78039
  140   121       5.69020
  140   122       7.98431
  140   123       3.52549
  140   124       7.20784
  140   125       8.94118
  140   126       9.98824
  140   127       6.59216
  140   128       9.11765
  140   129       7.03529
  140   130       7.95686
  140   131       3.35294
  140   132       3.00000
  140   133       2.20784
  140   134       0.00000
  140   135       0.00000
  140   136       0.00000
  140   137       0.00000
  140   138       0.00000
  140   139       0.00000
  140   140       0.00000
  140   141       0.00000

  141     0       0.00000
  141     1       0.00000
  141     2       0.00000
  141     3       0.00000
  141     4       0.00000
  141     5       0.00000
  141     6       0.00000
  141     7       0.00000
  141     8       0.00000
  141     9       0.00000
  141    10       0.00000
  141    11       0.00000
  141    12       0.00000
  141    13       0.00000
  141    14       2.66274
  141    15       8.05098
  141    16      11.02353
  141    17       8.76863
  141    18       6.82353
  141    19       8.09412
  141    20       5.16078
  141    21       8.26667
  141    22       8.27451
  141    23       5.89020
  141    24       6.93726
  141    25      10.14118
  141    26      11.20000
  141    27      12.99216
  141    28      11.89804
  141    29       5.49412
  141    30       6.28235
  141    31       9.72549
  141    32       8.96863
  141    33       7.77647
  141    34       8.24706
  141    35      12.75686
  141    36      17.81177
  141    37      13.29804
  141    38      14.21961
  141    39      12.40000
  141    40      11.15686
  141    41       9.31765
  141    42      11.89804
  141    43      12.65098
  141    44      17.53333
  141    45      18.54510
  141    46      23.15686
  141    47      29.12941
  141    48      21.64314
  141    49      17.44706
  141    50      22.07059
  141    51      21.23529
  141    52      19.43530
  141    53      16.06274
  141    54      18.34902
  141    55      18.90981
  141    56      21.56470
  141    57      29.22353
  141    58      24.57255
  141    59      25.05098
  141    60      25.88235
  141    61      27.50980
  141    62      25.88235
  141    63      32.94902
  141    64      36.93725
  141    65      33.44313
  141    66      35.11765
  141    67      33.70588
  141    68      36.29804
  141    69      40.96863
  141    70      32.17647
  141    71      29.45882
  141    72      30.79608
  141    73      34.27843
  141    74      31.50588
  141    75      32.00784
  141    76      27.29412
  141    77      31.80392
  141    78      32.92156
  141    79      30.14510
  141    80      29.63529
  141    81      20.89804
  141    82      23.18824
  141    83      26.40392
  141    84      29.32941
  141    85      31.99216
  141    86      26.83137
  141    87      28.56471
  141    88      19.30980
  141    89      20.35294
  141    90      18.76863
  141    91      17.53726
  141    92      24.03530
  141    93      17.54118
  141    94      21.46275
  141    95      18.98039
  141    96      22.16471
  141    97      16.88235
  141    98      20.03137
  141    99      14.21177
  141   100      14.53333
  141   101      20.67451
  141   102      18.86667
  141   103      21.28628
  141   104      19.08236
  141   105      11.50196
  141   106       4.87059
  141   107       6.18431
  141   108       3.90196
  141   109       7.03137
  141   110       4.15294
  141   111       5.90588
  141   112       8.66275
  141   113       8.78824
  141   114       4.84706
  141   115       4.41961
  141   116       2.78823
  141   117       4.95294
  141   118       6.02745
  141   119       6.49412
  141   120       5.48235
  141   121       5.97255
  141   122       7.00000
  141   123       3.52549
  141   124       7.20784
  141   125       9.00784
  141   126       9.95294
  141   127       7.56078
  141   128       8.11765
  141   129       8.03529
  141   130       6.95686
  141   131       4.35294
  141   132       2.00000
  141   133       2.20784
  141   134       0.00000
  141   135       0.00000
  141   136       0.00000
  141   137       0.00000
  141   138       0.00000
  141   139       0.00000
  141   140       0.00000
  141   141       0.00000

  142     0       0.00000
  142     1       0.00000
  142     2       0.00000
  142     3       0.00000
  142     4       0.00000
  142     5       0.00000
  142     6       0.00000
  142     7       0.00000
  142     8       0.00000
  142     9       0.00000
  142    10       0.00000
  142    11       0.00000
  142    12       0.00000
  142    13       0.00000
  142    14       1.66274
  142    15       8.05098
  142    16      10.43530
  142    17       8.35686
  142    18       8.80784
  142    19       6.10980
  142    20       7.16078
  142    21       7.26667
  142    22       8.27451
  142    23       5.48627
  142    24       6.47059
  142    25      10.01176
  142    26      10.20000
  142    27      13.99216
  142    28      12.76078
  142    29       4.63137
  142    30       6.28235
  142    31       8.72549
  142    32       8.96863
  142    33       8.30588
  142    34       8.29412
  142    35      12.18039
  142    36      15.13333
  142    37      18.18824
  142    38      13.01961
  142    39      13.19608
  142    40      10.69020
  142    41       9.83529
  142    42      11.18039
  142    43      10.22353
  142    44      18.21569
  142    45      21.96078
  142    46      20.05098
  142    47      26.76471
  142    48      26.88628
  142    49      20.87844
  142    50      16.29020
  142    51      19.20784
  142    52      23.00784
  142    53      17.10588
  142    54      17.12941
  142    55      20.47843
  142    56      21.14118
  142    57      26.93333
  142    58      25.84706
  142    59      30.78431
  142    60      26.03137
  142    61      26.14117
  142    62      26.00784
  142    63      34.92549
  142    64      35.40784
  142    65      32.08236
  142    66      32.69411
  142    67      33.68235
  142    68      39.80000
  142    69      36.38824
  142    70      34.25098
  142    71      30.31372
  142    72      28.03922
  142    73      33.48235
  142    74      30.98431
  142    75      28.32941
  142    76      30.47059
  142    77      32.24706
  142    78      35.96862
  142    79      30.91764
  142    80      22.19608
  142    81      25.54902
  142    82      19.16079
  142    83      25.70980
  142    84      27.48628
  142    85      36.62745
  142    86      31.02353
  142    87      26.10588
  142    88      21.47843
  142    89      22.29804
  142    90      17.58824
  142    91      19.04706
  142    92      18.65883
  142    93      22.58824
  142    94      20.24314
  142    95      19.56863
  142    96      18.47059
  142    97      19.82353
  142    98      17.85098
  142    99      17.53726
  142   100      15.91765
  142   101      20.23529
  142   102      20.59216
  142   103      19.75294
  142   104      17.58039
  142   105      10.43137
  142   106       6.07059
  142   107       4.00784
  142   108       6.87451
  142   109       5.04706
  142   110       4.69020
  142   111       6.74118
  142   112       8.27451
  142   113       6.89020
  142   114       5.99216
  142   115       3.17255
  142   116       2.78823
  142   117       4.95294
  142   118       7.02745
  142   119       6.49412
  142   120       5.48235
  142   121       5.97255
  142   122       6.34118
  142   123       3.41569
  142   124       7.97647
  142   125       8.00784
  142   126      10.95294
  142   127       6.56078
  142   128       8.21176
  142   129       7.94118
  142   130       6.95686
  142   131       4.35294
  142   132       2.00000
  142   133       2.20784
  142   134       0.00000
  142   135       0.00000
  142   136       0.00000
  142   137       0.00000
  142   138       0.00000
  142   139       0.00000
  142   140       0.00000
  142   141       0.00000

  143     0       0.00000
  143     1       0.00000
  143     2       0.00000
  143     3       0.00000
  143     4       0.00000
  143     5       0.00000
  143     6       0.00000
  143     7       0.00000
  143     8       0.00000
  143     9       0.00000
  143    10       0.00000
  143    11       0.00000
  143    12       0.00000
  143    13       0.00000
  143    14       0.66274
  143    15       7.05098
  143    16      10.56863
  143    17       8.96078
  143    18       9.07059
  143    19       6.10980
  143    20       7.25882
  143    21       7.16863
  143    22       7.29412
  143    23       7.28627
  143    24       5.65098
  143    25       8.04706
  143    26       9.87451
  143    27      13.28235
  143    28      12.77647
  143    29       8.01176
  143    30       4.56078
  143    31       8.05098
  143    32       9.96863
  143    33       6.31372
  143    34      10.41569
  143    35      11.13333
  143    36      15.30980
  143    37      17.82353
  143    38      13.63529
  143    39      12.69804
  143    40      12.54118
  143    41       9.15686
  143    42       9.31765
  143    43      12.29412
  143    44      17.12157
  143    45      22.76471
  143    46      20.46667
  143    47      24.33725
  143    48      27.12549
  143    49      24.61177
  143    50      16.26667
  143    51      17.01176
  143    52      19.35294
  143    53      20.31765
  143    54      21.50981
  143    55      19.26274
  143    56      22.39608
  143    57      22.18431
  143    58      32.63530
  143    59      28.75294
  143    60      26.37647
  143    61      28.05490
  143    62      27.53333
  143    63      31.17255
  143    64      33.51764
  143    65      34.36863
  143    66      31.36471
  143    67      33.37647
  143    68      36.96862
  143    69      39.10588
  143    70      35.31765
  143    71      30.29019
  143    72      30.34118
  143    73      31.59216
  143    74      23.63529
  143    75      30.93333
  143    76      33.62745
  143    77      33.87451
  143    78      31.79215
  143    79      29.07451
  143    80      25.24314
  143    81      20.89412
  143    82      21.36470
  143    83      23.86275
  143    84      29.76863
  143    85      35.47451
  143    86      32.36079
  143    87      27.20784
  143    88      26.20000
  143    89      20.40784
  143    90      20.50981
  143    91      18.29020
  143    92      18.04314
  143    93      21.68628
  143    94      18.52942
  143    95      19.31765
  143    96      19.52549
  143    97      18.67843
  143    98      17.30196
  143    99      19.90196
  143   100      18.37255
  143   101      19.61569
  143   102      21.23529
  143   103      19.64314
  143   104      15.79608
  143   105      10.35686
  143   106       5.02353
  143   107       6.88235
  143   108       4.06275
  143   109       6.09804
  143   110       4.82745
  143   111       7.11765
  143   112       7.72941
  143   113       7.80784
  143   114       3.99216
  143   115       2.17255
  143   116       3.51373
  143   117       5.22745
  143   118       7.02745
  143   119       6.31373
  143   120       5.66275
  143   121       5.97255
  143   122       5.34118
  143   123       3.41569
  143   124       8.97647
  143   125       8.88235
  143   126       9.60392
  143   127       6.88235
  143   128       8.35294
  143   129       7.95294
  143   130       6.30980
  143   131       4.00000
  143   132       2.57647
  143   133       1.63137
  143   134       0.00000
  143   135       0.00000
  143   136       0.00000
  143   137       0.00000
  143   138       0.00000
  143   139       0.00000
  143   140       0.00000
  143   141       0.00000

  144     0       0.00000
  144     1       0.00000
  144     2       0.00000
  144     3       0.00000
  144     4       0.00000
  144     5       0.00000
  144     6       0.00000
  144     7       0.00000
  144     8       0.00000
  144     9       0.00000
  144    10       0.00000
  144    11       0.00000
  144    12       0.00000
  144    13       0.00000
  144    14       0.12941
  144    15       6.52157
  144    16       9.63137
  144    17       9.94902
  144    18       9.08235
  144    19       6.74118
  144    20       6.62745
  144    21       6.31765
  144    22       9.12549
  144    23       6.30588
  144    24       6.11765
  144    25       7.54902
  144    26       8.90588
  144    27      12.29020
  144    28      14.40000
  144    29       8.35294
  144    30       4.58824
  144    31       6.32549
  144    32       8.72549
  144    33       8.97647
  144    34       8.72157
  144    35      12.13333
  144    36      14.32941
  144    37      16.12549
  144    38      17.52549
  144    39      10.63922
  144    40      13.38824
  144    41      10.47843
  144    42       8.85882
  144    43      11.57255
  144    44      17.01961
  144    45      21.72549
  144    46      23.23530
  144    47      21.55294
  144    48      27.45098
  144    49      24.73726
  144    50      20.29020
  144    51      15.84314
  144    52      16.27843
  144    53      24.07843
  144    54      21.77255
  144    55      20.35686
  144    56      20.27451
  144    57      25.73333
  144    58      31.03922
  144    59      29.05490
  144    60      27.54510
  144    61      29.90588
  144    62      29.18039
  144    63      29.20392
  144    64      30.53726
  144    65      33.74117
  144    66      34.49020
  144    67      34.26667
  144    68      32.53333
  144    69      33.87843
  144    70      39.08628
  144    71      34.40392
  144    72      25.53333
  144    73      28.35686
  144    74      26.59608
  144    75      31.53725
  144    76      31.30980
  144    77      33.34510
  144    78      29.56471
  144    79      27.20392
  144    80      26.49804
  144    81      22.30588
  144    82      22.62353
  144    83      24.70588
  144    84      30.10196
  144    85      32.79216
  144    86      27.23530
  144    87      32.51373
  144    88      30.20785
  144    89      21.74902
  144    90      22.99608
  144    91      19.32941
  144    92      15.51765
  144    93      20.24314
  144    94      20.01177
  144    95      18.83529
  144    96      17.79216
  144    97      18.38040
  144    98      19.77647
  144    99      19.67059
  144   100      19.98431
  144   101      21.87059
  144   102      19.00784
  144   103      19.01569
  144   104      15.41177
  144   105       9.64314
  144   106       6.00392
  144   107       5.90196
  144   108       6.04706
  144   109       4.13333
  144   110       5.80784
  144   111       7.76471
  144   112       6.94510
  144   113       6.94510
  144   114       3.16471
  144   115       2.00000
  144   116       4.51373
  144   117       4.22745
  144   118       8.02745
  144   119       6.31373
  144   120       4.66667
  144   121       6.96863
  144   122       4.34118
  144   123       4.41569
  144   124       8.97647
  144   125       8.88235
  144   126       8.60392
  144   127       7.87843
  144   128       8.35686
  144   129       7.95294
  144   130       5.30980
  144   131       4.00000
  144   132       2.57647
  144   133       1.63137
  144   134       0.00000
  144   135       0.00000
  144   136       0.00000
  144   137       0.00000
  144   138       0.00000
  144   139       0.00000
  144   140       0.00000
  144   141       0.00000

  145     0       0.00000
  145     1       0.00000
  145     2       0.00000
  145     3       0.00000
  145     4       0.00000
  145     5       0.00000
  145     6       0.00000
  145     7       0.00000
  145     8       0.00000
  145     9       0.00000
  145    10       0.00000
  145    11       0.00000
  145    12       0.00000
  145    13       0.00000
  145    14       0.01176
  145    15       5.63922
  145    16       9.06275
  145    17      10.07843
  145    18       8.49020
  145    19       7.29804
  145    20       7.10196
  145    21       6.88235
  145    22       7.28627
  145    23       7.25882
  145    24       6.90588
  145    25       6.83529
  145    26       7.24314
  145    27      12.20000
  145    28      13.40000
  145    29      10.89020
  145    30       4.09412
  145    31       6.55294
  145    32       8.45490
  145    33       6.97647
  145    34      11.64314
  145    35      11.36078
  145    36      13.92941
  145    37      15.60784
  145    38      15.29412
  145    39      14.63922
  145    40      12.20785
  145    41      10.54118
  145    42       8.97647
  145    43      10.57647
  145    44      18.73333
  145    45      21.16078
  145    46      22.53726
  145    47      22.11373
  145    48      24.32549
  145    49      28.32549
  145    50      22.29020
  145    51      14.20392
  145    52      18.16863
  145    53      23.63922
  145    54      21.47843
  145    55      22.98039
  145    56      23.57255
  145    57      26.00392
  145    58      23.29804
  145    59      33.27059
  145    60      31.56470
  145    61      27.47451
  145    62      28.06667
  145    63      29.14510
  145    64      31.01960
  145    65      31.19215
  145    66      35.16470
  145    67      33.71373
  145    68      31.66274
  145    69      35.64706
  145    70      34.81569
  145    71      32.52941
  145    72      29.66667
  145    73      26.62353
  145    74      29.46275
  145    75      33.00000
  145    76      28.61569
  145    77      30.66274
  145    78      29.16078
  145    79      23.94118
  145    80      25.01176
  145    81      26.24314
  145    82      25.61177
  145    83      25.76470
  145    84      28.38824
  145    85      25.99216
  145    86      28.47843
  145    87      32.85098
  145    88      32.19608
  145    89      28.80000
  145    90      25.00000
  145    91      16.40000
  145    92      17.58431
  145    93      18.66667
  145    94      18.38432
  145    95      18.45490
  145    96      17.79216
  145    97      19.84706
  145    98      19.58824
  145    99      18.48235
  145   100      23.82353
  145   101      19.64314
  145   102      22.05490
  145   103      18.51373
  145   104      11.48235
  145   105       9.97255
  145   106       7.65098
  145   107       6.38431
  145   108       4.53726
  145   109       5.68627
  145   110       5.27059
  145   111       6.83922
  145   112       8.94118
  145   113       4.10588
  145   114       2.91765
  145   115       2.00000
  145   116       4.51373
  145   117       6.22745
  145   118       7.02745
  145   119       6.31373
  145   120       5.19608
  145   121       6.43922
  145   122       4.27843
  145   123       4.47843
  145   124       8.97647
  145   125       8.88235
  145   126       8.60392
  145   127       7.87843
  145   128       8.25098
  145   129       7.05882
  145   130       6.30980
  145   131       3.00000
  145   132       3.57255
  145   133       0.63529
  145   134       0.00000
  145   135       0.00000
  145   136       0.00000
  145   137       0.00000
  145   138       0.00000
  145   139       0.00000
  145   140       0.00000
  145   141       0.00000
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  146     2       0.00000
  146     3       0.00000
  146     4       0.00000
  146     5       0.00000
  146     6       0.00000
  146     7       0.00000
  146     8       0.00000
  146     9       0.00000
  146    10       0.00000
  146    11       0.00000
  146    12       0.00000
  146    13       0.00000
  146    14       0.00000
  146    15       3.66274
  146    16       9.05098
  146    17      10.02353
  146    18       9.54510
  146    19       7.29804
  146    20       7.08628
  146    21       6.91765
  146    22       7.26667
  146    23       7.25882
  146    24       5.50196
  146    25       7.32157
  146    26       7.19608
  146    27       9.16471
  146    28      15.40000
  146    29      11.89020
  146    30       5.09412
  146    31       5.95686
  146    32       6.05098
  146    33       9.96863
  146    34      11.14510
  146    35       9.28235
  146    36      14.81961
  146    37      14.30196
  146    38      16.80784
  146    39      14.84706
  146    40      11.63922
  146    41      11.38824
  146    42      10.16078
  146    43       9.39216
  146    44      17.77647
  146    45      21.45098
  146    46      22.53726
  146    47      25.55687
  146    48      20.19608
  146    49      25.98824
  146    50      24.43922
  146    51      20.52941
  146    52      19.52549
  146    53      19.93333
  146    54      22.54902
  146    55      27.70196
  146    56      24.02353
  146    57      23.77647
  146    58      22.23137
  146    59      30.72549
  146    60      37.00392
  146    61      26.63137
  146    62      24.18039
  146    63      28.90981
  146    64      33.29803
  146    65      31.37255
  146    66      31.08627
  146    67      33.61961
  146    68      34.21176
  146    69      32.14117
  146    70      34.91373
  146    71      31.49020
  146    72      27.23137
  146    73      31.37255
  146    74      33.30196
  146    75      30.48235
  146    76      27.94510
  146    77      24.87059
  146    78      28.61569
  146    79      21.21569
  146    80      25.01177
  146    81      28.65098
  146    82      29.04314
  146    83      29.63921
  146    84      25.14510
  146    85      21.53333
  146    86      29.23137
  146    87      30.28628
  146    88      33.59608
  146    89      34.97255
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  146    91      20.80000
  146    92      16.41569
  146    93      14.74510
  146    94      19.91765
  146    95      17.86667
  146    96      17.60000
  146    97      20.03922
  146    98      19.37255
  146    99      21.61569
  146   100      23.10980
  146   101      21.22353
  146   102      20.24314
  146   103      17.45098
  146   104      12.35686
  146   105       9.97255
  146   106       7.52549
  146   107       6.06274
  146   108       6.09804
  146   109       3.82353
  146   110       6.74902
  146   111       7.10196
  146   112       6.94902
  146   113       3.85098
  146   114       2.17255
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  146   116       4.51373
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  146   119       6.23530
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  146   121       5.79608
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  146   125       8.25490
  146   126       9.22745
  146   127       6.86667
  146   128       9.35294
  146   129       7.91372
  146   130       4.35294
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  146   132       2.57255
  146   133       0.63529
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  152   127       8.23922
  152   128       7.61176
  152   129       3.71373
  152   130       4.00000
  152   131       2.57255
  152   132       0.63529
  152   133       0.00000
  152   134       0.00000
  152   135       0.00000
  152   136       0.00000
  152   137       0.00000
  152   138       0.00000
  152   139       0.00000
  152   140       0.00000
  152   141       0.00000

  153     0       0.00000
  153     1       0.00000
  153     2       0.00000
  153     3       0.00000
  153     4       0.00000
  153     5       0.00000
  153     6       0.00000
  153     7       0.00000
  153     8       0.00000
  153     9       0.00000
  153    10       0.00000
  153    11       0.00000
  153    12       0.00000
  153    13       0.00000
  153    14       0.00000
  153    15       0.00000
  153    16       0.20000
  153    17       5.46275
  153    18       8.98824
  153    19       8.72549
  153    20       9.93333
  153    21       9.85882
  153    22       7.40000
  153    23       6.99608
  153    24       5.89020
  153    25       6.58039
  153    26       5.55686
  153    27       5.03922
  153    28       5.46274
  153    29      12.60784
  153    30      11.99216
  153    31      10.52157
  153    32       8.23921
  153    33      11.90196
  153    34       7.90588
  153    35       9.79608
  153    36       8.18824
  153    37      13.08628
  153    38      10.07451
  153    39      14.79216
  153    40      13.35686
  153    41      17.13726
  153    42      13.85490
  153    43      15.72549
  153    44      20.13333
  153    45      18.46275
  153    46      22.05490
  153    47      26.37255
  153    48      28.89412
  153    49      36.17255
  153    50      28.98431
  153    51      24.52941
  153    52      21.96863
  153    53      32.65882
  153    54      33.60784
  153    55      27.73726
  153    56      17.17647
  153    57      20.72941
  153    58      25.18823
  153    59      28.68235
  153    60      22.69412
  153    61      23.35294
  153    62      24.00784
  153    63      32.74117
  153    64      26.30196
  153    65      29.56078
  153    66      25.05098
  153    67      27.23921
  153    68      31.29020
  153    69      33.31372
  153    70      33.20392
  153    71      32.61568
  153    72      30.73333
  153    73      28.71765
  153    74      27.46274
  153    75      22.89020
  153    76      24.13725
  153    77      22.52157
  153    78      29.32157
  153    79      23.16078
  153    80      19.60000
  153    81      23.28628
  153    82      28.72157
  153    83      25.86667
  153    84      31.44706
  153    85      28.97255
  153    86      29.81569
  153    87      30.12941
  153    88      32.39608
  153    89      30.27059
  153    90      23.48235
  153    91      19.63922
  153    92      17.84314
  153    93      19.51765
  153    94      27.75686
  153    95      24.57255
  153    96      27.39216
  153    97      29.60785
  153    98      23.60392
  153    99      22.29804
  153   100      19.01961
  153   101      19.23137
  153   102      22.03137
  153   103      18.12157
  153   104      16.93725
  153   105       9.80000
  153   106       6.90196
  153   107       5.62745
  153   108       6.74902
  153   109       4.56079
  153   110       3.10980
  153   111       2.85882
  153   112       3.74510
  153   113       2.17255
  153   114       2.72549
  153   115       3.78823
  153   116      10.74118
  153   117       7.52941
  153   118       5.81177
  153   119       2.00784
  153   120       4.45490
  153   121       4.92941
  153   122       7.48627
  153   123       8.86275
  153   124       8.66274
  153   125       7.88627
  153   126       7.96078
  153   127       7.26275
  153   128       6.61176
  153   129       5.71373
  153   130       3.57647
  153   131       1.63137
  153   132       0.00000
  153   133       0.00000
  153   134       0.00000
  153   135       0.00000
  153   136       0.00000
  153   137       0.00000
  153   138       0.00000
  153   139       0.00000
  153   140       0.00000
  153   141       0.00000

  154     0       0.00000
  154     1       0.00000
  154     2       0.00000
  154     3       0.00000
  154     4       0.00000
  154     5       0.00000
  154     6       0.00000
  154     7       0.00000
  154     8       0.00000
  154     9       0.00000
  154    10       0.00000
  154    11       0.00000
  154    12       0.00000
  154    13       0.00000
  154    14       0.00000
  154    15       0.00000
  154    16       0.00000
  154    17       2.31765
  154    18       7.33333
  154    19      11.72549
  154    20       9.67059
  154    21       7.99216
  154    22       7.39216
  154    23      11.13333
  154    24       5.45490
  154    25       4.83529
  154    26       5.29020
  154    27       6.08235
  154    28       6.86667
  154    29       7.31373
  154    30      11.29412
  154    31      12.52941
  154    32      10.22353
  154    33      11.90196
  154    34       9.22745
  154    35       7.77647
  154    36       7.88628
  154    37      13.17255
  154    38      11.84706
  154    39      10.93725
  154    40      13.18039
  154    41      16.87843
  154    42      18.69412
  154    43      15.42745
  154    44      18.00000
  154    45      23.62745
  154    46      23.20785
  154    47      28.70981
  154    48      30.56863
  154    49      33.57255
  154    50      27.01569
  154    51      24.87059
  154    52      25.88235
  154    53      28.83922
  154    54      33.17647
  154    55      27.25490
  154    56      20.43922
  154    57      25.67451
  154    58      24.34510
  154    59      22.62745
  154    60      22.53333
  154    61      24.25490
  154    62      25.28628
  154    63      24.45098
  154    64      26.05098
  154    65      30.56470
  154    66      29.12549
  154    67      25.02353
  154    68      35.72942
  154    69      32.31765
  154    70      31.15686
  154    71      26.85490
  154    72      29.94510
  154    73      29.56863
  154    74      24.97647
  154    75      27.93725
  154    76      26.30588
  154    77      25.99216
  154    78      22.09804
  154    79      21.96471
  154    80      19.16863
  154    81      25.29804
  154    82      26.41569
  154    83      29.96470
  154    84      28.49804
  154    85      31.06274
  154    86      31.76078
  154    87      28.20392
  154    88      28.47451
  154    89      26.41961
  154    90      30.38431
  154    91      22.80392
  154    92      16.12549
  154    93      18.22745
  154    94      23.40784
  154    95      27.60784
  154    96      27.50196
  154    97      30.12941
  154    98      26.62353
  154    99      23.47059
  154   100      20.47059
  154   101      18.94902
  154   102      21.76079
  154   103      18.42745
  154   104      17.56078
  154   105       9.25490
  154   106       7.90196
  154   107       4.73333
  154   108       6.72941
  154   109       3.72157
  154   110       2.86275
  154   111       2.87843
  154   112       2.72549
  154   113       3.17255
  154   114       3.51373
  154   115       5.00000
  154   116       7.74118
  154   117       9.52941
  154   118       4.94902
  154   119       2.32549
  154   120       3.01176
  154   121       4.91765
  154   122      12.33726
  154   123       7.39608
  154   124       7.27843
  154   125       5.88627
  154   126      10.96078
  154   127       7.81569
  154   128       4.77255
  154   129       4.00000
  154   130       4.57255
  154   131       0.63529
  154   132       0.00000
  154   133       0.00000
  154   134       0.00000
  154   135       0.00000
  154   136       0.00000
  154   137       0.00000
  154   138       0.00000
  154   139       0.00000
  154   140       0.00000
  154   141       0.00000

  155     0       0.00000
  155     1       0.00000
  155     2       0.00000
  155     3       0.00000
  155     4       0.00000
  155     5       0.00000
  155     6       0.00000
  155     7       0.00000
  155     8       0.00000
  155     9       0.00000
  155    10       0.00000
  155    11       0.00000
  155    12       0.00000
  155    13       0.00000
  155    14       0.00000
  155    15       0.00000
  155    16       0.00000
  155    17       0.20000
  155    18       8.46274
  155    19      10.28628
  155    20       8.07059
  155    21       8.74902
  155    22       9.66274
  155    23       9.13333
  155    24       6.00000
  155    25       6.43922
  155    26       4.88627
  155    27       5.33726
  155    28       5.86667
  155    29       6.31373
  155    30      10.29412
  155    31      15.52941
  155    32      11.51765
  155    33       9.83529
  155    34       9.27451
  155    35       8.90588
  155    36       9.34118
  155    37      10.18039
  155    38      11.08628
  155    39      10.07451
  155    40      14.93725
  155    41      15.88235
  155    42      17.08236
  155    43      18.06275
  155    44      23.01569
  155    45      24.99608
  155    46      22.36863
  155    47      32.43922
  155    48      30.96863
  155    49      27.19215
  155    50      28.56079
  155    51      26.96863
  155    52      29.12941
  155    53      27.70196
  155    54      28.20392
  155    55      25.07451
  155    56      29.84314
  155    57      24.92941
  155    58      24.41961
  155    59      19.36078
  155    60      19.96078
  155    61      26.66274
  155    62      25.29804
  155    63      20.56471
  155    64      20.92549
  155    65      28.49804
  155    66      35.87059
  155    67      34.34117
  155    68      28.90196
  155    69      28.43530
  155    70      31.19608
  155    71      30.36471
  155    72      25.20392
  155    73      24.31372
  155    74      30.96863
  155    75      28.18039
  155    76      29.39608
  155    77      22.58431
  155    78      21.53726
  155    79      18.20392
  155    80      22.35686
  155    81      26.80392
  155    82      27.00392
  155    83      28.31765
  155    84      29.13725
  155    85      31.36078
  155    86      30.63529
  155    87      26.38824
  155    88      25.72157
  155    89      29.11765
  155    90      31.10196
  155    91      23.87843
  155    92      17.27843
  155    93      18.07843
  155    94      23.40784
  155    95      20.98039
  155    96      29.46667
  155    97      32.48236
  155    98      30.01177
  155    99      24.04314
  155   100      19.93334
  155   101      22.57255
  155   102      19.25098
  155   103      20.67843
  155   104      15.72941
  155   105      11.47843
  155   106       7.62745
  155   107       4.85098
  155   108       5.45882
  155   109       2.24706
  155   110       3.86275
  155   111       3.60392
  155   112       2.17255
  155   113       2.00000
  155   114       3.51373
  155   115       7.00000
  155   116       9.77647
  155   117       7.79608
  155   118       2.98824
  155   119       1.98431
  155   120       4.93725
  155   121       6.22353
  155   122       9.12549
  155   123       9.65490
  155   124       7.01961
  155   125       7.85098
  155   126       8.00000
  155   127       7.79216
  155   128       5.77255
  155   129       4.00000
  155   130       2.57255
  155   131       0.63529
  155   132       0.00000
  155   133       0.00000
  155   134       0.00000
  155   135       0.00000
  155   136       0.00000
  155   137       0.00000
  155   138       0.00000
  155   139       0.00000
  155   140       0.00000
  155   141       0.00000

  156     0       0.00000
  156     1       0.00000
  156     2       0.00000
  156     3       0.00000
  156     4       0.00000
  156     5       0.00000
  156     6       0.00000
  156     7       0.00000
  156     8       0.00000
  156     9       0.00000
  156    10       0.00000
  156    11       0.00000
  156    12       0.00000
  156    13       0.00000
  156    14       0.00000
  156    15       0.00000
  156    16       0.00000
  156    17       0.18823
  156    18       5.12941
  156    19       9.77255
  156    20      10.06275
  156    21       7.61569
  156    22       8.40000
  156    23      10.38431
  156    24       8.01176
  156    25       5.00392
  156    26       4.46667
  156    27       5.78824
  156    28       5.80784
  156    29       5.76078
  156    30       9.42353
  156    31      15.22353
  156    32      13.01569
  156    33      10.78431
  156    34       9.87843
  156    35       9.90588
  156    36       7.74510
  156    37       7.91765
  156    38      11.17255
  156    39      11.98824
  156    40      13.25882
  156    41      16.32941
  156    42      15.90980
  156    43      21.01569
  156    44      24.76079
  156    45      26.05098
  156    46      29.22745
  156    47      30.85098
  156    48      27.59608
  156    49      23.72941
  156    50      32.19608
  156    51      30.30980
  156    52      29.86667
  156    53      21.38432
  156    54      26.60393
  156    55      30.11765
  156    56      30.79608
  156    57      27.74118
  156    58      22.19608
  156    59      18.64706
  156    60      21.32157
  156    61      23.17647
  156    62      19.94902
  156    63      20.74902
  156    64      20.76079
  156    65      29.40784
  156    66      38.95686
  156    67      35.35294
  156    68      28.33334
  156    69      25.53333
  156    70      31.85490
  156    71      28.15686
  156    72      21.04314
  156    73      26.61176
  156    74      30.45098
  156    75      32.12941
  156    76      28.89412
  156    77      22.61961
  156    78      18.45098
  156    79      20.20000
  156    80      22.98824
  156    81      25.73333
  156    82      26.78823
  156    83      29.20000
  156    84      29.89804
  156    85      30.14510
  156    86      28.83529
  156    87      28.47843
  156    88      22.86667
  156    89      29.86667
  156    90      28.18823
  156    91      25.41569
  156    92      23.22353
  156    93      19.71765
  156    94      17.72941
  156    95      19.32157
  156    96      27.59608
  156    97      34.41961
  156    98      30.39216
  156    99      26.49412
  156   100      24.09020
  156   101      22.08628
  156   102      20.45882
  156   103      18.85098
  156   104      16.61961
  156   105      13.81569
  156   106       5.73333
  156   107       5.74510
  156   108       3.70588
  156   109       2.86275
  156   110       2.85882
  156   111       2.74510
  156   112       3.17255
  156   113       2.72549
  156   114       3.78823
  156   115       7.74510
  156   116       9.33333
  156   117       7.00392
  156   118       2.00784
  156   119       2.45490
  156   120       4.93725
  156   121       8.22353
  156   122      10.11765
  156   123       8.66274
  156   124       6.88627
  156   125       6.96078
  156   126       7.91765
  156   127       7.95686
  156   128       3.71373
  156   129       5.57647
  156   130       1.63137
  156   131       0.00000
  156   132       0.00000
  156   133       0.00000
  156   134       0.00000
  156   135       0.00000
  156   136       0.00000
  156   137       0.00000
  156   138       0.00000
  156   139       0.00000
  156   140       0.00000
  156   141       0.00000

  157     0       0.00000
  157     1       0.00000
  157     2       0.00000
  157     3       0.00000
  157     4       0.00000
  157     5       0.00000
  157     6       0.00000
  157     7       0.00000
  157     8       0.00000
  157     9       0.00000
  157    10       0.00000
  157    11       0.00000
  157    12       0.00000
  157    13       0.00000
  157    14       0.00000
  157    15       0.00000
  157    16       0.00000
  157    17       0.00000
  157    18       2.31765
  157    19       9.33333
  157    20       9.13726
  157    21       8.71765
  157    22       8.51373
  157    23      10.31373
  157    24       9.23137
  157    25       5.45490
  157    26       4.98431
  157    27       5.01176
  157    28       6.21177
  157    29       4.86667
  157    30       8.31372
  157    31      13.81176
  157    32      13.73333
  157    33      12.85882
  157    34       9.76863
  157    35      10.04314
  157    36       8.18039
  157    37       6.48235
  157    38      11.18039
  157    39      11.83137
  157    40      11.36863
  157    41      16.37255
  157    42      19.69412
  157    43      22.16863
  157    44      24.72549
  157    45      29.73334
  157    46      34.72942
  157    47      27.76078
  157    48      25.01176
  157    49      25.27843
  157    50      28.77647
  157    51      33.76470
  157    52      26.72549
  157    53      23.67059
  157    54      24.78039
  157    55      31.83137
  157    56      32.91765
  157    57      27.56471
  157    58      18.60785
  157    59      23.37647
  157    60      22.29020
  157    61      15.48627
  157    62      20.23137
  157    63      18.39608
  157    64      22.34118
  157    65      30.13725
  157    66      39.27451
  157    67      37.51373
  157    68      25.12941
  157    69      28.55686
  157    70      28.43922
  157    71      26.46667
  157    72      19.83921
  157    73      25.71373
  157    74      30.91765
  157    75      33.29804
  157    76      29.53725
  157    77      21.29019
  157    78      19.87451
  157    79      20.92941
  157    80      21.81961
  157    81      27.36863
  157    82      27.95294
  157    83      27.90196
  157    84      29.07059
  157    85      29.70588
  157    86      27.72549
  157    87      23.44314
  157    88      27.04706
  157    89      30.81177
  157    90      26.51373
  157    91      25.46667
  157    92      27.16471
  157    93      19.73726
  157    94      17.56471
  157    95      18.97255
  157    96      23.84314
  157    97      34.92550
  157    98      26.85882
  157    99      28.43138
  157   100      29.51765
  157   101      24.74510
  157   102      21.02353
  157   103      19.14118
  157   104      16.05882
  157   105      13.29412
  157   106       6.75686
  157   107       4.98824
  157   108       1.72157
  157   109       3.86275
  157   110       2.87843
  157   111       2.72549
  157   112       2.17255
  157   113       2.72549
  157   114       5.78824
  157   115      10.44314
  157   116       7.82745
  157   117       4.81177
  157   118       1.52157
  157   119       2.95294
  157   120       6.91765
  157   121       8.36078
  157   122       9.35686
  157   123       9.29020
  157   124       4.87843
  157   125       9.97255
  157   126       6.85882
  157   127       6.36863
  157   128       4.36078
  157   129       3.57647
  157   130       1.63137
  157   131       0.00000
  157   132       0.00000
  157   133       0.00000
  157   134       0.00000
  157   135       0.00000
  157   136       0.00000
  157   137       0.00000
  157   138       0.00000
  157   139       0.00000
  157   140       0.00000
  157   141       0.00000

  158     0       0.00000
  158     1       0.00000
  158     2       0.00000
  158     3       0.00000
  158     4       0.00000
  158     5       0.00000
  158     6       0.00000
  158     7       0.00000
  158     8       0.00000
  158     9       0.00000
  158    10       0.00000
  158    11       0.00000
  158    12       0.00000
  158    13       0.00000
  158    14       0.00000
  158    15       0.00000
  158    16       0.00000
  158    17       0.00000
  158    18       0.20000
  158    19       7.46275
  158    20       9.29412
  158    21       9.48235
  158    22       8.32941
  158    23       8.66274
  158    24      12.11765
  158    25       6.47059
  158    26       4.54902
  158    27       4.32157
  158    28       4.93333
  158    29       5.73726
  158    30       7.83137
  158    31      11.93333
  158    32      16.62745
  158    33      11.49020
  158    34      10.18039
  158    35      10.27451
  158    36       9.90588
  158    37       6.75294
  158    38       8.23137
  158    39      11.78039
  158    40      10.38824
  158    41      15.92941
  158    42      26.57647
  158    43      21.13333
  158    44      27.07844
  158    45      34.09804
  158    46      31.40784
  158    47      26.29804
  158    48      25.71765
  158    49      28.22353
  158    50      26.86666
  158    51      30.47843
  158    52      28.11373
  158    53      24.27059
  158    54      27.89020
  158    55      28.18823
  158    56      31.78824
  158    57      26.65490
  158    58      25.41177
  158    59      22.85882
  158    60      19.74902
  158    61      15.07451
  158    62      14.13333
  158    63      21.96863
  158    64      26.23529
  158    65      28.32157
  158    66      36.59608
  158    67      32.75294
  158    68      30.24314
  158    69      26.54902
  158    70      26.58824
  158    71      25.73333
  158    72      23.69804
  158    73      25.65490
  158    74      30.47451
  158    75      30.64314
  158    76      26.65098
  158    77      22.77647
  158    78      22.06667
  158    79      22.25098
  158    80      22.09804
  158    81      26.13725
  158    82      27.27451
  158    83      28.74510
  158    84      29.32941
  158    85      28.48236
  158    86      23.06667
  158    87      24.73334
  158    88      29.36863
  158    89      30.41961
  158    90      27.46667
  158    91      24.90588
  158    92      26.28235
  158    93      21.49020
  158    94      20.03922
  158    95      20.59216
  158    96      22.96078
  158    97      24.70196
  158    98      28.99608
  158    99      28.94510
  158   100      32.34510
  158   101      29.08628
  158   102      21.60785
  158   103      19.52157
  158   104      16.09412
  158   105      14.14118
  158   106       7.75294
  158   107       2.70588
  158   108       2.00000
  158   109       3.86275
  158   110       2.87843
  158   111       2.72549
  158   112       2.17255
  158   113       3.51373
  158   114       7.00000
  158   115       9.74510
  158   116       7.81177
  158   117       3.00392
  158   118       1.98431
  158   119       3.93725
  158   120       7.22353
  158   121       9.12941
  158   122       9.65098
  158   123       7.10196
  158   124       5.87059
  158   125       9.87451
  158   126       7.75686
  158   127       4.83137
  158   128       5.00000
  158   129       2.57255
  158   130       0.63529
  158   131       0.00000
  158   132       0.00000
  158   133       0.00000
  158   134       0.00000
  158   135       0.00000
  158   136       0.00000
  158   137       0.00000
  158   138       0.00000
  158   139       0.00000
  158   140       0.00000
  158   141       0.00000

  159     0       0.00000
  159     1       0.00000
  159     2       0.00000
  159     3       0.00000
  159     4       0.00000
  159     5       0.00000
  159     6       0.00000
  159     7       0.00000
  159     8       0.00000
  159     9       0.00000
  159    10       0.00000
  159    11       0.00000
  159    12       0.00000
  159    13       0.00000
  159    14       0.00000
  159    15       0.00000
  159    16       0.00000
  159    17       0.00000
  159    18       0.00000
  159    19       4.31765
  159    20       8.77255
  159    21      10.06275
  159    22       8.35294
  159    23       8.66274
  159    24      12.14510
  159    25       7.70588
  159    26       5.52941
  159    27       3.49020
  159    28       5.18823
  159    29       5.00000
  159    30       7.16471
  159    31      11.94118
  159    32      14.09020
  159    33      13.69412
  159    34      10.90196
  159    35      10.74118
  159    36      10.04314
  159    37       8.47059
  159    38       6.51373
  159    39      10.04314
  159    40      11.47843
  159    41      19.51765
  159    42      23.45882
  159    43      27.00784
  159    44      29.00784
  159    45      32.48628
  159    46      26.40392
  159    47      28.68628
  159    48      31.73725
  159    49      27.71765
  159    50      25.49019
  159    51      25.64314
  159    52      28.49020
  159    53      30.19608
  159    54      26.87451
  159    55      26.26667
  159    56      26.15686
  159    57      29.32941
  159    58      28.22745
  159    59      22.83922
  159    60      16.94902
  159    61      16.33333
  159    62      14.74510
  159    63      22.10980
  159    64      27.96471
  159    65      29.45098
  159    66      28.46274
  159    67      32.42353
  159    68      30.22745
  159    69      24.61961
  159    70      27.99216
  159    71      28.94118
  159    72      24.21568
  159    73      25.71373
  159    74      30.65490
  159    75      24.53333
  159    76      26.40784
  159    77      23.35294
  159    78      24.17647
  159    79      26.78431
  159    80      23.25490
  159    81      23.93334
  159    82      24.54118
  159    83      30.40000
  159    84      29.80000
  159    85      24.22745
  159    86      21.73333
  159    87      25.90980
  159    88      30.58039
  159    89      29.82745
  159    90      28.29020
  159    91      26.56079
  159    92      22.19216
  159    93      22.29020
  159    94      22.15294
  159    95      23.10196
  159    96      23.14118
  159    97      17.88235
  159    98      28.87843
  159    99      32.65490
  159   100      30.80000
  159   101      29.01569
  159   102      27.53334
  159   103      20.00784
  159   104      16.50981
  159   105      13.64314
  159   106       7.90196
  159   107       1.72157
  159   108       2.86275
  159   109       2.87843
  159   110       2.72549
  159   111       2.17255
  159   112       3.72549
  159   113       3.78823
  159   114       9.21961
  159   115       8.82745
  159   116       6.51373
  159   117       1.00000
  159   118       2.99608
  159   119       4.92549
  159   120       9.09804
  159   121       9.24314
  159   122       7.66274
  159   123       6.96078
  159   124       7.88627
  159   125       8.49020
  159   126       7.32549
  159   127       4.77255
  159   128       4.57647
  159   129       1.63137
  159   130       0.00000
  159   131       0.00000
  159   132       0.00000
  159   133       0.00000
  159   134       0.00000
  159   135       0.00000
  159   136       0.00000
  159   137       0.00000
  159   138       0.00000
  159   139       0.00000
  159   140       0.00000
  159   141       0.00000

  160     0       0.00000
  160     1       0.00000
  160     2       0.00000
  160     3       0.00000
  160     4       0.00000
  160     5       0.00000
  160     6       0.00000
  160     7       0.00000
  160     8       0.00000
  160     9       0.00000
  160    10       0.00000
  160    11       0.00000
  160    12       0.00000
  160    13       0.00000
  160    14       0.00000
  160    15       0.00000
  160    16       0.00000
  160    17       0.00000
  160    18       0.00000
  160    19       1.20000
  160    20       8.46274
  160    21      10.06275
  160    22       7.94118
  160    23       8.35294
  160    24      12.31373
  160    25       9.21569
  160    26       6.47059
  160    27       3.54902
  160    28       4.31765
  160    29       4.93726
  160    30       5.73726
  160    31      12.75686
  160    32      13.12157
  160    33      14.69412
  160    34      11.49020
  160    35       8.18039
  160    36      12.32157
  160    37      10.03922
  160    38       5.75294
  160    39       7.93726
  160    40      14.71373
  160    41      19.32549
  160    42      24.49804
  160    43      33.66666
  160    44      26.89020
  160    45      26.44314
  160    46      28.23922
  160    47      34.83922
  160    48      32.69804
  160    49      27.04706
  160    50      21.50196
  160    51      24.02745
  160    52      30.03137
  160    53      34.57647
  160    54      27.84314
  160    55      20.41176
  160    56      23.92157
  160    57      31.28235
  160    58      28.03921
  160    59      22.10196
  160    60      17.87451
  160    61      15.74510
  160    62      17.72157
  160    63      25.20000
  160    64      26.86275
  160    65      22.93333
  160    66      25.80784
  160    67      31.53333
  160    68      29.59216
  160    69      26.64314
  160    70      28.54510
  160    71      29.31765
  160    72      25.40392
  160    73      28.04314
  160    74      28.46274
  160    75      20.08628
  160    76      23.27451
  160    77      25.38039
  160    78      28.59216
  160    79      25.88235
  160    80      27.19608
  160    81      24.59608
  160    82      22.21177
  160    83      26.54118
  160    84      30.25490
  160    85      21.98039
  160    86      21.12549
  160    87      28.07451
  160    88      30.70588
  160    89      27.66667
  160    90      32.03529
  160    91      28.34510
  160    92      20.74510
  160    93      20.16471
  160    94      26.33333
  160    95      24.13726
  160    96      19.30589
  160    97      20.72157
  160    98      23.98432
  160    99      28.73726
  160   100      34.36863
  160   101      29.56863
  160   102      28.04706
  160   103      24.58824
  160   104      18.84314
  160   105      13.61961
  160   106       4.16471
  160   107       3.47451
  160   108       2.86275
  160   109       2.87843
  160   110       2.72549
  160   111       2.17255
  160   112       3.72549
  160   113       4.78824
  160   114      10.44706
  160   115       9.10980
  160   116       3.86667
  160   117       0.66667
  160   118       3.46667
  160   119       5.91765
  160   120      10.12549
  160   121      10.11765
  160   122       7.85882
  160   123       5.88235
  160   124       7.87451
  160   125       8.41176
  160   126       5.81569
  160   127       5.36078
  160   128       3.57255
  160   129       0.63529
  160   130       0.00000
  160   131       0.00000
  160   132       0.00000
  160   133       0.00000
  160   134       0.00000
  160   135       0.00000
  160   136       0.00000
  160   137       0.00000
  160   138       0.00000
  160   139       0.00000
  160   140       0.00000
  160   141       0.00000

  161     0       0.00000
  161     1       0.00000
  161     2       0.00000
  161     3       0.00000
  161     4       0.00000
  161     5       0.00000
  161     6       0.00000
  161     7       0.00000
  161     8       0.00000
  161     9       0.00000
  161    10       0.00000
  161    11       0.00000
  161    12       0.00000
  161    13       0.00000
  161    14       0.00000
  161    15       0.00000
  161    16       0.00000
  161    17       0.00000
  161    18       0.00000
  161    19       0.18823
  161    20       5.12941
  161    21       8.77255
  161    22      11.05882
  161    23       7.61961
  161    24       9.66274
  161    25      11.88235
  161    26       7.70588
  161    27       4.54902
  161    28       3.47059
  161    29       5.18823
  161    30       6.41569
  161    31      10.26667
  161    32      12.62745
  161    33      12.60392
  161    34      13.47843
  161    35      10.76079
  161    36      11.74118
  161    37      10.04314
  161    38       7.14902
  161    39       7.32549
  161    40      15.32941
  161    41      20.96078
  161    42      31.20784
  161    43      30.06275
  161    44      25.01569
  161    45      22.69020
  161    46      32.46667
  161    47      37.74509
  161    48      32.90981
  161    49      24.15294
  161    50      21.58431
  161    51      25.09412
  161    52      28.99608
  161    53      35.25098
  161    54      26.81961
  161    55      22.76471
  161    56      23.57647
  161    57      26.73334
  161    58      26.16863
  161    59      22.72157
  161    60      20.14510
  161    61      18.96078
  161    62      24.69804
  161    63      22.05882
  161    64      20.20000
  161    65      21.43529
  161    66      27.00000
  161    67      27.04314
  161    68      25.48627
  161    69      29.40784
  161    70      30.85490
  161    71      32.69412
  161    72      27.91765
  161    73      24.77647
  161    74      23.04706
  161    75      21.76471
  161    76      23.56079
  161    77      25.85882
  161    78      27.59216
  161    79      27.75686
  161    80      29.39215
  161    81      24.85490
  161    82      22.62745
  161    83      23.46667
  161    84      23.91372
  161    85      22.28627
  161    86      28.44706
  161    87      26.79216
  161    88      27.92941
  161    89      31.53726
  161    90      31.17647
  161    91      26.17255
  161    92      23.21177
  161    93      21.96471
  161    94      22.43137
  161    95      23.20784
  161    96      17.61569
  161    97      23.42745
  161    98      26.32549
  161    99      26.14510
  161   100      32.00784
  161   101      29.64314
  161   102      28.71765
  161   103      27.38432
  161   104      23.03138
  161   105      11.89804
  161   106       3.63529
  161   107       4.86275
  161   108       3.00000
  161   109       2.87843
  161   110       2.72549
  161   111       2.17255
  161   112       4.51373
  161   113       8.21961
  161   114       9.52549
  161   115       6.81569
  161   116       1.86275
  161   117       2.12157
  161   118       4.93725
  161   119       8.09804
  161   120       9.24706
  161   121       8.64314
  161   122       7.11765
  161   123       5.87059
  161   124       8.87451
  161   125       8.75686
  161   126       3.83137
  161   127       5.57647
  161   128       2.63137
  161   129       0.00000
  161   130       0.00000
  161   131       0.00000
  161   132       0.00000
  161   133       0.00000
  161   134       0.00000
  161   135       0.00000
  161   136       0.00000
  161   137       0.00000
  161   138       0.00000
  161   139       0.00000
  161   140       0.00000
  161   141       0.00000

  162     0       0.00000
  162     1       0.00000
  162     2       0.00000
  162     3       0.00000
  162     4       0.00000
  162     5       0.00000
  162     6       0.00000
  162     7       0.00000
  162     8       0.00000
  162     9       0.00000
  162    10       0.00000
  162    11       0.00000
  162    12       0.00000
  162    13       0.00000
  162    14       0.00000
  162    15       0.00000
  162    16       0.00000
  162    17       0.00000
  162    18       0.00000
  162    19       0.00000
  162    20       3.20000
  162    21       7.90196
  162    22       9.62353
  162    23       7.94118
  162    24       8.35294
  162    25      13.29412
  162    26       9.70588
  162    27       5.52941
  162    28       3.05490
  162    29       3.64314
  162    30       6.57647
  162    31       9.55294
  162    32      14.00392
  162    33      12.41961
  162    34      12.69412
  162    35      11.49020
  162    36       8.18039
  162    37      12.86275
  162    38      10.14118
  162    39       9.74118
  162    40      14.35686
  162    41      25.41177
  162    42      27.19215
  162    43      26.91372
  162    44      27.17255
  162    45      24.16471
  162    46      33.78040
  162    47      38.50588
  162    48      32.25883
  162    49      23.22745
  162    50      21.85490
  162    51      30.08627
  162    52      27.90588
  162    53      30.64706
  162    54      26.72157
  162    55      24.79608
  162    56      21.65882
  162    57      24.53726
  162    58      22.90588
  162    59      23.78823
  162    60      20.84706
  162    61      25.69020
  162    62      25.55686
  162    63      23.17255
  162    64      18.57647
  162    65      20.49804
  162    66      21.51765
  162    67      25.66667
  162    68      23.99216
  162    69      28.63529
  162    70      32.63529
  162    71      37.25882
  162    72      26.71373
  162    73      23.36863
  162    74      21.64314
  162    75      19.89412
  162    76      24.31765
  162    77      28.60784
  162    78      26.87059
  162    79      28.25490
  162    80      29.69019
  162    81      26.85490
  162    82      25.96079
  162    83      19.10980
  162    84      17.05882
  162    85      26.49804
  162    86      27.66667
  162    87      26.80000
  162    88      23.05882
  162    89      34.44314
  162    90      35.43530
  162    91      25.55687
  162    92      22.74118
  162    93      20.69020
  162    94      23.74118
  162    95      19.58431
  162    96      19.44314
  162    97      26.69020
  162    98      27.52941
  162    99      26.36471
  162   100      23.22353
  162   101      30.73726
  162   102      30.76863
  162   103      28.77255
  162   104      22.40784
  162   105      14.39608
  162   106       4.74118
  162   107       5.77647
  162   108       2.87843
  162   109       2.72549
  162   110       2.17255
  162   111       3.72549
  162   112       4.78824
  162   113       9.21961
  162   114       9.82745
  162   115       4.85490
  162   116       0.65882
  162   117       2.99608
  162   118       5.92549
  162   119       9.11765
  162   120       9.59216
  162   121       7.29020
  162   122       8.05098
  162   123       6.80000
  162   124       8.49020
  162   125       6.67843
  162   126       4.41961
  162   127       4.57647
  162   128       1.63137
  162   129       0.00000
  162   130       0.00000
  162   131       0.00000
  162   132       0.00000
  162   133       0.00000
  162   134       0.00000
  162   135       0.00000
  162   136       0.00000
  162   137       0.00000
  162   138       0.00000
  162   139       0.00000
  162   140       0.00000
  162   141       0.00000

  163     0       0.00000
  163     1       0.00000
  163     2       0.00000
  163     3       0.00000
  163     4       0.00000
  163     5       0.00000
  163     6       0.00000
  163     7       0.00000
  163     8       0.00000
  163     9       0.00000
  163    10       0.00000
  163    11       0.00000
  163    12       0.00000
  163    13       0.00000
  163    14       0.00000
  163    15       0.00000
  163    16       0.00000
  163    17       0.00000
  163    18       0.00000
  163    19       0.00000
  163    20       0.18823
  163    21       7.12941
  163    22       8.63922
  163    23      10.36863
  163    24       7.42353
  163    25       9.68235
  163    26      12.88235
  163    27       7.70588
  163    28       3.54902
  163    29       3.46667
  163    30       7.36471
  163    31       6.96471
  163    32      12.33725
  163    33      13.19608
  163    34      12.57647
  163    35      11.50980
  163    36       9.57647
  163    37      11.76471
  163    38      15.82745
  163    39      10.47059
  163    40      15.39608
  163    41      26.81961
  163    42      25.53725
  163    43      23.13726
  163    44      25.16863
  163    45      31.56471
  163    46      30.73726
  163    47      34.94118
  163    48      34.64706
  163    49      25.48627
  163    50      26.90980
  163    51      27.69020
  163    52      28.60784
  163    53      25.11372
  163    54      28.22353
  163    55      28.88235
  163    56      18.92157
  163    57      15.89412
  163    58      22.61569
  163    59      25.68628
  163    60      28.37647
  163    61      31.40392
  163    62      23.07059
  163    63      22.09412
  163    64      17.27843
  163    65      14.53333
  163    66      19.42353
  163    67      25.10980
  163    68      26.10981
  163    69      27.65882
  163    70      33.29020
  163    71      37.48627
  163    72      24.83530
  163    73      20.85490
  163    74      25.99216
  163    75      22.36078
  163    76      23.32157
  163    77      24.98039
  163    78      28.30196
  163    79      27.52157
  163    80      30.16471
  163    81      30.99216
  163    82      24.23137
  163    83      17.11372
  163    84      13.09804
  163    85      28.25883
  163    86      29.54902
  163    87      24.27451
  163    88      27.80000
  163    89      33.39215
  163    90      33.02353
  163    91      27.45098
  163    92      23.89020
  163    93      21.61961
  163    94      19.73333
  163    95      19.72941
  163    96      21.89804
  163    97      24.63137
  163    98      26.61177
  163    99      29.53726
  163   100      25.65882
  163   101      24.35686
  163   102      30.75686
  163   103      27.40000
  163   104      23.44706
  163   105      13.56079
  163   106      10.66667
  163   107       5.80000
  163   108       3.87843
  163   109       3.72549
  163   110       2.17255
  163   111       2.72549
  163   112       7.00784
  163   113      10.22745
  163   114       8.11373
  163   115       2.86275
  163   116       1.18039
  163   117       2.95294
  163   118       8.79216
  163   119       9.25098
  163   120       9.87059
  163   121       7.11765
  163   122       4.94510
  163   123       7.80000
  163   124       9.41176
  163   125       4.81569
  163   126       5.93725
  163   127       3.63137
  163   128       0.00000
  163   129       0.00000
  163   130       0.00000
  163   131       0.00000
  163   132       0.00000
  163   133       0.00000
  163   134       0.00000
  163   135       0.00000
  163   136       0.00000
  163   137       0.00000
  163   138       0.00000
  163   139       0.00000
  163   140       0.00000
  163   141       0.00000

  164     0       0.00000
  164     1       0.00000
  164     2       0.00000
  164     3       0.00000
  164     4       0.00000
  164     5       0.00000
  164     6       0.00000
  164     7       0.00000
  164     8       0.00000
  164     9       0.00000
  164    10       0.00000
  164    11       0.00000
  164    12       0.00000
  164    13       0.00000
  164    14       0.00000
  164    15       0.00000
  164    16       0.00000
  164    17       0.00000
  164    18       0.00000
  164    19       0.00000
  164    20       0.00000
  164    21       3.20000
  164    22       8.90196
  164    23      10.39608
  164    24       7.16863
  164    25       9.50196
  164    26      12.14510
  164    27       9.69020
  164    28       5.54510
  164    29       3.05490
  164    30       6.16078
  164    31       6.78039
  164    32      11.21569
  164    33      13.12157
  164    34      11.63529
  164    35      11.15686
  164    36      12.51765
  164    37      12.91765
  164    38      16.19216
  164    39      17.31765
  164    40      17.56863
  164    41      22.63530
  164    42      21.67843
  164    43      23.47451
  164    44      29.94118
  164    45      29.87843
  164    46      29.83137
  164    47      31.61961
  164    48      35.20785
  164    49      30.25882
  164    50      28.51764
  164    51      29.54117
  164    52      26.12157
  164    53      20.90981
  164    54      27.66275
  164    55      27.30196
  164    56      19.38432
  164    57      16.13725
  164    58      21.83137
  164    59      25.20392
  164    60      32.01568
  164    61      30.76078
  164    62      25.66275
  164    63      21.28235
  164    64      18.21961
  164    65      14.29804
  164    66      15.37255
  164    67      22.55686
  164    68      26.85490
  164    69      28.17255
  164    70      32.64706
  164    71      35.31372
  164    72      25.53726
  164    73      22.70196
  164    74      23.59216
  164    75      27.40000
  164    76      24.67059
  164    77      24.10196
  164    78      26.18824
  164    79      26.45882
  164    80      31.52941
  164    81      26.46667
  164    82      25.82353
  164    83      16.89804
  164    84      18.72941
  164    85      22.29020
  164    86      29.18824
  164    87      27.77255
  164    88      28.71765
  164    89      28.87451
  164    90      30.91765
  164    91      31.06275
  164    92      24.56079
  164    93      24.01961
  164    94      17.75294
  164    95      17.99608
  164    96      21.50981
  164    97      23.01569
  164    98      28.91765
  164    99      28.60000
  164   100      27.12157
  164   101      28.30196
  164   102      24.83138
  164   103      28.41177
  164   104      18.69020
  164   105      14.75294
  164   106      13.10980
  164   107      10.27451
  164   108       4.86275
  164   109       2.89804
  164   110       2.72549
  164   111       3.78823
  164   112      10.21961
  164   113       9.82745
  164   114       4.85490
  164   115       1.52157
  164   116       2.13333
  164   117       5.92549
  164   118       8.11765
  164   119      10.59608
  164   120       8.36470
  164   121       6.97647
  164   122       4.79608
  164   123       9.59608
  164   124       7.51373
  164   125       4.47843
  164   126       5.57647
  164   127       1.63137
  164   128       0.00000
  164   129       0.00000
  164   130       0.00000
  164   131       0.00000
  164   132       0.00000
  164   133       0.00000
  164   134       0.00000
  164   135       0.00000
  164   136       0.00000
  164   137       0.00000
  164   138       0.00000
  164   139       0.00000
  164   140       0.00000
  164   141       0.00000

  165     0       0.00000
  165     1       0.00000
  165     2       0.00000
  165     3       0.00000
  165     4       0.00000
  165     5       0.00000
  165     6       0.00000
  165     7       0.00000
  165     8       0.00000
  165     9       0.00000
  165    10       0.00000
  165    11       0.00000
  165    12       0.00000
  165    13       0.00000
  165    14       0.00000
  165    15       0.00000
  165    16       0.00000
  165    17       0.00000
  165    18       0.00000
  165    19       0.00000
  165    20       0.00000
  165    21       1.18824
  165    22       6.56863
  165    23       9.20000
  165    24       9.36863
  165    25       6.84706
  165    26      11.16079
  165    27      13.43529
  165    28       7.25098
  165    29       3.58431
  165    30       5.30980
  165    31       7.05490
  165    32       7.57647
  165    33      12.33725
  165    34      14.18824
  165    35      12.58432
  165    36      13.31765
  165    37      12.78431
  165    38      19.55294
  165    39      22.56863
  165    40      17.50196
  165    41      15.98823
  165    42      20.98432
  165    43      26.97255
  165    44      31.00000
  165    45      31.46667
  165    46      27.25098
  165    47      26.25883
  165    48      37.23138
  165    49      34.97646
  165    50      31.22352
  165    51      26.32941
  165    52      25.34902
  165    53      22.93726
  165    54      21.43137
  165    55      25.85882
  165    56      22.05098
  165    57      18.70588
  165    58      18.30588
  165    59      27.43529
  165    60      32.08627
  165    61      30.83137
  165    62      26.34902
  165    63      21.76863
  165    64      16.70588
  165    65      15.27843
  165    66      12.89804
  165    67      19.16078
  165    68      28.10980
  165    69      28.03137
  165    70      30.66274
  165    71      35.15686
  165    72      24.11373
  165    73      23.19608
  165    74      25.81961
  165    75      30.71373
  165    76      26.23922
  165    77      22.94510
  165    78      26.64314
  165    79      25.81961
  165    80      29.45098
  165    81      25.65098
  165    82      18.46274
  165    83      22.17255
  165    84      22.63529
  165    85      22.79608
  165    86      23.85883
  165    87      28.14902
  165    88      32.73333
  165    89      29.43137
  165    90      28.07451
  165    91      31.79216
  165    92      25.90196
  165    93      22.26275
  165    94      16.70588
  165    95      19.35686
  165    96      22.90196
  165    97      24.23137
  165    98      25.89412
  165    99      28.89020
  165   100      30.31765
  165   101      28.98039
  165   102      24.47059
  165   103      21.03530
  165   104      18.83529
  165   105      13.94902
  165   106      16.14118
  165   107      14.03922
  165   108       7.07059
  165   109       2.17255
  165   110       2.72549
  165   111       7.00784
  165   112      11.00000
  165   113       8.30588
  165   114       2.89804
  165   115       0.66667
  165   116       2.46667
  165   117       8.80000
  165   118       9.24314
  165   119       9.11765
  165   120       8.85882
  165   121       4.95686
  165   122       6.80000
  165   123       9.38824
  165   124       5.78039
  165   125       5.99608
  165   126       3.63137
  165   127       0.00000
  165   128       0.00000
  165   129       0.00000
  165   130       0.00000
  165   131       0.00000
  165   132       0.00000
  165   133       0.00000
  165   134       0.00000
  165   135       0.00000
  165   136       0.00000
  165   137       0.00000
  165   138       0.00000
  165   139       0.00000
  165   140       0.00000
  165   141       0.00000

  166     0       0.00000
  166     1       0.00000
  166     2       0.00000
  166     3       0.00000
  166     4       0.00000
  166     5       0.00000
  166     6       0.00000
  166     7       0.00000
  166     8       0.00000
  166     9       0.00000
  166    10       0.00000
  166    11       0.00000
  166    12       0.00000
  166    13       0.00000
  166    14       0.00000
  166    15       0.00000
  166    16       0.00000
  166    17       0.00000
  166    18       0.00000
  166    19       0.00000
  166    20       0.00000
  166    21       0.00000
  166    22       4.20000
  166    23       7.55686
  166    24      10.20000
  166    25       7.69019
  166    26       9.78431
  166    27      13.88235
  166    28       9.69020
  166    29       4.56471
  166    30       5.54902
  166    31       6.00000
  166    32       6.33333
  166    33      10.49020
  166    34      15.12157
  166    35      13.45883
  166    36      15.23137
  166    37      15.72157
  166    38      20.35686
  166    39      22.91765
  166    40      18.37647
  166    41      13.10588
  166    42      21.28235
  166    43      31.22745
  166    44      29.88235
  166    45      29.29804
  166    46      24.16863
  166    47      27.03922
  166    48      34.67059
  166    49      38.08235
  166    50      37.64313
  166    51      27.57255
  166    52      24.78823
  166    53      22.02353
  166    54      16.65490
  166    55      20.27059
  166    56      22.91372
  166    57      22.18824
  166    58      23.00784
  166    59      29.33726
  166    60      28.01961
  166    61      29.07451
  166    62      26.87059
  166    63      21.14118
  166    64      16.09020
  166    65      15.50196
  166    66      17.44314
  166    67      20.10588
  166    68      26.20784
  166    69      25.45098
  166    70      27.86275
  166    71      27.29412
  166    72      28.11765
  166    73      23.20392
  166    74      29.74902
  166    75      36.90981
  166    76      25.92549
  166    77      21.92941
  166    78      22.41961
  166    79      27.05098
  166    80      25.59608
  166    81      19.79215
  166    82      20.03137
  166    83      27.98039
  166    84      26.70196
  166    85      21.58824
  166    86      20.81177
  166    87      28.54118
  166    88      29.96078
  166    89      28.29412
  166    90      34.35686
  166    91      29.99608
  166    92      26.77255
  166    93      18.80392
  166    94      19.45490
  166    95      19.43922
  166    96      19.69020
  166    97      23.65882
  166    98      27.38824
  166    99      28.75686
  166   100      30.80784
  166   101      30.21177
  166   102      25.47059
  166   103      15.03530
  166   104      16.23137
  166   105      16.15294
  166   106      13.49020
  166   107      16.20392
  166   108      14.64314
  166   109       3.24314
  166   110       3.00000
  166   111       9.00784
  166   112      10.52941
  166   113       5.15294
  166   114       2.52157
  166   115       1.19216
  166   116       5.86667
  166   117       8.11765
  166   118      10.34118
  166   119       8.61961
  166   120       7.96471
  166   121       3.88235
  166   122       6.52157
  166   123      11.16863
  166   124       4.82353
  166   125       5.57647
  166   126       1.63137
  166   127       0.00000
  166   128       0.00000
  166   129       0.00000
  166   130       0.00000
  166   131       0.00000
  166   132       0.00000
  166   133       0.00000
  166   134       0.00000
  166   135       0.00000
  166   136       0.00000
  166   137       0.00000
  166   138       0.00000
  166   139       0.00000
  166   140       0.00000
  166   141       0.00000

  167     0       0.00000
  167     1       0.00000
  167     2       0.00000
  167     3       0.00000
  167     4       0.00000
  167     5       0.00000
  167     6       0.00000
  167     7       0.00000
  167     8       0.00000
  167     9       0.00000
  167    10       0.00000
  167    11       0.00000
  167    12       0.00000
  167    13       0.00000
  167    14       0.00000
  167    15       0.00000
  167    16       0.00000
  167    17       0.00000
  167    18       0.00000
  167    19       0.00000
  167    20       0.00000
  167    21       0.00000
  167    22       1.18824
  167    23       6.56863
  167    24      10.19608
  167    25       9.37255
  167    26       6.11765
  167    27      11.87059
  167    28      13.45490
  167    29       6.78039
  167    30       5.57255
  167    31       5.99608
  167    32       8.03137
  167    33       6.87451
  167    34      13.50588
  167    35      17.51373
  167    36      14.92941
  167    37      22.22745
  167    38      21.07451
  167    39      19.58431
  167    40      17.72941
  167    41      17.03922
  167    42      22.00000
  167    43      27.12941
  167    44      30.90980
  167    45      26.85490
  167    46      25.20000
  167    47      30.30196
  167    48      32.65491
  167    49      34.94118
  167    50      38.63921
  167    51      30.01176
  167    52      24.47843
  167    53      21.27451
  167    54      15.31765
  167    55      15.33333
  167    56      25.56470
  167    57      26.18039
  167    58      25.55294
  167    59      25.25490
  167    60      26.55294
  167    61      27.36863
  167    62      28.81176
  167    63      21.10588
  167    64      19.18039
  167    65      17.80000
  167    66      16.18431
  167    67      18.80392
  167    68      25.63922
  167    69      22.96863
  167    70      22.79608
  167    71      30.10588
  167    72      27.87059
  167    73      27.34902
  167    74      30.64314
  167    75      30.87451
  167    76      31.74118
  167    77      23.90980
  167    78      21.19216
  167    79      27.23137
  167    80      20.47843
  167    81      17.98431
  167    82      22.92941
  167    83      24.57255
  167    84      26.93333
  167    85      24.26275
  167    86      22.98824
  167    87      26.07451
  167    88      29.66275
  167    89      31.31373
  167    90      33.44314
  167    91      30.05098
  167    92      19.98039
  167    93      20.68628
  167    94      24.12549
  167    95      21.26275
  167    96      19.95686
  167    97      22.65098
  167    98      23.28235
  167    99      27.40784
  167   100      31.57255
  167   101      28.95686
  167   102      27.07059
  167   103      18.77647
  167   104      11.31373
  167   105      14.07451
  167   106      15.06667
  167   107      13.36079
  167   108      16.08627
  167   109      10.72941
  167   110       7.35294
  167   111      10.00000
  167   112       9.45490
  167   113       2.22745
  167   114       0.65882
  167   115       1.99608
  167   116       8.80000
  167   117      10.24314
  167   118       9.11765
  167   119       7.85882
  167   120       6.95686
  167   121       5.39608
  167   122       7.89412
  167   123       7.61961
  167   124       6.05490
  167   125       3.63137
  167   126       0.00000
  167   127       0.00000
  167   128       0.00000
  167   129       0.00000
  167   130       0.00000
  167   131       0.00000
  167   132       0.00000
  167   133       0.00000
  167   134       0.00000
  167   135       0.00000
  167   136       0.00000
  167   137       0.00000
  167   138       0.00000
  167   139       0.00000
  167   140       0.00000
  167   141       0.00000

  168     0       0.00000
  168     1       0.00000
  168     2       0.00000
  168     3       0.00000
  168     4       0.00000
  168     5       0.00000
  168     6       0.00000
  168     7       0.00000
  168     8       0.00000
  168     9       0.00000
  168    10       0.00000
  168    11       0.00000
  168    12       0.00000
  168    13       0.00000
  168    14       0.00000
  168    15       0.00000
  168    16       0.00000
  168    17       0.00000
  168    18       0.00000
  168    19       0.00000
  168    20       0.00000
  168    21       0.00000
  168    22       0.00000
  168    23       4.20000
  168    24       8.55686
  168    25       9.96863
  168    26       6.85882
  168    27       8.27059
  168    28      13.91373
  168    29      12.21961
  168    30       6.95294
  168    31       6.61176
  168    32       5.74510
  168    33       6.34510
  168    34      14.69412
  168    35      17.92941
  168    36      20.55294
  168    37      23.52549
  168    38      17.74902
  168    39      13.17255
  168    40      19.64314
  168    41      24.80784
  168    42      22.36470
  168    43      25.74902
  168    44      28.43921
  168    45      25.49020
  168    46      25.37255
  168    47      30.29020
  168    48      32.82353
  168    49      35.60000
  168    50      36.32549
  168    51      33.67058
  168    52      24.11764
  168    53      17.23529
  168    54      15.87451
  168    55      16.20000
  168    56      24.53726
  168    57      28.88627
  168    58      30.33725
  168    59      22.69020
  168    60      23.36863
  168    61      26.96079
  168    62      22.48627
  168    63      22.87059
  168    64      20.19216
  168    65      21.92941
  168    66      20.27059
  168    67      19.60392
  168    68      22.50980
  168    69      17.79216
  168    70      19.76471
  168    71      29.00000
  168    72      28.58039
  168    73      30.55294
  168    74      29.56079
  168    75      34.63529
  168    76      30.17648
  168    77      28.34510
  168    78      23.50588
  168    79      18.66667
  168    80      17.10588
  168    81      18.05490
  168    82      25.05490
  168    83      26.88627
  168    84      22.79216
  168    85      26.50196
  168    86      27.00000
  168    87      25.87843
  168    88      26.65883
  168    89      34.05882
  168    90      34.89412
  168    91      28.41177
  168    92      17.99608
  168    93      19.11765
  168    94      25.37647
  168    95      22.92549
  168    96      22.24314
  168    97      21.16079
  168    98      23.40000
  168    99      27.77255
  168   100      30.20392
  168   101      28.73333
  168   102      22.72157
  168   103      21.03137
  168   104      15.16079
  168   105       9.18824
  168   106      14.08235
  168   107      13.90196
  168   108      14.60000
  168   109      14.00000
  168   110      14.33333
  168   111      11.30980
  168   112       4.36471
  168   113       2.55294
  168   114       1.19216
  168   115       4.94118
  168   116       8.81176
  168   117      10.57255
  168   118       8.61961
  168   119       7.96471
  168   120       4.88235
  168   121       6.52157
  168   122       9.14510
  168   123       5.48627
  168   124       5.93725
  168   125       1.63137
  168   126       0.00000
  168   127       0.00000
  168   128       0.00000
  168   129       0.00000
  168   130       0.00000
  168   131       0.00000
  168   132       0.00000
  168   133       0.00000
  168   134       0.00000
  168   135       0.00000
  168   136       0.00000
  168   137       0.00000
  168   138       0.00000
  168   139       0.00000
  168   140       0.00000
  168   141       0.00000

  169     0       0.00000
  169     1       0.00000
  169     2       0.00000
  169     3       0.00000
  169     4       0.00000
  169     5       0.00000
  169     6       0.00000
  169     7       0.00000
  169     8       0.00000
  169     9       0.00000
  169    10       0.00000
  169    11       0.00000
  169    12       0.00000
  169    13       0.00000
  169    14       0.00000
  169    15       0.00000
  169    16       0.00000
  169    17       0.00000
  169    18       0.00000
  169    19       0.00000
  169    20       0.00000
  169    21       0.00000
  169    22       0.00000
  169    23       1.18824
  169    24       6.45098
  169    25       9.32549
  169    26       9.36078
  169    27       6.84706
  169    28      12.14118
  169    29      13.45490
  169    30      11.29804
  169    31       6.25882
  169    32       5.53726
  169    33       6.29020
  169    34      11.07451
  169    35      22.58431
  169    36      24.96078
  169    37      19.97255
  169    38      16.37255
  169    39      12.04706
  169    40      23.21177
  169    41      28.49412
  169    42      26.18823
  169    43      21.53333
  169    44      25.74902
  169    45      25.27059
  169    46      25.02745
  169    47      28.65882
  169    48      33.85883
  169    49      34.88235
  169    50      37.47058
  169    51      36.30588
  169    52      22.97647
  169    53      15.62745
  169    54      15.19216
  169    55      18.70980
  169    56      20.63922
  169    57      29.82745
  169    58      32.20392
  169    59      26.43922
  169    60      20.78432
  169    61      20.94510
  169    62      21.36863
  169    63      23.70196
  169    64      24.38039
  169    65      23.23922
  169    66      20.39608
  169    67      22.10588
  169    68      19.88628
  169    69      13.50980
  169    70      16.45098
  169    71      27.44706
  169    72      32.03529
  169    73      31.46275
  169    74      33.78431
  169    75      33.26274
  169    76      30.80785
  169    77      30.92157
  169    78      24.20000
  169    79      12.57255
  169    80      12.76471
  169    81      20.87059
  169    82      26.89412
  169    83      24.76078
  169    84      23.49412
  169    85      25.11373
  169    86      30.43530
  169    87      28.47059
  169    88      26.74902
  169    89      31.15686
  169    90      30.66667
  169    91      28.36863
  169    92      21.42745
  169    93      20.64706
  169    94      25.82353
  169    95      24.05883
  169    96      22.51765
  169    97      16.52157
  169    98      20.75294
  169    99      28.47843
  169   100      32.32549
  169   101      27.36863
  169   102      22.62745
  169   103      19.89804
  169   104      18.73334
  169   105       9.07451
  169   106      10.91373
  169   107      14.29020
  169   108      12.41176
  169   109      18.10588
  169   110      19.00000
  169   111      12.80000
  169   112       2.23137
  169   113       1.52157
  169   114       2.13333
  169   115       8.81961
  169   116      10.22353
  169   117       9.11765
  169   118       8.83137
  169   119       5.98431
  169   120       4.39608
  169   121       7.89412
  169   122       7.27451
  169   123       7.40000
  169   124       3.63137
  169   125       0.00000
  169   126       0.00000
  169   127       0.00000
  169   128       0.00000
  169   129       0.00000
  169   130       0.00000
  169   131       0.00000
  169   132       0.00000
  169   133       0.00000
  169   134       0.00000
  169   135       0.00000
  169   136       0.00000
  169   137       0.00000
  169   138       0.00000
  169   139       0.00000
  169   140       0.00000
  169   141       0.00000

  170     0       0.00000
  170     1       0.00000
  170     2       0.00000
  170     3       0.00000
  170     4       0.00000
  170     5       0.00000
  170     6       0.00000
  170     7       0.00000
  170     8       0.00000
  170     9       0.00000
  170    10       0.00000
  170    11       0.00000
  170    12       0.00000
  170    13       0.00000
  170    14       0.00000
  170    15       0.00000
  170    16       0.00000
  170    17       0.00000
  170    18       0.00000
  170    19       0.00000
  170    20       0.00000
  170    21       0.00000
  170    22       0.00000
  170    23       0.00000
  170    24       4.20000
  170    25       7.55686
  170    26       9.97647
  170    27       7.57255
  170    28       7.54902
  170    29      15.91373
  170    30      14.73726
  170    31       7.63922
  170    32       5.58824
  170    33       8.76079
  170    34      13.03137
  170    35      23.03529
  170    36      24.54902
  170    37      18.62745
  170    38      12.49020
  170    39      12.95686
  170    40      22.59608
  170    41      32.09804
  170    42      32.01569
  170    43      22.56470
  170    44      21.73333
  170    45      23.88235
  170    46      23.08236
  170    47      31.50588
  170    48      34.52941
  170    49      31.85098
  170    50      33.38039
  170    51      33.48627
  170    52      27.09412
  170    53      18.78039
  170    54      17.85882
  170    55      20.98824
  170    56      22.21961
  170    57      25.56863
  170    58      29.35294
  170    59      30.96863
  170    60      17.23922
  170    61      14.38824
  170    62      21.38431
  170    63      25.87843
  170    64      25.57255
  170    65      26.56470
  170    66      24.32549
  170    67      20.21961
  170    68      15.10980
  170    69      13.81569
  170    70      15.50980
  170    71      27.75686
  170    72      32.75686
  170    73      30.97255
  170    74      31.92941
  170    75      35.17255
  170    76      31.27059
  170    77      28.76863
  170    78      23.00392
  170    79      13.47843
  170    80      12.09020
  170    81      22.03922
  170    82      27.14510
  170    83      22.01961
  170    84      23.39215
  170    85      25.61569
  170    86      28.56863
  170    87      29.37255
  170    88      32.46667
  170    89      31.19608
  170    90      29.07843
  170    91      25.53333
  170    92      21.70981
  170    93      21.21961
  170    94      21.24706
  170    95      25.76078
  170    96      24.33334
  170    97      20.37255
  170    98      20.01177
  170    99      24.89804
  170   100      30.97647
  170   101      29.98039
  170   102      20.29020
  170   103      21.57255
  170   104      16.18039
  170   105      13.89020
  170   106       7.92157
  170   107      11.36078
  170   108      16.42353
  170   109      20.78823
  170   110      19.38824
  170   111      11.36863
  170   112       4.89804
  170   113       1.19216
  170   114       5.94118
  170   115       8.81176
  170   116       9.11765
  170   117       9.07451
  170   118       7.96078
  170   119       4.88627
  170   120       6.52157
  170   121       9.14510
  170   122       5.48627
  170   123       6.93333
  170   124       0.63529
  170   125       0.00000
  170   126       0.00000
  170   127       0.00000
  170   128       0.00000
  170   129       0.00000
  170   130       0.00000
  170   131       0.00000
  170   132       0.00000
  170   133       0.00000
  170   134       0.00000
  170   135       0.00000
  170   136       0.00000
  170   137       0.00000
  170   138       0.00000
  170   139       0.00000
  170   140       0.00000
  170   141       0.00000

  171     0       0.00000
  171     1       0.00000
  171     2       0.00000
  171     3       0.00000
  171     4       0.00000
  171     5       0.00000
  171     6       0.00000
  171     7       0.00000
  171     8       0.00000
  171     9       0.00000
  171    10       0.00000
  171    11       0.00000
  171    12       0.00000
  171    13       0.00000
  171    14       0.00000
  171    15       0.00000
  171    16       0.00000
  171    17       0.00000
  171    18       0.00000
  171    19       0.00000
  171    20       0.00000
  171    21       0.00000
  171    22       0.00000
  171    23       0.00000
  171    24       1.18824
  171    25       6.45098
  171    26       9.43922
  171    27       9.22745
  171    28       5.86667
  171    29      12.14118
  171    30      15.97255
  171    31      13.96863
  171    32       9.16078
  171    33      11.63530
  171    34      13.45883
  171    35      18.95294
  171    36      22.09020
  171    37      17.30196
  171    38      11.55294
  171    39      17.03922
  171    40      23.80392
  171    41      32.13726
  171    42      33.74117
  171    43      26.84313
  171    44      19.27843
  171    45      19.30196
  171    46      23.07843
  171    47      28.16078
  171    48      35.01177
  171    49      32.86667
  171    50      31.30588
  171    51      34.34509
  171    52      27.78823
  171    53      20.76863
  171    54      18.79216
  171    55      21.13725
  171    56      23.73333
  171    57      23.20392
  171    58      27.87059
  171    59      27.85490
  171    60      18.66667
  171    61      15.87451
  171    62      20.02745
  171    63      25.24706
  171    64      27.20784
  171    65      28.39216
  171    66      22.65098
  171    67      19.19216
  171    68      15.87451
  171    69      17.24706
  171    70      15.85882
  171    71      25.62745
  171    72      29.78039
  171    73      29.77255
  171    74      32.69411
  171    75      35.85098
  171    76      35.15686
  171    77      25.95686
  171    78      17.60392
  171    79      17.58824
  171    80      18.64706
  171    81      19.72157
  171    82      21.78432
  171    83      23.02353
  171    84      23.43137
  171    85      23.82353
  171    86      26.06274
  171    87      34.01176
  171    88      37.81176
  171    89      27.65490
  171    90      25.16471
  171    91      29.08628
  171    92      25.47059
  171    93      21.78432
  171    94      22.18431
  171    95      20.50196
  171    96      22.72941
  171    97      21.48236
  171    98      21.15687
  171    99      21.58432
  171   100      29.59216
  171   101      29.74902
  171   102      24.39608
  171   103      16.96078
  171   104      14.39216
  171   105      14.87059
  171   106      11.90588
  171   107       8.09412
  171   108      17.47059
  171   109      22.62745
  171   110      17.85490
  171   111      11.32549
  171   112       7.52549
  171   113       2.53725
  171   114       8.76078
  171   115      10.22353
  171   116       9.95686
  171   117       9.09412
  171   118       5.88235
  171   119       3.47059
  171   120       8.71765
  171   121       8.35294
  171   122       6.42353
  171   123       3.63137
  171   124       0.00000
  171   125       0.00000
  171   126       0.00000
  171   127       0.00000
  171   128       0.00000
  171   129       0.00000
  171   130       0.00000
  171   131       0.00000
  171   132       0.00000
  171   133       0.00000
  171   134       0.00000
  171   135       0.00000
  171   136       0.00000
  171   137       0.00000
  171   138       0.00000
  171   139       0.00000
  171   140       0.00000
  171   141       0.00000

  172     0       0.00000
  172     1       0.00000
  172     2       0.00000
  172     3       0.00000
  172     4       0.00000
  172     5       0.00000
  172     6       0.00000
  172     7       0.00000
  172     8       0.00000
  172     9       0.00000
  172    10       0.00000
  172    11       0.00000
  172    12       0.00000
  172    13       0.00000
  172    14       0.00000
  172    15       0.00000
  172    16       0.00000
  172    17       0.00000
  172    18       0.00000
  172    19       0.00000
  172    20       0.00000
  172    21       0.00000
  172    22       0.00000
  172    23       0.00000
  172    24       0.00000
  172    25       4.18823
  172    26       6.56863
  172    27       9.97647
  172    28       7.57255
  172    29       8.54902
  172    30      16.43137
  172    31      17.22745
  172    32      11.83529
  172    33      16.43137
  172    34      17.80000
  172    35      12.93725
  172    36      16.08628
  172    37      17.63530
  172    38      17.37647
  172    39      15.58431
  172    40      24.19216
  172    41      29.34118
  172    42      35.27451
  172    43      34.01176
  172    44      18.68236
  172    45      13.77647
  172    46      23.98039
  172    47      26.55686
  172    48      32.32549
  172    49      32.65098
  172    50      30.08627
  172    51      31.44313
  172    52      27.52157
  172    53      27.94118
  172    54      23.15294
  172    55      22.35294
  172    56      22.45490
  172    57      21.14510
  172    58      23.63529
  172    59      22.43137
  172    60      23.61961
  172    61      18.32549
  172    62      18.06274
  172    63      22.97255
  172    64      28.88627
  172    65      28.82745
  172    66      25.22353
  172    67      16.89804
  172    68      15.54118
  172    69      18.91765
  172    70      20.05098
  172    71      26.07451
  172    72      27.27843
  172    73      25.89020
  172    74      30.54902
  172    75      38.60784
  172    76      38.86275
  172    77      19.76079
  172    78      15.49804
  172    79      22.48235
  172    80      23.47451
  172    81      18.96078
  172    82      17.87059
  172    83      22.23529
  172    84      25.20392
  172    85      23.68627
  172    86      25.25490
  172    87      32.24313
  172    88      38.16471
  172    89      34.85098
  172    90      25.65882
  172    91      25.41177
  172    92      23.90196
  172    93      21.68235
  172    94      21.50981
  172    95      21.40785
  172    96      21.62745
  172    97      22.67843
  172    98      20.30196
  172    99      21.17255
  172   100      26.03922
  172   101      31.63922
  172   102      27.85883
  172   103      16.63922
  172   104      10.12941
  172   105      13.30196
  172   106      14.90981
  172   107      12.40000
  172   108      17.98431
  172   109      18.93333
  172   110      12.04314
  172   111      12.79216
  172   112      10.35686
  172   113      12.14118
  172   114       8.96078
  172   115       9.11765
  172   116       9.07451
  172   117       7.96078
  172   118       4.88627
  172   119       5.52157
  172   120       9.14510
  172   121       7.06275
  172   122       5.99216
  172   123       0.00000
  172   124       0.00000
  172   125       0.00000
  172   126       0.00000
  172   127       0.00000
  172   128       0.00000
  172   129       0.00000
  172   130       0.00000
  172   131       0.00000
  172   132       0.00000
  172   133       0.00000
  172   134       0.00000
  172   135       0.00000
  172   136       0.00000
  172   137       0.00000
  172   138       0.00000
  172   139       0.00000
  172   140       0.00000
  172   141       0.00000

  173     0       0.00000
  173     1       0.00000
  173     2       0.00000
  173     3       0.00000
  173     4       0.00000
  173     5       0.00000
  173     6       0.00000
  173     7       0.00000
  173     8       0.00000
  173     9       0.00000
  173    10       0.00000
  173    11       0.00000
  173    12       0.00000
  173    13       0.00000
  173    14       0.00000
  173    15       0.00000
  173    16       0.00000
  173    17       0.00000
  173    18       0.00000
  173    19       0.00000
  173    20       0.00000
  173    21       0.00000
  173    22       0.00000
  173    23       0.00000
  173    24       0.00000
  173    25       0.18823
  173    26       6.45098
  173    27       9.57255
  173    28      10.08235
  173    29       6.55294
  173    30      12.40784
  173    31      21.25883
  173    32      22.70981
  173    33      18.31765
  173    34      15.49020
  173    35      10.51765
  173    36      10.10196
  173    37      16.85490
  173    38      19.59216
  173    39      18.18431
  173    40      25.10588
  173    41      31.00392
  173    42      37.73725
  173    43      31.97647
  173    44      18.95687
  173    45      18.21177
  173    46      19.45490
  173    47      23.43922
  173    48      28.78824
  173    49      32.01961
  173    50      33.28627
  173    51      29.57646
  173    52      29.41569
  173    53      28.59216
  173    54      25.59216
  173    55      22.85098
  173    56      23.98824
  173    57      23.26667
  173    58      16.85098
  173    59      17.98431
  173    60      24.26667
  173    61      23.95294
  173    62      18.05882
  173    63      21.95294
  173    64      26.51765
  173    65      25.76471
  173    66      23.29804
  173    67      18.23137
  173    68      19.09412
  173    69      24.76470
  173    70      21.99608
  173    71      24.26274
  173    72      25.29412
  173    73      25.08627
  173    74      28.89019
  173    75      38.41961
  173    76      28.87843
  173    77      22.84706
  173    78      18.23137
  173    79      22.35294
  173    80      27.46667
  173    81      18.29412
  173    82      14.63137
  173    83      20.78432
  173    84      23.49412
  173    85      24.00392
  173    86      28.32549
  173    87      30.60000
  173    88      31.98824
  173    89      40.57255
  173    90      31.28627
  173    91      26.31373
  173    92      21.72157
  173    93      23.01176
  173    94      21.84314
  173    95      18.54902
  173    96      18.29804
  173    97      20.81569
  173    98      22.49412
  173    99      21.69412
  173   100      26.02745
  173   101      29.56079
  173   102      28.93333
  173   103      19.27059
  173   104       8.49804
  173   105      11.37255
  173   106      15.07843
  173   107      20.23137
  173   108      15.98431
  173   109      15.76078
  173   110      11.25098
  173   111       8.83137
  173   112      12.11765
  173   113      17.92549
  173   114      13.56471
  173   115       9.71765
  173   116       8.35294
  173   117       6.74510
  173   118       2.59608
  173   119       9.71765
  173   120       8.35294
  173   121       6.42353
  173   122       2.63137
  173   123       0.00000
  173   124       0.00000
  173   125       0.00000
  173   126       0.00000
  173   127       0.00000
  173   128       0.00000
  173   129       0.00000
  173   130       0.00000
  173   131       0.00000
  173   132       0.00000
  173   133       0.00000
  173   134       0.00000
  173   135       0.00000
  173   136       0.00000
  173   137       0.00000
  173   138       0.00000
  173   139       0.00000
  173   140       0.00000
  173   141       0.00000

  174     0       0.00000
  174     1       0.00000
  174     2       0.00000
  174     3       0.00000
  174     4       0.00000
  174     5       0.00000
  174     6       0.00000
  174     7       0.00000
  174     8       0.00000
  174     9       0.00000
  174    10       0.00000
  174    11       0.00000
  174    12       0.00000
  174    13       0.00000
  174    14       0.00000
  174    15       0.00000
  174    16       0.00000
  174    17       0.00000
  174    18       0.00000
  174    19       0.00000
  174    20       0.00000
  174    21       0.00000
  174    22       0.00000
  174    23       0.00000
  174    24       0.00000
  174    25       0.00000
  174    26       3.18824
  174    27       6.45098
  174    28       8.99216
  174    29       7.67451
  174    30      12.02745
  174    31      25.35294
  174    32      27.85098
  174    33      19.63922
  174    34      13.06667
  174    35      10.20784
  174    36       5.73726
  174    37      16.38432
  174    38      24.46275
  174    39      21.81177
  174    40      22.30196
  174    41      33.33726
  174    42      34.58039
  174    43      31.11765
  174    44      25.70196
  174    45      19.46667
  174    46      16.38824
  174    47      18.62353
  174    48      22.79608
  174    49      31.69804
  174    50      38.33725
  174    51      32.47058
  174    52      24.90196
  174    53      29.18040
  174    54      30.09804
  174    55      25.74118
  174    56      23.67451
  174    57      19.70196
  174    58      13.28627
  174    59      16.09019
  174    60      25.62353
  174    61      26.77647
  174    62      20.79608
  174    63      19.59608
  174    64      23.20000
  174    65      23.76863
  174    66      19.92549
  174    67      20.62745
  174    68      23.76078
  174    69      28.26667
  174    70      23.95294
  174    71      22.71372
  174    72      25.77255
  174    73      23.96078
  174    74      26.46274
  174    75      32.98431
  174    76      28.44706
  174    77      23.76863
  174    78      21.47843
  174    79      23.44706
  174    80      26.40392
  174    81      23.94902
  174    82      15.43137
  174    83      15.85490
  174    84      21.75686
  174    85      26.04314
  174    86      28.05098
  174    87      25.43529
  174    88      31.94902
  174    89      43.21961
  174    90      41.41569
  174    91      25.87843
  174    92      16.42745
  174    93      21.59216
  174    94      21.78824
  174    95      20.24706
  174    96      19.23529
  174    97      15.66275
  174    98      17.12941
  174    99      23.86667
  174   100      31.42745
  174   101      29.75686
  174   102      28.07843
  174   103      18.03922
  174   104      13.43530
  174   105       6.96471
  174   106      13.98039
  174   107      22.80000
  174   108      21.80784
  174   109       9.33726
  174   110      10.56078
  174   111       8.20392
  174   112      14.07059
  174   113      18.32549
  174   114      17.95686
  174   115      11.44314
  174   116       7.87059
  174   117       3.48235
  174   118       5.92549
  174   119       8.14510
  174   120       7.06275
  174   121       5.99216
  174   122       0.00000
  174   123       0.00000
  174   124       0.00000
  174   125       0.00000
  174   126       0.00000
  174   127       0.00000
  174   128       0.00000
  174   129       0.00000
  174   130       0.00000
  174   131       0.00000
  174   132       0.00000
  174   133       0.00000
  174   134       0.00000
  174   135       0.00000
  174   136       0.00000
  174   137       0.00000
  174   138       0.00000
  174   139       0.00000
  174   140       0.00000
  174   141       0.00000

  175     0       0.00000
  175     1       0.00000
  175     2       0.00000
  175     3       0.00000
  175     4       0.00000
  175     5       0.00000
  175     6       0.00000
  175     7       0.00000
  175     8       0.00000
  175     9       0.00000
  175    10       0.00000
  175    11       0.00000
  175    12       0.00000
  175    13       0.00000
  175    14       0.00000
  175    15       0.00000
  175    16       0.00000
  175    17       0.00000
  175    18       0.00000
  175    19       0.00000
  175    20       0.00000
  175    21       0.00000
  175    22       0.00000
  175    23       0.00000
  175    24       0.00000
  175    25       0.00000
  175    26       0.00000
  175    27       4.62745
  175    28       8.58431
  175    29      10.60784
  175    30      15.01177
  175    31      22.87059
  175    32      28.82745
  175    33      25.52157
  175    34      10.75686
  175    35       7.76471
  175    36       8.99216
  175    37      14.98039
  175    38      21.99216
  175    39      17.78823
  175    40      25.50588
  175    41      38.27059
  175    42      36.13725
  175    43      22.50589
  175    44      27.07059
  175    45      27.40000
  175    46      14.07451
  175    47       9.10981
  175    48      17.74510
  175    49      33.95686
  175    50      41.64314
  175    51      35.59215
  175    52      26.98823
  175    53      26.04314
  175    54      30.27059
  175    55      32.28627
  175    56      23.73334
  175    57      13.50196
  175    58      13.28627
  175    59      17.90980
  175    60      20.66275
  175    61      26.82745
  175    62      31.14118
  175    63      22.16863
  175    64      18.61176
  175    65      17.38039
  175    66      21.37647
  175    67      21.11765
  175    68      26.01569
  175    69      30.52549
  175    70      25.35686
  175    71      22.55294
  175    72      26.79215
  175    73      26.79608
  175    74      23.46274
  175    75      23.95686
  175    76      26.98824
  175    77      27.13333
  175    78      25.85098
  175    79      25.10196
  175    80      19.60392
  175    81      24.84314
  175    82      22.43137
  175    83      15.08235
  175    84      20.39608
  175    85      28.74902
  175    86      25.80392
  175    87      19.63922
  175    88      30.14117
  175    89      41.70980
  175    90      45.10588
  175    91      32.63530
  175    92      16.60784
  175    93      17.26667
  175    94      21.45098
  175    95      20.58824
  175    96      18.68235
  175    97      13.81961
  175    98      13.34902
  175    99      24.20784
  175   100      33.48236
  175   101      36.32549
  175   102      21.87451
  175   103      14.33725
  175   104      14.13725
  175   105      13.59608
  175   106      16.45490
  175   107      20.48627
  175   108      15.92157
  175   109      11.71373
  175   110       7.58039
  175   111      11.06275
  175   112      16.81176
  175   113      17.50588
  175   114      18.92549
  175   115      15.20000
  175   116       7.24706
  175   117       2.59608
  175   118       8.07059
  175   119      10.00000
  175   120       6.41961
  175   121       0.63529
  175   122       0.00000
  175   123       0.00000
  175   124       0.00000
  175   125       0.00000
  175   126       0.00000
  175   127       0.00000
  175   128       0.00000
  175   129       0.00000
  175   130       0.00000
  175   131       0.00000
  175   132       0.00000
  175   133       0.00000
  175   134       0.00000
  175   135       0.00000
  175   136       0.00000
  175   137       0.00000
  175   138       0.00000
  175   139       0.00000
  175   140       0.00000
  175   141       0.00000

  176     0       0.00000
  176     1       0.00000
  176     2       0.00000
  176     3       0.00000
  176     4       0.00000
  176     5       0.00000
  176     6       0.00000
  176     7       0.00000
  176     8       0.00000
  176     9       0.00000
  176    10       0.00000
  176    11       0.00000
  176    12       0.00000
  176    13       0.00000
  176    14       0.00000
  176    15       0.00000
  176    16       0.00000
  176    17       0.00000
  176    18       0.00000
  176    19       0.00000
  176    20       0.00000
  176    21       0.00000
  176    22       0.00000
  176    23       0.00000
  176    24       0.00000
  176    25       0.00000
  176    26       0.00000
  176    27       2.18824
  176    28       6.45098
  176    29      12.23922
  176    30      19.38824
  176    31      22.37255
  176    32      24.94118
  176    33      24.65882
  176    34      14.25883
  176    35       8.89020
  176    36      11.65098
  176    37      12.58824
  176    38      16.43530
  176    39      22.01176
  176    40      29.57647
  176    41      40.41961
  176    42      32.87843
  176    43      27.64314
  176    44      25.14510
  176    45      23.94510
  176    46      16.58039
  176    47       9.29020
  176    48      13.25098
  176    49      30.34510
  176    50      46.01568
  176    51      39.62745
  176    52      25.61961
  176    53      25.60392
  176    54      31.88627
  176    55      31.59216
  176    56      22.18824
  176    57      13.69412
  176    58      15.94118
  176    59      17.93726
  176    60      18.67059
  176    61      25.11373
  176    62      28.66274
  176    63      24.11765
  176    64      14.69412
  176    65      14.40000
  176    66      21.99216
  176    67      25.69804
  176    68      30.60392
  176    69      30.09412
  176    70      25.73726
  176    71      26.11373
  176    72      26.92156
  176    73      26.08627
  176    74      16.72941
  176    75      17.79608
  176    76      25.98039
  176    77      31.62353
  176    78      27.27843
  176    79      24.61569
  176    80      20.88235
  176    81      22.85098
  176    82      25.17255
  176    83      18.26667
  176    84      18.13725
  176    85      24.63137
  176    86      23.27059
  176    87      21.70196
  176    88      29.40784
  176    89      42.79608
  176    90      49.03922
  176    91      35.86274
  176    92      19.30980
  176    93      14.44314
  176    94      16.72157
  176    95      19.04314
  176    96      16.01961
  176    97      12.38824
  176    98      12.56863
  176    99      24.45882
  176   100      37.99216
  176   101      37.70588
  176   102      21.08628
  176   103      11.09020
  176   104      15.22353
  176   105      17.47059
  176   106      16.42745
  176   107      16.87843
  176   108      14.60000
  176   109      14.62745
  176   110       6.12157
  176   111      14.76078
  176   112      16.23137
  176   113      16.18431
  176   114      20.12549
  176   115      16.04706
  176   116       6.81961
  176   117       6.92549
  176   118       8.14510
  176   119       6.42353
  176   120       5.63137
  176   121       0.00000
  176   122       0.00000
  176   123       0.00000
  176   124       0.00000
  176   125       0.00000
  176   126       0.00000
  176   127       0.00000
  176   128       0.00000
  176   129       0.00000
  176   130       0.00000
  176   131       0.00000
  176   132       0.00000
  176   133       0.00000
  176   134       0.00000
  176   135       0.00000
  176   136       0.00000
  176   137       0.00000
  176   138       0.00000
  176   139       0.00000
  176   140       0.00000
  176   141       0.00000

  177     0       0.00000
  177     1       0.00000
  177     2       0.00000
  177     3       0.00000
  177     4       0.00000
  177     5       0.00000
  177     6       0.00000
  177     7       0.00000
  177     8       0.00000
  177     9       0.00000
  177    10       0.00000
  177    11       0.00000
  177    12       0.00000
  177    13       0.00000
  177    14       0.00000
  177    15       0.00000
  177    16       0.00000
  177    17       0.00000
  177    18       0.00000
  177    19       0.00000
  177    20       0.00000
  177    21       0.00000
  177    22       0.00000
  177    23       0.00000
  177    24       0.00000
  177    25       0.00000
  177    26       0.00000
  177    27       0.00000
  177    28       4.84314
  177    29      16.02353
  177    30      22.48235
  177    31      20.67059
  177    32      20.96078
  177    33      22.14118
  177    34      19.14118
  177    35      11.25490
  177    36      13.52157
  177    37      12.72941
  177    38      11.33333
  177    39      20.72157
  177    40      36.51373
  177    41      41.68627
  177    42      29.01568
  177    43      25.60000
  177    44      27.09412
  177    45      23.00000
  177    46      16.04706
  177    47       8.77255
  177    48       9.66667
  177    49      28.63529
  177    50      49.55686
  177    51      44.18039
  177    52      24.15294
  177    53      24.97647
  177    54      30.99608
  177    55      31.59608
  177    56      20.55686
  177    57      13.48235
  177    58      18.61961
  177    59      18.15686
  177    60      18.49412
  177    61      24.04706
  177    62      28.74117
  177    63      24.98824
  177    64      12.83922
  177    65      14.39216
  177    66      21.25098
  177    67      27.83922
  177    68      27.38431
  177    69      29.74118
  177    70      30.26667
  177    71      29.53726
  177    72      28.72157
  177    73      24.08235
  177    74      13.16078
  177    75      12.63529
  177    76      26.07451
  177    77      34.99216
  177    78      29.16863
  177    79      22.82353
  177    80      22.26274
  177    81      18.25490
  177    82      24.86667
  177    83      25.76078
  177    84      19.58431
  177    85      19.16078
  177    86      19.12157
  177    87      23.45490
  177    88      29.20784
  177    89      39.63921
  177    90      48.80392
  177    91      39.68628
  177    92      24.50196
  177    93      15.52549
  177    94      13.60392
  177    95      15.57647
  177    96      14.45490
  177    97      13.02745
  177    98      12.57255
  177    99      22.39608
  177   100      38.04314
  177   101      40.99608
  177   102      22.80784
  177   103       5.91765
  177   104      15.18823
  177   105      23.45882
  177   106      19.97255
  177   107       7.09020
  177   108      11.06274
  177   109      15.57647
  177   110      18.37255
  177   111      14.88235
  177   112      15.20000
  177   113      14.81961
  177   114      15.34510
  177   115      16.52941
  177   116      10.16471
  177   117      10.41961
  177   118      10.57647
  177   119       6.47843
  177   120       0.00000
  177   121       0.00000
  177   122       0.00000
  177   123       0.00000
  177   124       0.00000
  177   125       0.00000
  177   126       0.00000
  177   127       0.00000
  177   128       0.00000
  177   129       0.00000
  177   130       0.00000
  177   131       0.00000
  177   132       0.00000
  177   133       0.00000
  177   134       0.00000
  177   135       0.00000
  177   136       0.00000
  177   137       0.00000
  177   138       0.00000
  177   139       0.00000
  177   140       0.00000
  177   141       0.00000

  178     0       0.00000
  178     1       0.00000
  178     2       0.00000
  178     3       0.00000
  178     4       0.00000
  178     5       0.00000
  178     6       0.00000
  178     7       0.00000
  178     8       0.00000
  178     9       0.00000
  178    10       0.00000
  178    11       0.00000
  178    12       0.00000
  178    13       0.00000
  178    14       0.00000
  178    15       0.00000
  178    16       0.00000
  178    17       0.00000
  178    18       0.00000
  178    19       0.00000
  178    20       0.00000
  178    21       0.00000
  178    22       0.00000
  178    23       0.00000
  178    24       0.00000
  178    25       0.00000
  178    26       0.00000
  178    27       0.21569
  178    28       7.55686
  178    29      15.65098
  178    30      21.15686
  178    31      21.47058
  178    32      15.00392
  178    33      14.06667
  178    34      21.16863
  178    35      24.76079
  178    36      17.39216
  178    37      11.32549
  178    38       9.79216
  178    39      14.74118
  178    40      39.97647
  178    41      43.41177
  178    42      32.66273
  178    43      25.34117
  178    44      18.99216
  178    45      14.74510
  178    46      18.63530
  178    47      18.63137
  178    48      12.41177
  178    49      18.21177
  178    50      45.15294
  178    51      47.20000
  178    52      33.40390
  178    53      28.72549
  178    54      25.59608
  178    55      17.91373
  178    56      22.94510
  178    57      26.33333
  178    58      17.84706
  178    59      18.90196
  178    60      21.35294
  178    61      20.41569
  178    62      19.52941
  178    63      20.76471
  178    64      20.76863
  178    65      17.31765
  178    66      21.85490
  178    67      25.60392
  178    68      27.86667
  178    69      27.58823
  178    70      33.43530
  178    71      34.99608
  178    72      30.51372
  178    73      15.42353
  178    74      12.85882
  178    75      14.45098
  178    76      28.61569
  178    77      31.64706
  178    78      24.00000
  178    79      25.38824
  178    80      21.12941
  178    81      22.48627
  178    82      21.77647
  178    83      29.68627
  178    84      27.04706
  178    85      11.20000
  178    86      16.34902
  178    87      24.99608
  178    88      27.27843
  178    89      38.65489
  178    90      47.62353
  178    91      43.68627
  178    92      26.24314
  178    93      21.24706
  178    94      10.29020
  178    95       7.58431
  178    96      11.68235
  178    97      14.45490
  178    98      13.40392
  178    99      28.59608
  178   100      35.50588
  178   101      40.01569
  178   102      20.89804
  178   103      15.07451
  178   104      13.19216
  178   105      21.18431
  178   106      17.36863
  178   107      12.27451
  178   108       5.74510
  178   109      14.72157
  178   110      21.99608
  178   111      21.20000
  178   112      12.83922
  178   113      15.10588
  178   114      11.51765
  178   115       8.30980
  178   116      18.00784
  178   117      18.74118
  178   118       8.82745
  178   119       0.00000
  178   120       0.00000
  178   121       0.00000
  178   122       0.00000
  178   123       0.00000
  178   124       0.00000
  178   125       0.00000
  178   126       0.00000
  178   127       0.00000
  178   128       0.00000
  178   129       0.00000
  178   130       0.00000
  178   131       0.00000
  178   132       0.00000
  178   133       0.00000
  178   134       0.00000
  178   135       0.00000
  178   136       0.00000
  178   137       0.00000
  178   138       0.00000
  178   139       0.00000
  178   140       0.00000
  178   141       0.00000

  179     0       0.00000
  179     1       0.00000
  179     2       0.00000
  179     3       0.00000
  179     4       0.00000
  179     5       0.00000
  179     6       0.00000
  179     7       0.00000
  179     8       0.00000
  179     9       0.00000
  179    10       0.00000
  179    11       0.00000
  179    12       0.00000
  179    13       0.00000
  179    14       0.00000
  179    15       0.00000
  179    16       0.00000
  179    17       0.00000
  179    18       0.00000
  179    19       0.00000
  179    20       0.00000
  179    21       0.00000
  179    22       0.00000
  179    23       0.00000
  179    24       0.00000
  179    25       0.00000
  179    26       0.00000
  179    27       0.21569
  179    28       7.55686
  179    29      15.65098
  179    30      21.15686
  179    31      21.47058
  179    32      15.00392
  179    33      14.00392
  179    34      20.65490
  179    35      25.33726
  179    36      17.39216
  179    37      11.32549
  179    38       9.79216
  179    39      14.76471
  179    40      45.03922
  179    41      43.93726
  179    42      30.93725
  179    43      24.64706
  179    44      18.99216
  179    45      14.74510
  179    46      18.63530
  179    47      18.63137
  179    48      12.40000
  179    49      14.22745
  179    50      44.90981
  179    51      48.06274
  179    52      33.56469
  179    53      28.71373
  179    54      25.59608
  179    55      17.91373
  179    56      22.94510
  179    57      26.33333
  179    58      17.84706
  179    59      18.90196
  179    60      21.35294
  179    61      20.41569
  179    62      19.52941
  179    63      20.76471
  179    64      20.76863
  179    65      17.31765
  179    66      21.85490
  179    67      25.60392
  179    68      27.86667
  179    69      27.58823
  179    70      33.43530
  179    71      34.99608
  179    72      30.51372
  179    73      15.42353
  179    74      12.85882
  179    75      14.45098
  179    76      28.61569
  179    77      31.64706
  179    78      23.89804
  179    79      25.39608
  179    80      21.22353
  179    81      22.48627
  179    82      21.77647
  179    83      29.68627
  179    84      27.04706
  179    85      11.20000
  179    86      16.34902
  179    87      24.99608
  179    88      26.23137
  179    89      37.67058
  179    90      47.88235
  179    91      48.78039
  179    92      26.25098
  179    93      21.14510
  179    94      10.29020
  179    95       7.58431
  179    96      11.68235
  179    97      14.45490
  179    98      13.40392
  179    99      29.54903
  179   100      35.98431
  179   101      39.38039
  179   102      16.90980
  179   103      15.07451
  179   104      13.19216
  179   105      21.18431
  179   106      17.36863
  179   107      12.27451
  179   108       5.74510
  179   109      13.72157
  179   110      22.99608
  179   111      21.20000
  179   112      12.83922
  179   113      15.10588
  179   114      10.49412
  179   115       8.23921
  179   116      19.10196
  179   117      18.74118
  179   118       8.82745
  179   119       0.00000
  179   120       0.00000
  179   121       0.00000
  179   122       0.00000
  179   123       0.00000
  179   124       0.00000
  179   125       0.00000
  179   126       0.00000
  179   127       0.00000
  179   128       0.00000
  179   129       0.00000
  179   130       0.00000
  179   131       0.00000
  179   132       0.00000
  179   133       0.00000
  179   134       0.00000
  179   135       0.00000
  179   136       0.00000
  179   137       0.00000
  179   138       0.00000
  179   139       0.00000
  179   140       0.00000
  179   141       0.00000




N = 200				# Input-Bild Kantenlänge
ROWS = 5			# Multiplot rows x cols
COLS = 6

set term x11  nopersist size 200*COLS,200*ROWS
set size noratio
set font "-adobe-helvetica-bold-r-normal-*-20-*-*-*-*-*-*-*"
unset colorbox; unset key; unset xlabel; unset ylabel; unset title; 
set grid front
set xtics 50
set ytics 50
set format x ""			# grid w/o tick labels
set format y ""
set xtics scale 0		# grid w/o tick marks
set ytics scale 0

# Skalierungsfunktionen für Kontrasterhöhung
# gray palette with small band
c(z,z0,m)  = (z<z0-0.5/m) ? 0 : (z>0.5/m+z0 ? 1 : m*(z-z0)+0.5)

# Einzelbilder-Größe
dx = 1./COLS
dy = 1./ROWS

set multiplot
set size 1.1*dx, 1.1*dy		# weniger Platzverlust

# image in fullscale contrast
x = 0; y = 1-dy
set origin x-0.03*dx, y-0.08*dy
set pal color
plot [0:N][0:N][0:1] "CT_imgorg.dat" us ($2+0.5):($1+0.5):3 w p palette ps 1.2 pt 5

do for [k = 1:ROWS*COLS-1] {
    x = (k % COLS) * dx 
    y = 1-dy-floor(k/COLS)*dy
    set origin x-0.03*dx, y-0.08*dy

    z0 = 0.20 + (k-1)*0.015			# center of stretched contrast
    LABEL = sprintf("%5.3f", z0)
    unset label
    set obj rect from 0,0 to 58, 20 fc rgb "blue" fs solid front
    set label LABEL at 2,10 front 

    set palette model RGB functions c(gray, z0, 2), c(gray, z0, 2), c(gray, z0, 2)
    plot [0:N][0:N][0:1] "CT_imgorg.dat" us 2:1:3 w p palette ps 1.2 pt 5
}
unset multiplot
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3 Aufgaben 1 5

15 set xtics scale O # grid w/o tick marks
16 set ytics scale O

18 # Skalierungsfunktionen fiir Kontrasterhdhung
19 # gray palette with small band
20 c(z,z0,m) = (z<z0-0.5/m) ? 0 : (z>0.5/m+z0 ? 1 : m*x(z-z0)+0.5)

22 # Einzelbilder -Grofle
23 dx 1./COLS
24 dy 1./ROWS

26 set multiplot
27 set size 1.1*dx, 1.1x*dy # weniger Platzverlust

29 # image in fullscale contrast

30 x = 0; y = 1-dy

31 set origin x-0.03*dx, y-0.08*dy

32 set pal color

33 plot [0:N]J[0:N]J[0:1] "CT_imgorg.dat" us ($2+0.5):($1+0.5):3 w p palette ps 1.2 pt 5

35 do for [k = 1:ROWS*COLS-1]1 {

36 x = (k % COLS) * dx
37 y = 1-dy-floor (k/COLS)*dy
38 set origin x-0.03*%dx, y-0.08%*dy
39
40 z0 = 0.20 + (k-1)%*0.015 # center of stretched contrast
41 LABEL = sprintf("%5.3f", z0)
42 unset label
43 set obj rect from 0,0 to 58, 20 fc rgb "blue" fs solid front
44 set label LABEL at 2,10 front
45
46 set palette model RGB functions c(gray, z0, 2), c(gray, z0, 2), c(gray, z0, 2)
a7 plot [0:NJ[0:N][0:1] "CT_imgorg.dat" us 2:1:3 w p palette ps 1.2 pt 5
48 }
49 unset multiplot
o J

Machen Sie sich die Funktionsweise klar und testen Sie den Code an anderen Bildern.
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I. Introduction

Algebraic Reconstruction Techniques (ART) were introduced by Gordon, Bender & Herman (1970) for solving the
problem of three dimensional reconstruction from projections in electron microscopy and radiology. This is a
deconvolution problem of a particular type: an estimate of a function in a higher dimensional space is decon-
volved from its experimentally measured projections to a lower dimensional space. For instance, an x-ray photo-
graph represents the projection of the three-dimensional distribution of x-ray densities within the body onto a
two-dimensional plane. A finite number of such photographs taken at different angles allows us to reconstruct
an estimate of the original 3-D densities. ('Density refers to optical density.)

The ART algorithms for solving this problem have a simple intultive basis. BEach projected density is thrown
back across the higher dimensional region from whence it came, with repeated corrections toc bring each projection
of the estimate into agreement with the corresponding measured projection.

In order to discuss the ART algorithms, one must first carefully consider the representation of space in
digital computers (Sections IT and III). Subsequent sections will survey the original ART algorithm (Section
IV), convergence criteria (Section V), veriations on the ART algorithm (Section VI), reliability of recomstruc-
tions (Section VII) and camputing efficiency (Section VIII).

All symbols used are summarized in Table 1. '

II. The Representation of Space

In digital computers it is necessary to represent continuous space in a discrete fashion. Many truncated
basis sets have been used to represent the higher dimensional space in reconstruction problems (Gordon & Herman,
1974). However, the ART algorithms are formulated in terms of a particular kind of basis set: one which divides
the reconstruction space into a finite number of nonoverlapping elements or subregions. The unknmm_density dis-
tribution is approximeted by the values assigned to each element by the reconstruction algorithm.

Let us assume that the unknown density function is identically zero outside a finite region R. Let the
reconstruction space R be divided into n nonoverlapping elements (Figure 1). Ideally we might want this division

to b2 as fine as possible. The minimum fineness of the division of R is linked to our computer representation of
the projections to the lower dimensional spacs.

Let us agsume that each projection, which will be of finite extent, is also divided into nomoverlapping
el*m_ents. The maximum size of the bmjgction elem;nts should be dictated by tt;e presumed spatial resolution in
the projection. (This resolution is determined by the physics of the radietion used.) It is common practice to
use a spacing between elements wnich is half of the presmned resolu:tiun._ (Finer division may be warranted if one
is attempting to achiave superresolution by decmvoluting the spread function.)

Lg‘t_s_"._?_ J=1,...,m, represent all the projection elsments of the available projections taken together. For _

2ach projected element P, there is a corresponding subregion 8, in R of which @, is the projection. The exact

shape of S 3 depends on the paths of the radiation through R. 323 5 will be referred to as the passage for radiation
falling on PJ.
Let © represent a point in 2 and £(r) our unknown density function. Then
[ e & = P Ryt (1)
3 5;]

whare 2y is the experimental measurement of the Jth projection element of f(F). The approximation sign (x)
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Figure 1. Illustration of the geometry of recon-
struction from projections. The large square is a
two-dimensional reconstruction space f. It is
divided into n small squares or reconstruction
elements Ri’ i=1,.. .,;E, each of which is to be
assigned & value fi. The centroids ';1 are indicated
by dots. Radiation impinges on the film or detector
at projection element P 3 giving the measurement p 5
This radiation has traversed the object through the
passage 83, which is shaded. In this particular
case the radiation travels in a parallel ray at
angle 6 and the ray width 1is chosen so that one
centroid is encountered per row of elements R 4 by

33’ except for the last row, If we were to dis-
regard this edge effect, then cd would be identi-
cally 1. The shaded parts of the small squares
represent Sj n Ri' Thelir areas are the “id'

For a given square Ry u13 = 1 if its centroid ;1
is in the shaded region 333 = 0 if not.

indicates that the measurement process is not perfect. Equations 1 are the fundamental equations from which all
reconstruction methods for determining £(T) begin.

The passage S 3 through f has no necessary geametric relationship to the elements of R. Let R i be the 1t'h
element of 8. Then we mey define the region 83 n Ri as the intersection of passage SJ with the reconstruction
element Ry This ellows us to rewrite Equation 1 as

z
Py~ j' £(7) ar 3=l,...,m (2)
i3 83 n Sii

Our goal is to obtain an approximation for the unknown function £(¥) by assigning en estimate £, of its
value to each region R,. The best estimate would result when f, is the average value of £(T) over the subregion
R,:

i

j' £(7) ar

Ry

7 e Bl g (3)
]' ar
Ry

This idesl outcome cannot be attained due to limitations on the amount and quality of date as well as the recon-
struction algoritims themselves.

Since we are ignorant of how the fumction £(T) varies within the slement Ry, we do not know its value in
3 E Ri' However, we may make the assumption that if ,fi is the aversge value of r(?) over Ri then the integral
of £(T) over 3 4N ] may be estimated by the geometric frection
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B i 51, Okl ()

multiplied by !‘i:

[ £F) &F ~ w1, Ind; o gl) iy o siosl (5)
"8, NR
3 3
By this further approximation, Equations 2 become a set of simultaneous linear equations in the unknowns fi=
n
= -
Py ~ Z' vyt j=1,...,m (6)
i=1

Although these look like an ordinary set of linear equations, they are distinguished by a number of features:

1) The matrix [vi } is quite sparse, since from the geametry of projections 33 NRy = @, (the null set),
for most pairs (i,3j). (That is, only a relatively few of the ¥y are nonzero. Each passage s‘1
encounters only a relatively few of the Ri')

2) The size of the matrix {wiJ} can be enormous. In typical applicetions n starts at 2500 and with little
ambition n can easily reach 10 . In some cases n = 109. The number of projection elements m ranges

from 500 to .'L(:}l5 and 107 in corresponding cases. Thus the matrix size nm ranges fram 750,000 to 1011 or

10%6.

3) The equations are ordinarily highly underdetermined, i.e., m< < n.

L) The rank of the matrix {w,,} is unknown.

5) The matrix {\rij'j is nonnegative since T 0.

€) The data values p 4 ere ordinarily nonnegative.

7) The unknown functien £(T) is ordinarily assumed to be nonnegative, so that one desires a solution for
which fi = 0.

8) Tne errors in the data may cause the egquations to be inconsistent.

g) Statistical effects of noise in the data should be analyzed, if possible.

10) The approximations by which we arrive at Equations 6 introduce systematic errors which have yet to be

analyzed.

III. Efficient Representation of Space

Because of the enormity of the matrix {\ri 3} we must go to great lengths to reduce the size of the reconstruc-
tion problem.

In the interest of retaining detail in our estimate of the unknown density f(T), the division of g should
be made as fine as possible. On the other hand, the size of the matrix {wij] directly depends on the mumber of
elements into which @ is divided, so that the division of § should be as coarse as possible. The size of the
projection elements, however, limits the coarseness of the divisicn of R. How this 1imit comes in may best be
seen by considering a further approximation.

Let ;1 be the centroid of the element Ri. Assume each Ri is convex, so that ;1 € Ri (where the symbol ¢
means "is an element of the set of points"). Define the matrix

& 3 {1 if riesjnni
3 0] if not

(7)

Under certein geometric conditions, discussed below, it is reasonable to spproximste 'U fi by ui" fi, so that

n
%HA%”1 i=1,...,m ®8)

B0






For each passage SJ we have succeeded in approximating the integral of £(r) in Equation 1

[ o3 & (9)

%
by the sum of the estimates !‘1 at 9_:{'1:11:[.1;& set of points within 33. For a given passage Sj the number of points
it intersects

n

—

N,'] = 121 uij Jml,...,m (10)

must be nonzero. This limits the coarseness of the division of R.

The shape of the passages 8 3 does not enter into the formulstion of the reconstruction problem in terms of
Equations 1. However, in the cese of projections obtained from radiation transmitted through the region R, we
may call each passage Sj a ray since it goes more or less in a straight line, If R is a convex region of
d-dimensional space (divided into n elements Ry 811 of the same size), then the mean distance across @ will be
approximately nlf 2 (where the unit of length is the linear dimension of each ] i}' The centroids ;1_H'1'I:_hin 3 3
_ﬂ:__ou&d be distributed along its length in order to accurstely represent the density distribution along 8 3 For
those rays s“1 which roughly coincide with a diameter of R, we will then reguire N;] > nl{d, which sets a more
stringent requirement on the coarseness of the division of R.

The centroids contained in the passage 35. are supposed to represent the integral of f{;) within 8:_]=

- - 'E-' - - :E'
p, = I f(r) d&r = I f(r) dr = Wt =l ..i;m (11)
J . 3 - i=
However, the use of the matrix {“1 J} means that the centroids actuelly represent
n Tt
gty = 2' jqr(r) ar 3=1,...m (12)
i=1 19; cs - |
iY53

(The symbol 3 means "such that".) In general the sum of integrals in Equation 12 will differ fram the sum in
Equation 11. We may formulate an approximate geme_tr_ic__cgr_rgct_iog_c for this discrepancy

n
Zijsr(;')adr ~ o L Jlaf(r) ar j=1,...,m (13)
R | - i .
BT es,
where n
) JE
o1 g ﬂﬂi
e = 5 7 B il 50 3=1,...,m (1k)
L L=
19"1533

which simplifies to

%
B e 3=1,...,m (15)
L I ar
R
provided that all elements Ry have the seme size. From Equations 11, 12 and 13 it follows that:
n
Py = cj 2‘ “id f1 j=1,...,m (16)
i=1

gl





This is equivalent to the geometric approximation that

W = ¢

13 3 i=l,...,m; §=1,...m (17)

u

i

which can only be true on the average.

It is sometimes possible to choose the projection and reconstruction elements in such a way that c.j is e
constant independent of j. For example, consider the reconstruction space R to be a two-dimensional square
divided into n equal sguares Ri’ i=1,...n, arranged on a grid. A projection of parallel rays at angle 6 (for
which the gd are strips across R), project onto a one-dimensional line (Figure 1). Choose a ray width

md x
rg = un( | sing|, |cosé| ) (18)

In this case the strip 83 intersects one centroid ;i per row of elements of R (except for edge effects). The
area of Sd per row of elements of & is equal to the area of one element ai. Thus in Equation 15 we find ¢, = 1.
This justifies the use of Eguation 8.

When the geometry regquires that c j not be a constant, we may nevertheless preprocess the data so that

J

n
P ™=
p! = Saitet " e A ¢ J=l,...,m (19)
- & T |
i=
Thus it is not necessary to use the weights "i;j with, for example, divergent rays, for which cd depends on j.
We may rewrite Egquation 19 as
P —
_.Lc = Z' £, J=1,...,m (20)

>
13‘!'1683

IV. The Original ART Algorithm

Gordon, Bender & Herman (1970) formulated the ART algorithm in terms of Equation 20, under the implicit
assumption that c:j = 1. (The justification, using Equation 18, was found later.) Since the algorithm is itera-

tive, let ] designate the g estimate for f,. Let
q \" .9 -
Py = ¢ 2' ri j=1,...,m (21)
133'1635

be the value of the projection of the qt'h estimate. Let f be the mean density of the object in R. Then the ART
algorithm is

2 ot Salswiosh) (22)

P, P ..
r;f*l ¥ m{o, 2 ( Ei-.. : )/“3] 137,68, J=1+mod q; 9=0,...,kn-1 (23)

We may express this in words as follows. The iterative process is started with all reconstruction elements set
to a constant {f?-ﬂ. In each iteration the difference between the actual data for a projection element and the

P P
sum of the reconstruction elements representing it (Equation 21) is ca‘lculsted( El - El) The correction is
b

evenly divided amongst the (NJ} reconstruction elements {13;1683) and added to them. If the correction is
negative, it may happen that the calculated density for a reconstruction element becomes negative, in which case
it 1s set to zere (max operator, guaranteeing fg 2 0). Each projection element is considered in turn

g2






(J-lmcdnq}. The caleulation is repeated a number of cycles (K) for the whole set of projection elements until
reasonable convergence it attained.
The mean density of the object is

s (24)

? may be estimated from & single projection Pk (such as a single x-ray photograph) provided the 83 in projection
Pk partition the reconstruction space R:

8,  if 3=y

for all J,3'98.,8..eP (25)
] if not TR

358 467,

({84€P,] partitions @ if every point TeR is in exactly ome of the 3,1') Then

z _[sr(?> ar Z ?y
I P8P, :
f = s = £ (26)
J.a a* jg ar

The approximation may be improved by everaging over the estimates fram each Pk:

(27)

-

n
n|i-'
=
w‘ﬂ

where x is the number of projections.

The starting velues t? are often chosen to be identically zero, instead of ?. If we order the projection
elements P 3 such that ell of those from one projection come before those of the next, then !“11 will be the same
in either case after the index j has gone through the first projection Pl'

Alternatively, one may use a rough algorithm such as the summation method (reviewed in Gordon & Hermen,

1974) to produce starting values:

£ a [ Y 'pJ/Nj] - (kD)2 (28)
33 s R

If each projection Pk’ k=1,...,k forms a partition of R, then there are exactly X terms in each summation. Ihe
advantage of such an initisl estimate is that the sequence in g, {fq}, should converge more rapidly when [ti] is
near the final result. However, with underdetermined Equations 20, any distortions introduced by such an initial
estimate may be retained. (The swmstion or "back projection" method often produces "ghosts". See Crowther,
DeRosier & Kiug, 1970, and Bellman, Bender, Gordon & Rowe, 1971.)

V. Convergence Criteria

It is necessary to determine when an iterative algorithm has converged to a solution which is optimal
according to some criterion. Various criteria for convergence have been devised.

Gordon, Bender & Herman (1970) proposed three measures for the convergence of the fg: the discrepancy
between the measured and calculated projection slements
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the nonuniformity or qvaix_‘iance 5
v . Z (3 - (30)
dml.
and the entropy
_ g ot o
q st — ——
8 '!nnL(?)m(?) (21)
i=l

p? tends to zero, v? to & minimum and s¢ to & minimum with increasing q.
e N e 28 - W T -
A test pattern is a known function ft(r) which is digitized over the reconstruction elements Ry 88 {f;’] :
The Buclidean distance between the test pattern and its q“"h estimate is

52 j——l—i(f‘ £ (
- n T %)
i=

Gilbert (1972e) showed that by the criterion bq/.Nq ART begins to converge with increasing q but then
diverges provided Equations 8 are inconsistent. The ebsolute values Gilbert obtained for this criterion were
greater than necessary, because he did not use the varisble ray widths of Eguation 18, which I formulated and
were later spelled out in Herman & Rowland (1971). The divergence of ART with inconsistent data is nevertheless
real. Therefore, the computation should be stopped before divergence begins. Herman, Lent & Rowland (1973)
empirically found that the minimm value of bq/qu coincided within one iteration with the stopping criterion

CvEvy < v¥a00 (33)
These difficulties with inconsistent date have led to scme of the variations of the ART algorithm.
VI. Variations on ART

A. Generalized ART .
We may spesk of a generalized ART algorithm A es eny iterative function which finds new values for the
reconstruction elements intersecting a passsge from their old values:

1
fg“ = A{r;i, {r‘f. 3 Ry 8,49), pd) 13 RN 80 (34)
The sum of the new reconstruction elements should be closer to the value of the projection element:

lp?l-pjl s I|1:|“le-1):)1 J=1+mod q; @=0,...,Km-1 35)

In general, A will have an explicit dependence on the fg under consideration as indiceted in Equation 3k.
For example, Gordon, Bender & Herman (1970) suggest a series

92 - o o, ialtf;l)'] (36)

1=0
where the coefficients A ; 8Te constrained by the relation

o+l gootoy T !
by = Ao By # APy o+ L A, L (r?) = By (37)
=2 i,
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Only one of the Al is determined by Equation 37. ART with c, = 1 is the special case
= -
Ay = (py=py)/Fy
A o= 1 (38)
A! = 0 for 1 2 2

B. Multiplicative ART
Multiplicative ART (Gordon, Bender & Herman, 1970) is specified by

. (--*1)rq (39)
2
which corresponds to
AO w0
A = pd/Pg (k0)
A, = 0 for t =2 2

!

in Equation 36. (The same algorithm was found independently by Schmidlin, 1972.)

The choice between additive ART (Equation 23) and multiplicetive ART depends on the physics of the radiation
used. For transmitted radiation, the form of the reconstructed object should be independent of an additive con-
stant. Such a constant may result from varisble exposure in an x-ray, varisble development of the film, or an
intervening filter, such as the amorphous material increasingly deposited on a sample by the electron beam in
electron microscopy. Except for the nonlinearity of the max operator, independence from an additive constent is
sccomplished by Equation 23, sdditive ART. However, in nuclear medicine emitted radiation is measured. The
count may change rapidly with short-lived radioactive elements but the proportions from one region to another
determine the form. In this case a miltiplicative algorithm, such as Equation 39, will preserve the form inde-
pendent of time variation between projections. (It may, of course, be possible to simply normalize the projec-
tions in some cases before recemstruction.)

Multiplicative AR must be started with some fy> O. It has an sdvantage over sdditive ART that omce
1’;1 = 0, then it remains so in all subsequent iterations. Clearly all 1, 3 N8, # @ should, in general, be
set to zero and remain so when Py = 0 (ef. Budinger & Gullberg, 1974). These reconstruction elements demark the
subregion of R containing the object being reconstructed.

C. Unconstrained ART

In order to have a version of ART which can be analyzed by the methods of linear algebra, Herman, Lent &
Rowland (1973) introduced unconstreined ART for which

a+l q q
fi 7 ri + vij (pj.pd)/nd (hl)
where N.‘] is redefined by n
2
Hé = z iy Bk yae ey (42)
i=1

When the matrix {v } is replaced by {ui ] using Equstion 17, Equation 42 becomes equivalent to Equation 10.
Equation L1 is the seme as the iterative matrix inversion method of Kacmarz (1937).
Unconstrained ART has been proven to converge to the unique sclution [fi] minimizing the variance

n
Y (5,-0? (13)
i=1
when Equations 6 are consistent. On deta inconsistent with Equations 6 unconstrained ART converges cyclically,
i.e., the riq will be the same after each cycle, for large K.
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The algorithm used in the EMI-Scanner (Hounsfield, 1972) is equivalent to unconstrained ART though the
geometric correction factor cJ is calculated in a manner different from Equation 15.
Unconstrained ART, of course, permits solutions with scme fi < 0, i.e., negative densities.

D. Constrained ART
Fully constrained ART is defined by

% - a7, maxlo, f vy o0/ ] (1)

resulting in 0 < t‘gs F. Tnis constraint may be useful when the object being reconstructed is inown to have
densities less than F. Herman, Lent 2 Rowland (1973) chose F = 1 which precludes solutions in integers.

Partially constrained ART (another name for ART, Equation 23) end fully constrained ART have been proven to
converge to a solution of Equations 6 when the equations are consistent. However, the solution is not necessarily
the one of minimum variance (Equation 43). On inconsistent data, partially and fully constrained ART are con-

Jectured to converge cyclically (Herman, Lent & Rowland, 1973).

E. ART2
ART2 (Herman, Lent % Rowland, 1973) uses an intermediate estimator -f?
L . 3q q
r.i. r.‘.. 2 "13 (PJ"PJ)/!J (45)
with
I = max(o, 7% (46)

in the partially constrained version or

Y = min[ 7, max(o, 27 ) (47)
in fully constrained ARTZ. p? is still defined in terms of the £, not 'E?:
n
pg = Z iy fg J=1,...m (48)
i=1

The intermediate estimator may beccme negative at one iteration and return to zero or a positive value at a
later iteration. Tnis is an improvement over ART for which a positive correction always leads to a positive f?.

ART2 end fully constrained ART2 have been shown to converge to the solution of minimum variance (Equation
43) when Equations 6 are consistent.

E. ART3
ART3 (Herman, 1974) was designed to find a solution of Equations 6 within a preset error tolerance which may
vary from one projection element to another:

n
Py-gy = Z vy £y S Byte 3=1,...,n (49)
i=1
The algorithm is (Johnson et al., 1973)

1 .
BF =rtla V3 ¥y4/% (50)
where

p-p§ it |p,-p| > 2¢ (51a)

g =
v;‘ 2 2(93 Py=€y) if € < py Py * 2¢, (51b)

= g -3
2(p, p}rej) 1f-€, > py-p] 2 ¢, (51e)
0 i |pspfl < ¢, (514)
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Equation 6 may be thought of as defining a hyperplane in n-dimensional space and Inquality 49 a 'hyperslab'.
Condition Sla results in a projection of the n-dimensicnal point {1’2] onto the hyperplane of Eguation 6 and is
equivalent to unconstrained ART (Equation 4l). A point within & distance ¢ 3 of the hyperslab is reflected sbout
the nearest face of the hyperslab by Conditions 51b or 5lec. If point [fi‘] is already within the hyperslab, no
correction is made (Condition 51d).

ART3 may be shown to converge to a solution of Inequality 49 in a finite number of iterations, provided a
solution exists.

G. ART with Binary Constraint
An ART method for binary patterns I(fi =0 or 1, isl,...,n) based on ART2 and ART3 has been presented by

Herman (1973).

Gilbert (1972b) has given a method, applicable to any iterative algorithm, which yields a two-velued [ri}.
The densities are divided into two groups after a few iterations, and each fi is set to the mean of its group.
The procedure is repeated in subsequent iteratioms.

This manner of introducing a nonlinear constraint into a reconstruction may be of widespread usefulness.
As an example, the known densities of tissues might be incorporated in x-ray reconstructions (H. Blum, personal
communication).

H. ART with a Damping Factor
The introduction of a damping factor A &s in

g+l q Q
T = it wid(pj-pj)/ﬂj (52)

leads only tc a partial correction if 0 < A< 1. Sweeney & Vest (1973) found that A s 0.5 improved the
reconstruction. If the projection elements §, are considered in random order within a cycle, both rapid con-
vergence and tolerance to noise (inconsistent equations) are obtained (S. A. Johnson, perscnal communication).

I. Minimizing Locel Discontinuity
Kashyap & Mittal (1973) have introduced the notion that a desirable solution to Equations € is one minimiz-
ing the veriance (Equation 43) plus a measure of the local discontinuity

n
Ja) = v+ al (2, - -é— Z. ‘1-)2 (53)
i=1 i

where the space R is two-dimensional and i' ranges over the eight elements Ri' closest to 91 (on & square lattice).
Such a function explicitly takes into account the fact that the (f,] represents an object whose demsity should
vary in a plecewise continuous fashion. Egquation 53 mey be generelized for any d-dimensional reconstruction
space R:

n n
@) = vmz(fi-)r Ny 24002 (58)
i'=1

where {qii} is a matrix describing the weights to be attributed to each of the near neighbors of the reconstruc-
tion element Ri (['111'] is a sparse matrix: each row contains at most 3 - 1 nonzero elements if the R are
arranged in s d-dimensional eubic lattice.)

Although Kashyap & Mittal (1973) invert the resulting matrix directly (which requires an enormous smount of
camputing time), Egustion 53 may be incorporated into ART-type elgorithms for rapid iterative solution.

The second part of J(2) would be minimized if

t, - )r gt Te =0 i=1,...,n (55)
which msy simply be regarded as n homogeneous egquations of the form of Equations 6. These may be sclved simul-
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taneously with Equations € by any of the ART algorithms tolerant to inconsistent data. (Equations 55 have the
unique solution £, = 0 if the matrix {bn. - nn,] is nonsingular, which depends on the boundary conditions.)
Equations 6 and 55 together form a system of n + m overdetermined equations. Each Equation 55 geometrically
represents a "passage” confined to a local group of reconstruction elements.

A continuum approach leads to another formulation of an ART-1ike algorithm. The limit of Equation 54 as
the subdivision of R gets finer:

J(a) = IR [e(F)-3° & + “Ia (v22(3))° af (56)

transforms the reconstruction problem intc a problem in the calculus of variations (Gordon & Kashyap, 197L).
This opens the reconstruction problem to solution by mumerical methods for partial differential equatioms.

For example, the matrix {n,,,] is equivalent to the finite difference schemes used to solve partial dif-
ferential equations. If the general ART algorithm of Equation 34 is restricted to

rfl B rg - A({rg.], »y) 13RN8, #9 (57)

we can see that it represents the Eulerian numerical approximation to the partial differential equation

HEA. . A, (py) (8)
Appropriate forms for A are given by Gordon & Kashyap (1974).

J. Monte Carlo Algorithm

The first Monte Carlo algorithm of Gordon & Herman (1971a,b) sclved Equations 20 in integers. For each
projection element F:] corrections were made by adding or subtracting 1 at random to the r1 3Ry N sd § 9 with
the constreint thet f, 2 0. The statistical mean of this process is equivalent to ART. Smooth reconstructions
were obtained by evereging a number of Monte Carlo solutions. The limit of such averaging yields the same

reconstruction as ART. (Frank, 1973, mislabels ART as a Monte Carlo method.)

VII. The Relisbility of ART Reconstructions

Resolution criteria end the performance of reconstruction algorithms according to these criteria have been
reviewed by Gordon & Herman (1974). In general, these criteria produce a single mmber, such as the & of
Eguation 32, whose relationship to the visual quality of the recomstruction is only heuristic. Thus, I will only
discuss two methods for obtaining visual measures for the reliability of reconstruction algoritims,

Equations 6 are ordinarily highly underdetermined, so that there exists an infinity of solutions. Any
deterministic algorithm locates only cne of these sclutions. Unless the nolse in the data is extreme, the
original object is also amongst the solutiocns. If we had before us sample solutions from the whole space of
solutions, these might have some features in common with cne another. Other features might be shared only by
certein subsets of the sclutions. The former will be called resl features, since they must be part of the
originel object. The latter features are suspect, since they may or may not be included in the original object
(Gordon, 1973).

It is only necessary to demonstrate two solutions, one with and one without & given feature, to label that
feature as suspect. However, without seeing samples fram the whole space of solutions, we can at best form a
heuristic guide to the real features.

Given any iterative algorithm, we may start it off with an arbitrery function {fg] end then iterate to
convergence, Each different {fg] may generate a different solution to Equations €. If we had a systematic way
of generating the [r?], then we could explore the space of solutions.

Gordon (1973) proposed starting this exploration with the "ordinery” initisl value £ = constent, sey = O

i
for an additive algorithm. Let {fi (0)] designate the reconstruction so obtained. This reconstruction will
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contain various features visible to the eye. These features may be removed by setting the corresponding ri(o)
within the feature to another value, say O or the surrounding density. The resulting functionm, {ri] , Dmay now be
used as the starting function, to obtain a new reconstruction [fi{{f‘}‘} )], If the feature is not contained in the
new reconstruction, then it is suspect. If it does appear, we gain some confidence in its reality, since its
reappesrance was apparently forced by the data. This notion is strengthened by the empiricel cbservation that
manipulations of this type made on a local region of a reconstruction have only minor consequences for other
regions. (This phencmenon occurs in spite of the fact that the passages s'1 cross the reconstruction space R, so
that regions far apart are mingled in the data {pn}.)

Many reconstructions can accumulate from the various features seen in [ri(o)]. Three operators are given
for cambining the solutions in a way which attempts to visually preserve their common features (Gordon, 1973).

Barbieri (197L) makes deliberate use of the nonlinear constraint :t“i 2 0 to produce a function which may
visualize the regions in which the reconstruction is unrelisble. Let

rs sy o5 (59)
Then the complement of {ri} is defined as
f, = F-f, N ST | (60)
Thus Equations 6 may be rewritten as
n n n n
- — - -
Py ™ 2“1,1 £, = F iy -Z' Viy f = (PZ wia) - Py J=1,...m (61)
i= i=1 i=1 i=)

vhich defines the complementary projection data {p,). Let {f,] =nd {f,) be solutions by some algorithm of
Equations 6 end the complementary equations

n
Py = 7 f, J=1,...,m (62)
i=1
Define
o, = T 41, i=l,...,n (63)

If the elgorithm were linear, we would expect , = F, i=1,...,n. If it is not linear, [wi} will depart from
the constant F. Barbierl (197%) suggests that those subregions of R in which the wy depart significantly from F
are less relisbly reconstructed than the others. This conjecture warrents further testing and theoretical
Justification. >

Barbieri (1974) further suggests a modification of ART-type algorithms. After calculating both fg and §§

in the ordinary mamner, one adds to each

+(r-of) @
where
ol = 3«71 (65)

In gome sense this procedure provides a step by step balance and seems to yield a cleaner reconstruction.

Other visusl criteria for the reliability of reconstructions will come from future psychophysical experi-
ments on the probability of detecting features and double-blind experiments on the accuracy of medical diagnoses
based on reconstructions.

VIII. Efficiency in Computing

Because of the size of the reconstruction problem, it is necessary to pay strict attention to computing
efficiency. I will propose scme general guldelines.

Equations 19 allow a substantial increase in computing speed over Equations 6. Since the u

13 are all O's or
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1's, it is not necessary to perform the multiplication “13 fj.' One need only determine which reconstruction
elements have centroids lying in 33' as in Equation 20. Moreover, the data can be scaled so that 1|:J/'~'.=:j is an
integer. We then seek a sclution to Equations 20 for whiech the f, are ell integers. (Equations 20 are then
Diophantine equations.)

A single term in the summation in Equations 19 or 20 then requires only an integer addition in a computer,
whereas a term of Equations € requires both a flosting point multiplication and a floating point addition.
Moreover, there are many more nonzero '1,1 than nonzero uy 3 Floating point multiplication or addition takes S
to 7 times longer on computers than integer addition. Thus algorithms based on Equations 19 or 20 can be more
than 10 times faster than those based on Equations 6.

A number of other devices may be used to reduce the size of the reconstruction problem or increase its
computational speed. For instance, the number of projections can be minimized consistent with the desired
'resolution’ in the reconstruction space. (See Gordon, Bender & Herman, 1970, for sequences of reconstructions
with increasing numbers of projections, and Gordon & Herman, 1974, for a review of resolution criteria.)

The skillful use of machine langusge will also reduce cemputing time. The innermost loop of an iterative
elgorithm, such as ART, may be written in machine language and repeated in comsecutive memory locations. This
stack of instructions is then entered at the appropriste point so thet the number remaining is exactly the
number needed for a given projection element. A stack makes it unnecessary to increment an index, whiech can save
Lo% computing time for the ART algorithm.

Finally, special purpose computers may be considered. For instance, the Arrsy Transform Processor by
Raytheon can speed an iterative algorithm a hundredfold over a camparsble general purpose computer. Optical or
electronic enalog or hybrid devices might achieve even greater speeds. This is emphasized by the fact that the
milti-view tomograph device of Grent (1972) can mchieve a full three dimensionsal x-ray reconstruction by optical
means in a time camparsble to that required by the EMI-Scanner to reconstruct a few planes.

It is important to campere the cepabilities of the EMI-Scanner with the multi-view tomograph. The EMI-
Scanner achieves accurate values for the densities ri, but is restricted to 50 x 50 reconstruction elements
across the head. (3 mm x 3 mm for each R4+ Tne latest model allows 1.5 ma x 1.5 mm.) The 20-view tomograph has
& modulation trensfer function (MIF) which falls off to 10% between 1.3 and 6.2 cycles/mm (Meyer, 1969, Figure
13). This roughly corresponds to an optical resolution of 0.15 to 0.5 mu (Biberman, 1973, Teble 2.1). If we
were to consider reconstruction elements of these dimensions, we would need 700 x 700 x 700 to 3700 x 3700 X 3700
for the equivalent spatial resolution or 3 X 107 to 5 x 1010 elements. Because the tomogrephic reconstruction
algorithm is rough (Gordon & Herman, 1974), the individual ri are inaccurate. There is in general a trade-off
between spatial and density resolution; however, the optimm balance has not yet been achieved.

IX. Conclusion

There ere four major classes of reconstruction slgorithms: the summation methods (of which classical
tomography is a prime example), the convolution method, the Fourier methods and series expansion methods (Gorden
& Herman, 197k). ART algorithms belong to the latter category.

A1l ART elgorithms use the same basis set, the division of the reconstruction space into nonoverlepping
elements. All share the property of iteratively sttempting to match the (weighted or unweighted) sums of
appropriate reconstruction elements with the corresponding projecticn data.

We can expect numerous versions of the ART algorithms to be developed in the future because of their
intuitive simplicity and wide margin for variation. Future ART algorithms will undoubtedly include versions for
use on parallel camputers and analog hardwere implementations. We may also look forward to a more thorough
mathematicel enalysis of linear ART algorithms and those which are linear with simple inequality constraints.
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Teble 1. Symbols

generalized ART-like recursive function
(Equation 3%)

lth term of generalized ART-like algorithm
which can be represented by a series expansiam
(Equation 36)

Algebraic Reconstruction Technique(s)

weight for the local discontinuity in J(a)
(Equation 53)

geometric correction for the representation
of the integral over a passage S, by the sum
of the values at the centroids ;1 contained
in the passage (Equations 13, 1k)

dimension of the recomstruction space R

an area or volume element of the reconstruc-
tion space R (if d=2, &F = dxdy; if d = 3,
&* = dxdydz; etc., Equation 1)

mean discrepancy between measured projection
elements p 3 and their estimate at the qth
iteration, pg (Equation 29)

Buclidean distance between a test pattern
[f:] and ite recomstruction at the qth
iteration (Equation 32)
=14fi=1"', = 0 if not

damping factor (Egquation 52)

"is an element of"

error margin for the j°° projection element
(Equation 49)

"such that"

unknown density function (Equation 1)

mean of the unknown density function f over
the reconstruction space R (Equation 26)
estimate for the density function f in the
reconstruction element R, (Equation 3)

qt'h estimate for f, (Equation 21)

intermediate estimator for f} (Equation 15)
complement of f, (Equation 60)
complement of rg (Equation 65)

¥nown density functicn or test pattern

(Equation 32)
average of ft over the reconstruction element

Ry (Equation 32)
maximum density (Eguation LlL)
correction factor for ART3 (Equations 50, 51)

subscript for reconstruction elements
(Equation 2)

subscript for projection elements (Equation 1)
subscript for projections (Equation 25)

m st S aglabfing gpeh projection
mmber of projections (Equation 27)

subscript on series 4, (Equation 36)

number of projection elements (Equation 1)
max(a,b) = aif a> b, =b if b2 a

min(a,b) = aif a<b, =bifbs a
mqu-runmder when g is divided by m
number of reconstruction elements Ry
(Equation 2)

number of centroids ;1 intersected by sj
(Equation 10) or its generalization (Equation
42)

weight for the contribution of reconstructien
element ., to Ry in J(a) (Equation 54)

the empty set

density measurement of the 3 projection
element (Equation 1)

gecmetrically corrected demsity of the J°°
projection element (Equation 19)

complement of Py (Equation 61)

density of the §° projection of {r?_]
(Equation 21)

the set of passages 8 3 corresponding to the
k*® projection (Equation 25)

projection element

iteration counter, incremented each time an
iterative algorithm goes from cne projection
element to the next (Equation 21)

a point in the reconstruction space R
(Equation 1)

centroid of reconstruction element Ry
(Equation 7)

width of a parallel ray at angle 6 (Equation
18)

reconstruction space (the domain of f)

1*® reconstruction element (Equation 2)

entropy of {r;*] (Equation 31)

passage through R traversed by radiation
reaching projection element Py (Equation 1)
angle (Equation 18)

indicates intersection of centroid ?—1
passage sj (Equation T)

variance of {f,]} (Equation k3)

variance of {f‘f} (Equation 30)

fraction of reconstruction element R 4 inter-
sected by passaze 33 (Equation L)

with

sum of f; and §i (Squation 63)






m? sum of f;‘ and rg (Equation 65)
(i) "the set"
n "{ntersection of"
2 a?
o? Leplacian, S M in two dimensions,
ox 3y
ete. (Equation 56)
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Preface

The purpose of this book is to provide a tutorial overview on the subject of
computerized tomographic imaging. We expect the book to be useful for
practicing engineers and scientists for gaining an understanding of what can
and cannot be done with tomographic imaging, Toward this end, we have
tried to strike a balance among purely algorithmic issues, topics dealing with
how to generate data for reconstruction in different domains, and artifacts
inherent to different data collection strategics.

Qur hope is that the style of presentation used will also make the book
useful for a beginning graduate course on the subject. The desired
prerequisites for taking such a course will depend upon the aims of the
instructor. If the instructor wishes to teach the course primarily at a
theoretical level, with not much emphasis on computer implementations of
the reconstruction algorithms, the book is mostly self-contained for graduate
students in engineering, the sciences, and mathematics. On the other hand, if
the instructor wishes to impart proficiency in the implementations, it would
be desirable for the students to have had some prior experience with writing
computer programs for digital signal or image processing. The introductory
material we have included in Chapter 2 should help the reader review the
relevant practical details in digital signal and image processing. There are no
homework problems in the book, the reason being that in our own lecturing
on the subject, we have tended to emphasize the implementation aspects and,
therefore, the homework has consisted of writing computer programs for
reconstruction algorithms.

The lists of references by no means constitute a complete bibliography on
the subject. Basically, we have included those references that we have found
useful in our own research over the years. Whenever possible, we have
referenced books and review articles to provide the reader with entry points
for more exhaustive literature citations. Except in isolated cases, we have not
made any attempts to establish historical priorities. No value judgments
should be implied by our including or excluding a particular work,

Many of our friends and colleagues deserve much credit for helping bring
this book to fruition. This book draws heavily from research done at Purdue
by our past and present colleagues and collaborators: Carl Crawford, Mani
Azimi, David Nahamoo, Anders Andersen, 8. X, Pan, Kris Dines, and Barry
Roberts. A number of people, Carl Crawford, Rich Kulawiec, Gary S.
Peterson, and the anonyinous reviewers, helped us proofread the manuscript;
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Introduction

Tomography refers to the cross-sectional imaging of an object from either
transmission or reflection data collected by illuminating the object from many
different directions. The impact of this technique in diagnostic medicine has
been revolutionary, since it has enabled doctors to view internal organs with
unprecedented precision and safety to the patient. The first medical
application utilized x-rays for forming images of tissues based on their x-ray
attenuation coefficient. More recently, however, medical imaging has also
been successfully accomplished with radioisotopes, ultrasound, and magnetic
resonance; the imaged parameter being different in each case.

There are numerous nonmedical imaging applications” which lend them-
selves to the methods of computerized tomography. Researchers have already
applied this methodology to the mapping of underground resources via cross-
borehole imaging, some specialized cases of cross-sectional imaging for
nondestructive testing, the determination of the brightness distribution over a
celestial sphere, and three-dimensional imaging with electron microscopy.

Fundamentally, tomographic imaging deals with reconstructing an image
from its projections. In the strict sense of the word, a projection at a given
angle is the integral of the image in the direction specified by that angle, as
illustrated in Fig. 1.1. However, in a loose sense, projection means the
information derived from the transmitted energies, when an object is
illuminated from a particular angle; the phrase ‘‘diffracted projection’” may
be used when energy sources are diffracting, as is the case with ultrasound
and microwaves,

Although, from a purely mathematical standpoint, the solution to the
problem of how to reconstruct a function from its projections dates back to
the paper by Radon in 1917, the current excitement in tomographic imaging
originated with Hounsfield's invention of the x-ray computed tomographic
scanner for which he received a Nobel prize in 1972. He shared the prize with
Allan Cormack who independently discovered some of the algorithms. His
invention showed that it is possible to compute high-quality cross-sectional
images with an accuracy now reaching one part in a thousand in spite of the
fact that the projection data do not strictly satisfy the theoretical models
underlying the efficiently implementable reconstruction algorithms. His
invention also showed that it is possible to process a very large number of
measurements (now approaching a million for the case of x-ray tomography)
with fairly complex mathematical operations, and still get an image that is
incredibly accurate.
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Fig. 1.1: Two projections are
shown of an object consisting of
a pair of cylinders.

It is perhaps fair to say that the breakneck pace at which x-ray computed
tomography images improved after Hounsfield’s invention was in large
measure owing to the developments that were made in reconstruction
algorithms. Hounsfield used algebraic techniques, described in Chapter 7,
and was able to reconstruct noisy looking 80 x 80 images with an accuracy
of one part in a hundred. This was followed by the application of convolution-
backprojection algorithms, first developed by Ramachandran and Lak-
shminarayanan [Ram71] and later popularized by Shepp and Logan [She74],
to this type of imaging. These later algorithms considerably reduced the
processing time for reconstruction, and the image produced was numerically
more accurate. As a result, commercial manufacturers of x-ray tomographic
scanners started building systems capable of reconstructing 256 X 256 and
512 x 512 images that were almost photographically perfect (in the sense
that the morphological detail produced was unambiguous and in perfect
agreement with the anatomical features). The convolution-backprojection
algorithms are discussed in Chapter 3,

Given the enormous success of x-ray computed tomography, it is not
surprising that in recent years much attention has been focused on extending
this image formation technigue to nuclear medicine and magnetic resonance
on the one hand; and ultrasound and microwaves on the other. In nuclear
medicine, our interest is in reconstructing a cross-sectional image of
radioactive isotope distributions within the human body; and in imaging with
magnetic resonance we wish to reconstruct the magnetic properties of the
object. In both these areas, the problem can be set up as reconstructing an
image from its projections of the type shown in Fig. 1.1. This is not the case
when ultrasound and microwaves are used as energy sources; although the
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aim is the same as with x-rays, viz., to reconstruct the cross-sectional image
of, say, the attenuation coefficient. X-rays are nondiffracting, i.e., they travel
in straight lines, whereas microwaves and ultrasound are diffracting. When
an object is illuminated with a diffracting source, the wave field is scattered in
practically all directions, although under certain conditions one might be able
to get away with the assumption of straight line propagation; these conditions
being satisfied when the inhomogeneities are much larger than the wave-
length and when the imaging parameter is the refractive index. For situations
when one must take diffraction effects (inhomogeneity caused scattering of
the wave field) into account, tomographic imaging can in principle be
accomplished with the algorithms described in Chapter 6.

This book covers three aspects of tomography: Chapters 2 and 3 describe
the mathematical principles and the theory, Chapters 4 and 5 describe how to
apply the theory to actual problems in medical imaging and other fields.
Finally, Chapters &, 7, and 8 introduce several variations of tomography that
are currently being researched.

During the last decade, there has been an avalanche of publications on
different aspects of computed tomography. No attempt will be made to
present a comprehensive bibliography on the subject, since that was recently
accomplished in a book by Dean {Dea83). We will only give selected
references at the end of each chapter, their purpose only being to cite material
that provides further details on the main ideas discussed in the chapter.

The principal textbooks that have appeared on the subject of tomographic
imaging are [Her80], [Dea83], [Mac83], [Bar81]. The reader is also referred
to the review articles in the field [Gor74), [Bro76), [Kak79) and the two
special issues of IEEE journals [Kak81), [Her83). Reviews of the more
popular algorithms also appeared in [Ros82), [Kak84], [Kak85], [Kak86].

{Bar8l] H. H. Barrett and W. Swindell, Radiological Imaging: The Theory of Image
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Academic Press, 1980,

» Guest Editor, Special Issue on Computerized Tomography, Proceedings of
the IEEE, vol. 71, Mar. 1983,

[Kak79] A. C. Kak, ‘‘Computerized tomography with x-ray emission and ulirasound
sources,’” Proc. IEEE, vol. 67, pp. 1245-1272, 1979,
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Signal Processing Fundamentals

We can’t hope to cover all the important details of one- and two-
dimensional signal processing in one chapter, For those who have already
seen this material, we hope this chapter will serve as a refresher. For those
readers who haven’t had prior exposure to signal and image processing, we
hope that this chapter will provide enough of an introduction so that the rest of
the book will make sense.

All readers are referred to a number of excellent textbooks that cover one-
and two-dimensional signal processing in more detail. For information on
1-D processing the reader is referred to {McG74), [Sch75], [Opp75], {Rab75].
The theory and practice of image processing have been described in [Ros82],
[Gon77], [Pra78]. The more general case of multidimensional signal
processing has been described in [Dud84].

2.1 One-Dimensional Signal Processing
2.1.1 Continuous and Discrete One-Dimensional Functions

One-dimensional continuous functions, such as in Fig. 2.1(a), will be
represented in this book by the notation

x(8) (1

where x(7} denotes the value as a function at #. This function may be given a
discrete representation by sampling its value over a set of points as illustrated
in Fig. 2.1(b). Thus the discrete representation can be expressed as the list

v x(=1) x(0), x(7), X(27), *--, x(n7), oo 2)
As an example of this, the discrete representation of the data in Fig. 2.1(c) is
1,3,4,5 4,3, 1. (3)

It is also possible to represent the samples as a single vector in a
multidimensional space. For example, the set of seven samples could also be
represented as a vector in a 7-dimensional space, with the first element of the
vector equal to 1, the second equal to 3, and so on,

There is 2 special function that is often useful for explaining operations on
functions. It is called the Dirac delta or impulse function. ¥t can’t be defined
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Fig. 2.1: A one-dimensional
signal is shown in (a} with its
sampled version in (b}, The
discrefe version of the signal is
Hlustrated in (c).

(a)

(b}

(e}

directly; instead it must be expressed as the limit of a sequence of functions.
First we define a new function called rect (short for rectangle) as follows

1
rect (:)={‘ ltl<3 @

0 elsewhere.
This is illustrated in Fig. 2.2(a). Consider a sequence of functions of ever
decreasing support on the #-axis as described by
S, (t)=n rect (nt) 5

and illustrated in Fig. 2.2(b). Each function in this sequence has the same
area but is of ever increasing height, which tends to infinity as 1 — ¢. The
limit of this sequence of functions is of infinite height but zero width in such a
manner that the area is still unity. This limit is often pictorially represented as
shown in Fig. 2.2(c} and denoted by &(f). Our explanation leads to the
definition of the Dirac delta function that follows

{" sy ar=1. ©6)
The delta function has the following ‘‘sampling’ property

{7 xtwoe-1y a=xe Q)
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Fig. 2.2: A rectangle function as
shown in {a} is scaled in both
width and height (b}, In the limis
the result is the delta function
iliustrated in fc).

e |—
> |=

'y
\

where 8(t — {') is an impulse shifted to the location # = ¢, When an impulse
enters into a product with an arbitrary x{¢), all the values of x{f) outside the
location ¢ = ¢* are disregarded. Then by the integral property of the delta
function we obtain (7); so we can say that (¢ — ¢’) samples the function x(¢)
att’.

2.1.2 Linear Operations

Functions may be operated on for purposes such as filtering, smoothing,
etc. The application of an operator O to a function x(f) will be denoted by

Ofx(1). 8)

The operator is linear provided

Olax(1)+ By} =a Olx(H}+BOLy(N] ®

for any pair of constants « and 8 and for any pair of functions x(f) and y(¢).
An interesting class of linear operations is defined by the following integral
form

20={"_xne, 1) ar (10)

where % is called the impulse response. It is easily shown that A is the system
response of the operator applied to a delia function. Assume that the input
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Fig. 2.3: The impulse response
of a shift invariant filter is shown
convolved with three impulises.

function is an impulse at = fy or
x(2)=8(t—to). (11)

Substituting into (10), we obtain

(0= g: 8(t" = t)ht, t') dt’ (12)

=h(t, fo). (13)

Therefore h{t, £') can be called the impulse response for the impulse applied
at ',
A linear operation is called shift invariant when

»(y=0[x(#)] (14
implies
yi~71)=0[x(t-7)] (13)
or equivalently
h(t, ty=ht-1t"). (16)

This implies that when the impulse is shifted by 17, so is the response, as is
further illustrated in Fig. 2.3. In other words, the response produced by the
linear operation does not vary with the location of the impulse; it is merely
shifted by the same amount.

For shift invariant operations, the integral form in (10) becomes

’~"”=r,, x(h(E—t) db’. an

This is now called a convolution and is represented by
zZ{=x{*h(1}. (18)
The process of convolution can be viewed as flipping one of the two

functions, shifting one with respect to the other, multiplying the two and
integrating the product for every shift as illustrated by Fig. 2.4.

=3 1= t'=3

g -2 0 2 4
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Fig. 2.4t The resuits of Convolution can also be defined for discrete sequences. If

canvoiving an impuise response
with an impulse (top) and a
square puise (bottom) are shown
here.

x;=x{i7r) {19)
and
Yi=y(ir) (20
then the convolution of x; with y; can be written as
¥i=T E x‘;h,'..j. (21)
j=—=

This is a discrete approximation to the integral of (17).
2.1.3 Fourier Representation
For many purposes it is useful to represent functions in the frequency

domain. Certainly the most common reason is because it gives a new
perspective to an otherwise difficult problem. This is certainly true with the

SIGNAL PROCESSING FUNDAMENTALS 9





Table 2.1:
domains. *

convolution integral; in the time domain convolution is an integral while in
the frequency domain it is expressed as a simple multiplication.

In the sections to follow we will describe four different varieties of the
Fourier transform. The continuous Fourier transform is mostly used in
theoretical analysis. Given that with real world signals it is necessary to
periodically sample the data, we are led to three other Fourier transforms that
approximate either the time or frequency data as samples of the continuous
functions. The four types of Fourier transforms are summarized in Table 2.1,

Assume that we have a continuous function x(¥) definedfor T = ¢t <= To.
This function can be expressed in the following form:

x()=3 e @)
k=—m

where j = ¥—land wy = 2xfy = 2a/T, T = T, — T, and z; are complex
coefficients to be discussed shortly. What is being said here is that x(7) is the
sum of a number of functions of the form

elkagt, 23
This function represents
el =cos kwgt+j sin kwyl. (24)

The two functions on the right-hand side, commonly referred to as sinusoids,
are oscillatory with kf, cycles per unit of ¢ as illustrated by Fig. 2.5. kfp is

Four different Fourier transforms can be defined by sampling the time and frequency

Continvous Time Discrete Time

Name: Fourier Transform

Name: Discrete Fourier Transform

Continuous  Forward: X{w)=[=_ x(fe~/*' di Forward: X{w)=5%___ x(nr)e /"

Frequency Inverse: x(f}=1/2x [ X{w)e/*' dw Inverse: x{nr)=1/2x {7, X{(w)el*" dw
Periodicity: None Periodicity: X{w)=X(w +i2x/1))
Name: Fourier Series Name: Finite Fourier Transform

Discrete Forward: X,=1/T [ x(#)e~/"2/TH Forward: Xy=1/N N _, x,e ~/@x/Mkr

Frequency Inverse: x(f)=X%

H= — =

Periodicity: x(¢Y)=x{{+{T)

Xnejn(?.rf Fals

Inverse: xz=ZEN_, X e/@r/Nkn

Periodicity: xg=Xe+ v and Xp= X, in

* In the above table time domain functions are indicated by x and frequency domain functions are X.

The time domain sampling interval is indicated by r.
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Fig, 2.5: The first three
components of @ Fourier series
are shown. The cosine waves
represent the real part of the
signal while the sine waves
represent the imaginary.
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called the frequency of the sinusoids. Note that the sinusoids in (24) are at

muliiples of the frequency f,, which is called the fundamental frequency.
The coefficients z; in (22) are called the complex amplitude of the kth

component, and can be obtained by using the following formula

L m - ikwyT
%= L x(f)e-#woT, 25
1

The representation in (22) is called the Fourier Series. To illustrate pictoriafly
the representation in (22), we have shown in Fig. 2.6, a triangular function
and some of the components from the expansion.

A continuous signal x(¢) defined for ¢ between — oo and o also possesses
another Fourier representation called the continuous Fourier transform and
defined by

X(w)= j: x(t)e-i=* di. (26)

One can show that this relationship may be inverted to yield

x(:)=% r

X(w)e do. en

Comparing (22) and (27), we see that in both representations, x(f) has been
expressed as a sum of sinusoids, ¢/“; the difference being that in the former,
the frequencies of the sinusoids are at multiples of wo, whereas in the latter we
have all frequencies between — o to oo. The two representations are not
independent of each other. In fact, the series representation is contained in the
continuous transform representation since Z;'s in (25) are similar to X{w) in
(26) for w = kwy = k(2x/T), especially if we assume that x(¢) is zero
outside [T}, 73], in which case the range of integration in (27) can be cut
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Fig. 2.6: This illustrates the
Fourier series for a simple
waveform. 4 trigngle wave is
shown in o) wirh the magnitude
() and phase (c) of the first few
terms of the Fourier series.
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down to [Ty, T3]. For the case when x(¢) is zero outside [ T, 7], the reader
might ask that since one can recover x(!) from z; using (22), why use (27)
since we require X(¢w) at frequencies in addition to kwy’s. The information in
X(w) for w # kuw, is necessary to constrain the values of x(¢) ouwtside the
interval [T}, T3]

If we compute z;’s using (25), and then reconstruct x(#) from z;’s vsing
(22), we will of course obtain the correct values of x(f) within [T, T3];
however, if we insist on carrying out this reconstruction outside [T}, T3], we
will obtain periodic replications of the original x(#) (see Fig. 2.7). On the
other hand, if X(w) is used for reconstructing the signal, we will obtain x(¢)
within [T, T3] and zero everywhere outside. _

The continuous Fourier transform defined in (26) may not exist unless x{¢)
satisfies certain conditions, of which the following are typical [Goo68]:

1) [Te X8| df < .

2) g(#) must have only a finite number of discontinuities and a finite
number of maxima and minima in any finite interval.

3) g(¢) must have no infinite discontinuities.

Some useful mathematical functions, like the Dirac 4 function, do not obey
the preceding conditions. But if it is possible to represent these functions as
limits of a sequence of well-behaved functions that do obey these conditions
then the Fourier transforms of the members of this sequence will also form a
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Fig. 2.7:  The signal represented
by a Fourier series is actually a
periodic version of the original

signal defined berween T, and T,

Here the original function is
shown in (a) and the replications
caused by the Fourier series
representation are shown in (b).

{8)

N
L

{b)

I_,/\_. [ 1 1
T, T

i |

Tyt T T,+2T

sequence. Now if this sequence of Fourier transforms possesses a limit, then
this limit is called the ‘‘generalized Fourier transform™ of the original
function. Generalized transforms can be manipulated in the same manner as
the conventional transforms, and the distinction between the two is generally
ignored; it being understood that when a function fails to satisfy the existence
conditions and yet is said to have a transform, then the generalized transform
is actually meant {Goo68], [Lig60].

Varicus transforms described in this section cbey many useful properties;
these will be shown for the two-dimensional case in Section 2.2.4. Given a
relationship for a function of two variables, it is rather easy to suppress one
and visualize the one-dimensional case; the opposite is usually not the case.

2.1.4 Discrete Fourier Transform (DFT)

As in the continuous case, a discrete function may also be given a
frequency domain representation:

X(w)= E x(nrye-fonr (28)
where x(n7) are the samples of some continuous function x(#), and X(w) the
frequency domain representation for the sampled data. (In this book we will
generally use lowercase letters to represent functions of time or space and
the uppercase letters for functions in the frequency domain.)

Note that our strategy for introducing the frequency domain representation
is opposite of that in the preceding subsection. In describing Fourier series we
defined the inverse transform (22), and then described how to compute its
coefficients. Now for the DFT we have first described the transform from
time into the frequency domain. Later in this section we will describe the
inverse transform.
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Fig. 2.8: The discrete Fourier
transform (DFT) of a two
element sequence is shown here.

As will be evident shortly, X{(w) represents the complex amplitude of the
sinusoidal component e/s™ of the discrete signal. Therefore, with one
important difference, X{(w) plays the same role here as 2; in the preceding
subsection; the difference being that in the preceding subsection the
frequency domain represemtation was discrete (since it only existed at
multiples of the fundamental frequency), while the representation here is
continuous as X{w) is defined for all w.

For example, assume that

1 n=0
x(nn)={ -1 n=1 (29)
0 elsewhere.
For this signal
Xw)=1—eg o, (30)

Note that X(w) obeys the following periodicity
2
X{w}:X(w—’) G1)
T

which follows from (28) by simple substitution. In Fig. 2.8 we have shown
several periods of this X(w).

X(w) is called the discrete Fourier transform of the function x(r7). From
the DFT, the function x(n7) can be recovered by using

x/T .
¥ = {7 X(w)err du (32)
2‘1‘ —n/r
Real {X{w)}
L
Imag {¥{w)}
I
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which points to the discrete function x(r7) being a sum (an integral sum, to be
more specific) of sinusoidal components like e/<*7.

An important property of the DFT is that it provides an alternate method
for calculating the convolution in (21). Given a pair of sequences x; = x(i7)
and &; = h{ir), their convolution as defined by

yi= % xhij (33)
j=—-m
can be calculated from
Y{w) = X {w) H{w). (34)

This can be derived by noting that the DFT of the convolution is written as

Y(w)= i [ i xkh;_k] g~ Juit, (35}
3

fm —ga - -

Rewriting the exponential we find

Y@= 3 [ 3 xkh;_k] gtk (36)

jm = k= =-ca

The second summation now can be written as

Y(w)= i‘: Xpedukr i hy e iom, 37

jm - = =

Note that the limits of the summation remain from — ¢ to co. At this point it
is easy to see that

Y(w)=X{w) H{w). (38)

A dual to the above relationship can be stated as follows. Let’s multiply
two discrete functions, x, and y,, each obtained by sampling the correspond-
ing continuous function with a sampling interval of  and call the resulting
sequence z,

Ln=Xn¥Vn (39)
Then the DFT of the new sequence is given by the following convolution in

the frequency domain

/T
z(w}=£r §/ X(o) Y(w-0) der. (40)
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2.1.5 Finite Fourier Transform

Consider a discrete function
x(0), x(7), x27}, -+, x((N-1}7) 41)

that is N elements long. Let’s represent this sequence with the following
subscripted notation

Xoe X15 X2y """ Xneye 42)

Although the DFT defined in Section 2.1.4 is useful for many theoretical
discussions, for practical purposes it is the following transformation, called
the finite Fourier transform (FFT),' that is actually calculated with a
computer:
1 #=1 _——
Xu=‘“’ n -fer "
I, S xne (43)

r=0

foru=0,1,2, -+, N — 1. To explain the meaning of the values X,
rewrite (43) as

1 1 %-) .
X(u E) =IF 2 x(nf)e J2x(u(/ Naj ) (44)

LY

Comparing (44) and (28), we see that the X,’s are the samples of the
continuous function X{w) for

c.:=£4rL with =0, 1, 2, --+, N-1. (45)

Nt
Therefore, we see that if (43) is used to compute the frequency domain
representation of a discrete function, a sampling interval of r in the ¢#-domain
implies a sampling interval of 1/N7 in the frequency domain. The inverse of
the relationship shown in (43) is

N-1
X, = E X, e/@v/Nyn, n=0,12 .-+, N-1. (46)

u=0

Both (43) and (46) define sequences that are periodically replicated. First
consider (43). If the ¥ = Nm + § term is calculated then by noting that
e/@r/MNm = 1 for all integer values of 1, it is easy 10 see that

Xnm+i=Xie 47)

' The acronym FFT also stands for fast Fourier transform, which is an efficient algorithm for
the implementation of the finite Fourier transform.

16
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A similar analysis can be made for the inverse case so that
Xpim 4 = Xis (48)

When the finite Fourier transforms of two sequences are multiplied the
result is still a convolution, as it was for the discrete Fourier transform
defined in Section 2.1.4, but now the convolution is with respect to replicated
sequences. This is often known as circular convolution because of the effect
discussed below.

To see this effect consider the product of two finite Fourier transforms.
First write the product of two finite Fourier transforms

Z,=X,Y, (49)
and then take the inverse finite Fourier transform to find

In= E ej{Zr!NmnXu Yu i (50)

=l

Substituting the definition of X, and Y, as given by (43) the product can now
be written

N=1 N=1 N-1L
zﬂzl 2 g Cn/Nn 2 X0 Qx/NYu 2 Yyl QN 51)
umQ i=Q k=0

The order of summation can be rearranged and the exponential terms
combined to find

l N—1 N1 N-1 . .
zﬂ:ﬁ 2 2 XiVe E e;(Z:rfN)un—ul—uk_ (52}
i=D k=0 u=d

There are two cases to consider. Whenn — §{ — & # O then as a function of
the samples of the exponential ¢/@*/Nun-ui-uk represent an integral number
of cycles of a complex sinusoid and their sum is equal to zero. On the other
hand, when i = n — k then each sample of the exponential is equal to one
and thus the summation is equal to N. The summation in (52) over i and k
represents a sum of all the possible combinations of x; and y,. Wheni = n —
k then the combination is multiplied by a factor of N while wheni # n — k
then the term is ignored. This means that the original product of two finite
Fourier transforms can be simplified to

] Nt

Zn=— 3, Xn_iVi- (53)
N2

This expression is very similar to (21) except for the definition of x,,_; and
i for negative indices. Consider the case when n = 0. The first term of the
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Fig. 2.9: The effect of circular
convolution is shown in (a). (b)
shows how the data can be
zero-podded so that when an FFT
convolution is performed the
result represenis samples of an
aperiodic convolution.

summation is equal to XV, but the second term is equal to x_; ¥,. Although in
the original formulation of the finite Fourier transform, the x sequence was
only specified for indices from O through N — 1, the periodicity property in
(48) implies that x_; be equal to xy_;. This leads to the name circular
convolution since the undefined portions of the original sequence are replaced
by a circular replication of the original data.

The effect of circular convolution is shown in Fig. 2.9(a). Here we have
shown an exponential sequence convolved with an impulse. The result
represents a circular convolution and not samples of the continuous
convolution.

A circular convolution can be turned into an aperiodic convolution by zero-
padding the data. As shown in Fig. 2.9(b) if the original sequences are
doubled in length by adding zeros then the original N samples of the product
sequence will represent an aperiodic convolution of the two sequences.

Efficient procedures for computing the finite Fourier transform are known
as fast Fourier transform (FFT) algorithms, To calculate each of the N points
of the summation shown in (43) requires on the order of N2 operations. In a
fast Fourier transform algorithm the summation is rearranged to take
advantage of common subexpressions and the computational expense is
reduced to N log N. For a 1024 point signal this represents an improvement
by a factor of approximately 100. The fast Fourier transform algorithm has
revolutionized digital signal processing and is described in more detail in
[Bri74].

xit) bit) ¥it) (o)

K N | N

R T i P S )
Positive  Negative Positive  Negative Positive  Negative
Time Time Time Time TFime Time

{b)

Expanded
h{t) K
Expanded
¥{t) T
Expanded I\

FPositive Negative
Time Time
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2.1.6 Just How Much Data Is Needed?

In Section 2.1.1 we used a sequence of numbers x; to approximate a
continuous function x(¢). An important question is, how finely must the data
be sampled for x; to accurately represent the original signal? This question
was answered by Nyquist who observed that a signal must be sampled at least
twice during each cycle of the highest frequency of the signal. More
rigorously, if a signal x(¢f) has a Fourier transform such that

Wy
X{w)y=0 for wz? (54}

then samples of x must be measured at a rate greater than wy. In other words,
if T is the interval between consecutive samples, we want 2%/T = wy. The
frequency wy is known as the Nyquist rate and represents the minimum
frequency at which the data can be sampled without introducing errors.

Since most real world signals aren’t limited to a small range of frequencies,
it is important to know the consequences of sampling at below the Nyquist
rate. We can consider the process of sampling to be equivalent te
multiplication of the original continuous signal x{f) by a sampling function
given by

h(t}=i 8(1—iT). (55)

The Fourier transform of A(f) can be computed from (26) to be

2o\ = 2wi
H(w)=(?) 2 6(.:»—7) . (56)

By (40) we can convert the multiplication to a convolution in the frequency
domain. Thus the result of the sampling can be written

Z(m)=(2?w) 3 X( _2;) 57

jm -

This result is diagrammed in Fig. 2.10.

It is important to realize that when sampling the original data (Fig. 2.10(a))
at a rate faster than that defined by the Nyquist rate, the sampled data are an
exact replica of the original signal. This is shown in Fig. 2.10(b). If the
sampled signal is filtered such that all frequencies above the Nyquist rate are
removed, then the original signal will be recovered.

On the other hand, as the sampling interval is increased the replicas of the
signal in Fig. 2.10(c) move closer together. With a sampling interval greater
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Fig. 2.10: Sampling a waveform
generates replications of the
original Fourier transform of the
object ar periodic intervals, If the
signal is sampled a1 e frequency
of « then the Fourier fransform
of the object will be replicared at
intervals of 2w. (a) shows the
Fourier transform of the origino!
signal, (b) shows the Fourier
transform when x(t) is sampled ar
a rate faster than the Nyquist
rate, {c) when sampled at the
Nyquist rate and finally () when
the daia are sampled at a rate less
than the Nyguist rate.

than that predicted by the Nyquist rate some of the information in the original
data has been smeared by replications of the signal at other frequencies and
the original signal is unrecoverable. (See Fig. 2.10(d).) The error cavsed by
the sampling process is given by the inverse Fourier transform of the
frequency information in the overlap as shown in Fig. 2.10(d). These errors
are also known as aliasing.

2.1.7 Interpretation of the FFT Output

Correct interpretation of the X,,’s in (43) is obviously important. Toward
that goal, it is immediately apparent that X, stands for the average (or, what is
more frequently called the dc) component of the discrete function, since from
43)

1 ~-1
X0=K{ 2 Xy.

n=0

(58)

Interpretation of X, requires, perhaps, a bit more effort; it stands for 1 cycle
per sequence length. This can be made obvious by setting X; = 1, while all

At
“ ta)
- £ i -
Z Z{w) 2 b)
- e Wy w
3 Zlw) 2 {c}

E 4
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other X;'s are set equal to 0 in (46). We obtain

Xy = ef2Nm (59)

=C08 (gfn)+' i (Efn) {60
= N J sin N )

forn=0,1,2, --,N — 1. Aplot of either the cosine or the sine part of this
expression will show just one cycle of the discrete function x,,, which is why
we consider X, as representing one cycle per sequence length. One may
similarly show that X represents two cycles per sequence length. Unfortu-
nately, this straightforward approach for interpreting X, breaks down for u
> N/2. For these high values of the index #, we make use of the following
periodicity property

X_,=Xn_y (61)

which is easily proved by substitution in (43). For further explanation,
consider now a particular value for N, say 8. We already know that

Xp represents dc

X, represents 1 cycle per sequence length
X; represents 2 cycles per sequence length
X; represents 3 cycles per sequence length
X, tepresents 4 cycles per sequence length.

From the periodicity property we can now add the following

X represents =3 cycles per sequence length
X, represents —2 cycles per sequence length
X5 represents —1 cycle per sequence length.

Note that we could also have added ““ X, represents ~ 4 cycles per sequence
length.”’ The fact is that for any N element sequence, Xy» will always be
equal to X _ n1, since from (43)

N-1
Xnp=X_np= 3, X~ 1" (62)
1]

The discussion is diagrammatically represented by Fig. 2.11, which shows
that when an NV element data sequence is fed into an FFT program, the cutput
sequence, also N elements long, consists of the dc frequency term, followed
by positive frequencies and then by negative frequencies. This type of an
output where the negative axis information follows the positive axis
information is somewhat unnatural to look at.

To display the FFT output with a more natural progression of frequencies,
we can, of course, rearrange the output sequence, although if the aim is
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Fig. 2.11: The output of an §
element FFT is shown here.
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merely to filter the data, it may not be necessary to do so. In that case the
filter transfer function can be rearranged to correspond to the frequency
assignments of the elements of the FFT output.

It is also possible to produce normal-looking FFT outputs (with dc at the
center between negative and positive frequencies) by ‘‘modulating’’ the data

prior to taking the FFT. Suppose we multiply the data with (— 1}" to produce
a new sequence X

Xq=x{— 1" (63)

Let X' designate the FFT of this new sequence. Substituting (63) in (43), we
obtain

Xo=Xy_nn2 (64)

foru =0,1,2, -+, N — 1. This implies the following equivalences

Xe=X_pnn (65)
Xi=X_nmzi (66)
X3 =X_Np+z 67)
(68)
Xun=Xo (69)
: (70)
Xu-1=Xnno). an

2.1.8 How to Increase the Display Resolution in the Frequency
Domain

The right column of Fig. 2.12 shows the magnitude of the FFT output (the
dc is centered) of the sequence that represents a rectangular function as shown
in the left column. As was mentioned before, the Fourier transform of a
discrete sequence contains all frequencies, although it is periodic, and the
FFT output represents the samples of one period. For many situations, the
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Fig. 2,12: As shown here,
padding a sequence of data with
zeros increases the resolution in
the frequency domain. The
sequence in {q) has only 16
points, (b) has 32 points, while
{c) has 64 poimts.
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frequency domain samples supplied by the FFT, although containing
practically all the information for the reconstruction of the continuous Fourier
transform, are hard to interpret visually. This is evidenced by Fig. 2.12(a),
where for part of the display we bave only one sample associated with an
oscillation in the frequency domain. It is possible to produce smoother-
looking outputs by what is called zero-padding the data before taking the
FFT. For example, if the sequence of Fig. 2.12(a) is extended with zeros to
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twice its length, the FFT of the resulting 32 element sequence will be as
shown in Fig. 2.12(b), which is visually smoother looking than the pattern in
Fig. 2.12(a). If we zero-pad the data to four times its original length, the
output is as shown in Fig. 2.12(c).

That zero-padding a data sequence vields frequency domain points that are
more closely spaced can be shown by the following derivation. Again let x;,
X3, ***, Xy represent the original data. By zero-padding the data we will
define a new x’ sequence:

x;=x, forn=0/12 -+, N-1 (72)
=0 for n=N, N+1, --+, 2N=~1. (73)
Let X be the FFT of the new sequence x . Therefore,
IN—1L

Xl:_—_ 2 x’:e-j(le/lN)uﬂ (74)
0

which in terms of the original data is equal to
=1 )
Xi= 2 xne—;(hﬂN)un' (75)

0

If we evaluate this expression at even values of u, that is when

u=2m where m=0, 1, 2, ---, N~1 (76)
we get
N-1 )
Xipm= E xne—;(lrfN]mn (77)
0
=Xm. (78)

In Fig. 2.13 is illustrated the equality between the even-numbered elements of
the new transform and the original transform. That X' |, X';, - - -, etc. are the
interpolated values between X, and X|; between X and Xj3; etc. can be seen
from the summations in (43) and (74) written in the following form

2x N-1 _
X=X {m— =Y x(nrye-s@zNnmmr (79)
m 2N».r) E (n7)
27) LS [ (2xm/ V) (30)
Ap=X|m-—|= x{nr)e HETmINIAT
( Nr Ea (n7)

Comparing the two summations, we see that the upper one simply represents
the sampled DFT with half the sampling interval.
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Fig. 2.13:  When a data sequence
is padded with zeros the effect is
to increase the resolution in the
Jrequency domain. The poinis in
{a} are also in the longer sequence
shown in (b), but there are
additional points, as indicated by
circles, that provide interpolated
values of the FFT.
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So we have the following conclusion: to increase the display resolution in
the frequency domain, we must zero-extend the time domain signal. This also
means that if we are comparing the transforms of sequences of different
lengths, they must all be zero-extended to the sgme number, so that they are
all plotted with the same display resolution. This is because the upper
summation, (79), has a sampling interval in the frequency domain of 2x/2Nr
while the lower summation, (80}, has a sampling interval that is twice as long
or 2x/Nr.

2.1.9 How to Deal with Data Defined for Negative Time

Since the forward and the inverse FFT relationships, (43) and (46), are
symmetrical, the periodicity property described in (62) also applies in time
domain. What is being said here is that if a time domain sequence and its
transform obey (43) and (46), then an N element data sequence in the time
domain must satisfy the following property

X g =XNcpe (81)

To explain the implications of this property, consider the case of N = 8, for
which the data sequence may be written down as

Xos Xis X2, X3, Xy, X5, Xgy Xy, (82)
By the property under discussion, this sequence should be interpreted as
Xo, X1s X2, X3, Xq (OF X_4), X_3, X_3, X_1. (83)

Then if our data are defined for negative indices (times), and, say, are of the
following form

Koy, Xogy Xy Xoy X1, X2, X3, X4 (84
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they should be fed into an FFT program as
Xos Xis X2, X3y Xgy Xo3 X2, Xy (85)

To further drive home the implications of the periodicity property in (62},
consider the following example, which consists of taking an 8 element FFT of
the data

0.9 0.89 (.88 0.87 0.86 0.85 0.84 (.83, (86)

We insist for the sake of explaining a point, that only an 8 element FFT be
taken. If the given data have no association with time, then the data should be
fed into the program as they are presented. However, if it is definitely known
that the data are ZERQ before the first element, then the sequence presented
to the FFT program should look like

0.86+0
0.9 089 0.88 0.87 0 0 0. (87)
\_‘_'V_h_/
e e =
positive time (88)
negative time {89)
This sequence represents the given fact thatatr = -1, ~2 and — 3 the data

are supposed to be zero. Also, since the fifth element represents both x, and
X _ 4 (these two elements are supposed to be equal for ideal data), and since in
the given data the element x _, is zero, we simply replace the fifth element by
the average of the two. Note that in the data fed into the FFT program, the
sharp discontinuity at the origin, as represented by the transition from 0 to
0.9, has been retained. This discontinuity will contribute primarily to the high
frequency content of the transform of the signal.

2.1.10 How to Increase Frequency Domain Display Resolution of
Signals Defined for Negative Time

Let’s say that we have an eight element sequence of data defined for both
positive and negative times as follows:

X_3X_ 32X | Xy X1 X2 X3 Xy %0
It can be fed into an FFT algorithm after it is rearranged to look like
Xo X1 X2 X3 Xg X3 X2 X (91)

If x_4 was also defined in the original sequence, we have three options: we
can either ignore x_,, or ignore x, and retain x_, for the fifth from lefi
position in the above sequence, or, better yet, use (x_4 + x3)/2 for the fifth
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position. Note we are making use of the property that due to the data
periodicity properties assumed by the FFT algorithm, the fifth element
corresponds to both x; and x_, and in the ideal case they are supposed to be
equal to each other.

Now suppose we wish to double the display resolution in the frequency
domain; we must then zero-extend the data as follows

XoXy X2 X1 %0000000x_4x_3x_32X_;. (92)

Note that we have now given separate identities to x4 and x_,, since they
don’t have to be equal to each other anymore. So if they are separately
available, they can be used as such.

2.1,11 Data Truncation Effects

To see the data truncation effects, consider a signal defined for all indices
n. If X(w) is the true DFT of this signal, we have

X(@)=3} Xoe=ionTs, (93)

-

Suppose we decide to take only a 16 element transform, meaning that of all
the x,’s, we will retain only 16.

Assuming that the most significant transitions of the signal occur in the
base interval defined by n going from —7 to 8, we may write approximately

X(@)=3} xpesonts, (94)
-7

More precisely, if X‘(w) denotes the DFT of the truncated data, we may
write

8

X' (@)=Y x,e~IonTs (95)
-7

= f} Xulis(n)e~1o"Ts (96)

-

where Ij4() is a function that is equal to 1 for # between — 7 and 8, and zero
outside. By the convolution theorem

T;
X’(w]=2—~w X(w) * A{w) 97
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where

8
Aw)=Y; e/ Ts (98)
-7
. @NT;
sin 2
= e—jw( To/y = (99)
. wT;
sin
)

with N = 16. This function is displayed in Fig. 2.14, and illustrates the
nature of distortion introduced by data truncation,

2.2 Image Processing

Fig. 2.14: Truncating a sequence
of dasta Is equivalent to
muliiplying it by a rectangular
window. The result in the
Jrequency domain is to convolve
the Fourier transform of the
signel with the window shown
above.

The signal processing concepts described in the first half of this chapter are
easily extended to two dimensions. As was done before, we will describe how
to represent an image with delta functions, linear operations on images and
the use of the Fourier transform.

2.2.1 Point Sources and Delta Functions

Let O be an operation that takes pictures into pictures; given the input
picture f, the result of applying O to f is dencted by O[f]. Like the 1-
dimensional case discussed earlier in this chapter, we call O finear if

Ofaf+ bgl=aO[f1+ bO[g] (100)

for all pictures, f, g and all constants @, 5.
In the analysis of linear operations on pictures, the concept of a point

1a{wll
-]

a] ¥ T ¥
[6w 27 -BW -4W 0 47 8w 12W
) ——
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Fig. 2.15: Asin the
one-dimensional case, the defta
Junction (8) is defined as the limit
of the rectangle function shown
here.

source is very convenient. If any arbitrary picture f could be considered to be
a sum of point sources, then a knowledge of the operation’s output for a point
source input could be used to determine the output for f. Whereas for one-
dimensional signal processing the response due to a point source input is
called the impulse response, in image processing it is usually referred to as
the point spread function of O. If in addition the point spread function is not
dependent on the location of the point source input then the operation is said
to be space invariant.

A point seurce can be regarded as the limit of a sequence of pictures whose
nonzero values become more and more concentrated spatially. Note that in
order for the total brightness to be the same for each of these pictures, their
nonzero values must get larger and larger. As an example of such a sequence
of pictures, let

1 1
1 fi =— and =
or |x| 3 and |y| 5

rect {x, y)= (101)
0 elsewhere
(see Fig. 2.15) and let
d,(x, Y)=n? rect (nx, ny), n=1,2, -+, (102)

Thus 8, is zero outside the 1/r x 1/n square described by |x| = 1/2n, | »|
= 1/2n and has constant value #? inside that square, It follows that

k-]

H 8a(x, ) dx dy=1 (103)

or

for any n.
As n -+ oo, the sequence 8, does not have a limit in the usual sense, but it is
convenient to treat it as though its limit existed. This limit, denoted by 3, is
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called a Dijrac delta function. Evidently, we have 8(x, y} = 0 for alt (x, ¥}
other than (0, 0) where it is infinite. It follows that 6(—x, — ) = &x, »).

A number of the properties of the one-dimensional delta function described
earlier extend easily to the two-dimensional case. For example, in light of
(103), we can write

k-

H 8(x, y) dx dy=1. (164)

o

More generally, consider the integral {2 {® g(x, )8(x, ¥) dx dy. This
is just the average of g(x, y) over a 1/n X 1/n square centered at the origin.
Thus in the limit we retain just the value at the origin itself, so that we can
conclude that the area under the delta function is one and write

&

[§ g0, »96(x, ) ax dy=200, 0. (105)

=

If we shift 5 by the amount (a, 8), i.e., we use 8(x — ¢, ¥ — ) instead of
3(x, ¥), we similarly obtain the value of g at the point (¢, 8), i.e.,

o

H glx, yYo(x—e, y—B) dx dy=gla, B). (106)

—m=

The same is true for any region of integration containing (o, 8). Equation
(106) is called the “‘sifting’’ property of the & function.
As a final useful property of 6§, we have

H exp [—/2m{ux+uy)] du dv=48(x, ¥). (107

For a discussion of this property, see Papoulis [Pap62].
2.2.2 Linear Shift Invariant Operations

Again let us consider a linear operation on images. The point spread
function, which is the output image for an input point source at the origin of
the xy-plane, is denoted by h(x, »).

A linear operation is said to be shift invariant (or space invariant, or
position invariant) if the response to 8(x — «, y — 8), which is a point source
located at (o, 8) in the xp-plane, is given by A{x — «, y — B). In other
words, the output is merely shifted by « and 8 in the x and y directions,
respectively,
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Now let us consider an arbitrary input picture f(x, ). By (106) this picture
can be considered to be a linear sum of point sources. We can write f(x, y) as

@™
—

56 =" |7 s, Bota—x, 6-y) deag.  08)

In other words, the image f(x, y} is a linear sum of point sources located at
(e, B8) in the xy-plane with « and 3 ranging from — % to + . In this sum the
point source at a particular value of (o, 8) has “‘strength” f(«, 8). Let the
response of the operation to the input f(x, 3) be denoted by O(f]. If we
assume the operation to be shift invariant, then by the interpretation just given
to the right-hand side of (108), we obtain

oLf(x, y)1=0[§ 7 ste, i, §-y) da dﬁ] (109)

=§§f{a, B)OWe—x, f-y)] de dB (110)

by the linearity of the operation, which means that the response to a sum of
excitations is equal to the sum of responses to each excitation. As stated
carlier, the response to &(cx — x, B — W [=6{x — a, ¥ — B)], which is a
point source located at (o, 3), is given by {x — o, ¥ — B) and if O[f] is
denoted by g, we obtain

e, =1 |" fla, Bhtx-c, y-p) dudg. i)
The right-hand side is called the convolution of fand A, and is often denoted
by f = h. The integrand is 2 product of two functions f(«, 3) and A(a, 8) with
the latter rotated about the origin by 180° and shifted by x and y along the x

and y directions, respectively. A simple change of variables shows that (111)
can also be written as

g5, =] |7 fx-a, y-Phte, B duds 12

sothat f+ & = A » f.
Fig. 2.16 shows the effect of a simple blurring operation on two different
images. In this case the point response, #, is given by

{1 x2+ 20,252
A, y"{o elsewhere. (113)

As can be seen in Fig. 2.16 one effect of this convolution is to smooth out the
edges of each image.
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2.2.3 Fourier Analysis

Representing two-dimensional images in the Fourier domain is as useful as
it is in the one-dimensional case. Let f(x, ¥) be a function of two independent
variables x and y; then its Fourier transform F(u, v) is defined by

F, =" {7 fe, pesmwsm ax gy, (114)

In the definition of the one- and two-dimensional Fourier transforms we
have used slightly different notations. Equation (26) represents the frequency
in terms of radians per unit length while the above equation represents
frequency in terms of cycles per unit length. The two forms are identical

except for a scaling and either form can be converted to the other using the
relation

f=u=v=27w. (115)

By splitting the exponential into two halves it is easy to see that the two-
dimensional Fourier transform can be considered as two one-dimensional
transforms; first with respect to x and then y

Fe, w={ e ay |" oo pemeax. q116)

In general, F is a complex-valued function of # and v. As an example, let f(x,
¥) = rect {x, y). Carrying out the integration indicated in (114) we find

1/2 /2
F(u, v)=| m§ e dx dy 117
- -1
i | %]
_sin 74 5 e~y gy a18)
aTu —1/2

sin wu sin #xv

(119)

T wU

This last function is usually denoted by sinc (¥, v) and is illustrated in Fig.
2.17. More generally, using the change of variables x’ = nxand y’ = ny, it
is easy to show that the Fourier transform of rect (nx, ny) is

{1/nD sinc (u/n, v/n). (1200

Given the definition of the Dirac delta function as a limit of a sequence of
the functions #? rect {s#x, ny); by the arguments in Section 2.1.3, the Fourier
transform of the Dirac delta function is the limit of the sequence of Fourier
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Fig. 2.17: The two-dimensional  transforms sinc (#/n, v/n}. In other words, when
Fourfer transform of the

rectangle function is shown here. Jlx, »)=48(x, ») (121)
then
F(u, v)=liﬂm sinc (u/n, v/m)=1, (122)

The inverse Fourier transform of F(u, v) is found by multiplying both sides
of (114) by e/2*x+v8) anq integrating with respect to # and v to find

r r F(u, v) exp [—i2n(ux+vf)] du dv

= 51 51 g: rwf(x, y)e/mtuat Bl j2xwx+oB) gy gy dy dy  (123)
or
= 5: 5“,. 5“, S: Fx, y)e-itus-aeur-8) du dy dx dy. (124)
Making use of (107} it is easily shown that
i:o S: F(u, v) exp [F2w(ux+vB)] du dv

=" " e yx-a, y-p) ax dy (2s)
=f(@, ) (126)
or equivalently

Sx, y)=5 rw Flu, v) exp [[2n(ux+vy)] du dv. (127)

a
- -
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This integral is called the inverse Fourier transform of F(u, v). By (114)
and (127}, f(x, ¥} and F(u, v) form a Fourier transform pair.

If x and y represent spatial coordinates, (127) can be nsed to give a physical
interpretation to the Fourier transform F(«, v) and to the coordinates # and v.
Let us first examine the function

o/ Trtux+w) (128)

The real and imaginary parts of this function are cos 2x(ex + vy) and sin
2a(ux + wy), respectively. In Fig. 2.18(a), we have shown cos 2a(ux +
vy). It is clear that if one took a section of this two-dimensional pattern
parallel to the x-axis, it goes through # cycles per unit distance, while a
section parallel to the y-axis goes through v cycles per unit distance. This is
the reason why u and v are called the spatiai frequencies along the x- and y-
axes, respectively. Also, from the figure it can be seen that the spatial period
of the pattern is (42 + v?)~ 12, The plot for sin 2r{tx + v¥) looks similar to
the one in Fig. 2.18(a) except that it is displaced by a quarter period in the
direction of maximum rate of change.

From the preceding discussion it is clear that e/2*4x+w) js a two-
dimensional pattern, the sections of which, parallel to the x- and y-axes, are
spatially periodic with frequencies & and v, respectively. The pattern itself
has a spatial period of (#*> + v*)~!/ along a direction that subtends an angle
tan~! (v/u) with the x-axis. By changing & and v, one can generate patterns
with spatial periods ranging from O to cs in any direction in the xy-plane.

Equation (127) can, therefore, be interpreted to mean that f(x, y) is a linear
combination of elementary periodic patterns of the form ef2lax+n),
Evidently, the function, F(u, v), is simply a weighting factor that is a
measure of the relative contribution of the elementary pattern to the total sum.
Since & and v are the spatial frequency of the pattern in the x and y directions,
Fu, v) is called the frequency spectrum of f{x, ¥).

2.2.4 Properties of Fourier Transforms

Several properties of the two-dimensional Fourier transform follow easily
from the defining integrals equation. Let F{ 1} denote the Fourier transform
of a function f{x, y). Then F{f(x, )} = F(u, v). We will now present
without proof some of the more common properties of Fourier transforms.
The proofs are, for the most part, left for the reader (see the books by
Goodman [Goo68] and Papoulis [Pap62]).

1) Linearity:

Flafilx, y)+bfx, y)}=aF{fi(x, M}+bF{filx, y)} (129)
=aFu, v)+bFyu, v). (130)

This follows from the linearity of the integration operation.
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Fig. 2.18: The Fourier 2) Scaling:
transform represenis an image in

re.;n::s of exponentials of the form 1 ¥ v
eitrxtvrr Here we have shown F X, =—F -, =]. 131
the real (cosine) and the (flax, 87} |8 (tx B ) (131
imaginary (sine) parts of one such
exponential, To see this, introduce the change of variables x’ = ax, ' = Sy. This
property is illustrated in Fig. 2.19.
3) Shift Property:
F{f(x—o, y—B)} =F(u, v)e /2wt (132)
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Fig. 2.19: Scaling the size of an
image leads to compression and
amplification in the Fourier
domain.

This too follows immediately if we make the change of variables x* = x —
a, ' = y — B. The corresponding property for a shift in the frequency
domain is
F {exp [J2n(uox +voyf(x, )} =F(—to, v—uvp).  {133)
4) Rotation by Any Angle: In polar coordinates we can write

F{f(r, 0)} =F(w, ¢). (134)
If the function, 1, is rotated by an angle « then the following result follows
F{fir, 0+®)} =F(w, ¢+a). (135)

This property is illustrated in Fig. 2.20.

5) Rotational Symmetry: If f(x, y) is a circularly symmetric function,
i.e., f(r, 8) is only a function of r, then its frequency spectrum is also

SIGNAL PROCESSING FUNDAMENTALS 37





Fig. 2.20: Rotation of an object  circularly symmetric and is given by

by 30¢°

leads to a similar rotation

in the Fourier transform of the

image.

F(u, v)=F(p)=2x 5: o (P Jo2xrp) dr. (136)

The inverse relationship is given by

s=2x | pF(p)Ju2arp) dp (137)
where
r=vx?+yt, O=tan~! (¥/x), p=Vul+v?, d=tan-! (v/u) (138)
and

2
Q

Jx)= /20 | exp [—jx cos @)1 db (139)
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is the zero-order Bessel function of the first kind. The transformation in (136)
is also called the Hankel transform of zero order.
6) 180° Rotation:

F{F{fOx, y)}t=f(—x, —p). (140)

7} Convolution:

F{ [ st ostx-a, - da dB]

=‘F{fl(x’ y)}F{fZ(x! y)} (141}
= F(u, v)Fu, v). (142)

Note that the convolution of two functions in the space domain is equivalent
to the very simple operation of multiplication in the spatial frequency domain.
The corresponding property for convolution in the spatial frequency domain
is given by

o

F{fi(x, M filx, y)}=H Fi(u—s, v—0)Fy(s, t) ds dt. (143)

-

A useful example of this property is shown in Figs. 2.21 and 2.22. By the
Fourier convolution theorem we have chosen a frequency domain function,
H, such that all frequencies above f) cycles per picture are zero. In the space
domain the convolution of x and % is a simple linear filter while in the
frequency domain it is easy to see that all frequency components above §
cycles/picture have been eliminated.

8} Parseval’s Theorem:

U scnne maca={" |7 R oFiw v e dy

(144)
where the asterisk denotes the complex conjugate. When fi(x, ») = fa(x, ¥)
= f(x, )), we have

o v aca={" {7 1F@ v @ av. aas)

In this form, this property is interpretable as a statement of conservation of
energy.
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Fig. 2.21: An ideal low pass filter is implemented by multiplying the Fourier transform of an object by a circufar window.
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Fig. 2.22;  An ideal low pass filter is implemented by multiplying the Fourier transform of an object by a circular window.
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2.2.5 The Two-Dimensional Finite Fourier Transform

Let f(rn, n) be a sampled version of a continuous two-dimensional function
f. The finite Fourier transform (FFT) is defined as the summation?

Fu, u)-— SUSY fm, ny exp [—j%r(%+%u)] (146)

m-O n=0

foru=0,12 - M-1;v=012,:N-1
The inverse FFT (IFFT) is given by the summation

Mo As) _ mu nv
J(m, H)-E E F(u, v) exp [JZW(H"'}G)] 147)

form=0,1,---,M-1;n=0,1, -+, N — 1. Itis easy to verify that the
summations represented by the FFT and IFFT are inverses by noting that

o —-J2% jx J,  k=n
S, exp [_J_ km| exp — mn —{0, ken (49

This is the discrete version of (107). That the inverse FFT undoes the effect
of the FFT is seen by substituting (43) into (147) for the inverse DFT to find

—L Nt M- NI

S(m, n)—— 2 D Ef(m, n)

u-D r=0 m=0 n=0

mu n muy nv
. —1 —_—t— i2n| —+— . (149
exp [ Jin M+N):| exp [j I(M N)] {149)

The desired result is made apparent by rearranging the order of summation
and using (148).

In (146) the discrete Fourier transform F(u, v) is defined for # between 0
and M — 1 and for v between 0 and N — 1. If, however, we use the same
equation to evaluate F(x u, +v), we discover that the periodicity properties

? To be consistent with the notation in the one-dimensional case, we should express the space
and frequency domain arrays as f,,,, and F, ,. However, we feel that for the two-dimensional
case, the math looks a bit neater with the style chosen here, especially when one starts dealing
with negative indices and other extensions. Also, note that the variables & and v are indices here,
which is contrary 1o their usage in Section 2.2.3 where they represent continuously varying
spatial frequencies.

2
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of the exponential factor imply that

F(u, —v)=F(u, N-uv) (150)
F(—u, v)=F(M-u, v) (151)
F(-u, —v)=F(M-u, N—v). (152)

Similarly, using (147) we can show that

f(~m, my=f(M-m, n) (153)
flm, —m)=f(m, N—n) (154)
f(=m, —n)=f(M-m, N—n). (155)

Another related consequence of the periodicity properties of the exponen-
tial factors in (28) and (147) is that

FlaM+u, bBN+v)=F(u, v) and flaM+m, BN+ rYy=f(m, n} (156}

forg =0, 1, £2, -+, b =0, £1, +2, --- | Therefore, we have the
following conclusion: if a finite array of numbers ., and its Fourier
transform F, , are related by (28) and (147), then if it is desired to extend the
definition of f{m, n) and F(u, v) beyond the original domain as given by [0
=(manduw) s M -~ 1land [0 =< (randv) = N - 1], this extension must
be governed by (151), (154) and {156). In other words, the extensions are
periodic repetitions of the arrays.

It will now be shown that this periodicity has important consequences when
we compute the convolution of two M X N arrays, f(m, n) and dim, n), by
multiplying their finite Fourier transforms, F(u, v) and IDXu, v). The
convolution of two arrays f(m, n) and d(m, n) is given by

1 M-1 N-1

gla, ﬁ)=m ,,,E_o Ef(m, mda—-m, §—n) {157
l M-Il N—1I

v mz-:o z:of(a-m, B8-n)d(m, n) (158)

fore =0,01,--- M-1,8=06,1, ---, N — 1, where we insist that when
the values of f{/n, r) and d{im, n) are required for indices outside the ranges 0
=m=M-1land0 = n = N — 1, for which f(m, n) and dim, n) are
defined, then they should be obtained by the rules given in (151), (154) and
(156). With this condition, the convolution previously defined becomes a
circular or ¢yclic convolution.

As in the 1-dimensional case, the FFT of (157) can be written as the
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product of the two Fourier transforms. By making use of (147), we obtain

1 M=1 N-
glo, B=— Z Z fim, mydia—m, B—n) (159)

Fizrad

expanding f and 4 in terms of their DFTs

1

W 2 {55 Fa v oo [’z(mfﬁ)]]

umi) ymi

. {MEI Nzl D(w, 7) exp [;21((0: m) (ﬁ;:)z)]} {160}

wul 7m0

and then rearranging the summations

1 M=l N-LM=1nN-] aw fz
_NE E E {F(u, v)D(w, z) exp [121( I N):I

0 w=0 z=0

. ME_] NE] exp [er—m(I;; w)] exp [j21r ﬂ(vh:z)]} - (161)

mal g=l

Using the orthogonality relationship (148) we find

=SS Fuu, D@, vy exp [sz (%*ﬁ;)] . (162)
wm( ym0

Thus we see that the convolution of the two-dimensional arrays fand d can be
expressed as a simple multiplication in the frequency domain.

The discrete version of Parseval’s theorem is an often used property of the
finite Fourier transform. In the continuous case this theorem is given by (144)
while for the discrete case

MEI NEI Sf(m, mg*(m, n)=MN 2 E F(u, v)G*(u, v). (163)
mu( a=0 yml g=0

The following relationship directly follows from (163):

- N=-1
E 2 |f(m, m)|*=MN 2 S | F@u, v (164)
mal n={ uwl a=0

As in the one-dimensional and the continuous two-dimensional cases
Parseval’s theorem states that the energy in the space domain and that in the
frequency domain are equal.
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As in a one-dimensional case, a two-dimensional image must be sampled at
a rate greater than the Nyquist frequency to prevent errors due to aliasing.
For a moment, going back to the interpretation of & and v as continuous
frequencies (see Section 2.2.3), if the Fourier transform of the image is zero
for all frequencies greater than B, meaning that Fu, v) = 0 for all 4 and v
such that |#| = Band |v| = B, then there will be no aliasing if samples of the
image are taken on a rectangular grid with intervals of less than 5. A pictorial
representation of the effect of aliasing on two-dimensional images is shown in
Fig. 2.23. Further discussion on aliasing in two-dimensional sampling can be
found in [Ros82].

2.2.6 Numerical Implementation of the Two-Dimensional FFT
Before we end this chapter, we would like to say a few words about the

numerical implementation of the two-dimensional finite Fourier transform.
Equation (28) may be written as

1 M=1 T 1 N2 2
F(u, ur)=j‘—4r E [Kf %f(m, n) exp (—j%nv)]

mmQ
(-s5m)
R 5. ¢ —Jj—mu ],
P J’M
=0, +++, M—1, y=0, -+, N—1, (165)

The expression within the square brackets is the one-dimensional FFT of the
mth row of the image, which may be implemented by using a standard FFT
{fast Fourier transform} computer program (in most instances N is a power of
2). Therefore, to compute F(u, v), we replace each row in the imuage by its
one-dimensional FFT, and then perform the one-dimensional FFT of
each column.

Ordinarily, when a 2-D FFT is computed in the manner described above,
the frequency domain origin will not be at the center of the array, which if
displayed as such can lead to difficulty in interpretation. Note, for example,
that in a 16 x 16 image the indices w = 15 and v = 0 correspond to a
negative frequency of one cycle per image width. This can be seen by
substituting ¥ = 1 and v = O in the second equation in (151). To display the
frequency domain origin at approximately the center of the array (a precise
center does not exist when either M or NV is an even number), the image data
SfGn, n) are first multiplied by (—1)”*" and then the finite Fourier
transformation is performed. To prove this, let us define a new array f*(m, n)
as follows:

S'(m, ny=f(m, n—-1)m+" (166)
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Fig. 2.23: The effect of aliasing  and let F'(u, v) be its finite Fourier transform:

in two-dimensionel images is
shown here. (This is aften known

as the Moiré effect.) In (a) a F'(u, v)=

high-frequency sinusoid is shown.
In (B} this sinusoid is sampled at
a rate much lower than the
Nyquist rate and the sampled
values are shown as black and
white dots (gray is used to
represent the area between the

samples). Finolly, in (c) the Rewriting this expression as

sampled data shown in (b) are
fow pass filtered at the Nygquist
rate. Note thar both the direction

and frequency of the sinusoid F(u, v)=-w—

have changed due 1o aliesing.

N=-

1 M-
N S, Y f(m, m)(~1)

m=0 a=0

. exp [—j21r (%+%)] . 167)

-1 N-1

E S fim, n)

m=) p=0
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2.3 References

M N

. mu n
* exp [-;2r(i+§)] (169)

it is easy to show that

M N
Flu, v)=F(u——i-, v——) )

. exp [j21r [ (M/2)m | (N/Dn ] ] (168)

2
u=0,1, ---, M—1; v=0,1, -+, N-1. (170)

Therefore, when the array F'(u, v) is displayed, the location at 4 = M/2 and
v = N/2 will contain F{0, 0).

We have by no means discussed all the important properties of continuous,
discrete and finite Fourier transforms; the reader is referred to the cited
literature for further details.

[Bri74]  E. O. Brigham, The Fast Fourier Transform. Englewood Cliffs, NI: Prentice-
Hall, 1974,

{Dud84) D. E. Dudgeon and R. M. Merserean, Multidimensional Digital Signal Process-
ing. Englewood Cliffs, NJI: Prentice-Hall, 1984,

[Gon77] R. C. Gonzalez, Digital Image Processing. Reading, MA: Addison-Wesley, 1977.

[Goo68] 1. W. Gocdman, Introduction to Fourier Optics.  San Francisco, CA: McGraw-
Hill Book Company, 1968,

[Lig60] M. 1. Lighthill, Introduction to Fourier Analysis and Generalized Functions.
London and New York: Cambridge Univ. Press, 1960.

McG74] C. D. McGillem and G. R. Cooper, Continuots end Discrete Signal and System
Analysis. New York, NY: Holt, Rinchart and Winston, 1974,

[Opp75] A. V. Oppenheim and R. V. Schafer, Digital Signal Processing. Englewood
Cliffs, NJ: Prentice-Hall, 1975.

[Pap62] A. Papoulis, The Fourier Integral and Its Applications. New York, NY:
McGraw-Hill, 1962,

[Pra78] W. K. Prant, Digital Image Processing. New York, NY: J. Wiley, 1978.

[Rab75] L. R. Rabiner and B. Gold, Theory and Applications of Digital Signaf
Processing. Englewood Cliffs, NJ: Prentice-Hall, 1975,

[Ros82] A. Rosenfeld and A. C. Kak, Digital Picture Processing, 2nded. New York, NY:
Academic Press, 1982,

[Sch75] M. Schwartz and L. Shaw, Signal Processing: Discrete Spectral Analysis,
Deection, and Estimation. New York, NY: McGraw-Hill, 1975.

SIGNAL PROCESSING FUNDAMENTALS 47





Algorithms for Reconstruction
with Nondiffracting Sources

In this chapter we will deal with the mathematical basis of tomography with
nondiffracting sources. We will show how one can go about recovering the
image of the cross section of an object from the projection data. In ideal
situations, projections are a set of measurements of the integrated values of
some parameter of the object—integrations being along straight lines through
the object and being referred to as line integrals. We will show that the key to
tomographic imaging is the Fourier Slice Theorem which relates the
measured projection data to the two-dimensional Fourier transform of the
object cross section.

This chapter will start with the definition of line integrals and how they are
combined to form projections of an object. By finding the Fourier transform
of a projection taken along paraliel lines, we will then derive the Fourier Slice
Theorem. The reconstruction algorithm used depends on the type of
projection data measured; we will discuss algorithms based on parallel beam
projection data and two types of fan beam data.

3.1 Line Integrals and Projections

A line integral, as the name implies, represents the integral of some
parameter of the object along a line. In this chapter we will not concern
ourselves with the physical phenomena that generate line integrals, but a
typical example is the attenuation of x-rays as they propagate through
biological tissue. In this case the object is modeled as a two-dimensional (or
three-dimensional) distribution of the x-ray attenuation constant and a line
integral represents the total attenuation suffered by a beam of x-rays as it
travels in a straight line through the object. More details of this process and
other examples will be presented in Chapter 4.

We will use the coordinate system defined in Fig. 3.1 to describe line
integrals and projections. In this example the object is represented by a two-
dimensional function f(x, y) and each line integral by the (0, ) parameters.

The equation of line AB in Fig. 3.1 1is

xcosf@+ysinb=¢ (D
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project!o”

fix,y)

Aed

Fig. 3.1:  An object, f(x, y),
and its projection, Py(t)), are

and we will use this relationship to define line integral Py(r) as
shown for an angle of 8. {From
fKak79}.)

W

(2)
Using a delta function, this can be rewritten as
Py(t)= r r JCx, y)d{xcos 6+ y sin 8—1) dx dy.

P=|,  fix.)ds

50

3
The function P,(#) is known as the Radon transform of the function f(x, ).
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P, (t) &
8

Fig. 3.2: Parallel projections are A projection is formed by combining a set of line integrals. The simplest

taken by measuring a set of projection is a collection of parallel ray integrals as is given by P,(¢) for a

mggzmg{g ‘; ;;:;b;;géz ;)  constant 8. This is known as a parallel projection and is shown in Fig. 3.2. It
could be measured, for example, by moving an x-ray source and detector
along parallel lines on opposite sides of an object.

Another type of projection is possible if a single source is placed in a fixed
position relative to a line of detectors. This is shown in Fig. 3.3 and is known
as a fan beam projection because the line integrals are measured along fans,

Most of the computer simulation results in this chapter will be shown for
the image in Fig. 3.4. This is the well-known Shepp and Logan [She74]
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Fig. 3.2 A fan beam projection
is collected if all the rays meet in
one location. (From [Ros82].)

P{t,8,)

P{t.6))

A A

k.. fix,y)

., WA

L

‘‘head phantom,”” so called because of its use in testing the accuracy of
reconstruction algorithms for their ability to reconstruct cross sections of the
human head with x-ray tomography. (The human head is believed to place the
greatest demands on the numerical accuracy and the freedom from artifacts of
a reconstruction method.) The image in Fig. 3.4(a) is composed of 10
ellipses, as illustrated in Fig. 3.4(b). The parameters of these ellipses are
given in Table 3.1.

A major advantage of using an image like that in Fig. 3.4(a) for computer
simulation is that now one can write analytical expressions for the
projections. Note that the projection of an image composed of a number of
ellipses is simply the sum of the projections for each of the ellipses; this
follows from the linearity of the Radon transform. We will now present
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Fig. 3.4: The Shepp and Logan

“head phantom’” is shown in {a).

Most of the computer simulated
resuits in this chapter were
generated using this phantom.
The phantom is a superposition
of 10 ellipses, each with a size
and magnitude as shown in (b).
{From fRos82{.)

]
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(b)

expressions for the projections of a single ellipse. Let f(x, ¥) be as shown in
Fig. 3.5(a), i.e.,

x: . )
p for —t+ S 1 (inside the ellipse)
Jx 9= A* B @)
0 otherwise (outside the ellipse).
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a“(8)
Qé.t\ a%(8) = A% cos?0 + 87 slnlp
LS

¥

&

e

,\%\\
a@\
B &
\ .
A
Flx,¥y} = 0 inside ellipse
=0 outside

Fig. 3.5: (a) An anaiytic
expression is shown for the
projection of an ellipse. For .
computer simulations a projection
can be generated by simply
summing the projection of each
individual ellipse. (b) Shown here

is an ellipse with its cenier located
at (x|, v,) and its major axis
rotated by a. (From {Ros82].} @
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Fig. 3.5: Continued, (b

Table 3.1: Summary of parameters for tomography simulations,

Center Major Minor Rotation  Refractive
Coordinate Axis Axis Angle Index
©, 0) 0.92 0.69 90 2.0
(0, —0.0184) 0.874 0.6624 90 -0.98
0.22, 0) 0.31 0.11 72 -0.02
(—-0.22, O) 0.41 0.16 108 -0.02
(0, 0.35) 0.25 0.21 90 0.01
0, 0.1) 0.046 0.046 0 0.01
©, -0.1) 0.046 0.046 0 0.01
(—0.08, —0.605) 0.046 0.023 0 0.01
0, —0.605) 0.023 0.023 0 0.01
(0.06, —0.605) 0.046 0.023 9% 0.01
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It is easy to show that the projections of such a function are given by

szAB at@) -2 for || =a(®)
Pyy=1 a'® ®
0 |¢] > a(8)

where a%(8) = A%cos?@ + B?sin? #. Note that &(f) is equal to the projection
half-width as shown in Fig. 3.5(a).

Now consider the ellipse described above centered at (x,, y,) and rotated
by an angle « as shown in Fig. 3.5(b). Let P'(#, ¢) be the resulting
projections, They are related to Py(t) in (5) by

Py(t)=Fy_,(t—5 cos (y—8)) ©)
where s = \&f + yil and ¥y = tan~! (3n/x1).

3.2 The Fourier Slice Theorem

We derive the Fourier Slice Theorem by taking the one-dimensional
Fourier transform of a parallel projection and noting that it is equal to a slice
of the two-dimensional Fourier transform of the original object. It follows
that given the projection data, it should then be possible to estimate the object
by simply performing a two-dimensional inverse Fourier transform.

We start by defining the two-dimensional Fourier transform of the object
function as

Pa, = " fix, ye-rmusson ax gy, @

Likewise define a projection at an angle 8, P;(?), and its Fourier transform by
Siwy={"_ Ponye-szm at, )

The simplest example of the Fourier Slice Theorem is given for a
projection at @ = 0. First, consider the Fourier transform of the object along
the line in the frequency domain given by v = 0. The Fourier transform
integral now simplifies to
Fu,0=" {7 o, pye-r=avay ©)
but becanse the phase factor is no longer dependent on y we can split the
integral into two parts,

F, °)=5:, [ S:nf( . ¥) dy] e~ gy, (10)

From the definition of a parallel projection, the reader will recognize the term
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Fig. 3.6: The Fourier Slice
Theorem relates the Fourier

transform of a projection to the
Fourier transform of the object

along a radial line. (From
{Pan83}.)

in brackets as the equation for a projection along lines of constant x or
Proot)= {6 ) ay. an

Substituting this in (1¢) we find

F(u, 0)= r Pyo(x)e-me gy, (12)
The right-hand side of this equation represents the one-dimensional Fourier
transform of the projection Py_,; thus we have the following relationship
between the vertical projection and the 2-D transform of the object function:

F(u, 0)=Ss_o(ts). 3)

This is the sirnplest form of the Fourier Slice Theorem. Clearly this result
is independent of the orientation between the object and the coordinate
system, If, for example, as shown in Fig. 3.6 the (¢, 5) coordinate system is
rotated by an angle 8, the Fourier transform of the projection defined in (11)
is equal to the two-dimensional Fourier transform of the object along a line
rotated by 6. This leads to the Fourier Slice Theorem which is stated as
[Kak85):

The Fourier transform of a parallel projection of an image f{(x, y)
taken at angle @ gives a slice of the two-dimensional transform,
F(u, v), subtending an angle & with the w-axis. In other words,
the Fourier transform of Py(¢) gives the values of F(u, v) along
line BB in Fig. 3.6.

Fourier transform

space domain frequency domain
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The derivation of the Fourier Slice Theorem can be placed on a more solid
foundation by considering the (¢, s) coordinate system to be a rotated version
of the original (x, y) system as expressed by

H ¢os @ sin 0 X
[s]=[—sin8cos 6] [y] ) (14

In the (¢, 5) coordinate system a projection along lines of constant ¢ is written

rm={"_ra s ds (15)

and from (8) its Fourier transform is given by

Sy(w)= r,, Po(sye-itw g, ®)

Substituting the definition of a projection into the above equation we find

Sp(w) = 5 : [ 12, $) d’s] e12ew gy, (16)

This result can be transformed into the (x, y) coordinate system by using the
relationships in (14}, the result being

son=[" |7 st ppe-srmwaserson gy gy (1)

The right-hand side of this equation now represents the two-dimensional
Fourier transform at a spatial frequency of (# = wcos 8, v = wsin 8) or

Sy(w)=F(w, 0)=F(w cos 8, w sin #). (18)

This equation is the essence of straight ray tomography and proves the
Fourier Slice Theorem.

The above result indicates that by taking the projections of an object
function at angles 8,, 8, - - -, 8, and Fourier transforming each of these, we
can determine the values of F(u, v} on radial lines as shown in Fig. 3.6. If an
infinite number of projections are taken, then F, v) would be known at all
points in the wv-plane. Knowing F(u, v), the object function f(x, ¥) can be
recovered by using the inverse Fourier transform:

£ y)= E: E: F(u, v)ei™0a+e2) gy dy, 19

If the function f(x, ¥)isbounded by —A/2 < x << A/2and —A/2 < y <
A/2, for the purpose of computation (19) can be written as

fix, }’)=$ 2 2 F (; , %) gilrim/A)c+(n/A)y) (20)
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Fig. 3.7: Collecting projections
of the object at a number of
angles gives estimates of the
Fourier transform of the object
along radial lines. Since an FFT
algorithm is used for
transforming the data, the dots
represent the actual focation of
estimates of the object’s Fourier
transform. (From [Pan83].)

for

A A A A
-— — - —. 21
2<J|c-<2and 2<y<2 {21)

Since in practice only a finite number of Fourier components will be known,
we can write

1 N2 N72 m n
f(x’ y)z_z 2 2 F( _) eI/ AN+ (A} y) (22)

A mu =N/2 p= - N/2 A A
for
A A A A
——<x<—and——<y<— 23
2 °%2 2 V<3 @3

where we arbitrarily assume N to be an even integer. It is clear that the spatial
resolution in the reconstructed picture is determined by N. Equation (22) can
be rapidly implemented by using the fast Fourier transform (FFT) algorithm
provided the N2 Fourier coefficients F(m/A4, n/A) are known,

In practice only a finite number of projections of an object can be taken. In
that case it is clear that the function F(u, v) is only known along a finite
number of radial lines such as in Fig. 3.7. In order to be able to use (22) one
must then interpolate from these radial points to the points on a square grid.,
Theoretically, one can exactly determine the N2 coefficients required in (22)
provided as many values of the function F(u, v) are known on some radial
lines [Cro70]. This calculation involves solving a large set of simultaneous
equations often leading to unstable solutions. It is more common to determine
the values on the square grid by some kind of nearest neighbor or linear
interpolation from the radial points. Since the density of the radial points
becomes sparser as one gets farther away from the center, the interpolation
error also becomes larger. This implies that there is greater error in the
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calculation of the high frequency components in an image than in the low
frequency ones, which results in some image degradation.

3.3 Reconstruction Algorithms for Parallel Projections

The Fourier Slice Theorem relates the Fourier transform of a projection to
the Fourier transform of the object along a single radial. Thus given the
Fourier transform of a projection at enough angles the projections could be
assembled into a complete estimate of the two-dimensional transform and
then simply inverted to arrive at an estimate of the object. While this provides
a simple conceptual model of tomography, practical implernentations require
a different approach.

The algorithm that is currently being used in almost 2ll applications of
straight ray tomography is the filtered backprojection algorithm. It has been
shown to be extremely accurate and amenable to fast implementation and will
be derived by using the Fourier Slice Theorem. This theorem is brought into
play by rewriting the inverse Fourier transform in polar coordinates and
rearranging the limits of the integration therein. The derivation of this
algorithm is perhaps one of the most illustrative examples of how we can
obtain a radically different computer implementation by simply rewrit-
ing the fundamental expressions for the underlying theory.

In this chapter, derivations and implementation details will be presented for
the backprojection algorithms for three types of scanning geometries, parallel
beam, equiangular fan beam, and equispaced fan beam. The computer
implementation of these algorithms requires the projection data to be sampled
and then filtered. Using FFT algorithms we will show algorithms for fast
computer implementation. Before launching into the mathematical deriva-
tions of the algorithms, we will first provide a bit of intuitive rationale behind
the filtered backprojection type of approach. If the reader finds this
presentation e¢xcessively wordy, he or she may go directly to Section 3.3.2.

3.3.1 The Idea

The filtered backprojection algorithm can be given a rather straightforward
intuitive rationale because each projection represents a nearly independent
measurement of the object. This isn't obvious in the space domain but if the
Fourier transform is found of the projection at each angle then it follows
easily by the Fourier Slice Theorem. We say that the projections are nearly
independent (in a loose intuitive sense)} because the only common information
in the Fourier transforms of the two projections at different angles is the de
term,

To develop the idea behind the filtered backprojection algorithm, we note
that because of the Fourier Slice Theorem the act of measuring a projection
can be seen as performing a two-dimensional filtering operation. Consider a
single projection and its Fourier transform. By the Fourier Slice Theorem,
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Fig. 3.8: This figure shows the
freguency domain data available
from one projection. (a) is the
ideal situation. A reconstruction
could be formed by simply
summing the reconstruction from
each angle umiil the entire
Jrequency domain is filled. What
is actually measured is shown in
(b). As predicted by the Fourier
Stice Theorem, a projection gives
information abour the Fourier
transform of the object along a
single line. The filtered
backprojection algorithm takes
the data in (b) and applies a
weighting in the frequency
domain so that the data in (c) are
an approximation to those in fa).

this projection gives the values of the object’s two-dimensional Fourier
transform along 2 single line. If the values of the Fourier transform of this
projection are inserted into their proper place in the object’s two-dimensional
Fourier domain then a simple (albeit very distorted) reconstruction can be
formed by assuming the other projections to be zero and finding the two-
dimensional inverse Fourier transform. The point of this exercise is to show
that the reconstruction so formed is equivalent to the original object’s Fourier
transform multiplied by the simple filter shown in Fig. 3.8(b).

What we really want from a simple reconstruction procedure is the sum of
projections of the object filtered by pie-shaped wedges as shown in Fig.
3.8(a). It is important to remember that this summation can be done in either
the Fourier domain or in the space domain because of the linearity of the
Fourier transform. As will be seen later, when the summation is carried out in
the space domain, this constitutes the backprojection process.

As the name implies, there are two steps to the filtered backprojection
algorithm: the filtering part, which can be visnalized as a simple weighting of
each projection in the frequency domain, and the backprojection part, which
is equivalent to finding the elemental reconstructions corresponding to each
wedge filter mentioned above.

The first step mentioned above accomplishes the following: A simple
weighting in the frequency domain is used to take each projection and
estimate a pie-shaped wedge of the object’s Fourier transform. Perhaps the
simplest way to do this is to take the value of the Fourier transform of the
projection, Sy(w), and multiply it by the widih of the wedge at that frequency.
Thus if there are X projections over 180° then at a given frequency w, each
wedge has a width of 2x|w|/K. Later when we derive the theory more
rigorously, we will see that this factor of |w| represents the Jacobian for a
change of variable between polar coordinates and the rectangular coordinates
needed for the inverse Fourier transform.

The effect of this weighting by 2#|w|/K is shown in Fig. 3.8(c).
Comparing this to that shown in (a) we see that at each spatial frequency, w,
the weighted projection, (27| w|/K)S,(w), has the same ‘‘mass’’ as the pie-
shaped wedge. Thus the weighted projections represent an approximation to
the pie-shaped wedge but the error can be made as small as desired by using
enough projections.

The final reconstruction is found by adding together the two-dimensional
inverse Fourier transform of each weighted projection. Because each

&= =

(s} (b (e}
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Fig. 3.9: A projection of an

eflipse is shown in fa}. (b} shows

rhe projection after ir has been
filtered in preparation for
backprojection.

projection only gives the values of the Fourier transform along a single line,
this inversion can be performed very fast. This step is commonly called a
backprojection since, as we will show in the next section, it can be perceived
as the smearing of each filtered projection over the image plane.

The complete filtered backprojection algorithm can therefore be written as:

Sum for each of the K angles, 8, between 0 and 180°
Measure the projection, Py(¥)
Fourier transform it to find Sg(w)
Multiply it by the weighting function 2x|w|/K
Sum over the image plane the inverse Fourier transforms of the
filtered projections (the backprojection process).

There are two advantages to the filtered backprojection algorithm over a
frequency domain interpolation scheme. Most importantly, the reconstruction
procedure can be started as soon as the first projection has been measured.
This can speed up the reconstruction procedure and reduce the amount of data
that must be stored at any one time. To appreciate the second advantage, the
reader must note (this will become clearer in the next subsection) that in the
filtered backprojection algorithm, when we compute the contribution of each
filtered projection to an image point, interpolation is often necessary; it turns
out that it is wsually more accurate to carry out interpolation in the space
domain, as part of the backprojection or smearing process, than in the
frequency domain. Simple linear interpolation is often adequate for the
backprojection algorithm while more complicated approaches are needed for
direct Fourier domain interpolation [Sta811.

In Fig. 3.9(a) we show the projection of an ellipse as calculated by (5). To
perform a reconstruction it is pecessary to filter the projection and then
backproject the result as shown in Fig. 3.9(b). The result due to backproject-

(@) )
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Fig. 3.10:  The result of
backprojecting the projection in
Fig. 3.9 is shown here. {a} shows
the result of backprojecting for a
single angle, (b} shows the effect
of backprojecting over 4 angles,
(¢} shows 64 angles, and (d}
shows 512 angles.

ing one projection is shown in Fig. 3.10. It takes many projections to
accurately reconstruct an object; Fig. 3.10 shows the result of reconstructing
an object with up to 512 projections.

3.3.2 Theory

We will first present the backprojection algorithm for parallel beam
projections. Recalling the formula for the inverse Fourier transform, the
object function, f(x, y), can be expressed as

Fx, y)= j 5 F(u, v)e/trta+er) dy dy, 24)
Exchanging the rectangular coordinate system in the frequency domain, (u,
v), for a polar coordinate system, (w, ), by making the substitutions

u=wcos @ (25)
v=w sin # 26)
and then changing the differentials by using
du dv=w dw d@ 27
{a) 1 projection (b) 4 projections

{c} &4 projections {d) 512 projections
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we can write the inverse Fourier transform of a polar function as
2x
0

Jx = | 5: F(w, 0)e/tmwis cos0+ysin 0y gy g, 28)

This integral can be split into two by considering @ from 0° to 180° and then
from 180° o 360°,

Sflx, )= r r F(w, )e/trwircsttysinbyy dw 49
0 Yo
+ §' Yﬂ F(W, 8+ 180°)e.521rw[xcos{ﬂ+180°)+ysin (9+180°]]w dw dg’
8 Vo
29
and then using the property

F(w, 8+180°)=F(-w, 8) (30)

the above expression for f(x, ¥) may be written as

Jix, y)=§: [Stm Fw, 3)|w|e12rm dw] de. 31)

Here we have simplified the expression by setting
t=xcos 8+ysiné. (32)

If we substitute the Fourier transform of the projection at angle 8, Sy(w), for
the two-dimensional Fourier transforrn F(w, @), we get

Fx )= L [ 5: Sy(w)| w|es2r™ d’w] ds. 33)
This integral in (33) may be expressed as
S5, )= Qutex cos b+ sin 6) df a4)
where
Q=" siw)lwle= aw. (35)

This estimate of f(x, ¥}, given the projection data transform Sy(w), has a
simple form. Equation (35) represents a filtering operation, where the
frequency response of the filter is given by |w/|; therefore Qy(w) is called a
““filtered projection.”” The resulting projections for different angles @ are then
added to form the estimate of f{x, y).

Equation (34) calls for each filtered projection, Oy, to be ‘‘backpro-
jected." This can be explained as follows. To every point (x, ¥} in the image
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Fig. 3.11: Reconstructions are
offten done using a procedure
known as backprojection, Here a
Sfiltered projection is smeared
back over the reconsiruction
plane along lines of constant 1.
The filtered projection at a point
t makes the same contribution to
all pixels along the line LM in the
x-y plane, {From [Ros82].)

plane there corresponds a value of ¢+ = x cos 8 + y sin & for a given value of
8, and the filtered projection Q, contributes to the reconstruction its value at ¢
(=x cos & + y sin #). This is further illustrated in Fig. 3.11. It is easily
shown that for the indicated angle #, the value of £ is the same for all (x, ¥) on
the line LM. Therefore, the filtered projection, Oy, will make the same
contribution to the reconstruction at all of these points. Therefore, one
could say that in the reconstruction process each filtered projection, Qy, is
smeared back, or backprojected, over the image plane.

The parameter w has the dimension of spatial frequency. The integration in
(35) must, in principle, be carried out over all spatial frequencies. In practice
the energy contained in the Fourier transform components above a certain
frequency is negligible, so for all practical purposes the projections may be
considered to be bandlimited. If W is a frequency higher than the highest
frequency component in each projection, then by the sampling theorem the
projections can be sampled at intervals of

1
= 3
W (36)

without introducing any error. If we also assume that the projection data are
equal to zero for large values of |#} then a projection can be represented as

-N N
T “',0"”’__1 (3?)

PomT), =,
e (mT) m=— >

for some (large) value of N. An FFT algorithm can then be used to

Qﬂi {t)

t={xcosd +ysind}
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approximate the Fourier transform S;(w) of a projection by

QW 1 w~a-1 k
Se(w)y=S (m —-—) =— P, (—) e tmkiN) - (3R)
N k:ZNI’Z 2 W

Given the samples of a projection, (38) gives the samples of its Fourier
transform. The next step is to evaluate the ‘*modified projection™ Qy(r)
digitally. Since the Fourier transforms S,(w) have been assumed to be
bandlimited, (35) can be approximated by

W
Q0= Ssw)|wler dw (39)
=ﬂ/ 3 Sa (m ﬂ;) m z_..u: e/ ImEWiNy {40)
N m= - N/2 N N

provided N is large enough. Again, if we want to determine the projections
Qs(¢) for only those ¢ at which the projections Py(f) are sampled, we get

o(3)-(%) £, ()%

me= ~N/2

ejlr(mka} (41)

k=-=N72, -+, -1,0,1, -+, N/2. (42)

By the above equation the function Qy(f) at the sampling points of the
projection functions is given (approximately) by the inverse DFT of the
product of Sy(m(2 W/ N and |m(2 W/ N)|. From the standpoint of noise in
the reconstructed image, superior results are usually obtained if one
multiplies the filtered projection, S;(2W/N)|m(2W/N)|, by a function
such as a Hamming window [Ham77]:

k W N2 2w
o(57)~(5) £ s (»%)
Hm =MD
W 2W .
. ‘m %__I H (m _) e;z:(mkm"’) (43)
N N

where H(m(2 W/ N)) represents the window function used. The purpose of
the window function is to deemphasize high frequencies which in many cases
represent mostly observation noise. By the familiar convolution theorem for
the case of discrete transforms, (43) can be written as

k 2W k k
o (53)-% () (%) “

where * denotes circular (periodic) convolution and where ¢(k/2 W) is the
inverse DFT of the discrete function |[mQW/NYH(mQ2W/N), m =
-N/2, -, —1,0,1, -+, N/2,
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Clearly at the sampling points of a projection, the function (y(¢) may be
obtained either in the Fourier domain by using (40), or in the space domain by
using (44). The reconstructed picture f{x, ¥} may then be obtained by the
discrete approximation to the integral in (34), i.e.,

K
S5, 3)=2 3 Ol cos 8+ sin ) (45)

i=1

where the K angles 8; are those for which the projections Py{f) are known.

Note that the value of x cos 8; + ¥ sin ; in {45} may not correspond to one
of the values of ¢ for which Oy, is determined in (43) or in (44). However, Oy,
for such f may be approximated by suitable interpolation; often linear
interpolation is adequate.

Before concluding this subsection we would like to make two comments
about the filtering operation in (35). First, note that (35) may be expressed in
the {-domain as

Q0= | Poterp(t~a) da (46)

where p(f) is nominally the inverse Fourier transform of the |w| function in
the frequency domain. Since |w| is not a square integrable function, its
inverse transform doesn’t exist in an ordinary sense. However, one may
examine the inverse Fourier transform of '

| wle=el! é7
as ¢ = (. The inverse Fourier transform of this function, denoted by p.(¢), is
given by
e2—(2x1)?
€2+ Qxn)?)?’
This function is sketched in Fig. 3.12. Note that for large £ we get p.(¢) =
—-1/(2x )2

Now our second comment about the filtered projection in (35): This
equation may also be written as

p((t) = (48)

Qe()= r_ﬂ F2rwSy(w) [g sgn (w)] efImwt dy (49)
where
_ 1 for w>0
sgn (w)= [ -1 for w<0. G0

By the standard convolution theorem, this equation may be expressed as

Qu(f)= {IFT of j2xrwSy(w)} * {IFT of 2_—: sgn (W)} 51
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Fig. 3.12: An approximation to
the impulse response of the ideal
backprojection filter is shown
here, (From {Ros82].)

]

&
%)=
[

where the symbol * denotes convolution and the abbreviation IFT stands for
inverse fast Fourier transform. The IFT of j2xwSy{w) is (8/0f)Py(f) while
the IFT of ( — j/27) sgn (w) is 1/¢. Therefore, the above result may be written
as

1 Py
= % 52
Q=5 "o 62
aP,(¢
= Hilbert Transform of ;:( ) (53)

where, expressed as a filtering operation, the Hilbert Transform is usually
defined as the following frequency response:

H={ 5 00 (54
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3.3.3 Computer Implemeniation of the Algorithm

Let’s assume that the projection data are sampled with a sampling interval
of r cm, If there is no aliasing, this implies that in the transform domain the
projections don’t contain any energy outside the frequency interval (— W,
W) where

1
W =— cycles/cm. (55)
27

Let the sampled projections be represented by Py(k7) where k takes integer
values. The theory presented in the preceding subsection says that for each
sampled projection Py(k7) we must generate a filtered Qp(47) by using the

periodic (circular) convolution given by (40), Equation (40) is very attractive

since it dlrectly conforms to the dcﬁnmon of the DFT and if Nis
decomposable, possesses a fast FFT implementation. However, note that (40)
is only valid when the projections are of finite bandwidth and finite order.
Since these two assumptions (taken together) are nmever strictly satisfied,

comiiputer processing based on (40) usually leads to interperiod inteiference
anifacts created when an aperiodic convolution (required by (35)) is
implemented as a periodic convolution. This is illustrated in Fig. 3.13. Fig.
3.13(a) shows a reconstruction of the Shepp and Logan head phantom from
110 projections and 127 rays in each projection using (40) and (45). Equation
(40) was implemented with a base 2 FFT algorithm using 128 points. Fig.
3.13(b) shows the reconstructed values on the horizontal line for y =
—0.605. For comparison we have also shown the values on this line in the
original object function,

The comparison illustrated in Fig. 3.13(b) shows that reconstruction based
on (42) and (45} introduces a slight ‘‘dishing”’ and a dc shift in the image.
These artifacts are partly caused by the periodic convolution implied by (40)
and partly by the fact that the implementations in (40) “*zero out”’ all the
information in the continuous frequency domain in the cell represented by m
= 0, whereas the theory (eq. (35)) calls for such “‘zeroing out’” to occur at
only one frequency, viz. w = 0. The contribution to these artifacts by the
interperiod interference can be eliminated by adequately zero-padding the
projection data before using the implementations in (42) or (43).

Zero-padding of the projections also reduces, but never completely
eliminates, the contribution to the artifacts by the zeroing out of the
information in the m = 0 cell in (40). This is because zero-padding in the
space domain causes the cell size to get smaller in the frequency domain. (If
Ngpr points are used for performing the discrete Fourier transform, the size
of each sampling cell in the frequency domain is equal to 1/Nger7.) To
illustrate the effect of zero-padding, the 127 rays in each projection in the
preceding example were padded with 129 zeros to make the data string 256
elements long. These data were transformed by an FFT algorithm and filtered
with a |w| function as before. The y = ~0.605 line through the
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Fig. 3.13: () This
reconstruction of rhe Shepp and
Logan phantom shows the
arftifacts caused when the
profection data are not
adeguately zero-padded and FFTs
are used to perform the filtering
operation in the filtered
backprojection algorithm. The
dark regions ai the top and the
bottom of the reconstruction are
the most visible artifacts here.
This 128 x 128 reconstruction
was made from 110 projections
with 127 rays in each projection.
{b) A numerical comparison of
the true and the reconsiructed
values on the y = —0.605 line.
(For the location of this line see
Fig. 3.4.) The “dishing’’ and the
dc shift artifacts are quire evident
in this comparison. {¢) Shown
here are the reconstructed values
obtained on the y = —0.605 fine
if the 127 rays in each projection
are zero-padded to 236 points
before using the FFTs, The
dishing caused by interperiod
interference has disappeared;
however, the dc shift stilt
remains. {From fRos82].)
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Fig. 3.13: Continued.
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reconstruction is shown in Fig. 3.13(c), demonstrating that the dishing
distortion is now less severe,

We will now show that the artifacts mentioned above can be eliminated by
the following alternative implementation of (35) which doesn’t require the
approximation used in the discrete representation of (40). When the highest
frequency in the projections is finite (as given by (553)), (35) may be
expressed as

Q=" SiwHW)er ™ dw (56)
where
H(w)=|w|b,(w) 57
where, again,
onco={} <

H(w), shown in Fig. 3.14, represents the transfer function of a filter with
which the projections must be processed. The impulse response, #(f), of this
filter is given by the inverse Fourier transform of H(w) and is

() = i: H(w)etit g (59)

1 sin27x¢/27 1 sin wf/2r\2
—_— (60)

=2_'."2 2xt/27 _@ wt/2r
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Fig. 3.14:  The ideal filter
response for the filtered
backprojection algorithm is
shown here. It has been
bandlimited ro 1/27. (From
{Ros821.}
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Fregquency (w) ——=

where we have used (55). Since the projection data are measured with a
sampling interval of 7, for digital processing the impulse response need only
be known with the same sampling interval. The samples, h{n1), of h{¢) are
given by

1/472, n=40

0, 1 even (61)
h(nt)=

T Mol

This function is shown in Fig. 3.15.
Since both Py(¢) and A{f) are now bandlimited functions, they may be
expressed as

Pi= 3 Pykr) 27U —k7) 62

’ )"hz_m olT 2eW{(t—kr) )
il i Wiit—k

h(r)= E hkn) sin 2x W (¢ r). ©3)

2 W(t—k7)

k= -

By the convolution theorem the filtered projection (56) can be written as

0={"_ Pne-r)dr. ©4)
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Fig. 3.15: The impulse response
af the filter shown in Fig. 3.14 is
shown here, (From [Ros82}.)
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Substituting (62) and (63) in (64) we get the following result for the values of
the filtered projection at the sampling points:

Ounry=r S h(nr—kr)Potkr). 65)

k=—=

In practice each projection is of only finite extent. Suppose that each Py(k7) is
zero outside the index range kK = 0, -++, N — 1. We may now write the

following two equivalent forms of (65):

QOuinry=r1 Nil hinr— k1) Py(kr), n=0,1,2,+,N-1 (66)
k=0
or
Qe(nr)=71 NE_I h(kr)Pylnr — k1), n=0,1,2,---, N=1. (67)
k= (=T
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Fig. 3.16: The DFT of the
bandiimited filter (broken line}
and that of the ideal filter {solid
line} are shown here. Novice the
primary difference is in the dc
component. (From [Ros82].)
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These equations imply that in order to determine Qy{nr) the length of the
sequence A(nt) used should be from/ = —(N - IYtol = (N - 1). Itis
important to realize that the results obtained by using (66) or (67) aren’t
identical to those obtained by using (42). This is because the discrete Fourier
transform of the sequence h(nr) with » taking values in a finite range [such as
when r ranges from — (N — 1) to (W — 1)] is not the sequence |K[(2 W)/
N1j. While the latter sequence is zero at kK = 0, the DFT of h(nr) with n
ranging from —(N — 1) to (N — 1) is nonzero at this point. This is
illustrated in Fig. 3.16.

The discrete convolution in (66) or (67) may be implemented directly on &
general purpose computer. However, it is much faster to implement it in the
frequency domain using FFT algorithms. [By using specially designed
hardware, direct implementation of (66) can be made as fast or faster than the
frequency domain implementation.] For the frequency domain implementa-
tion one has to keep in mind the fact that one can now only perform periodic
(or circular) convolutions, while the convolution required int (66) is aperiodic.
To eliminate the interperiod interference artifacts inherent to periodic
convolution, we pad the projection data with a sufficient number of zeros. It
can easily be shown [Jak76] that if we pad Py(k7) with zeros so that it is 2N
— 1) elements long, we avoid interperiod interference over the N samples of
Qpl{k 7). OF course, if one wants to use the base 2 FFT algorithm, which is
most often the case, the sequences Py(k7) and A(k7) have to be zero-padded
so that each is (ZN — 1), elements long, whete (2N — 1); is the smallest
integer that is a power of 2 and that is greater than 2N — 1. Therefore, the
frequency domain implementation may be expressed as

Qylnr) =7 XIFFT {[FFT Py(n7) with ZP] x [FFT h(n7) with ZP]}, (68)
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where FFT and IFFT denote, respectively, fast Fourier transform and inverse
fast Fourier transform; ZP stands for zero-padding. One usually obtains
superior reconstructions when some smoothing is also incorporated in (68).
Smoothing may be impiemented by muliiplying the product of the two FF1s
by a Hamming window. When such a window is incorporated, (68) may be
rewritten as

Os(nT) =7 X IFFT {[FFT Py(nr) with ZP]
x {FFT h(nr) with ZP] X smoothing — window}. (69)

After the filtered projections Qy(nr) are calculated with the alternative
method presented here, the rest of the implementation for reconstructing the
image is the same as in the preceding subsection. That is, we use (45) for
backprojections and their summation. Again for a given (x, ¥) and 6; the
argument x cos f; + y sin 6; may not correspond to one of the k7 at which Qy,
is kmown. This will call for interpolation and often linear interpolation is
adequate. Sometimes, in order to eliminate the computations required for
interpolation, preinterpolation of the functions (1) is also used. In this
technique, which can be combined with the computation in (69), prior to
backprojection, the function Qy(f) is preinterpolated onto 10 to 1000 times
the number of points in the projection data. From this dense set of points one
simply retains the nearest neighbor to obtain the value of Oy, at x cos §; + y
sin 6;. A variety of techniques are available for preinterpolation [Sch73].

One method of preinterpolation, which combines it with the operations in
{69), consists of the following: In {(69), prior to performing the IFFT, the
Jrequency domain function is padded with a large number of zeros. The
inverse transform of this sequency yields the preinterpolated Q. It was
recently shown [Kea78] that if the data sequence contains *‘fractional’’
frequencies this approach may lead to large errors especially near the
beginning and the end of the data sequence. Note that with preinterpolation
and with appropriate programming, the backprojection for parallel projection
data can be accomplished with virtually no multiplications.

Using the implementation in (68), Fig. 3.17(b) shows the reconstructed
values on the line y = —0.605 for the Shepp and Logan head phantom.
Comparing with Fig, 3.13(b), we see that the dc shift and the dishing have
been eliminated. Fig. 3.17(a) shows the complete reconstruction. The
number of rays used in each projection was 127 and the number of projections
100. To make convolutions aperiodic, the projection data were padded with
zeros to make each projection 256 elements long.

3.4 Reconstruction from Fan Projections

The theory in the preceding subsections dealt with reconstructing images
from their parallel projections such as those shown in Fig. 3.1. In generating
these parallel data a source-detector combination has to linearly scan over the
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Fig. 3.17: {a) Reconstruction
obiained by using the filter shown
in Fig. 3.16. The 127 rays in the
projection were zero-padded so
thar each projection was 256
elements long. The unit sample
response H{nt) was used with n
renging from — 128 to 127,
yielding 256 points for this
Sunction. The number of
Projections was 100 and the
display matrix size is 128 x 128,
(b} A numerical comparison of
the y = —0.605 fine of the
reconstruction in (a) with the true
values. Note that the dishing and
de shift artifacts visible in Fig.
3.13 have disappeared. (From
fRos82}.)
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length of a projection, then rotate through a certain angular interval, then scan
linearly over the length of the next projection, and so on. This usually results
in times that are as long as a few minutes for collecting all the data. A much
faster way to generate the line integrals is by using fan beams such as those
shown in Fig. 3.3. One now uses a point source of radiation that emanates a
fan-shaped beam. On the other side of the object a bank of detectors is used to
make all the measurements in one fan simultaneously. The source and the
entire bank of detectors are rotated to generate the desired number of fan
projections. As might be expected, one has to pay a price for this simpler and
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faster method of data collection; as we will see later the simple backprojec-
tion of parallel beam tomography now becomes a weighted backprojection.

There are two types of fan projections depending upon whether a
projection is sampled at equiangular or equispaced intervals. This difference
is illustrated in Fig. 3.18. In (a) we have shown an equiangular set of rays. If
the detectors for the measurement of line integrals are arranged on the
straight line D, D,, this implies unequal spacing between them. If, however,
the detectors are arranged on the arc of a circle whose center is at S, they may
now be positioned with equal spacing along this arc (Fig. 3.18(b)). The
second type of fan projection is generated when the rays are arranged such
that the detector spacing on a straight line is now equal (Fig. 3.18(c)). The
algorithms that reconstruct images from these two different types of fan
projections are different and will be separately derived in the following
subsection.

3.4.1 Equiangular Rays

Let Ry(y) denote a fan projection as shown in Fig. 3.19. Here £ is the
angle that the source .S makes with a reference axis, and the angle +y gives the
location of a ray within a fan. Consider the ray SA. If the projection data
were generated along a set of parallel rays, then the ray S4 would belong to a
parallel projection Py(r) for & and ¢ given by

@=8+vy and ¢=Dsin~ (70)

where D is the distance of the source S from the origin O. The relationships
in (70} are derived by noting that all the rays in the parallel projection at angle
8 are perpendicular to the line PQ and that along such a line the distance OB is
equal to the value of f. Now we know that from parallel projections Py (¥) we
may reconstruct f(x, ») by

70 9= ™ Poeyhix cos 0+ sin 01 dr b an
0 Y1,

where ¢, is the value of ¢ for which Py(t) = 0 with |¢| > ¢,, in all projections.

This equation only requires the parallel projections to be collected over 180°.

However, if one would like to use the projections generated over 360°, this

equation may be rewritten as

1 20 poy
e, 9)=3 50 5 Py(Oh(x cos 0+ sin §~1) de db.  (72)
™

Derivation of the algorithm becomes easier when the point {x, ¥) {marked C
in Fig, 3.20) is expressed in polar coordinates {r, ¢), that is,

x=rcos¢  y=rsino. (73
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Fig. 3.18: Two different types
of fan beams are shown here, In
fa) the angle between rays is
constant but the detector spacing
is uneven, If the detectors are
placed along a circle the spacing
will then be equal as shown in
th). As shown in (c) the detectors
can be arranged with constant
spacing along a line bur then the
angle between rays is not
consiant. (From {Ros82f.)
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Fig, 3.18: Continued.

Angular interval
between rays
is NDT equal

Rays arranged
vith equal
detector spacing

(c)

The expression in (72) can now be written as

e ¢)=-;- i

=1

Py(tyh(r cos (0— ¢)—1) dt do. a4

Using the relationships in (70), the double integration may be expressed in
terms of v and 8,

sin—1 (£, /D)

1 pzr-v
seor=3 {7 Py sin y)h(r cos (B+y— )

—sin= Lt/ D)
—dsiny)Dcosydyd8 (75

where we have used dr df = D cos v dvy dfB. A few observations about this
expression are in order. The limits —v to 2x — -y for 8 cover the entire range
of 360°. Since all the functions of 8 are periodic (with period 2 %) these limits
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Fig. 3.19:  An equiangufar fan is
shown here. Each ray is identified
by its angle v from the central
ray. {From [Ros82].)

fan projection

Ry (v}

may be replaced by 0 and 2, respectively. Sin~! (#,,/D) is equal to the value
of v for the extreme ray SE in Fig. 3.19. Therefore, the upper and lower
limits for ¥ may be written as «y,, and —v,,, respectively. The expression
P, (D sin ) corresponds to the ray integral along SA in the parallel
projection data Pe{¢). The identity of this ray integral in the fan projection
data is simply Rz(y). Introducing these changes in (75) we get

L]

1 *
7, 8)=3 . |7 Rerhir cos (B+y=9) =D sin D cos  dy d.
o

76)

In order to exptess the reconstruction formula given by (76} in a form that
can be easily implemented on a computer we will first examine the argument
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Fig. 3.20: This figure illusirates
that L is the distance of the pixel
at location {(x, y) from the source
S; and v is the angle that the
source-to-pixel line subtends with
the central ray. (From [Ros82].)

of the function k. The argument may be rewritten as

reos (B+y—¢)—Dsiny
=rcos (8—¢) cos y—[rsin (f—¢)+ D] sin v, 77

Let L be the distance from the source S to a point (x, ¥) {or {r, ¢) in polar
coordinates] such as € in Fig. 3.20. Clearly, L is a function of three
variables, r, ¢, and 8. Also, let ¥’ be the angle of the ray that passes through
this point (r, ¢). One can now easily show that

L cos ¥’ =D+r sin (B—¢)
L sin v’ =rcos {(8—¢). (78)

Note that the pixel location (r, ¢) and the projection angle 8 completely
determine both L and v

L(r, ¢, B)=~[D+r sin (8—$))*+[r cos (8- )]? 79

and

rcos (B—¢)

v =tan”! ———— |
D+rsin (8—-9)

(80
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Using (78) in (77) we get for the argument of A
reos (B+y—¢)—Dsiny=L sin{y" —7) (81)
and substituting this in (76) we get

1 T ["fm R
1, 9)=5 {7 §™ Remh(Lsin (' ~9nD cos y dy ds. (8

We will now express the function A(L sin (y* — +)) in terms of A(f). Note
that A(f) is the inverse Fourier transform of |w| in the frequency domain:

=" wles aw. (83)
Therefore,
P(Lsiny)=" [wlezmmLsn . (84)

Using the transformation

, wLsiny
Ww=—

(8%)

¥

we can write
. Y 2 = ,

(L sin y)={ — {7 1w lerenr aw (86)

L sin ¥ —=

¥ 2
=( _ ) h(y). 87)
L sin

Therefore, (82) may be written as

Ir

]. Y
reo= " Re -vDcosyayas @)

0o L2
where

1 ¥ 2
g(‘r)=5 (——) hiv). (89)
sin

For the purpose of computer implementation, (88) may be interpreted as a
weighted filtered backprojection algorithm. To show this we rewrite (88) as
follows:

= ]
s 9=§" 75 00 a8 90)

82
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where

Qs(v)=Rg(v) * g(v) 91)
and where
Ri(v)=Rs(y) - D - cos v. (52)
This calls for reconstructing an image using the following three steps:
Step 1:
Assume that each projection Rg(y) is sampled with sampling interval a.
The known data then are Rg,(na) where n takes integer values. §; are the

angles at which projections are taken. The first step is to generate for
each fan projection Ry (na) the corresponding R (na) by

Ré{,(na] =Rg(na) + D+ cos na. X))
Note that # = 0 corresponds to the ray passing through the center of the
projection.
Step 2:

Convolve each modified projection R é,.(na) with g(n«) to generate the
corresponding filtered projection:

Qp;(ney =R (noyxg(ne). (54)

To perform this discrete convolution using an FFT program the function
R (na) must be padded with a sufficient number of zeros to avoid
interperiod interference artifacts. The sequence g(nra) is given by the
samples of (89):

g(na}:l( o )2h(na}. (95)

2 \ sin no
If we substitute in this the values of 2{(na) from (61), we get for the
discrete impulse response

~

1
—_ n=0
8a?

g(noz)=4 Q, n is even (96)

o 2 .
—_— 3 n is odd.
T sin na

.

Although, theoretically, no further filtering of the projection data than
that called for by (94) is required, in practice superior reconstructions
are obtained if a certain amount of smoothing is combined with the
required filtering:

Qsi(na) =R (na)rg(na)*k(no) o7
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Fig. 3.21:  While the filtered
projections are backprojected
along parailel lines for the
parallel beam case (a), for the
Jan beam case the backprojection
is performed along converging
fines (b). (c) This figure
itlustrates the implementation step
that in order to determine the
backprojecred value at pixel (x,
»), one must first comptite v° for
that pixel, (From [Ros82].}
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{c)

Fig. 3.21: Continued. where k(na) is the impulse response of the smoothing filter. In the
frequency domain implementation this smoothing filter may be a simple
cosine function or a Hamming window.

Step 3:
Perform a weighted backprojection of each filtered projection along the
Jan. Since the backprojection here is very different from that for the
parallel case, we will explain it in some detail. For the parallel case the
filtered projection is backprojected along a set of parallel lines as shown
in Fig, 3.21(a). For the fan beam case the backprojection is done along
the fan (Fig. 3.21(b)). This is dictated by the structure of (90):

M
fir, y)=a8 Y 0v") (98)
=1

1
LZ(x » y » ﬂi )
where 4 is the angle of the fan beam ray that passes through the point
(x, v)and A8 = 2x/M. For ; chosen in Fig. 3.21(c) in order to find the
contribution of Qg(+) to the point (x, ¥) shown there one must first find
the angle, 4’, of the ray SA that passes through that point (r, ¥).
Qs, (v’ ) will then be contributed from the filtered projection at §; to the
point (x, ¥) under consideration. Of course, the computed value of v’
may not correspond to one of ne for which (g (na) is known. One must
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then use interpolation. The contribution Qs.(y "} at the point (x, ¥) must
then be divided by L? where L is the distance from the source § to the
point (x, »).

This concludes our presentation of the algorithm for reconstructing projection
data measured with detectors spaced at equiangular increments.

3.4.2 Equally Spaced Collinear Detectors

Let Rg(s) denote a fan projection as shown in Fig. 3.22, where s is the
distance along the straight line corresponding to the detector bank. The
principal difference between the algorithm presented in the preceding
subsection and the one presented here lies in the way a fan projection is
represented, which then introduces differences in subsequent mathematical

Fig. 3.22: For the case of manipulations, Before, fan projections were sampled at equiangular intervals

equispaced detectors on a straight
line, each projection is denoted

and we represented them by Rg(y) where -y represented the angular location

by the function Rs(s). (From of a ray. Now we represent them by Rs(s).
{Ros82].) Although the projections are measured on a line such as D, D, in Fig, 3.22,

5

ol RB(S )
0 T aoi"-"s
s
o
o™
RB(s)
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Fig. 3.23: This figure illustrates
several of the paramerers used in
the derivation of the
reconstruction algorithm for
equispaced detectors. (From
[Ros82].)

for theoretical purposes it is more efficient to assume the existence of an
imaginary detector line D D; passing through the origin. We now associate
the ray integral along SB with point A on D{ D5, as opposed to point B on
I D,. Thus in Fig. 3.23 we will associate a fan projection Rg(s) with the
imaginary detector line D{ D; . Now consider a ray SA in the figure; the
value of s for this ray is the length of OA. If parallel projection data were
generated for the object under consideration, the ray SA would belong to a
parallel projection Py () with 8 and ¢ as shown in the figure. The relationship
between 8 and # for the parallel case is given by

{=$cosy =8+

. 6=F+tan-! > (99)
T D

where use has been made of the fact that angle AQC is equal to angle OSC,
and where D is the distance of the source point § from the origin O.
In terms of the parallel projection data the reconstructed image is given by
(74) which is repeated here for convenience:
i
[

1 p2x ot
1 4)=3 5 5 " Pyt cos (9-9) 1) dt df (74)
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where f(r, ) is the reconstructed image in polar coordinates. Using the
relationships in (99) the double integration may be expressed as

L per-n= ' (Sp/D) Sy sD
= ()

—an = NS0y -5y D45t

3
-k[rcos(,sﬂan-l(i)—qs)— Ds ] D asas
D VD457 ] (D?+5%)%2
(100)

where we have used

DS
ar dﬂ=m ds dj. (101)
In (100) s, is the largest value of 5 in each projection and corresponds 10 £,
for parallel projection data. The limits —tan~! (5,/D) and 27 ~tan~! (s,,/
D) cover the angular interval of 360°, Since afl functions of 8 in (100) are
periodic with period 27, these limits may be replaced by 0 and 2w,
respectively. Also, the expression

P sD
6y ﬁ _ (102)

corresponds to the ray integral along SA in the parallel projection data P, (f).
The identity of this ray integral in the fan projection data is simply Rs(s).
Introducing these changes in (100) we get

_] r: §Sm R h 1 5
f(f’, ¢)"'5 0 S ﬁ(S) rcos | 8+tan I—)—¢

Ds D?
VD +st) (DI 4D dsdg. (103)

In order to express this formula in a filtered backprojection form we will first
examine the argument of #, The argument may be written as

r cos (B+ta.n“ i—qb)—..i
D ND?+5?

D . s
=r cos$ (ﬁ—rt)m—wwsm (ﬁ—é))ﬁ. (104)

We will now introduce two new variables that are easily calculated in a
computer implementation. The first of these, denoted by U, is for each pixel
(x, y) the ratio of SP (Fig. 3.24) to the source-to-origin distance. Note that
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Fig. 3.24: For a pixel at the
polar coordinates (r, ) the
variable U is the ratio of the
distance SP, which is the
projection of the sotirce to pixel
fine on the central rgy, to the
source-to-center disiance.
(Adapted from {Ros82}.)

Oy

SP is the projection of the source to pixel distance SE on the central ray. Thus

SO+ OP
U(rs ¢9 ﬁ)=— (105)
D
_D+rsin {B—¢)
Db (198)

The other parameter we want to define is the value of s for the ray that passes
through the pixel (r, ¢) under consideration. Let 5’ denote this value of s.
Since s is measured along the imaginary detector line Dy Dy, it is given by
the distance OF, Since

s’ EP
—=— (107)
SO SP
we have
rcos (B—
s'=D B-9) (108)

D+rsin(B-¢)
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Equations (106) and (108) can be utilized to express (104) in terms of ¥/ and
s

(ﬁ-l-t , S ¢) Ds s'UD sUD (109)
r COS an~! —— - = - .
D ND 452 ND 2452 VD482
Substituting (109) in (103), we get
1 p2r pSy , (812 D
{110}

We will now express the convolving kernel A in this equation in a form closer
to that given by (61). Note that, nominally, A{f) is the inverse Fourier
transform of |w| in the frequency domain:

h(r)=r [w|e2ev dw. (111
Therefore,
UD - . 1
h (.S" —S) ] = Iwie_;Zarw(s’-s)(UDKW) aw. (112)
[ v i
Using the transformation
Ub
VDirs?

we can rewrite (112) as follows:

Uup DI+5? = ;
r_ - t| pi2r(s’ —s)kw’ I
-9 g | =T e dw' 19
D45
=W h(s’ —5). {115)

Substituting this in (110) we get

x 1 @
10,00=" = {7 Ret)es' =)

D
o =dsdf (1)

VD +
where

1
g(s)=3 h(s). (117

For the purpose of computer implementation, (116) may be interpreted as a
weighted filtered backprojection algorithm. To show this we rewrite (116) as
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follows:

s, )= 25 0t (118)
where
0:(5)=R}(5) * £(6) (119)
and
R}(5)=Rels) * ——oes . (120)
Ny

Equations (118) through (120) suggest the following steps for computer
implementation;

Step 1:
Assume that each projection Rg(s) is sampled with a sampling interval of
a. The known data then are Rg,(n1a) where n takes integer values with n
= 0 corresponding to the central ray passing through the origin; §; are
the angles for which fan projections are known. The first step is to
generate for each fan projection Ry (na) the corresponding modified
projection R 5(na) given by

R (na)=Ry,(na) - (121)

D
N/
Step 2:

Convolve each modified projection Rg(na) with g(na) to generate the

corresponding filtered projection:

Oy, (nay=Rg(na) * g(na) (122
where the sequence g(na) is given by the samples of (117):
1
g(na)=§ hina). (123)

Substituting in this the values of A{na) given in (61) we get for the
impulse response of the convolving filter:

1

g’ n=0
g(na)=< 0, n even (124)
1
Tontaigi  "odd
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‘When the convolution of (122) is implemented in the frequency domain
using an FFT algorithm the projection data must be padded with a
sufficient number of zeros to avoid distortion due to interperiod
interference.

In practice superior reconstructions are obtained if a certain amount of
smoothing is included with the convolution in (122). If k(ra) is the

impulse response of the smoothing filter, we can write
Qp;(na)=Ry(na) x g(na) * k(na). (125)
In a frequency domain implementation this smoothing may be achieved

by a simple multiplicative window such as a Hamming window.

Step 3:
Dawfn n srnrel ;ml hoarlreeatantiaen -
reliviin a WC(S l vasw lJ'I UJWI.I.UII. v
corresponding fan. The sum of al
structed image

£ an~h i‘:lt ered proiection along the
L TIIVCICAT LV RACLIVHT divn 5 L L=

1 the backprojections is the recon-

M

fix, y)=AB >, % Osi(s’) (126)
o YOG s i)

where U is computed using (106) and 5* identifies the ray that passes

through (x, y) in the fan for the source located at angle 8;. Of course,

this value of s’ may not correspond to one of the values of na at which

Qg, is known. In that case interpolation is necessary.

3.4.3 A Re-sorting Algorithm

We will now describe an algorithm that rapidly re-sorts the fan beam
projection data into equivalent parallel beam projection data. After re-sorting
one may use the filtered backprojection algorithm for parallel projection data
to reconstruct the image. This fast re-sorting algorithm does place constraints
on the angles at which the fan beam projections must be taken and also on the
angles at which projection data must be sampled within each fan beam
projection.

Referring to Fig. 3.19, the relationships between the independent variables
of the fan beam projections and parallel projections are given by (70):

t=Dsiny and 0=§+%. (127)

If, as before, Rs(y) denotes a fan beam projection taken at angle 3, and Py (¢)
a parallel projection taken at angle #, using (127) we can write

Rs(y) =P ((D sin v). (128)

Let AB denote the angular increment between successive fan beam
projections, and let Ay denote the angular interval used for sampling the fan
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beam projections. We will assume that the following condition is satisfied:
AB=Avy=a. (129)

Clearly then 8 and + in {128) are equal to ma and na, respectively, for some
integer values of the indices m and n. We may therefore write (128) as

This equation serves as the basis of a fast re-sorting algorithm. It expresses
the fact that the nth ray in the mith radial projection is the nth ray in the (i +
n)th parallel projection. Of course, because of the sin na factor on the right-
hand side of (130), the parallel projections obtained are not uniformly
sampled. This can usually be rectified by interpolation.

3.5 Fan Beam Reconstruction from a Limited Number of Views

Fig. 3.25: As shown in this
Jfigure, each line integral can be
thought of as a single point in the
Radon transform of the object.
Each line integral is identified by
irs distance from the origin and
its angle.

Simple geometrical arguments should convince the reader that parallel
projections that are 180° apart, P,(f) and Py, 130-(f), are mirror images of
each other. That is,

Py(f) =Py, 1500 (— 1) (131
and thus it is only necessary to measure the projections of an object for angles
from 0 to 180°,

We can extend this result by noting that an object is completely specified if
the ray integrals of the object are known for

Gp=0<6p+ 180° (132)

and
— b S finax (133)
where I, is large enough so that each projection is at Jeast as wide as the

object at its widest. If each ray integral is represented as a point in a polar
coordinate system {¢, 8) as shown in Fig. 3.25 then a complete set of ray
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(a)

Fig. 3.26: An object and its
Radon transform are shown here.
The object in (a} is used to
Hiustrate the short scan algorithm
developed by Parker [fPar82a].
{b) shows the Radon transform
in recrangtilar coordinares, while
{c) represents the Radon
transform in polar coordinates.

( Reprinted with permission from
fPar82a], fPar82b}.)

(b) (c)

integrals will completely fill a disk of radius #y,, . This is commonly known as
the Radon transform or a sinogram and is shown for the Shepp and Logan
phantom both in polar and rectanguiar coordinates in Fig. 3.26.

These ideas can also be extended to the fan beam case. From Fig. 3.27 we
see that two ray integrals represented by the fan beam angles (81, v,) and (8;,
v2) are identical provided

Br=vi=8:—y:+180° (134)
and
Y= =71 (135)
With fan beam data the coordinate transformation
t=Dsin vy
=8+ (136)

maps the (8, ) descrption of a ray in a fan into its Radon transform
equivalent. This transformation can then be used to construct Fig. 3.27,
which shows the data available in Radon domain as the projection angle 3
varies between 0 and 180° with a fan angle of 40° (Ymax = 20°).

Recall that points in Radon space that are periodic with respect to the
intervals shown in (132) and (133) represent the same ray integral, Thus the
data in Fig. 3.28 for angles § > 180° and ¢ > 0 are equal to the Radon data
for # < 0and ¢ < 0. These two regions are labeled A in Fig. 3.28. On the
other hand, the regions marked B in Fig. 3.28 are areas in the Radon space
where there are no measurements of the object. To cover these areas it is
necessary to measure projections over an additional 2+, degrees as shown in
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Fig. 3.27: Rays in two fan
beams will represent the same line
fntegral if they satisfy the
relationship 8, — vy, = B, - v,

+ 1807,

Fig. 3.28: Collecting projections
aver 180° gives estimates of the
Radon transform between the
curved lines as shawn on the left.
The curved lines represent the
most extreme projections for a
Sfan angle of v,,. On the right is
shown the available data in the
8-y coordinate system used in
describing fan beams. In both
cases the region marked A
represents the part of the Radon
transform where two estimates
are available. On the other hand,
for 180° of prajections there are
no estimates of the Radon
transform in the regions marked
B.
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Fig. 3.29; If projections are
gathered over an angle of 180° +
2¥m then the data illustrated are
available. Again on the left is
shown the Radon transform whife
the right shows the available datg
in the 3-x coordinate systemt. The
line integrals in the shaded
regions represent duplicate datq
and these points must be
gradually weighted to obrain
good reconstructions.

:7(4’2‘)‘“‘.:
1 180+

180

m T

—] 9

" "'

Fig. 3.29. Thus it should be possible to reconstruct an object using fan beam
projeciions collected over 18¢ + 2+, degrees.

Fig. 3.30 shows a “‘perfect’” reconstruction of a phantom used by Parker
[{Par82a], [Par82b] to illustrate his algorithm for short scan or **180 degree
plus’ reconstructions. Projection data measured over a full 360° of 8 were
used to generate the reconstruction,

It is more natural to discuss the projection data overlap in the (8, )
coordinate system. We derive the overlap region in this space by using the
relations in (134) and (135) and the limits

0<8,180° +2y,,

0<3, = 180° + 2v,,. (137)
Substituting (134) and (135) into the first equation above we find
0=<y— 2y, + 180° < 180° + 2v,, (138)
and then by rearranging
—180° + 2y, = B < 2y — 2. (139)

Substituting the same two equations into the second inequality in (137) we
find

0=<f;—2y,— 180° < 180° + 2y, (140)
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Fig. 3.3 This figure shows a
reconsiruction using 360° of far
beam projections and a standard
filrered backprojection algorithm.
{Reprinted with permission from
fPar82a}, [Par82b}.)

Fig. 3.31: This reconstruction
was generated with a standard
Jiltered backprojection algorithm
using 220° of projections, The
large artifacts are due ro the lack
of data in some regions of the
Radon transform and duplicate
data in others. (Reprinted with
permission from {PurB2al,
[Par82b].)

and then by rearranging
180° + 2v; <8, <360° + 2y, + 27). (141)

Since the fan beam angle, v, is always less then 90°, the overlapping regions
are given by

0= <2y, + 27, (142)
and
180° + 2y, <3, < 180° + 2y, (143)
as is shown in Fig. 3.29.
If projections are gathered over an angle of 180° + 2y, and a

reconstruction is generated using the standard fan beam reconstruction
algorithms described in Section 3.4, then the image in Fig. 3.31 is obtained.

ALGORITHMS FOR RECONSTRUCTION WITH NONDIFFRACTING SOURCES 97





In this case a fan angle of 40° (vyns = 20) was used. As described above, the
severe artifacts in this reconstruction are caused by the double coverage of the
points in region B of Fig. 3.28.

One might think that the reconstruction can be improved by setting the data
to zero in one of the regions of overlap. This can be implemented by
multiplying a projection at angle 8, ps(y), by a one-zero window, ws(y},
given by

_f0 0=<B=<2y,+2y
ws(y) = [ 1 elsewhere. (144)

As shown by Naparstek [Nap80] using this type of window gives only a small
improvement since streaks obscure the resulting image.

While the above filter function properly handles the extra data, better
recenstructions can be obtained using a window described in [Par82a). The
sharp cutoff of the one-zero window adds a large high frequency component
to each projection which is then enhanced by the |w| filter that is used to filter
each projection.

More accurate reconstructions are obtained if a “‘smoother’” window is
used to filter the data. Mathematically, a ‘‘smooth’” window is both
continuous and has a continuous derivative. Formally, the window, wg(vy),
must satisfy the following condition:

wg, (y1) + Way(y2) =1 (145)
for (), v1) and (85, v2) satisfying the relations in (134) and (135), and
wo(v) =0 (146)
and

Wig0® + 29 = 0 (147)

To keep the filter function continuous and *‘smooth’’ at the boundary between
the single and double overlap regions the following constraints are imposed
on the derivative of wg{y):

M = (148)
B =2y y
and
Iwg(y) 0. (149)
a8 |5=180°+2y
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Fig. 3.32: Using ¢ weighting
Junction that minimizes the
discontinuities in the projection
this reconstruction is obtained
using 220° of projeciion data.
{Reprinted with permission from
fPar82aj, fPar82b}].)

One such window that satisfies all of these conditions is

r

- 450
sin® 8 ] , 0s8<2y, -2y
| Ym =Y
waly)= < 1, 2y, —2y=B=<180° — 2y
[ 180° + 2v,, ~
sin? | 45° —?-—ﬁ] , 180° =24 <8 <180° + 2v,,.
9 N ¥+ Ym

(150)

A reconstruction using this weighting function is shown in Fig. 3.32, From
this image we see that it is possible to eliminate the overlap without
introducing errors by using a smooth window.

3.6 Three-Dimensional Reconstructions'

The conventional way to image a three-dimensional object is to illuminate
the object with a narrow beam of x-rays and use a two-dimensional
reconstruction algorithm. A three-dimensional reconstruction can then be
formed by illuminating successive planes within the object and stacking the
resulting reconstructions. This is shown in Fig. 3.33.

A more efficient approach, to be considered in this section, is a
generalization of the two-dimensional fan beam algorithms presented in
Section 3.4.2. Now, instead of illuminating a slice of the object with a fan of
x-rays, the entire object is illuminated with a point source and the x-ray flux is
measured on a plane. This is called a cone beam reconstruction because the

! We are grateful for the help of Barry Robens in the preparation of this material.
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Fig, 3.33: A three-dimensional
reconstruction can be done by
repetitively using iwo-dimensional
reconstruction algorithms at
different heights along rhe z-axis.
{From {Kak86].)

0

e - wfe

- m— = m - - eaa

R L o
-+

/
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1

reconstructed siices
object of the object

rays form a cone as illustrated in Fig. 3.34. Cone beam algorithms have been
studied for use with Mayo Clinic’s Digital Spatial Reconstructor (DSR)
[Rob8&3] and Imatron’s Fifth Generation Scanner [Boy83].

The main advantage of cone beam algorithms is the reduction in data
collection time. With a single source, ray integrals are measured through
every point in the object in the time it takes to measure a single slice in a
conventional two-dimensional scanner. The projection data, Rg(¢, r), are
now a function of the source angle, 8, and horizontal and vertical positions on
the detector plane, ¢ and r.

3.6.1 Three-Dimensional Projections
A ray in a three-dimensional projection is described by the intersection of

two planes

f=xcos §+ysin @ (151)
r=—(—xsin 8+y cos 8) sin y+2Z cos . (152)

A new coordinate system (¢, s, r} is obtained by two rotations of the (x, y, z)-
axis as shown in Fig. 3.35. The first rotation, as in the two-dimensional case,
is by @ degrees around the z-axis to give the {#, 5, z)-axes. Then a second
rotation is done out of the (7, 5)-plane around the f-axis by an angle of v. In
matrix form the required rotations are given by

t 1 0 0 cos# sing 0 X
s’ =10 cosy siny —sind cosé O ¥y . (153
r 0 —siny cosy 0 0 1 z

A three-dimensional parallel projection of the object f is expressed by the
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Fig. 3.34: In cone beam
projections the detector measures
the x-ray flux over a plane. By
rotating the source and detecior
plane completely around the
object all the daia necessary for a
three-dimensional reconstruction
can be gathered in the time a
conventional fan beam system
collects the data for its
rwo-dimensional reconstruction.
(From {Kak86].)

]
" L
Source /
Delection
plane

following integral:

3,
Pott, 1= " St s, 1) ds (154)
Note that four variables are being used to specify the desired ray; (¢, 8)
specify the distance and angle in the x-y plane and {r, v} in the s-7 plane.
In a cone beam system the source is rotated by § and ray integrals are
measured on the detector plane as described by Rg{p’, {’). To find the
equivalent parallel projection ray first define

p= P’ Dy _ ol 2%
Dso+ Dpe Do+ Dpg

as was done in Section 3.4.2. Here we have used Ds, to indicate the distance
from the center of rotation to the source and Dpg to indicate the distance from
the center of rotation to the detector. For a given cone beam ray, Ryz(p, ¢),
the parallel projection ray is given by

(155)

f=p _ﬁ’__ {(156)
VD3, +p?
§=8+tan~" (p/Dso) (157)
where ¢ and @ locate a ray in a given tilted fan, and similarly
Dso
r={ ———— 158
VDL + ¢t 13
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Fig. 3.35: To simplify the =tan-!
discussion of the cone beam y=tan~! ({/Dgo). (159)

reconstruction the coordinate were r and v specify the location of the tilted fan itself.

fﬁfﬁ:’uf‘: J ‘:;";‘;’.‘:ebf;;"(i ":’{ii gf The reconstructions shown in this section will use a three-dimensional
The r-axis is not shown but is  version of the Shepp and Logan head phantom. The two-dimensional ellipses
perpendicular to the 1- and s-axes.  of Table 3.1 have been made ellipsoids and repositioned within an imaginary
{From [Kak86].) skull. Table 3.2 shows the position and size of each ellipse and Fig. 3.36

illustrates their position.
Because of the linearity of the Radon transform, a projection of an object
consisting of ellipsoids is just the sum of the projection of each individual

Table 3.2: Summary of parameters for three-dimensional tomography simulations.

Coordinates of Rotation Gray
the Center Axis Lengths Angle 8 Level
Ellipsoid (x, ¥, 2) (4, B, ) (deg) o

a 0, 0, ) (0.69, 0.92, 0.9) 0 2.0
b 0, 0,0 (0.6624, 0.874, 0.88) 0 -0.98
c (—-0.22,0, —0.25) (0.41, 0.16, 0.21) 108 —0.02
d (0.22, 0, —-0.25) {0.31, 0.11, 0.22) 72 -0.02
e 0, 0.1, —0.25) (0.046, 0.046, 0.046} 0 0.02
f 0, 0.1, -0.25) (0.046, 0.046, 0.046) 0 0.02
£ (-0.8,-0.65, —-0.25) (0.046, 0.023, 0.02) 0 0.01
h (0.06, —0.065, —0.25) {0.046, 0.023, 0.02) % 0.01
i {0.06, —0.105, 0.625) 0.56, 0.04, 0.1) 90 0.02
i (0, 0.1, —0.625) (0.056, 0.056, 0.1) 0 -0.02
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(a)

Y

Fig. 3.36: A three-dimensional
version of the Shepp and Logan
head phantom is used to test the
cone beam reconsiruction
algorithms in this section. (a) A
vertical slice through the object
iltustrating the position of the
iwo reconstructed planes, (&) An
image at plane B (z = —0.25)
and (¢) an illustration of the level
of eack of the ellipses. {d) An
image ar plane A (z = 0.625) and
fe) an illustration of the gray
levels with the slice. {From
[Kok86].)
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ellipsoid. If the ellipsoid is constant and described by

2 2 2
P =t —+—=xI
ffx o) z}:{ 142 BZ C'2 £
0 otherwise

then its projection on the detector plane is written

20ABC
Py, (t,n= a‘;(ﬂ » [az(ﬂ, ¥y —tHC?cos?y+ (B2 cos? 8+ Alsin2 ) sin?y)
7+
— r2(A? cos? § + B? sin® 6)(*(47))
Jiz
— 2tr sin  cos @ sin e(BZ-AZJJ (161)
where

a¥(f, v)=C*(B?sin? §+ A? cos® #) cos? v+ A2B? sin?y. (162)
If the tilt angle, v, is zero then (161) simplifies to (5).

3.6.2 Three-Dimensional Filtered Backprojection

We will present a filtered backprojection algorithm based on analyses
presented in [Fel84] and [Kak86). The reconstruction is based on filtering and
backprojecting a single plane within the cone. In other words, each elevation
in the cone (described by z or {) is considered separately and the final three-
dimensional reconstruction is obtained by summing the contribution to the
object from all the tilted fan beams.

The cone beam algorithm sketched above is best derived by starting with
the filtered backprojection algorithm for equispatial rays. In a three-
dimensional reconstruction each fan is angled out of the source~detector
plane of rotation. This leads to a change of variables in the backprojection
algorithm.

First consider the two-dimensional fan beam reconstruction formula for the

point (r, ¢):

~'—§°‘ Ru(pYA(p’ —p) —22_ ap dg (163)
U? e’ VDt +p?

50

1 p2r

g(r, ¢)=5 SO
,_ Dsor cos (B—¢)

" Dgo+7 sin (B—¢)

Do +rsin (8—¢)
DSO '

ip)=| luleirda (164

Uir, ¢, 8)=

(165)
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Fig. 3.37:  The ({, §} coordinate
sysfem represents a poini in the
object with respect to a tiited fan
beam. (From {Kak86}.}

Equation (163) is the same as (116), except that we have now used different
names for some of the variables. To further simplify this expression we will
replace the {r, ¢) coordinate system by the rotated coordinates (7, ). Recall
that (¢, s) is the location of a point rotated by the angular displacement of the
source—detector array. The expressions

f=xcos B+psin B s=-—-xsinB+ycosf {166)
X=rcos ¢ y=rsin ¢, (167)
lead to
Dsol' DSO_S
' = Ux, y, B)= 168
Do Uk nB=—- (168)

The fan beam reconstruction algorithm is now written as

1 ¢ D (= Dot ) Dy
o)== —2 {7 g —p) — .
86923 || Gyt ). RO (Dso~ N
(169)

In a cone beam reconstruction it is necessary to tilt the fan out of the plane
of rotation; thus the size of the fan and the coordinate system of the
reconstructed point change. As shown in Fig. 3.37 a new coordinate system
(£, §) is defined that represents the location of the reconstructed point with
respect to the tilted fan. Because of the changing fan size both the source
distance, Dg;, and the angular differential, 8, change. The new source
distance is given by

D3=D +¢? (170)
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where { is the height of the fan above the center of the plane of rotation. In
addition, the increment of angular rotation df8’ becomes
__dB Do

VD%, +¢?
Substituting these new variables, Dgq for D5 and dB’ for d, and writing
the projection data as Rz.(p, {), (169) becomes

Dyy dB=Dg, dB’ dag’ (171)

. 1 x Dg
{ H=- —_
e@.9=3 |, B
® D! f Dgo
V' Rap, OB ( 0 ) ——=—dpd’. (17
S_., B Dso—s Q;Dw’z +p2
To return the reconstruction to the original {#, 5, z) coordinate system we
substitute
- 5 s [y z
f=t, —=—, —_= (173)
DSO DSO DSO DSO—S

and (170) and (171) to find

1 (> Do
t,S)=- | ——
st9=3 | s
= Dgot D,
{7 Reto, 01 ( e —p) T dp 8. (174
B so— S D, ++p
The cone beam reconstruction algorithm can be broken into the following
three steps:
Step 1:

Multiply the projection data, Rgz{p, {), by the function (Dso/
VD%, + T+ pY) o find Rs(p, {):

Dgo

Bilo D= s

Ry(p, ). (175)
Step 2:
Convolve the weighted projection R 5(p, {) with h(p)/2 by multiplying
their Fourier transforms with respect to p. Note this convolution is done
independently for each elevation, {. The result, Qz(p, {}, is written

1
Qs(p, )=Rs(p, D * 3 h{(p). (176)

Step 3:
Finally, each weighted projection is backprojected over the three-
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dimensional reconstruction grid:

2x Dgo ( Dsof Dsoz
0 (Dso=5)? ~* \ Dso—s5 'Dso—5
The two arguments of the weighted projection, Q. represent the

transformation of a point in the object into the coordinate system of the
tilted fan shown in Fig. 3.37.

gt s, 2)= 5

) dg. (71

Only those points of the object that are illuminated from all directions can
be properly reconstructed. In a cone beam system this region is a sphere of
radius Dy sin (T} where T, is half the beamwidth angle of the cone.
Qutside this region a peint will not be included in some of the projections and
thus will not be correctly reconstructed.

Figs. 3.38 and 3.39 show reconstructions at two different levels of the
object described in Fig. 3.36. In each case 100 projections of 127 x 127
elements were simulated and both a gray scale image of the entire plane and a
line plot are shown. The reconstructed planes were at z = 0.625 and z =
—0.25 planes and are marked as Plane A and Plane B in Fig. 3.36.

In agreement with [Smi85], the quality of the reconstruction varies with the
elevation of the plane. On the plane of rotation (z = 0) the cone beam
algorithm is identical to a equispatial fan beam algorithm and thus the results
shown in Fig. 3.38 are quite good. Farther from the central plane each point
in the reconstruction is irradiated from all directions but now at an oblique
angle. As shown in Fig. 3.39 there is a noticeable degradation in the
reconstruction.

3.7 Bibliographic Notes

The current exciternent in tomographic imaging originated with Houns-
field’s invention [Hou72] of the computed tomography (CT) scanner in 1972,
which was indeed a major breakthrough. His invention showed that it is
possible to get high-quality cross-sectional images with an accuracy now
reaching one part in a thousand in spite of the fact that the projection data do
not strictly satisfy theoretical models underlying the efficiently implement-
able reconstruction algorithms. {In x-ray tomography, the mismatch with the
assumed theoretical models is cansed primarily by the polychromaticity of the
radiation used. This will be discussed in Chapter 4.) His invention also
showed that it is possible to process a very large number of measurements
(now approaching a million) with fairly complex mathematical operations,
and still get an image that is incredibly accurate. The success of x-ray CT has
naturally led to research aimed at extending this mode of image formation to
ultrasound and microwave sources,

The idea of filtered backprojection was first advanced by Bracewell and
Riddle [Bra67] and later independently by Ramachandran and Lakshminaray-
anan [Ram71). The superiority of the filtered backprojection algosithm over
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Fig. 3.39: (a) Cone beam
algorithm reconstruction of plane
A in Fig. 3.36. (b} Plot of the y
= —0.105 line in the
reconstriction compared to the
original. {From [Kok86}.}
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3.3 References

the algebraic techniques was first demonstrated by Shepp and Logan [She74].
Its development for fan beam data was first made by Lakshminarayanan
[Lak75] for the equispaced collinear detectors case and later extended by
Herman and Naparstek [Her77] for the case of equiangular rays. The fan
beam algorithm derivation presented here was first developed by Scudder
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proposed variations on the filter functions of the filtered backprojection
algorithms discussed in this chapter. The reader is referred particularly to
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response of the filter function. Images may also be recenstructed from fan
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for ray sorting of fan beam data have been developed by Wang [Wan77],
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Fourier inversion. Their procedure is especially applicable if for some reason
the projection data are insufficient.

[Bab77] N. Baba and K. Murata, *‘Filtering for image reconstruction from projections,’” J.
Opt. Soc. Amer., vol, 67, pp. 662-668, 1977.

[Bat71} R. H. T. Bates and T. M. Peters, ‘Towards improvements in tomography,”” New
Zealand J. Sci., vol. 14, pp. 883-896, 1971.

[Boy83]) D. P. Boyd and M. J. Lipton, *‘Cardiac computed tomography,”” Proc. IEEE, vol,
71, pp. 298-307, Mar. 1983,

110

COMPUTERIZED TOMOGRAPHIC IMAGING





[Bras6)
[Bra67]

{Chi7?9]

[Chi%0]

[Cro70]

[DeR68]

[Din76]

(Dre77]
[Fel84]

[Ham77)
|Han81a)

[Han81b]
[Her?7)

[Hor78)
[Hor79)

[Hou72]

[Jak?6]

{Kak79]
{Kak#3]

[Kak8o}

[Kea78)

[Ken79)
[KwoT7]
[Lak73]

(Lew78)

R. N. Bracewell, **Strip integration in radio astronomy,”” Aust. J. Phys., vol. 9, pp.
198-217, 1956,

R. N. Bracewell and A. C. Riddle, “‘Inversion of fan-beam scans in radio
astronomy,’” Astrophys. J., vol. 150, pp. 427-434, Nov. 1967.

M. Y. Chiu, H. H. Barrett, R. G. Simpson, C. Chou, J. W. Arendt, and G. R. Gindi,
“Three dimensional radiographic imaging with a restricted view angle,”” J. Opr.
Soc. Amer., vol. 69, pp. 1323-1330, Oct. 1979.

M. Y. Chiu, H. H. Barrett, and R. G. Simpson, *“Three dimensional reconstruction
from planar projections,”” J, Opt. Soc. Amer., vol. 70, pp. 755-762, July 1980.
R. A. Crowther, D. J. DeRosier, and A. Klug, “*The reconstruction of a three-
dimensional structure from projections and its applications to ¢lectron microscopy,”
Proc. Roy. Soc. London, vol. A317, pp. 319-340, 1970,

D. }. DeRosier and A. Klug, “‘Reconstruction of three dimensional structures from
electron micrographs,”” Nature, vol. 217, pp. 130-134, Jan. 1968.

K. A. Dines and A. C. Kak, ‘“‘Measurement and reconstruction of ultrasonic
parameters for diagnostic imaging,’* Research Rep. TR-EE 77-4, School of Electrical
Engineering, Purdue Univ., Lafayette, IN, Dec. 1976.

P. Dreike and D. P. Boyd, “*Convolution reconstruction of fan-beam reconstruc-
tions,”” Comp. Graph. Image Proc., vol. 5, pp. 459469, 1977.

L. A. Feldkamp, L. C. Davis, and }. W, Kress, “‘Practical cone-beam algorithm, ™ J,
Opt. Soc. Amer., vol. 1, pp. 612-619, June 1984,

R. W. Hamming, Digital Filters. Englewood Cliffs, NI: Prentice-Hall, 1977.

E. W. Hansen, *‘Theory of circular image reconstruction,” J. Opr. Soc. Amer., vol.
71, pp. 304-308, Mar. 1981.

, **Circular harmonic image reconstruction: Experiments,’* Appi. Opi., vol.
20, pp. 2266-2274, July 1981.

G. T. Herman and A. Naparsiek, “*Fast image reconstruction based on a Radon
inversion formula appropriate for rapidly collected data,”” SIAM J. Appl. Maih.,
vol, 33, pp. 511-533, Nov. 1977.

B. K. P. Horn, *'Density reconstruction using arbitrary ray sampling schemes,”
Proc. IEEE, vol. 66, pp. 551-562, May 1978,

——, ““Fan-beam reconstruction methods,”” Proc. [EEE, vol. 67, pp. 1616-1623,
1979.

G. N. Hounsfield, *“A method of and apparatus for examination of a body by
radiation such as x-ray or gamma radiation,’” Patent Specification 1283215, The
Patent Office, 1972.

C. V. Jakowatz, Jr. and A. C. Kak, ‘*Computerized tomography using x-rays and
ultrasound,”” Research Rep. TR-EE 76-26, Schoo! of Electrical Engineering, Purdue
Univ., Lafayette, IN, 1976.

A. C. Kak, “*‘Computerized tomography with x-ray emission and ultrasound
sources,”” Proe. IEEE, vol. 67, pp. 1245-1272, 1979.

» “‘Tomographic imaging with diffracting and non-diffracting sources,’” in
Array Signal Processing, S. Haykin, Ed. Englewood Cliffs, NJ:; Prentice-Hall,
1985.

A. C. Kak and B. Roberts, **Image reconstruction from projections,”” in Hendbook
of Pattern Recognition and image Processing, T. Y. Young and K. S. Fu, Eds.
New York, NY: Academic Press, 1986,

P. N. Keating, **More accurate interpolation using discrete Fourier transforms,”’
IEEE Trans. Acoust. Speech Signal Processing, vol. ASSP-26, pp. 368-369,
1978.

5. K. Kenve and J. F. Greenleaf, *Efficient convolution kernels for computerized
tomography,’” Ultrason, Imaging, vol. 1, pp. 232-244, 1979.

Y. 8. Kwoh, 1. 8. Reed, and T. K. Truong, ‘A generalized |w|-filter for 3-D
reconstruction,”” fEEE Trans. Nucl. Sei., vol. N§-24, pp. 1990-1998, 1977,

A. V. Lakshminarayanan, ‘‘Reconstruction from divergent ray data,’’ Tech. Rep. 92,
Dept. of Computer Science, State Univ. of New York at Buffalo, 1975.

R. M. Lewitt and R. H. T. Bates, **Image reconstruction from projections,”” Optik,
vol. 50, pp. 19-33 (Part I}, pp. 85-109 {(Part I}, pp. 189-204 (Part 1ID), pp. 269-278
(Part IV), 1978,

ALGORITHMS FOR RECONSTRUCTION WITH NONDIFFRACTING SOURCES 111





[Lew79]
[Mer74]

[Nah81]

[Nap801
[Opp75]

(Pan§3]

(Par82a)

[Par§2b]

[Pet77]
[Ram71]

[Rob83]

[Ros82)

[Row69]

[Sa180])

[Sch73]
[Scu78)
[She74]
[Smi85]

[Stag1}

[Tam81]
[Tan75)
[Tre69]
[Wan77]
[Wer77]

R. M. Lewitt, “‘Ultra-fast convolution approximation for compuierized tomog-
raphy,”” IEEE Trans. Nucl, Sci., vol. NS-26, pp. 2678-2681, 1979.

R. M. Mersereav and A. V. Oppenheim, **Digital reconstruction of multidimensional
signals from their projections,” Proe. IEEE, vol. 62, pp. 1319-1338, 1974,

D. Nahamoo, C. R. Crawford, and A. C. Kak, **Design constraints and reconstruc-
tion algorithms for transverse-continuous-rotate CT scanmers,” IEEE Trons.
Biomed. Eng., vol. BME-28, pp. 79-97, 1981.

A. Naparstek, **Short-scan fan-beam algorithms for CT," IEEE Trans. Nucl. Sci.,
vol. NS-27, 1980.

B. E. Oppenheim, “‘Reconstruction tomography from incomplete projections,” in
Reconstruction Tomography in Diggnostic Radielogy and Nuclear Medicine, M.
M. Ter Pogossian er al., Eds. Baltimore, MD: University Park Press, 1975,

S. X. Pan and A. C. Kak, “*A computational study of reconstruction algorithms for
diffraction tomography: Interpolation vs. filtered-backpropagation,'” IEEE Trans,
Acoust. Speech Signal Processing, vol. ASSP-31, pp. 1262-1275, Oct. 1983.

D. L. Parker, *"Optimal short-scan convolution reconstruction for fanbeam CT,™
Med, Phys., vol. 9, pp. 254-257, Mar./Apr. 1982,

——, “*Optimization of short scan convelution reconstruction for fan-beam CT,”” in
Proc. Inrernational Workshop on Physics and Engineering in Medical Imaging,
Mar. 1982, pp. 199-202.

T. M. Peters and R. M. Lewitt, “*Computed tomography with fan-beam geometry,”’
J. Comput. Assist. Tomog., vol. 1, pp. 429436, 1977.

G. N, Ramachandran and A. V. Lakshminarayanan, **Three dimensional reconstruc-
tions from radiographs and electron micrographs: Application of convolution instead
of Fourier transforms,”” Proc. Nat. Acad. Sei., vol. 68, pp. 2236-2240, 1971.

R. A. Robb, E, A. Hoffman, L. J. Sinak, L. D. Harris, and E. L. Ritman, *High-
speed three-dimensional x-ray computed tomography: The dynamic spatial recon-
structor,” Proc. JEEE, vol. 71, pp. 308-319, Mar. 1983.

A. Rosenfeld and A. C. Kak, Digital Picture Processing, 2nd ed. New York, NY:
Academic Press, 1982,

P. D. Rowley, ‘‘Quantitative interpretation of three dimensional weakly refractive
phase objects using holographic interferometry,’” J. Opt. Soc. Amer., vol. 59, pp.
1496~ 1498, Nov. 1969.

T. Sato, S. J. Norton, M, Linzer, O. Tkeda, and M. Hirama, *‘Tomographic inage
reconstruction from limited projections using iterative revisions in image and
transform spaces,”” Appl, Opt., vol. 20, pp. 395-399, Feb. 1980,

R. W. Schafer and L. R. Rabiner, ‘A digital signal processing approach to
interpolation,”” Proc. TEEE, vol. 61, pp. 692-702, 1973,

H. ). Scudder, ““Introduction to computer aided tomography,” Proc. IEEE, vol. 66,
pp. 628-637, June 1978.

L. A, Shepp and B. F. Logan, **The Fourier reconstruction of a head section,” JEEE
Trans. Nucl. Sci., vol, NS-21, pp. 21-43, 1974,

B. D. Smith, *‘Image reconstruction from cone-beam projections: Necessary and
sufficient conditions and reconstruction methods,'” IEEE Trans. Med. Imaging,
vol. Mi-4, pp. 14-25, Mar. 1985,

H. Stark, J. W. Wouods, I. Paul, and R. Hingorani, ‘‘Direct Fourier reconstruction in
computer tomography,”” JEEE Trans. Acoust. Speech Signal Processing, vol.
ASSP-29, pp. 237-244, 1981.

K. C. Tam and V. Perez-Mendez, **Tomographical imaging with limited angle
input,”’ J, Opt. Soe. Amer., vol. 71, pp. 582-592, May 1981.

E. Tanaka and T, A. linuma, “*Correction functions for optimizing the reconstructed
image in transverse section scan,”” Phys. Med. Biol., vol. 20, pp. 789-798, 1975,
Q. Tretiak, M. Eden, and M, Simon, *‘Internal structures for three dimensional
images,"” in Proc, 8th Int. Conf. on Med. Biol. Eng., Chicago, IL, 1969.

L. Wang, “*Cross-section reconstruction with a fan-beam scanning geometry,”” JEEE
Trans. Comput., vol. C-26, pp. 264-268, Mar. 1977,

5. ). Wemecke and L. R. D’Addario, **Maximum entropy image reconstruction,”
IEEFE Trans. Compur., vol. C-26, pp. 351-364, 1977.

112

COMPUTERIZED TOMOGRAPHIC IMAGING





Measurement of Projec
The Nondiffracting Cas

'E'D

The mathematical algorithms for tomographic reconstructions described in
Chapter 3 are based on projection data. These projections can represent, for
example, the attenuation of x-rays through an object as in conventional x-ray
tomography, the decay of radioactive nucleoids in the body as in emission
tomography, or the refractive index variations as in ultrasonic tomography.

This chapter will discuss the measurement of projection data with energy
that travels in straight lines through objects. This is always the case when a
human body is illuminated with x-rays and is a close approximation to what
happens when ultrasonic tomography is used for the imaging of soft
biological tissues (e.g., the female breast).

Projection data, by their very nature, are a result of interaction between the
radiation used for imaging and the substance of which the object is composed.
To a first approximation, such interactions can be modeled as measuring
integrals of some characteristic of the object. A simple example of this is the
attenuation a beam of x-rays undergoes as it travels through an object. A line
integral of x-ray attenuation, as we will show in this chapter, is the log of the
ratio of monochromatic x-ray photons that enter the object to those that leave.

A second example of projection data being equal to line integrals is the
propagation of a sound wave as it travels through an object. For a narrow
beam of sound, the total time it takes to travel through an object is a line
integral because it is the summation of the time it takes to travel through each
small part of the object.

In both the x-ray and the ultrasound cases, the measured data correspond
only approximately to a line integral. The attenuation of an x-ray beam is
dependent on the energy of each photon and since the x-rays used for imaging
normally contain a range of energies the total attenuation is a more
complicated sum of the attenuation at each point along the line. In the
ultrasound case, the errors are caused by the fact that sound waves almost
never travel through an object in a straight line and thus the measured time
corresponds to some unknown curved path through the object. Fortunately,
for many important practical applications, approximation of these curved
paths by straight lines is acceptable.

In this chapter we will discuss a number of different types of tomography,
each with a different approach to the measurement of projection data. An
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excellent review of these and many other applications of CT imaging is
provided in [Bat83]. The physical limitations of each type of tomography to
be discussed here are also presented in [Mac83].

4.1 X-Ray Tomography

Since in x-ray tomography the projections consist of line integrals of the
attenuation coefficient, it is important to appreciate the nature of this
parameter. Consider that we have a parallel beam of x-ray photons
propagating through a homogeneous slab of some material as shown in Fig.
4.1. Since we have assumed that the photons are traveling along paths parallel
to each other, there is no loss of beam intensity due to beam divergence.
However, the beam does attenuate due to photons either being absorbed by
the atoms of the material, or being scattered away from their original
directions of travel.

For the range of photon energies most commonly encountered for
diagnostic imaging (from 20 to 150 keV), the mechanisms responsible for
these two contributions to attenvation are the photoelectric and the Compton
effects, respectively. Photoelectric absorption consists of an x-ray photon
imparting all its energy to a tightly bound inner electron in an atom. The
electron nses some of this acquired energy to overcome the binding energy
within its shell, the rest appearing as the kinetic energy of the thus freed
electron. The Compton scattering, on the other hand, consists of the
interaction of the x-ray photon with either a free electron, or one that is only
loosely bound in one of the outer shells of an atom. As a result of this
interaction, the x-ray photon is deflected from its original direction of travel
with some loss of energy, which is gained by the electron.

Both the photoelectric and the Compton effects are energy dependent. This
means that the probability of a given photon being lost from the original beam
due to either absorption or scatter is a function of the energy of that photon.
Photoelectric absorption is much more energy dependent than the Compton
scatter effect—we will discuss this point in greater detail in the next section.

4.1.1 Monochromatic X-Ray Projections

Consider an incremental thickness of the slab shown in Fig. 4.1. We will
assume that N monochromatic photons cross the lower boundary of this layer
during some arbitrary measurement time interval and that only N + AN
emerge from the top side (the numerical value of AN will obviously be
negative), these N + AN photons being unaffected by either absorption or
scatter and therefore propagating in their original direction of travel. If all
the photons possess the same energy, then physical considerations that we
will not go into dictate that AN satisfy the following relationship [Ter67):

ﬂ . i= —7—0 (1)
N Ax
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Fig. 4.1:  An x-ray tube is shown
here illuminating a homogeneous
material with a beam of x-rays.

- The beam is measured on the far
side of the object to determine
the attenuation of the object.

X-Ray Detevior

X-Ray Tube

where 7 and ¢ represent the photon loss rates (on a per unit distance basis) due
to the photoelectric and the Compton effects, respectively. For our purposes
we will at this time lump these two together and represent the above equation
as

e @
In the limit, as Ax goes to zero we obtain the differential equation

1
—dN=—ud 3
N udx 3)

_which can be solved by integrating across the thickness of the slab

A @

where N is the number of photons that enter the object. The number of
photons as a function of the position within the slab is then given by

In N~In Ng= —ux 5)
or
N(x)=Nye+*, ©)

The constant y is called the attenuation coefficient of the material. Here we
assumed that u is constant over the interval of integration.
Now consider the experiment illustrated in Fig. 4.2, where we have shown
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Fig. 4.2: A parallel beam of
x-rays is shown propagating

through a cross section of the
human body, (From {Kek79].)

N,
Pa(kt) =f pix, ¥} ds = &n ﬁl_ll
ray path A8

a cross section of the human body being illuminated by a single beam of x-
rays. If we confine our attention to the cross-sectional plane drawn in the
figure, we may now consider p to be a function of two space coordinates, x
and y, and therefore dencte the attenuation coefficient by u(x, ¥). Let Ni; be
the total number of photons that enter the object (within the time interval of
experimental measurement) through the beam from side 4. And let N, be the
total number of photons exiting (within the same time interval) through the
beam on side B. When the width, 7, of the beam is sufficiently small,
reasoning similar to what was used for the one-dimensional case now leads to
the following relationship between the numbers N, and N, [Hal741, [Ter67):

Na=Ni exp [—Sm#(x. » ds] 9

or, equivalently,

Nia

N L))

s u(x, ) ds=In

ray
where ds is an element of length and where the integration is carried out along
line 4B shown in the figure. The left-hand side precisely constitutes a ray
integral for a projection. Therefore, measurements like In (NV,,/N) taken for

116 COMPUTERIZED TOMOGRAPHIC IMAGING





Fig. 4.3: An experimentaily
measured x-ray spectrum from
[Epp66] is shown here. The anode
voltage was 105 kvp. (From
[Kak79].)

different rays at different angles may be used to generate projection data for
the function u{x, ¥). We would like to reiterate that this is stricily true
only under the assumption that the x-ray beam consists of monoenergetic
photons. This assumption is necessary because the linear attenuation
coefficient is, in general, a function of photon energy. Other assumptions
needed for this result include: detectors that are insensitive to scatter (see
Section 4.1.4), a very narrow beam so there are no partial volume effects,
and a very small aperture (see Chapter 5).

4.1.2 Measurement of Projection Data with Polychromatic Sources

In practice, the x-ray sources used for medical imaging do not produce
monoenergetic photons, (Although by using the notion of beam hardening
explained later, one could filter the x-ray beam to produce x-ray photons of
almost the same energy. However, this would greatly reduce the number of
photons available for the purpose of imaging, and the resulting degradation in
the signal-to-noise ratio would be unacceptable for practically all purposes.)
Fig. 4.3 shows an example of an experimentally measured x-ray tube
spectrum taken from Epp and Weiss [Epp66] for an anode voltage of 105 kvp.
When the energy in a beam of x-rays is not monoenergetic, (7) does not hold,
and must be replaced by

Ne={ 52(E) exp [—fu(x. v, E) ds] dE ©)
s
£
| = N -5 =0 7 ae L 106

Energy in KeV
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where S;,(E) represents the incident photon number density (also called
energy spectral density of the incident photons). S;,(E} dE is the total number
of incident photons in the energy range E and E + dE. This equation
incorporates the fact that the linear attenuation coefficient, g, at a point (x, ¥)
is also a function of energy. The reader may note that if we were to measure
the energy spectrum of exiting photons {(on side B in Fig, 4.2} it would be
given by

S E) = $4(E) exp [-S w(x, y, E) ds] : (10)

In discussing polychromatic x-ray photons one has to bear in mind that
there are basically three different types of detectors [McC75]. The output of a
detector may be proportional to the total number of photons incident on it, or
it may be proportional to total photon energy, or it may respond to energy
deposition per unit mass. Most counting-type detectors are of the first type,
most scintillation-type detectors are of the second type, and most ionization
detectors are of the third type. In determining the output of a detector one
must also take into account the dependence of detector sensitivity on photon
energy. In this work we will assume for the sake of simplicity that the
detector sensitivity is constant over the energy range of interest.

In the energy ranges used for diagnostic examinations the linear attenuation
coefficient for many tissues decreases with energy. For a propagating
polychromatic x-ray beam this causes the low energy photons to be
preferentially absorbed, so that the remaining beam becomes proportionately
richer in high energy photons. In other words, the mean energy associated
with the exit spectrum, S,,{F), is higher than that associated with the
incident spectrum, S;,(£). This phenomenon is called beam hardening.

Given the fact that x-ray sources in CT scanning are polychromatic and that
the attenuation coefficient is energy dependent, the following question arises:
What parameter does an x-ray CT scanner reconstruct? To answer this
question McCullough [McC74], [McC75] has introduced the notion of
effective energy of a CT scanner. It is defined as that monochromatic
energy at which a given material will exhibit the same attenuation coefficient
as is measured by the scanner. McCullough er al. [McC74] showed
empirically that for the original EMI head scanner the effective energy was 72
keV when the x-ray tube was operated at 120 kV. (See [Mil78] for a practical
procedure for determining the effective energy of a CT scanner.) The concept
of effective energy is valid only under the condition that the exit spectra are
the same for all the rays used in the measurement of projection data. (When
the exit spectra are not the same, the result is the appearance of beam
hardening artifacts discussed in the next subsection.) It follows from the
work of McCullough [McC75] that it is a good assumption that the measured
attenvation coefficient pmessurea at a point in a cross section is related to the
actual attenuation coefficient w(E) at that point by
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This expression applies only when the output of the detectors is proportional
to the total number of photons incident on them. McCullough has given
similar expressions when detectors measure total photon energy and when
they respond to total energy depasition/unit mass. Effective energy of a
scanner depends not only on the x-ray tube spectrum but also on the nature of
photon detection.

Although it is customary to say that a CT scanner calculates the linear
attenuation coefficient of tissue (at some effective energy), the numbers
actually put out by the computer attached to the scanner are integers that
usually range in values from — 1000 to 3000. These integers have been given
the name Hounsfield units and are denoted by HU. The relationship between
the linear attenuation coefficient and the corresponding Hounsfield unit is

H=#_ Hwater

x 1000 (12)

Hyater

Where iy is the attenuation coefficient of water and the values of both u and
Huer are taken at the effective energy of the scanner. The value H = 0
corresponds to water; and the value H = — 1000 corresponds to u = 0,
which is assumed to be the attennation coefficient of air. Clearly, if a scanner
were perfectly calibrated it would give a value of zero for water and — 1000
for air. Under actual operating conditions this is rarely the case. However, if
the assumption of linearity between the measured Hounsfield units and the
actual value of the attenuation coefficient (at the effective energy of the
scanner) is valid, one may use the following relationship to convert the
measured number H,, into the ideal number H:

Hm _Hm. water
H= X 1000 (13)

Hm, water = 4%y, air

where H,, wy., and H,, ,; are, respectively, the measured Hounsfield units
for water and air. [This relationship may easily be derived by assuming that
= aH,, + b, calculating ¢ and & in terms of Hip, waers Hm, airs A phygrer, and
then vsing (12).]

Brooks [Bro77a] has used (11) to show that the Hounsfield unit A at a point
in a CT image may be expressed as

_HA+H,Q
T1+Q

where H, and H, are the Compton and photoelectric coefficients of the
material being measured, expressed in Hounsfield units. The parameter Q,

(14)
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called the spectral factor, depends only upon the x-ray spectrum used and
may be obtained by performing a scan on a calibrating material. A
noteworthy feature of H, and H,, is that they are both energy independent.
Equation (14) leads to the important result that if two different CT images are
reconstructed using two different incident spectra (resulting in two different
values of Q), from the resulting two measured Hounsfield units for a given
point in the cross section, one may obtain some degree of chemical
identification of the material at that point from H, and H,. Instead of
performing two different scans, one may also perform only one scan with
split detectors for this purpose [Bro78a].

4.1.3 Polychromaticity Artifacts in X-Ray CT

Beam hardening artifacts, whose cause was discussed above, are most
noticeable in the CT images of the head, and involve two different types of
distortions. Many investigators [Bro76], [DiC78], {Gad75], [McD77] have
shown that beam hardening causes an elevation in CT numbers for tissues
close to the skull bone, To illustrate this artifact we have presented in Fig. 4.4
a computer simulation reconstruction of a water phantom inside a skull. The
projection data were generated on the computer using the 105-kvp x-ray tube
spectrum (Fig. 4.3) of Epp and Weiss [Epp66]. The energy dependence of the
attenuation coefficients of the skull bone was taken from an ICRU report
[ICR64] and that of water was taken from Phelps et al. [Phe75].
Reconstruction from these data was done using the filtered backprojection
algorithm (Chapter 3) with 101 projections and 101 parallel rays in each
projection.

Note the *‘whitening’” effect near the skull in Fig. 4.4(a). This is more
quantitatively illustrated in Fig. 4.4(b) where the elevation of the recon-
structed values near the skull bone is quite evident. (When CT imaging was in
its infancy, this whitening effect was mistaken for gray matter of the cerebral
cortex.) For comparison, we have also shown in Fig. 4.4(b) the reconstruc-
tion values along a line through the center of the phantom obtained when the
projection data were generated for monochromatic x-rays.

The other artifact caused by polychromaticity is the appearance of streaks
and flares in the vicinity of thick bones and between bones [Due?78], [Jos78],
[Kij78]. (Note that streaks can also be caused by aliasing [Bro78b], [Cra78].)
This artifact is illustrated in Fig. 4.5. The phantom used was a skull with
water and five circular bones inside. Polychromatic projection data were
generated, as before, using the 105-kvp x-ray spectrum. The reconstruction
using these data is shown in Fig. 4.5(a) with the same number of rays and
projections as before. Note the wide dark streaks between the bones inside the
skull, Compare this image with the reconstruction shown in Fig. 4.5(b) for
the case when x-rays are monochromatic. In x-ray CT of the head, similar
dark and wide streaks appear in those cross sections that include the petrous
bones, and are sometimes called the interpetrous lucency artifact.
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Fig. 4.4: This reconstruction Various schemes have been suggested for making these artifacts less
Sh";‘w-;' the effect Ofn_ _ apparent. These fall into three categories: 1) preprocessing of projection data,
i ierng (:; g‘fﬁ:‘: The 2) postprocessing of the reconstructed image, and 3) dual-energy imaging.
reconstructed image using the Preprocessing techniques are based on the following rationale: If the
Sﬁe"‘m’" f’;_ Fig. 4”-3 while (b)is  assumption of the photons being monoenergetic were indeed valid, a ray
e o %r otk the integral would then be given by (8). For a homogeneous absorber of
polychromatic and attenuation coefficient x, this implies
monochromatic cases. (From
Kak79}.) ptein ﬁ _ 15)
Ny
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Fig. 4.5: Hard objects such as
bones also can cquse streaks in
the reconstriicted image. (a)
Reconstruction from
polychromatic projection data of
a phantom that consists of a skull
with five circular bones inside.
The rest of the ““tissue’’ inside
the skull is water. The wide dark
streaks are caused by the
polychromalicity of x-rays. The
polychromalic projections were
simulated using the spectrum in
Fig. 4.3. {b) Reconstruction of
the same phantont as in (@) using
Projections generated with
monochromatic x-rays. The
variations in the gray levels
ouiside the bone areas within the
skull are less than 0.1% of the
mean value. The image was
displayed with a narrow window
to bring out rhese variations.
Note the absence of streaks
shown in {a). (From [Kak79].}

where { is the thickness of the absorber. This equation says that under ideal
conditions the experimental measurement ln (Vi,/Ny) should be linearly
proportional to the absorber thickness. This is depicted in Fig. 4.6. However,
under actual conditions a resuit like the solid curve in the figure is obtained.
Most preprocessing corrections simply specify the selection of an “*appropri-
ate’” absorber and then experimentally obtain the solid curve in Fig. 4.6.
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Fig. 4.6: The solid curve shows
that the experimenial
measurement of a ray integral
depends nonlinearly on the
thickness of a homogeneous
absorber. {Adapted from
[Kak79].}
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Thus, should a ray integral be measured at A4, it is simply increased to A” for
tomographic reconstruction. This procedure has the advantage of very rapid
implementation and works well for soft-tissue cross sections because
differences in the composition of various soft tissues are minimal (they are all
approximately water-like from the standpoint of x-ray attenuation). For
preprocessing corrections see [Bro76], [McD75), {McD77], and for a
technique that combines preprocessing with image deconvolution see
[Cha78].

Preprocessing techniques usually fail when bone is present in a cross
section. In such cases it is possible to postprocess the CT image to improve
the reconstruction. In the iterative scheme one first does a reconstruction
(usually incorporating the linearization correction mentioned above) from the
projection data. This reconstruction is then thresholded to get an image that
shows only the bone areas. This thresholded image is then ‘‘forward-
projected’’ to determine the contribution made by bone to each ray integral in
each projection. On the basis of this contribution a correction is applied to
each ray integral. The resulting projection data are then backprojected again
to form another estimate of the object. Joseph and Spital [Jos78] and Kijewski
and Bjarngard [Kij78] have obtained very impressive results with this
technique. A fast reprojection technique is described in [Cra86].

The dual-energy technigue proposed by Alvarez and Macovski [Alv76a],
[Due78] is theoretically the most elegant approach to eliminating the beam
hardening artifacts. Their approach is based on modeling the energy
dependence of the linear attenuation coefficient by

plx, ¥, EY=a(x, y)g(E)+axx, y)fxndE). (16)

The part a,(x, y)g(E) describes the contribution made by photoelectric
absorption to the attenuation at point (x, ¥); @,(x, ¥} incorporates the material
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parameters at (x, ¥) and g{F) expresses the (material independent) energy
dependence of this contribution. The function g(E) is given by

1
3(5)-‘-5— (17

(See also Brooks and DiChiro [Bro77b]. They have concluded that g(E) =
E-2%) The second part of (16) given by a,(x, y)fyn(E) gives the Compton
scatter contribution to the attenuation. Again @;(x, ») depends upon the
material properties, whereas fyn(E), the Klein-Nishina function, describes
the (material independent) energy dependence of this contribution. The
function fxn(E) is given by

_l+a 2l+a) 1
Jinla) = " [ 1730 —;ln (l+2a)]

(1+3a)

i
+—In (14 20) — o
a2

(18)
with « = E/510.975. The energy E is in kilo-electron volts.

The importance of (16) lies in the fact that all the energy dependence has
been incorporated in the known and material independent functions g(E) and
Jn(E). Substituting this equation in (8) we get

Ny= 5 So(EY exp [ {(A1g(EY+ Arfxn(E))) dE 19
where
A‘=5wm ay(x, y) ds (20)
and
Ay= L, @5 ) s @

A, and A, are, clearly, ray integrals for the functions a;(x, y) and ax(x, ).
Now if we could somehow determine A, and A; for each ray, from this
information the functions @;(x, ») and @xfx, y) could be separately
reconstructed. And, once we know a;(x, y) and ax(x, y}, using (16) an
attenuation coefficient tomogram could be presented at any energy, free
Jfrom beam hardening artifacts.

A few words about the determination of 4, and A;: Note that it is the
intensity N that is measured by the detector. Now suppose instead of making
one measurement we make two measurements for each ray path for two
different source spectra. Let us call these measurements [, and [;; then

14, A)= | SUE) exp [~ (Aig(E)+ AufnEN dE (@D)
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and
(A1, A) = $i(B) exp [—(A8(E) + A EW dE (23)

which gives us two (integral) equations for the two unknowns 4, and A,. The
two source spectra, S;(E) and S,(E), may for example be obtained by simply
changing the tube voltage on the x-ray source or adding filtration to the
incident beam. This, however, requires that two scans be made for each
tomogram. In principle, one can obtain equivalent results from a single scan
with split detectors [Bro78a] or by changing the tube voltage so that
alternating projections are at differemt voltages. Alvarez and Macovski
[Alv76b] have shown that statistical fluctuations in 4,(x, ¥) and ai(x, ¥)
caused by the measurement errors in f; and [, are small compared to the
differences of these quantities for body tissues.

4.1.4 Scatter

X-ray scatter leads to another type of erfor in the measurement of a
projection. Recall that an x-ray beam traveling through an object can be
attenuated by photoelectric absorption or by scattering. Photoelectric
absorption is energy dependent and leads to beam hardening as was discussed
in the previous section. On the other hand, attenuation by scattering occurs
because some of the original energy in the beam is deflected onto a new path.
The scatter angle is random but generally more x-rays are scattered in the
forward direction.

The only way to prevent scatter from leading to projection errors is to build
detectors that are perfectly collimated. Thus any x-rays that aren’t traveling
in a straight line between the source and the detector are rejected. A perfectly
collimated detector is especially difficult to build in a fourth-generation,
fixed-detector scanner (to be discussed in Section 4.1.5). In this type of
machine the detectors must be able to measure x-rays from a very large angle
as the source rotates around the object.

X-ray scatter leads to artifacts in reconstruction because the effect changes
with each projection. While the intensity of scattered x-rays is approximately
constant for different rotations of the object, the intensity of the primary beam
(at the detector) is not. Once the x-rays have passed through the collimator the
detector simply sums the two intensities. For rays through the object where
the primary intensity is very small, the effect of scatter will be large, while
for other rays when the primary beam is large, scattered x-rays will not lead
to much error. This is shown in Fig. 4.7 [Glo82), [Jos82).

For reasons mentioned above, the scattered energy causes larger errors in
some projections than others. Thus instead of spreading the error energy over
the entire image, there is a directional dependence that leads to streaks in
reconstruction. This is shown in the reconstructions of Fig. 4.8.

Correcting for scatter is relatively easy compared to beam hardening.
While it is possible to estimate the scatter intensity by mounting detectors
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Fig. 4.7:  The effect of scatter
on two different profections is
shown here. For the projections
where the intensity of the primary
beam is high the scatter makes
little difference. When the
intensity of the scattered beam is
high compared to the primary
beam then large (relative) errors
are seen.
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slightly out of the imaging plane, good results have been obtained by
assuming a constant scatter intensity over the entire projection [Glo82].

4.1.5 Different Methods for Scanning

There are two scan configurations that lead to rapid data collection. These
are i) fan beam rotational type (usually called the rotate-rotate or the third
generation) and ii) fixed detector ring with a rotating source type (usually
called the rotate-fixed or the fourth generation). As we will see later, both of
these schemes use fan beam reconstruction concepts. While the reconstruc-
tion algerithms for a parallel beam machine are simpler, the time to scan with
an x-ray source across an object and then rotate the entire source-detector
arrangement for the next scan is usually too long. The time for scanning
across the object can be reduced by using an array of sources, but only at
great cost. Thus almost all CT machines in production today use a fan beam
configuration.

In a (third-generation) fan beam rotation machine, a fan beam of x-rays is
used to illuminate a multidetector array as shown in Fig. 4.9. Both the source
and the detector array are mounted on a yoke which rotates continuously
around the patient over 360°. Data collection time for such scanners ranges
from 1 to 20 seconds. In this time more than 1000 projections may be taken,
If the projections are taken “‘on the fly’’ there is a rotational smearing present
in the data; however, it is usually so small that its effects are not noticeable in
the final image. Most such scanners use fan beams with fan angles ranging
from 30 to 60°, The detector bank usually has 500 to 700 or more detectors,
and images are reconstructed on 256 x 256, 320 x 320, or 512 x 512
matrices.

There are two types of x-ray detectors commonly used: solid state and
xenon gas ionization detectors. Three xenon ionization detectors, which are
often used in third-generation scanners, are shown in Fig. 4.10. Each
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Fig. 4.8: Reconstructions are
shown from an x-ray phantom
with 15-cm-diameter water and
two 4.cm Teflon rods. (A)
Without 120-kvp correction; (B)
same with polynomial beam
hardening correction; and {C}
120-kvp/80-kvp dual-energy
recansiruction. Note that the
artifacts vemain after
polychromaticity correction.
(Reprinted with permission from
[Glo82}.)

Fig. 4.9: In a third-generation
Jan beam x-ray romography
machine a point source of x-ravs
ond o defector array gre rotated
continuously around the patient.
(From {Kak79}.)
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Fig. 4.10: A xenon gas detector
is often used 1o measure the
number of x-ray photons that
pass through the object. (From
[Kak79].}
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detector consists of a central collecting electrode with a high voltage strip on
each side. X-ray photons that enter a detector chamber cause jonizations with
high probability (which depends upon the length, £, of the detector and the
pressure of the gas). The resulting current through the electrodes is a measure
of the incident x-ray intensity. In one commercial scanner, the collector plates
are made of copper and the high voltage strips of tantalum. In the same
scanner, the length { (shown in Fig. 4.10) is 8 cm, the voltage applied
between the electrodes 170 V, and the pressure of the gas 10 atm. The overall
efficiency of this particular detector is around 60%. The primary advantages
of xenon gas detectors are that they can be packed closely and that they are
inexpensive, The entrance width, 7, in Fig. 4.10 may be as small as 1 mm.

Yaffee et al. [Yaf77] have discussed in detail the energy absorption
efficiency, the linearity of response, and the sensitivity to scattered and oft-
focus radiation for xenon gas detectors. Williams [Wil78] has discussed their
use in commercial CT systems.

In a fixed-detector and rotating-source scanner (fourth generation) a large
number of detectors are mounted on a fixed ring as shown in Fig. 4.11. Inside
this ring is an x-ray tube that continually rotates around the patient. During
this rotation the output of the detector integrators facing the tube is sampled
every few milliseconds. All such samples for any one detector constitute what
is known as a detector-vertex fan. (The fan beam data thus collected from a
fourth-generation machine are similar to third-generation fan beam data.)
Since the detectors are placed at fixed equiangular intervals around a ring, the
data collected by sampling a detector are approximately equiangular, but not
exactly so because the source and the detector rings must have different radii.
Generally, interpolation is used to convert these data into a more precise
equiangular fan for reconstruction using the algorithms in Chapter 3.

Note that the detectors do not have to be packed closely (more on this at the
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Fig. 4.11:  In a fourth-generation
scanner an X-ray source rotates
continuously around the patient.
A stationary ring of deteciors
completely surrounds the patient.
(From [Kak79].)
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end of this section). This observation together with the fact that the detectors
are spread all around on a ring allows the use of scintillation detectors as
opposed to ionization gas chambers. Most scintillation detectors currently in
use are made of sodium iodide, bismuth germanate, or cesium iodide crystals
coupled to photo-diodes. (See [Der77a] for a comparison of sodium iodide
and bismuth germanate.) The crystal used for fabricating a scintillation
detector serves two purposes. First, it traps most of the x-ray photons which
strike the crystal, with a degree of efficiency which depends upon the photon
energy and the size of the crystal. The x-ray photons then undergo
photoelectric absorption (or Compton scatter with subsequent photoelectric
absorption) resulting in the production of secondary electrons. The second
function of the crystal is that of a phosphor—a solid which can transform the
kinetic energy of the secondary electrons into flashes of light. The
geometrical design and the encapsulation of the crystal are such that most of
these flashes of light leave the crystal through a side where they can be
detected by a photomultiplier tube or a solid state photo-diode.

A commercial scanner of the fourth-generation type uses 1088 cesium
iodide detectors and in each detector fan 1356 samples are taken. This
particular system differs from the one depicted in Fig. 4.9 in one respect: the
x-ray source rotates around the patient outside the detector ring. This makes
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it necessary to nutate the detector ring so that measurements like those shown
in the figure may be made [Haq78].

An important difference exists between the third- and the fourth-generation
configurations. The data in a third-generation scanner are limited essentially
in the number of rays in each projection, although there is no limit on the
number of projections themselves; one can have only as many rays in each
projection as the namber of detectors in the detector array. On the other hand,
the data collected in a fourth-generation scanner are limited in the number of
projections that may be generated, while there is no limit on the number of
rays in each projection.' (It is now known that for good-quality reconstruc-
tions the number of projections should be comparable to the number of rays in
each projection. See Chapter 5.)

In a fan beam rotating detector (third-generation) scanner, if one detector is
defective the same ray in every projection gets recorded incorrectly. Such
correlated errors in all the projections form ring artifacts [She77]. On the
other hand, when one detector fails in a fixed detector ring type (fourth-
generation)} scanner, it implies a loss or partial recording of one complete
projection; when a large number of projections are measured, a loss of one
projection usually does not noticeably degrade the quality of a reconstruction
[Shu77]. The reverse is true for changes in the x-ray source. In a third-
generation machine, the entire projection is scaled and the reconstruction is
not greatly affected; while in fourth-generation scanners source instabilities
lead to ring artifacts. Reconstructions comparing the effects of one bad ray in
all projections to one bad projection are shown in Fig. 4.12.

The very nature of the construction of a gas ionization detector in a third-
generation scanner lends them a certain degree of collimation which is a
protection against receiving scatter radiation. On the other hand, the detectors
in a fourth-generation scanner cannot be collimated since they must be
capable of receiving photons from a large number of directions as the x-ray
tube is rotating around the patient. This makes fixed ring detectors more
vulnerable to scattered radiation.

When conventional CT scanners are used to image the heart, the
reconstruction is blurred because of the heart’s motion during the data
collection time. The scanners in production today take at least a full second to
collect the data needed for a reconstruction but a number of modifications
have been proposed to the standard fan beam machines so that satisfactory
images can be made [Lip83], [Mar82].

Certainly the simplest approach is 1o measure projection data for several
complete rotations of the source and then use only those projections that occur
during the same instant of the cardiac cycle. This is called gated CT and is
usually accomplished by recording the patient’s EKG as each projection is

! Although one may generate a very large number of rays by taking 4 large mimber of samples
in each projection, **useful information’* would be limited by the width of the focal spot on the x-
ray tube and by the size of the detector aperture.
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Fig. 4.12: Three reconstructions
are shown here 10 demonstrate
the ring artifact due to a bed
detector in a third-generation
frofarting detector} scanner. {a)
shows a stendard reconstruction
with 128 projections and 128
rays. (B) shows a ring artifact due
o scaling detector 80 in all
projections by 0.995, (e) shows
the effect of scaling all rays in
profection 80 by 0.995,

measured. A full set of projection data for any desired portion of the EKG
cycle is estimated by selecting all those projections that occur at or near the
right time and then using interpolation to estimate those projections where no
data are available. More details of this procedure can be found in [McK81].

Notwithstanding interpolation, missing projections are a shortcoming of
the gated CT approach. In addition, for angiographic imaging, where it is
necessary to measure the flow of a contrast medium through the body, the
movement is not periodic and the techniques of gated CT do not apply. Two
new hardware solutions have been proposed to overcome these problems—in
both schemes the aim is to generate all the necessary projections in a time
interval that is sufficiently short so that within the time interval the object may
be assumed to be in a constant state. In the Dynamic Spatial Reconstructor
(DSR) described by Robb er al. in [Rob83], 14 x-ray sources and 14 large
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Fig. 4.13: This figure shows a
tvpical x-ray fomographic image
produced with a third-generation
machine. {Courtesy of Carf
Crawford of the General Electric
Medical Systems Division in
Milwaukee, W1.)

circular fluorescent screens are used to measure a full set (112 views) of
projections in a time interval of 0.127 second. In addition, since the x-ray
intensity is measured on a fluorescent screen in two dimensions (and then
recorded using video cameras), the reconstructions can be done in three
dimensions.

A second approach described by Boyd and Lipton [Boy83], {Pes85], and
implemented by Imatron, uses an electron beam that is scanned around a
circular anode. The circular anode surrounds the patient and the beam
striking this target ring generates an x-ray beam that is then measured on the
far side of the patient using a fixed array of detectors. Since the location of the
x-ray source is determined completely by the deflection of the electron beam
and the deflection is controlled electronically, an entire scan can be made in
0.05 second.

4.1.6 Applications

Certainly, x-ray tomography has found its biggest use in the medical
industry. Fig. 4.13 shows an example of the fine detail that has made this type
of imaging so popular. This image of 2 human head corresponds to an axial
plane and the subject’s eyes, nose, and ear lobes are clearly visible. The
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reader is referred to [Axe83] and a number of medical journals, including the
Journal of Computerized Tomography, for additional medical applica-
tions.
Computerized tomography has also been applied to nondestructive testing
(NDT) of materials and industrial objects. The rocket motor in Fig. 4.14 was
. examined by the Air Force-Aerojet Advanced Computed Tomography
Fig. 4.14: A tional
photograph s shown here of a  System T (AF/ACTS-I)? and its reconstruction is shown in Fig. 4.15. In the
szfiﬂfuef rocékef motor studied by reconstruction, the outer ring is a PYC pipe used to support the motor, a
the Aerajet Corporation. : : : : :
(Courtesy of Jim Berry and Gary grounding wire shows in the upper left as a sma]_l circular object, and the
Cawood of Aerojet Strategic large mass with the star-shaped void represents solid fuel propellant. Several
Propuision Company.} anomalies in the propellant are indicated with square boxes.

2 This project was sponsored by Air Force Wright Aeronautical Laboratories, Air Force
Materials Laboratory, Air Force Systems Command, United States Air Force, Wright-Patterson
AFB, OH.
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Fig. 4.18: 4 cross section of the
motor in Fig. 4.14 is shown here.
The white squares indicate flaws
in the rocket propellant.
{Courresy of Aerajet Strategic
Propulsion Company. }

An Optical Society of America meeting on Industrial Applications of
Computerized Tomography described a number of unigue applications of CT
[OSAB5]. These include imaging of core samples from oil wells [Wan85],
quality assurance [A1185], [Hef85], [Per85], and noninvasive measurement of
fluid flow [Sny85] and flame temperature [Uck85).

4.2 Emission Computed Tomography

In conventional x-ray tomography, physicians use the attenvation coeffi-
cient of tissue to infer diagnostic information about the patient. Emission CT,
on the other hand, uses the decay of radioactive isotopes to image the
distribution of the isotope as a function of time. These isotopes may be
administered to the patient in the form of radiopharmaceuticals either by
injection or by inhalation. Thus, for example, by administering a radioactive
isotope by inhalation, emission CT can be used to trace the path of the isotope
through the lungs and the rest of the body.

Radioactive isotopes are characterized by the emission of gamma-ray
photons or positrons, both products of nuclear decay. (Note that gamma-ray
photons are indistinguishable from x-ray photons; different terms are used
simply to indicate their origin.) The concentration of such an isotope in any
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Fig. 4.16: In single photon
emission tomography a
distributed source of gamma-rays
is imaged using a collimated
detector. (From {Kak79].)

cross section changes with time due to radioactive decay, flow, and
biochemical kinetics within the body. This implies that all the data for one
cross-sectional image must be collected in a time interval that is short
compared to the time constant associated with the changing concentration.
But then this aspect also gives emission CT its greatest potential and utility in
diagnostic medicine, because now by analyzing the images taken at different
times for the same cross section we can determine the functional state of
various organs in a patient’s body.

Emission CT is of two types: single photon emission CT and positron
emission CT. The word single in the former refers 1o the product of the
radioactive decay, a single photon, while in positron emission CT the decay
produces a single positron, After traveling a short distance the positron comes
to rest and combines with an electron. The annihilation of the emitted
positron results in two oppositely traveling gamma-ray photons. We will first
discuss CT imaging of (single) gamma-ray photon emitters.

4.2.1 Single Photon Emission Tomography

Fig. 4.16 shows a cross section of a body with a distributed source emitting
gamma-ray photons, For the purpose of imaging, any very small, neverthe-
less macroscopic, element of this source may be considered to be an isotropic
source of gamma-rays. The number of gamma-ray photons emitted per
second by such an element is proportional to the concentration of the source at
that point. Assume that the collimator in front of the detector has infinite
collimation, which means it accepts only those photons that travel toward it in
the parallel ray-bundle R;R;. (Infinite collimation, in practice, would imply

datector
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e collimator
?
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| \ A distributed
source of gamma=ray
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Fig. 4.17:  Axial SPECT images
showing the concentration of
iodine-123 at four cross-sectional
pPlanes are shown here. The 64 X
64 reconstructions were made by
megsuring 128 prajections each
with 64 rays. (The images were
produced on @ General Electric
4000T/Star and gre courtesy of
Grant Gullberg of General
Electric in Milwaukee, WI.}

an infinitely long time to make a statistically meaningful observation.) Then
clearly the total number of photons recorded by the detector in a *‘statistically
meaningful®” time interval is proportional to the total concentration of the
emitter along the line defined by R, R;. In other words, it is a ray integral as
defined in Chapter 3. By moving the detector—collimator assembly to an
adjacent position laterally, one may determine this integral for another ray
parallel to R;R;. After one such scan is completed, generating one
praojection, one may either rotate the patient or the detector-collimator
assembly and generate other projections. Under ideal conditions it shouid be
possible to generate the projection data required for the usual reconstruction
algorithms.

Figs.4.17 and 4.18 show, respectively, axial and sagittal SPECT images of
a head. The axial images are normal CT reconstructions at different cross-
sectional locations, while the images of Fig. 4,18 were found by reformatting
the original reconstructed images into four sagittal views. The reconstruc-
tions are 64 X 64 images representing the concentration of an amphetamine
tagged with iodine-123. The measured data for these reconstructions
consisted of 128 projections (over 360°) each with 64 rays.

As the reader might have noticed already, the images in Figs. 4.17 and
4.18 look blurry compared to the x-ray CT images as exemplified by the
reconstructions in Fig. 4.13. To get better resolution in emission CT, one
might consider using more detectors to provide finer sampling of each
projection; unfortunately, that would mean fewer events per detector and thus
a diminished signal-to-noise ratio at each detector. One could consider
increasing the dosage of the radioactive isotope to enhance the signal-to-noise
ratio, but that is limited by what the body can safely absorb. The length of
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Fig. 4.18: The reconstructed
data in Fig. 4.17 were
reformatred to produce the four
sagirtal images shown here. (The
images were produced on a
General Electric 4000T/Star and
are courtesy of Grant Gullberg of
General Electric in Milwaukee,
Wi)
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time over which the events are integrated could also be prolonged for an
increased signal-to-noise ratio, but usually that is constrained by body motion
[Bro8l1].

A serious difficulty with tomographic imaging of a gamma-ray emitting
source is caused by the attenuation that photons suffer during their travel from
the emitting nuclei to the detector.? The extent of this attenuation depends
upon both the photon energy and the nature of the tissue. Consider two
elemental sources of equal strength at points 4 and B in Fig. 4.16: because of
attenuation the detector will find the source at A stronger than the one at B,
The effect of attenuation is illustrated in Fig. 4.19, which shows reconstruc-
tions of a disk phantom for three different values of the attenuation: p =
0.05, 0.11, and 0.15 cm~!, obtained by using three different media in the
phantom. The original disk phantom is also shown for comparison. (These
reconstructions were done using 360° of projection data.)

A number of different approaches for attenuation compensation have been
developed. These will now be briefly discussed in the following section.

4.2.2 Attenuation Compensation for Single Photon Emission CT

Consider the case where gamma-ray emission is taking place in a medium
that can everywhere be characterized by a constant linear attenuation

3 There is also the difficulty caused by the fact that for a collimator the parallel beam R(R; in
Fig. 4.16 is only an idealization. The detector in that figure will accept photons from a poimt
source anywhere within the volume R, R:R,. Also, in this volume the response of the detector
will decrease as an isotropic source is moved away from it. However, such nonuniformities are
not large enough to cause serious distortions in the reconstructions. This was first shown by
Budinger [Bud74]. See also [Gus78].

MEASUREMENT OF PROJECTION DATA 137





ORIGINAL

u=0.05

u =015

u=0Mm

0T

(a)

u =0
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{Courtesy of T. Budinger.}

s
- — 23 om

b

138

COMPUTERIZED TOMOGRAPHIC IMAGING





coefficient. Let p(x, y) denote the source distribution in a desired cross

section. In the absence of any attenuation the projection data Py(f) are given
from Chapter 3 by

Py(t)= H o(x, ¥)8(x cos 8+ sin 8 —7) dx dy. (24)

However, in the presence of attenuation this relationship must be modified to
include an exponential attenuation term, e~ *9-9, where, as shown in Fig.
420,5 = —xsin® + ycos#and d = d(¢, ) is the distance from the line
CC’ to the edge of the object. Thus the ray integral actually measured is
given by

Py = 55 p(x, ¥y exp [— p(d~5)15(x cos 6+y sin 6— 1) dx dy.  (25)

For convex objects the distance d, which is a function of x, y, and 8, can be
determined from the external shape of the object. We can now write

Sty =Pl) exp [ud) = | { p(x, ) exp [~ uCx sin 6~ cos 0))
+ 6{x cos @+ y sin 8 —¢) dx dy. (26)

The function Sy(¢) has been given the name exponential Radon transform.
In [Tre80], Tretiak and Metz have shown that
r o
or, ¢)= 5 [ 5 S,(r cos {8 —@)— D) dr] exp [ur sin (- ¢)) d¢
a o

@n

is an attenuation compensated reconstruction of p(x, y) provided the
convolving function h(f) is chosen such that the point spread function of the
system given by

b(r, $)= 52 h(r cos (06— $)) exp [pr sin (0—¢)] dO (28)

fits some desired point spread function (ideally a delta function but in practice
a low pass filtered version of a delta function). Note that because the
integration in (28) is over one pericd of the integrand (considered as a
function of 8}, the function b(r, ¢} is independent of ¢ which makes it radially
symmetric. Good numerical approximations to fi(f) are presented in [Tre80].
In [Tre80] Tretiak and Metz have provided analytical solutions for k(7). Note
that (27) possesses a filtered backprojection implementation very similar to
that described in Chapter 3. Each modified projection S(f) is first convolved
with the function A(7); the resulting filtered projections are then backpro-
jected as discussed before. For each § the backprojected contribution at a
given pixel is multiplied by the exponential weight e#” sin ¥-9),

Budinger and his associates have done considerable work on incorporating
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Fig. 4.20: Several parameters attenuation compensation in their iterative least squares reconstruction

{z’; i‘;e:;‘r‘;‘_f‘;;}_g‘f;’?gz’;pﬁ techniques [Bud76l. ‘In these prctcedl_xres one approximates an i'rnage to be
reconstructed by a grid as shown in Fig. 4.21 and an assumption is made that
the concentration of the nuclide is constant within each grid block, the
concentration in block m being denoted by p(m). In the absence of
attenuation, the projection measured at a sampling point f; with projection
angle 8, is given by

Py(t) =3, p(m)fiYm) (29)
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Fig. 4.21; This figure shows the
grid representation for a source
distribution. The concentration of
the source is assumed 1o be
constant in each grid square.
(From [Kak79].)
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where f8(m) is a geometrical factor equal to that fraction of the mth block
that is intercepted by the &th ray in the view at angle 8. (The above equation
may be solved by a variety of iterative techniques [Ben70], [Goi72],
[Her71].)

Once the problem of image reconstruction is set up as in (29), one may
introduce attenuation compensation by simply modifying the geometrical
factors as shown here:

N
Put)="% o(m)fim) exp [ puln] (30)

iw]

where ¢ is the distance from the center of the mith cell to the edge of the
reconstruction domain in the view 6. The above equations could be solved, as
any set of simultaneous equations, for the unknowns p{n).
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Fig. 4.22: In pasitron emission
tomography the decay of a
positron/electron pair is detected
by a pair of photons. Since the
photons are released in opposite
directions it is possible to
determine which ray it came from
and measure a projection. {From
[Kak791.}

Unfortunately, this rationale is flawed: In actual practice the attenuating
path length for the mth cell does not extend all the way to the detector or, for
that matter, even to the end of the reconstruction domain. For each cell and
for a given ray passing that cell it only extends to the end of the object along
that ray. To incorporate this knowledge in attenvation compensation,
Budinger and Guliberg [Bud76] have used an iterative least squares approach.
They first reconstruct the emitter concentration ignoring the attenuation. This
reconstruction is used to determine the boundaries of the object by using
an edge detection algorithm. With this information the attenuation factors
exp (~ uf? } can now be calculated where £, is now the distance from the mith
pixel to the edge of the object along a line @ + 90°. The source concentration
is then calculated using the least squares approach. This method, therefore,
requires two reconstructions. Also required is a large storage file for the
coefficients £° .

For other approaches to attenuation compensation the reader is referred to
[Bel79}, [Cha79a], [Cha79b], [Hsi76].

4.2.3 Positron Emission Tomography

With positron emission tomography (PET), we want to determine the
concentration and location of a positron emitting compound in a desired cross
section of the human body. Perhaps the most remarkable feature of a positron
emitter, at least from the standpoint of tomographic imaging, is the fact that
an emitted positron can’t exist in nature for any length of time. When brought
to rest, it interacts with an electron and, as a cesult, their masses are
annihilated, creating two photons of 511 keV each. [Note that the mass of an
electron (or positron) at rest is equivalent to an energy of approximately 511
keV.] These two photons are called annihilation gamma-ray photons and are
emitted at very nearly 180° from one another (Fig. 4.22). It is also important
to note that the annihilation of a positron occurs with high probability only
after it has been brought to rest. Note that, on the average, 1-MeV and 5-
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Fig. 4.23: A pair of detectors
and a coincidence testing circuit
are used to determine the location
of a positron emission. Arrival of
coincident photons at the
detectors D\ and D, impiies that
there was @ positron emission
somewhere on the line AA’. This
is known as electronic
collimation. (From [Kak79].)

MeV positrons traverse 4 mm and 2.5 c¢m, respectively, in water before
annihilation. Therefore, for accurate localization it is important that the
emitted positrons have as little kinetic energy as possible. Usually, in
practice, this desirable property for a positron emitting compound has to be
balanced against the competing property that in a nuclear decay if the positron
emission process is to dominate over other competing processes, such as
electron capture decay, the decay energy must be sufficiently large and,
hence, lead to large positron kinetic energy.

The fact that the annihilation of a positron leads to two gamma-ray photons
traveling in opposite directions forms the basis of a unique way of detecting
positrons. Coincident detection by two physically separated detectors of two
gamma-ray photons locates a positron emitting nucleus on a line joining the
two detectors. Clearly, a few words about coincident detection are in order.
Recall that in emission work, each photon is detected separately and therefore
treated as a distinct entity (hence the name ‘‘event’” for the arrival of a
photon). Now suppose the detectors D and D, in Fig. 4.23(a) record two
photons simultaneously (i.e., in coincidence) that would indicate a positron
annihilation on the line joining A.4’, We have used the phrase **simultaneous
detection’’ here in spite of the fact that the distances SA4 and S4’ may not be
equal. The “*coincidence resolving time™’ of circuits that check for whether
the two photons have arrived simultaneously is usually on the order of 10 to
25 ns—a sufficiently long interval of time to make path difference
considerations unimportant. This means that if the two annihilation photons
arrive at the two detectors within this time interval, they are considered to be
in coincidence.

Positron devices have one great advantage over single photon devices
discussed in the preceding subsection, that is, electronic collimation. This is
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illustrated by Fig. 4.23(b). Let us say we have a small volume of a positron
emitting source at location Sy in the figure. For all the annihilation photons
emitted into the conical volume 4,5, A,, their counterparts will be emitted
into the volume A,54, so as to miss the detector D, completely. Clearly
then, with coincident detection, the source S, will #of be detected at all with
this detector pair. On the other hand, the source located at 5, will be detected.
Note that, by the same token, if the same small source is located at S; it will
be detected with a slightly reduced intensity (therefore, sensitivity) because of
its off-center location. (This effect contributes to spatial variance of the point
spread function of positron devices.) In order to appreciate this electronic
collimation the reader should bear in mind that if we had used the detectors
Dy and D, as ordinary (meaning noncoincident) gamma-ray detectors (with
no collimation), we wouldn’t have been able to differentiate between the
sources at locations S; and S; in the figure. The property of electronic
collimation discussed here was first pointed out in 1951 by Wrenn et al.,
[Wre51] who also pointed out how it might be somewhat influenced by
background scatter,

It is easy to see how the projection data for positron emission CT might be
generated. In Fig. 4.23 if we ignore variations in the useful solid angle
subtended at the detectors by various point sources within 4,4,4:4, (and,
also, if for a moment we ignore attenuation), then it is clear that the total
number of coincident counts by detectors )y and D), is proportional to the
integral of the concentration of the positron emitting compound over the
volume A4.4,A4:4¢. This by definition is a ray integral in a projection,
provided the width r shown in the figure is sufficiently small.

This principle has been incorporated in the many positron scanners. As an
example, the detector arrangement in the positron system (PETT) developed
originally at Washington University by TerPogossian and his associates
[Hof76)] is shown in Fig. 4.24(a). The system uses six detector banks,
containing eight scintillation detectors each. Each detector is operated in
coincidence with all the detectors in the opposite bank. For finer sampling of
the projection datz and also to generate more views, the entire detector gantry
is rotated around the patient in 3° increments over an arc of 60°, and for each
angular position the gantry is also translated over a distance of 5 cm in 1-cm
increments. A multislice version of this scanner is described in [Ter78a] and
[Mul78]. These scanners have formed the basis for the development of Ortec
ECAT [Phe78]. Many other scanners [Boh78], [Cho76], [Cho77], [Der77b],
{Ter78b], [Yam77] use a ring detector system, a schematic of which is shown
in Fig. 4.24(b). Derenzo [Der77a] has given a detailed comparison of sodium
iodide and bismuth germanate crystals for such ring detector systems. The
reader will notice that the detector configuration in a positron ring system is
identical to that used in the fixed-detector x-ray CT scanners described in
Section 4.1, Therefore, by placing a rotating x-ray source inside the ring in
Fig. 4.24(b) one can have a dual-purpose scamner, as proposed by Cho
[Cho78]. The reader is also referred to [Car78a] for a characterization of the
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Fig. 4.24: {a) Detecror
arrangement in the PETT I
CAT. (B} A ring derector system
Sfor positron cameras. Each
detector in the ring works in
coincidence with a number of the
orther detectors, (From {Kak79].)
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performance of positron imaging systems and to [Bud77] for a comparison of
positron tomography with single photon gamma-ray tomography. While our
discussion here has focused on reconstructing two-dimensional distributions
of positron concentration (from the one-dimensional projection data), by
using planar arrays for recording coincidences there have also been attempts
at direct reconstruction of the three-dimensional distribution of positrons
[Chu77], [Tam78].

4.2.4 Attenuation Compensation for Positron Tomography

Two major engineering advantages of positron tomography over single
photon emission tomography are: 1) the electronic collimation already
discussed, 2) easier attenuation compensation.* We will now show why
attenuation compensation is easier in positron tomography.

Let’s say that the detectors D; and D, in Fig. 4.25 are being used to
measure one ray in a projection and let’s also assume that there is a source of
positron emitters located at the point S. Suppose for a particular positron
annihilation, the two annihilation gamma-ray photons labeled + and +, in the
figure are released toward D) and D,, respectively. The probability of v,
reaching detector D, is given by

exp [- r: 2(x) dx] a1

4 On the other hand, one of the disadvantages of positron emission CT in relation to single
gamma-ray emission CT is that the dose of radiation delivered to a patient from the
administration of a positron emitting compound (radionuclide) includes, in addition to the
contribution from the annihilation radiation, that contributed by the kinetic energy of positrons.
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Fig. 4.25: A phoron emitted at
S and traveling towgrd the D,
detectar is attenuated over a
distance of L, — L, while a
Pphoton traveling toward the D,
detector undergoes an atfenuaiion
propertional to L — L, (From
[Kok?97.)

coincidence
et

where u(x) is the attenuation coefficientat 511 keV as a function of distance
along the line joining the two detectors. Similarly, the probability of the
photon -y; reaching the detector D, is given by

exp [—Si wi(x) dx] . 32)

Then the probability that this particular annihilation will be recorded by the
detectors is given by the product of the above two probabilities

exp [_ Si‘ u(x) dx] - exp [— 5; ulx) dx] (33)

which is equal to

exp [—ﬂ‘ #(x) dx] . (34)

This is a most remarkable result because, first, this attenuation factor is the
same no matter where positron annihilation occurs on the line joining D, and
Ds, and, second, the factor above is exactly the attenuation that a beam of
monoenergetic photons at 511 keV would undergo in propagating from L at
one side to L, at the other. Therefore, one can readily compensate for
attenuation by first doing a transmission study (one does not have to do a
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4.3 Ultrasenic

reconstruction in this study) to record total transmission loss for each ray in
each projection. Then, in the positron emission study, the data for each ray
can simply be attenuation compensated when corrected (by division) by this
transmission loss factor. This method of attenuation compensation has been
used in the PETT and other [Bro78] positron emission scanners.

There are other approaches to attenuation compensation in positron CT
[Cho77]. For example, at S11-keV photon energy, a human head may be
modeled as possessing constant attenuation (which is approximately equal to
that of water). If in a head study the head is surrounded by a water bath, the
attenuation factor given by (34) may now be easily calculated from the shape
of the water bath [Eri76).

Computed Tomography

When diffraction effects can be ignored, ultrasound CT is very similar to
x-ray tomography. In both cases a transmitter illuminates the object and a line
integral of the attenuation can be estimated by measuring the energy on the far
side of the object. Ultrasound differs from x-rays because the propagation
speed is much lower and thus it is possible to measure the exact pressure of
the wave as a function of time. From the pressure waveform it is possible, for
example, to measure not only the attenuation of the pressure field but also the
delay in the signal induced by the object. From these two measurements it is
possible to estimate the attenuation coefficient and the refractive index of the
object. The first such tomograms were made by Greenleaf ef al. [Gre74],
[Gre75], followed by Carson et al. [Car76], Jackowatz and Kak [Jak76], and
Glover and Sharp [Glo77].

Before we discuss ultrasonic tomography any further it should be borne in
mind that the conventional method of using pulse-echo ultrasound to form
images is also tomographic—in the sense that it is cross-sectional. In other
words, in a conventional pulse-echo B-scan image (see Chapter 8), tissue
structures aren’t superimposed upon each other. One may, therefore, ask:
Why computerized ultrasonic tomography? The answer lies in the fact that
with pulse-echo systems we can only see tissue interfaces, although, on
account of scattering, there are some returns from within the bulk of the
tissue. [Work is now progressing on methods of correlating (quantitatively)
these scattered returns with the local properties of tissue [Fla83], [Kuc84].
This correlation is made difficult by the fact that the scattered returns are
meodified every time they pass through an interface; hence the interest in
computed ultrasonic tomography as an alternative strategy for quantitative
imaging with sound.]

From the discussion in a previous chapter on algorithms, it is clear that in
computerized tomography it is essential to know the path that a ray traverses
from the source to the detector. In x-ray and emission tomography these paths
are straight lines (within limits of the detector collimators), but this isn’t
always the case for ultrasound tomography. When an ultrasonic beam
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propagates through tissue, it undergoes a deflection at every interface
between tissues of different refractive indices. Carson ef af. [Car77] have
discussed some of the distortions introduced in & CT image by hard tissues
such as bone. (For a computer simulation study of these distortions, see
[Far78].) It has been suggested [Joh75] that perhaps we could correct for
refraction by using the following iterative scheme: we could first reconstruct
a refractive index tomogram ignoring refraction; rays could then be digitally
traced through this tomogram indicating the propagation paths; these curved
paths could then be used for a subsequent reconstruction, and the process
repeated. Another possible approach is to use inverse scattering solutions to
the problem [Iwa75], [Mue80]. Both of these approaches will be discussed in
later chapters. The problem of tomographic imaging of hard tissues with
ultrasound remains unsolved.

In this section we will assume that we are only dealing with soft-tissue
structures. (The refraction effects are much smaller now and can generally be
ignored.) An important application of this case is uitrasonic tumor detection
in the fernale breast [Car78b), [Gre78], [Gre81], [SchB4].

Our review here will only deal with transmission ultrasound. Recently it
has been shown theoretically that it is also possible to achieve (computed)
tomographic imaging with reflected ultrasound [Nor79a], {Notr79b). Clinical

- verification of this new technique has yet to be carried out. {(See Chapter 8 for

more information.)
4.3.1 Fundamental Considerations

Like the x-ray case, first consider ultrasonic waves propagating from a
transmitting transducer through a single layer of tissue and measured by a
receiver on the far side of the tissue, as diagrammed in Fig. 4.26(a). Because
ultrasonic waves in the range 1 to 10 MHz are highly attenuated by air, the
tissue layer is immersed in water or another fluid. Water serves to couple the
energy of the transducer into the object and provides a good refractive index
match with the tissue. Ignoring the effects of refraction, here we will model
the received waveform by considering only the direct path (or ray) between
the two transducers.

If an electrical signal, x{#), is applied to the transmitting transducer as
shown in Fig. 4.26(a), a number of effects can be identified that determine
the electrical signal produced by the receiving transducer. We can write an
expression for the received signal, y(7), by considering each of these effects
in the frequency domain. Thus the Fourier transform of the received signal,
Y{f), is given by a simple multiplication of the following factors:

1) the transmitter transfer function relating the electrical signal to the
resulting pressure wave, H,(/);

2) the attenuation, e~ *»/)%,, and phase change, ¢ ~/#w()%, caused by the
water on the near side of the tissue;
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beam travels through both the
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3) the transmittance of the front surface of the tissue or the percentage of
energy in the water that is coupled into the tissue, 7;

4) the attenuation, e~*/¥, and phase change, eV, caused by the layer
of tissue;

5) the transmittance of the rear surface of the tissue or the percentage of
energy in the tissue that is coupled into the water, 7»;

6) the attenuation, e2w(%,, and phase change, e~ #w/%,, caused by the
water on the far side of the tissue; -

7) the receiver transfer function relating a pressure wave to the resulting
electrical signal, AL (f).

We will assume the center frequency of the transducers is high enough so
that beam divergence may be neglected. (If the center frequency is too low,
the transmitted wavefront will diverge excessively as it propagates toward the
receiver; the resulting loss of signal would then have to be compensated for
by another factor.) With these assumptions the Fourier transform Y(f) of the
received signal y{t) is related to X(f), the Fourier transform of the signal
x(t), as follows [Din76], [Kak78]:

Y(Ny=X(NH(HANA,
- exp [= [a(N) +iB(Nexp [ - [an (/) +78u(N0] (35)
where
bo=4£,, + 4, (36)

%, and §,, being water path lengths on two sides of the tissue layer and ¢
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being the thickness of the tissue. «(f) and B(f) are the attenuation and phase
coefficients, respectively, of the tissue layer; o (f) and 8,.(f) are the
corresponding coefficients for the water medivm; H\(f) and H(f) are,
respectively, the transfer functions of the transducers 7, and 7. In the above
equation A, is given by

A=m 0 n (37)

where 7, and r; are, respectively, the transmittances of the front and the back
faces of the layer.

In order not to concern ourselves with the transducer properties, as
depicted by functions H\(f) and Hy(f), we will always normalize the
received signal y(¢) by the direct water path signal y,(r); see Fig. 4.26(b).
Clearly,

YN =XNH,(NYH(f) exp [ - [, () +iB(NE+L))  (38)
where Y, (f) is the Fourier transform of y,(¢). Therefore, from (35) and (38)
Y(N)=Yw(NA, exp [ - [((f) = s UNE+J (B~ BN, (39)

In most cases, the attenuation coefficient of water is much smaller than that of
tissue [Din79b} and may simply be neglected. Therefore,

Y(£)=Yu(NA, exp [ [N+ (8N - BN (40)

Extending this rationale to multilayered objects such as the one shown in
Fig. 4.26(c), we get for the Fourier transform Y(f) of the received signal:

Y(fy=X(NHH ()HAf)A, exp [- 5: fecCx, £) +jB(x, /)] dx]
rexp [—JBw(/)t] @n

where A, = 71373 - - 15 (v, being the transmittance at the ith interface) and
where «ff) and 8(f) have been replaced by a(x, f) and S8(x, f) since, now,
they are functions of position along the path of propagation. This equation
corresponds to (35) for the single layer case. Combining it with (37) and
again ignoring the attenuation of water, we get

Y()=A,Yf) exp [— f, «te dx]

. exp [— J2xf [: A/V(x)—1/V,) dx] 2)

where we have ignored dispersion in each layer (it is very small for soft
tissues [Wel77]) and expressed 8(x, f) and 8,,(f) as 2xf/ V(x) and 2xf/V,,,
respectively. V{x) and ¥, are propagation velocities in the layer at x, and
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water, respectively. Now let y /(#) denote the inverse transform of

YUD=AY(f) exp [—EL a(x,f)dx] : 3)

We may consider y(¢) to be an “‘attenuated”’ water path signal. This is the
hypothetical signal that would be received if it underwent the same loss as the
actual signal going through tissue. By the shift property, the relationship
depicted in (42) may be expressed as

yity=y, (t—Ty) {44)
where

1 ¢t
Ti= L () —1] dx é5)

w

with the refractive index n(x) given by

Ve

- Vix)®

n(x) (46)
The relationship among the signals x{¢), y.(¢), ¥ (#), and y(?) is also
depicted in Fig. 4.27.

As implied by our discussion on refraction, in the actual tomographic
imaging of soft biological tissues the assumptions made above regarding the
propagation of a sound beam are only approximately satisfied. In propagating
through a complex tissue structure, the interfaces encountered are usually not
perpendicular to the beam. However, since the refractive index variations in
soft tissues are usually less than 5% the beam bending effects are usually not
that serious; especially so at the resolution with which the projection data are
currently measured. But minor geometrical distortions are still introduced.
For example, when the projection data are taken with a simple scan-rotate
configuration, a round disk-like soft-tissue phantom with a refractive index
less than one would appear larger by about 3 to 5% as a result of such
distortion.

4.3.2 Ultrasonic Refractive Index Tomography
Here the aim is to make cross-sectional images for the refractive index

coefficient of soft tissue. From the discussion in the preceding section, for a
ray like A8 in Fig. 4.28

[ t1-nee yyas= - v, 12 "

Therefore, a measurement of T; gives us a ray integral for the function
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Fig. 4.27: The phase shift and
the attenuation of an ultrasonic
signal, x(f), as it travels through
water, v,(t), and is gttenuated,
YUY, and then phase shifted by
the object, y(t}, gre shown fere.
{From {Kak79].}
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{1 — n(x, »)), and hence, from such measurements we may reconstruct 1 —
n(x, ) {or #(x, y)). Note that one usnally makes the image for 1 — n(x, y)
rather than n{x, y)itself. This is to ensure that in the reconstructed image the
numerical values recenstructed for background are zero, since the refractive
index of water is 1. In (47) T is positive if the transit time through the tissue
structure is longer than the transit time through the direct water path. Usually
the opposite is the case, since most tissues are faster than water, Therefore,
most often 7 is negative making the right-hand side of the above equation
positive.

Measuring the time of flight (TOF) of an ultrasonic pulse is generally done
by thresholding the received signal and measuring the time between the
source excitation and the first time the received signal is larger than the
threshold. Since acoustic energy travels at 1500 m/s in water, the TOF
measured is on the order of 100 us and is easily measured with fairly
straightforward digital hardware. More details of this process and prepro-
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x{t}

Fig. 4.28: In uitrasound
refractive index tomography the
time it takes for an ultrasound
pulse to travel between points A
end B is measured, (From
[Kak79].)

cessing algorithms that can be used to clean up the projection data are
described in [Cra82].

A refractive index reconstruction made for a Formalin-fixed dog’s heart is
shown in Fig. 4.29.5 After this and other experiments reported in this section,
the heart was cut at the level chosen; the cut section is shown in Fig. 4.30.
The reconstruction shown here was made with only 18 measured projections
(which were then extrapolated to 72; see [Din76)) and 56 rays in each
projection.

4.3.3 Ultrasonic Attenuation Tomography

Here one seeks to construct cross-sectional images of soft-tissue structures
for the attenuation coefficient. Let a(x, ¥, f) be the attenuation coefficient as
a function of frequency at a point {x, ¥) in a cross-sectional plane. Since
afx, y, f) is a function of frequency, strictly speaking one may make the
tomogram at only one chosen frequency. This can be done by using pulsed
CW?* transmission through tissue [Mil77] since in pulsed CW signals most of
the energy is concentrated around a single frequency. Another approach to
the problem is to recognize that in soft tissues

C!(x, }’.f)=0'0(xs y)lfl (48)

is a good approximation in the low MHz range. Clearly now, instead of
reconstructing the attenuation coefficient a(x, y, f) one can reconstruct the
parameter ay(x, ¥}. To the extent the above approximation applies, ag(x, )
completely characterizes the attenuation properties of the soft tissue at
location (x, ¥).

In order to obtain a tomogram for ag(x, ¥), we need projection data with
each ray being given by

S aolx, v) ds. {49)

ray

The path of integration could, for example, be the ray AB in Fig. 4,28, We
will call the above integral the integrated attenuation coefficient, although it
must be multiplied by a frequency in order to get falx, ¥, /) ds at that
frequency.

A number of different techniques for measuring the integrated attenuation
coefficient using broadband pulsed ultrasound are presented in [Kak78]. In

3 The reconstructions of a dog’s heart presented here are not meant to imply the suitability of
compinterized ultrasonic tomography for in vivo cardiovascular imaging. Air in the lungs and
refraction due to the surrounding rib cage would preclude that as a practical possibility.
Ultrasonic tomography of the female breast for tumor detection would be an ideal
candidate for such rechnigues. The reconstructions presented were done on dogs’ hearts
because of their easy availability.

% CW is an abbreviation for continuous wave. Pulsed CW means that the signal is a few cycles
of a continuous sinusoid.
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Fig. 4.29: A refractive index

econstruction of the dog’s heart,

(From fKak79}.}

Fig. 4.30: After data collection
the dog’s heart was cut ar the
level for which reconstructions
were made. (From [Kak79].)

what follows we will list some of these techniques with brief descriptions and

Y R S By B P P,

show reconstructions obtained by using them.
i} Energyv-Ratio Method: 1t has been shown in [Kak78] that
1 E|
—In |—
206-5)  |E:
where E| and E; are, respectively, weighted energies in frequency bands
(i - Q0+ Dand (f;, — Q, 2 + Q) of the transfer functions of the tissue
structure along the desired ray. The transfer function, H(f), is defined by

Y.(f)
XN

f,, ooz, ) as= (50)

H(f)=

(1)
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Fig. 4.31: H(f) is the transfer
Function of the tissue struciure.
The weighted integrals of |H(f)|?
over the two intervals shown give
E, and E,. (From {Kak79}.)

where Y,(f) and X, (/) are Fourier transforms of the signals y,(#) and x,(¢),
respectively (Fig. 4.26(c)). One can show that in terms of the experimentally
measured signals y(¢) and y,{f) [Din79b]:

Y(f)
Y. (N

In terms of the function H(f), E, and E; required in (50) are given by (Fig.
431y

|H{f)| =

(52

E=2 | |XU-RPHO af 53)
and
E=2 [ XU RIHI of (54)

where X(f) is any arbitrary weighting function. The weighting function can
be used to emphasize those frequencies at which there is more confidence in
the calculation of H(f).

A major advantage of the energy-ratio method is that the calculation of the
integrated attenuation coefficient doesn’t depend upon the knowledge of
transmittances (as incorporated in the factor A,). To the extent this
calculation doesn’t depend on the magnitude of the received signal (but only
on its spectral composition) this method should also be somewhat insensitive
to the partial loss of signal caused by beam refraction. The extent of this
‘‘insensitivity”’ is not yet known.

A reconstruction using this method is shown in Fig. 4.32.

ii} Division of Transforms Followed by Averaging Method: Let H (/)

R{f}

[x(f-f )}
{x{F-F )

frequency
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Fig. 4.32: An attenuation
reconstruction of the dog’s heart
by the energy-ratio method.
(From [Kak79}.)

denote

Y(f)

. 55
V.00 53

Hy(f)=-In |[H()|=—In

Now let F(/, f2, @, ) denote the following:

1 th+m 1 ity
F(f, o &, )=— - .
Uindor Oy =30 | " " dr~36 T D a7 56)

Then one can show that

projection data= | ao(x, ) ds=F. 6N

my

Again, the method is independent of the value of transmittances at tissue-
tissue and tissue-medium interfaces. The method may also possess some
immunity to noise because of the integration in (56). In Fig. 4.33 a
reconstruction for the dog’s heart is shown using this method. The level
chosen was the same as that for the refractive index tomogram.

it} Frequency-Shift Method: From the standpoint of data processing the
above two methods suffer from a disadvantage. In order to use them one must
determine the transfer function H{(/} from the recorded waveform y (¢} for
each ray and y, (7). This requires that for each ray the entire time signal y{7)
be digitized and recorded, and this may take anywhere from 100 to 300
samples depending upon the maximum frequency (above the noise level) in
the acoustic pulse produced by the transmitting transducer. This is in marked
contrast to the case of x-ray tomography where for each ray one records only
one number, i.e., the foral number of photons arriving at the detector during
the measurement time interval.
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Fig. 4.33:  An attenuation
reconstruction of the dog’s heart
obtained from the averages of the
Junction H.(N. (From {Kak79].)

In the frequency-shift method the integrated attenuated coefficient is
measured by measuring the center frequencies of the direct water path signal
».(#) and the signal received after transmission through tissue, y(¢}. The
relationship is [Din79b]

Jo— S

207 9

J_ aotx, y) as=

where f is the frequency at which ¥,,(f) is a maximum and f; is that at which
Y (/) is 2 maximum; ¢2 is a measure of the width of the power spectrum of
yuld).

For a precise implementation this method also requires that the entire
waveform y(¢) be recorded for each ray. However, we are speculating that it
might be possible to construct some simple circuit that could be attached to
the receiving transducer the output of which would directly be f, [Nap81].
(Such a circuit could estimate, perhaps suboptimally, the frequency f, from
the zeros and locations of maxima and minima of the waveforms.) The
center frequency f; needs to be determined only once for an experiment so it
shouldn’t pose any logistical problems.

In Fig. 4.34 we have shown a reconstruction using this method. The
reconstruction was made from the same data that were recorded for the
preceding two experiments.

4.3.4 Applications

A clinical study discussing the use of ultrasound tomography for the
diagnosis of breast abnormalities was described by Schreiman ef al. in
[Sch84]. In this study the information from refractive index images was
combined with that from attenuation images and compared against mammo-
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Fig. 4.34: An antenuation
reconsitruction obtained by using
the frequency-shift method,
{From fKak79].}

grams. In addition, the design of a program to automatically diagnose breast
tomograms based on the attenuation constant and the index of refraction near
the lesion was described.

The mammograms and ultrasound tomographic images in Figs. 4.35 and
4.36, respectively, show a small spiculated cancer in the upper outer quadrant
of a right breast. The tomographic reconstructions shown in Fig. 4.36 were
based on the measurement of 60 paralle] projections each with 200 rays. For
each ray the time of arrival and the signal level of a 5-MHz ultrasound signal
were measured and stored on tape for off-line processing. The total data
collection time was 5 minutes,

In this study the attenuation and refractive index images were based on a
full wave rectified and low pass filtered version of the measured ultrasonic
pressure wave. The time delay caused by the object was measured by timing
the instant when the filtered signal first crossed a threshold. This gives a
direct estimate of the time delay, T;, as described in Section 4.3.2. On the
other hand, the attenuation of the signal was measured by integrating the first
two microseconds of the filtered signal. While this method doesn’t take into
account the frequency dependence of the attenuation coefficient, it does have
the overriding advantage that its hardware implementation is very simple and
fast.

4.4 Magnetic Resonance Imaging’

No book describing tomographic imaging would be complete without a
discussion of (nuclear) magnetic resonance imaging (MRI). While the
principles of nuclear magnetic resonance have been well known since the

7 We appreciate the help of Kevin King of General Electric’s Medical Systems Group and
Greg Kirk of Resonex, Inc. in preparing this material.
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Fig. 4.358: The x-ray
mammograns of these female
breasts show a small spiculated
cancer in the upper outer
guadrant of the right breass.
{Courtesy of Jim Greenleaf of the
Maye Clinic in Rochesrer, MN.)

1950s, only since 1972 has it been used for imaging. In the sense that the
images produced represent a cross section of the object, MRI is a
tomographic technique. Two head images obtained using MRI are shown in
Fig. 4.37.

The fundamentals of chemistry and physics required to derive MRI are
beyond the scope of this book. A rigorous derivation requires the use of
quantum mechanics, but since acceptable models of the process can be built
using classical mechanics, this will be the approach used here. For more
information the reader is referred to excellent accounts of the theory in
[Mang2], {Mac83], [Cho82], [Hin83], [Pyk82].

Magnetic resonance imaging is based on the measurement of radio
frequency electromagnetic waves as a spinning nucleus returns to its
equilibrium state. Any mucleus with an odd number of particles (protons and
neutrons) has a magnetic moment, and, when the atom is placed in a strong
magnetic field, the moment of the nucleus tends to line up with the field. If
the atom is then excited by another magnetic field it emits a radio frequency
signal as the nucleus returns to its equilibrium position. Since the frequency
of the signal is dependent on not only the type of atom but also the magnetic
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Fig. 4.36: The time of flight
(TOF) images on top and the
combined TOF and attenuation
{ATN) images on the bottom
show the small cancer. (Reprinted
with permission from [Sch84].)

fields present, the position and type of each nucleus can be detected by
appropriate signal processing.

Two of the more interesting atoms for MRI are hydrogen and phosphorus.
The hydrogen atom is found most often bound into a water molecule while
phosphorus is an important link in the transfer of energy in biological
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Fig. 4.37:  These two images
demonstrate the contrast and
resolution obrainable using MRI.
They were obstained using a
1.5-Tesla Signa® system at
General Electric’s MR
Development Center. (Courtesy
of General Electric’s Medical
Systems Group.)

systems. Both of these atoms have an odd number of nucleons and thus act
like a spinning magnetic dipole when placed inio a strong field.

When a spinning magnetic moment is placed in a strong magnetic field and
perturbed it precesses much like a spinning top or gyroscope. The frequency
of precession is determined by the magnitude of the external field and the type
and chemical binding of the atom. The precession frequency is known as the
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Larmor frequency and is given by
w=7vH (59

where H is the magnitude of the local magnetic field and v is known as the
gyromagnetic constant. The gyromagnetic constant, although primarily a
function of the type of nucleus, also changes slightly due to the chemical
elements surrounding the nucleus. These small changes in the gyromagnetic
constant are known as chemical shifts and are used in NMR spectroscopy to
identify the compounds in a sample. In MRI, on the other hand, a spatially
varying field is used to code each position with 2 unique resonating
frequency. Image reconstruction is done using this information.

Recalling that a magnetic field has both a magnitude and direction at a point
in three space, (x, y, z), the field is described by the vector quantity H{(x, y,
z). When necessary we will use the orthogonal unit vectors £, #, and Z to
represent the three axes. Conventicnally, the z-axis is aligned along the axis
of the static magnetic field used to align the magnetic moments. The static
magnetic field is then described by A, = Ho2.

A radio frequency magnetic wave in the (x, y)-plane and at the Larmor
frequency, wy = yH,, is used to perturb the magnetic moments from their
equilibrium position. The degree of tipping or precession that occurs is
dependent on the strength of the field and the length of the pulse. Using the
classical mechanics model a sinusoidal field of magnitude F, that lasts ¢,
seconds will cause the magnetic moment to precess through an angle given by

O=vHit,. (60)
The actual transmitted field, A,(x, y, 2), is given by
H\(x, y, 2)=2H, cos wyt %£. ®1)

Generally, H, and ¢, are varied so that the moment will be flipped either 90 or
180°. By flipping the moments 90° the maximum signal is obtained as the
system returns to equilibriom while 180° flips are often used to change the
sign of the phase (with respect to the Hj-axis) of the moment.

It is important to note that only those nuclei where the magnitude of the
local field is H; will flip according to (60). Those nuclei with a local magnetic
field near H, will flip to a small degree while those nuclei with a local field
far from A will not be flipped at all. This property of spinning nuclei in a
magnetic field is used in MRI to restrict the active nuclei to restricted sections
of the body [Man82]. Typical slice thicknesses in 1986 machines are from 3
to 10 mm.

After the radio frequency (RF) pulse is applied there are two effects that
can be measured as the magnetic moment returns to its equilibrium position.
They are known as the longitudinal and transverse relaxation times. The
longitudinal or spin-lattice relaxation time, T, is the simpler of the two and
represents the time it takes for the energy to dissipate and the moment to
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Fig. 4.38: As an excited
magnetic moment relaxes toward
its equilibrium position it emits a
Sree induciion decay (FID) signal
which can be thought of as the
transverse componemnt of the
precessing moment. In addition,
as the moment refurns o its
equilibrinm state the longitudinal
component of the magnetic field
returns 1o the value of M,

return to its equilibrium position along the Z-axis. In addition, after the RF
pulse is applied, the spinning magnetic moments gradually become out of
phase due to the effects of nearby nuclei. The time for this to occur is known
as the transverse or spin-spin relaxation time, 7. In practice, there is a third
parameter called 77 that also takes into account the local inhomogeneities of
the magnetic field. Because of physical constraints the following relationship
always holds:

T*<T=<T. (62)

Note that T¥ includes the effect of 7.
The process of tipping (or even flipping) a moment and its eventual return

to the sonilibrium state are diagrammed in Fig, 4,38, Conventionallv the
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magnetic moments are shown in a coordinate system that rotates at the
Larmor frequency. The direction of the magnetic moment before and
immediately after a 45° pulse is shown in Figs. 4.38(a) and (b). Fig. 4.38(c)
diagrams the moments as they start to return to the equilibrium position and
some of the moments become out of phase. The time T, is shorter than T so
the moments are totally out of phase before they return to the equilibrium
position. This is shown in Fig. 4.38(d). Finally, after several T| intervals the
moments return to their equilibrium position as shown in Fig. 4.38(e).

As the spinning moments return to their equilibrium position they generate
an electromagnetic wave at the Larmor frequency. This wave is known as the
free induction decay (FID) signal and can be detected using coils around the
object, When the magnetic moments are in phase, as they are immediately
following an RF excitation, the FID signal is proportional to both the density
and the transverse component of the magnetic moments. Near time ¢ = 0,

{a} (b} (e} (4] le}

() TRANSVERSE
MAGNETIC
FIELD

(g}
M
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LONGITUDINAL T
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immediately following the end of the RF pulse, the received signal is given by
S(ty=p sin (&) cos (wp?) (63)

where again 0 is the flip angle and p is the density of the magnetic moments.
From this signal it is easy to verify that the largest FID signal is generated by
a 90° pulse.

Both the spin-spin and the spin-~lattice relaxation processes contribute to
the decay of the FID signal. The FID signal after a 90° pulse can be written as

S()=p cos (wet) exp [~ t/TH exp [-/T] (64)

where the exponentials with respect to 7, and T} represent the attenuation of
the FID signal due to the return to equilibrium (77) and the dephasing (7°3).

In tissue the typical times for 7, and 7 are 0.5 s and 50 ms, respectively.
Thus the decay of the FID signal is dominated by the spin-spin relaxation
time (73 and T¥) and the effects of the spin-lattice time (¢~“"i in the
equation above) are hidden. A typical FID signal is shown in Fig, 4.38(f).

A clinician is interested in three parameters of the object: spin density, T,
and T:. The spin density is easiest to measure; it can be estimated from the
magnitude of the FID immediately following the RF puise. On the other
hand, the 7 and the T, parameters are more difficult.

To give our readers just a flavor of the algorithms used in MRI we will only
discuss imaging of the spin density. More complicated pulse sequences, such
as those described in [Cho82], are used to weight the image by the object’s T
or T, parameters. In addition, much work is being done to discover
combinations of the above parameters that make tissue characterization
easier.

There are many ways to spatially encode the FID signal so that
tomographic images can be formed. We will only discuss two of them here.
The first imeasures line integrals of the object and then uses the Fourier Slice
Theorem to reconstruct the object. The second approach measures the two-
dimensional Fourier transform of the object directly so that a simple inverse
Fourier transform can be used to estimate the object.

To restrict the imaging to a single plane a magnetic gradient

AH,=G,z (65)

is superimposed on the background field H; as is shown in Fig. 4.39. If a
narrow band excitation at the Larmor frequency wo = YF is then applied to
the object only those nuclei near the plane z = 0 will be excited. For
maximum response the excitation should be long enough to cause each
nucleus to precess through 90°.

A projection of the object in the plane z = 0 is measured by applying a
readout gradient of the form

AH, =G+ G,y (66)
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Fig. 4.3%:  To meosure
projections of a three-dimensional
object a field of strength AH, =
G,z used to resirict the initial flip
1o a single plane. Then a readout
gradient AH, = G.x + Gy is
used to measure projections of
the object. In the case shown here
the integrals are along lines
perpendicular to the page.

A
S

AH,
{while meosuring “
FID) /;)

AH,
{during flip}

as the nuclei return to the equilibrium state. This second gradient serves to
split each line integral into a separate frequency.
Consider the line

G.x+ G,y=AH,=constant. 67)
Along this line the FID signal will be at a unique frequency given by
w=—y(H+AH,). (68)

To measure a projection in the plane it is necessary to apply the readout
gradient and then find the Fourier transform of the received signal. Each
temporal frequency component of the FID signal will then correspond to a
single line integral of the object. This is illustrated in Fig. 4.39,

A two-dimensional reconstruction of an object can be easily found by
rotating the readout gradient and then using the reconstruction algorithms
discussed in Chapter 3. A full three-dimensional reconstruction is easily
formed by stacking the two-dimensional images.

A more common approach to magnetic resonance imaging is to use a phase
encoding gradient. The gradient, applied between the excitation pulse and the
readout of the FID, spatially encodes each position in the object with a phase.
This leads to a very natural reconstruction scheme because data can be
collected over a rectangular grid in the Fourter domain. Thus reconstructions
using this method can be performed using a two-dimensional FFT instead of
the Fourier backprojection usually found in computerized tomography.

One possible sequence of events is presented next. Like the projection
approach described above, a magnetic gradient is applied to the object as the
nuclei are excited. This restricts the imaging to a single plane where the local
magnetic field and the frequency of the excitation satisfy the Larmor
equation. This is shown in Fig. 4.40.

Two perpendicular gradients are used to encode each point in the plane.
First a gradient, for example in the y direction or AH, = Gy, is applied for
T seconds. Because the frequency of precession is related to the local
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Fig. 4.40: Three differemt
gradients are used to measure the
Fourier transform of an object
using MRI. First a gradient in the
Z direction is used to restrict the
fip to a single plane of the
object. Then a second gradient,
this time in p, is used to encode
each line of constant y with a
different phase. Finglly, a third
gradient, in x, is used while the
FID signal is read to spiit each
fine of constant x into a different
line integral.

z 1
Gradient
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Grodient

X
Gradient
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Encoding . FID
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magnetic field, nuclei at different points in the object start spinning at
different rates. After T seconds, when the phase encoding gradient is turned
off, each line of constant y will have accumulated a phase given by

¢ =wt=(Hy+ AH W T (69)
=woT+G,yyT. (70)

Like the projection case the FID is measured while applying a readout
gradient, this time along the x-axis or

AH,=Gyx. 1)

As before, the number of spinning nuclei along each line of constant x is now
encoded by the frequency of the received signal. Unlike the previous case
each position along the line is also encoded with a unique phase (see (69)).
The following phase encoded line integral is measured:

Po,)={{ p(x. ) exp Liva) exp Lixg) exp Ljwot) dx dy  (72)

where g, = GyyT and g, = Gyy?. Note that except for the e/ term this
equation is similar to the inverse Fourier transform of the data p(x, ). To
recover the phase encoded line integrals it is necessary to find the inverse
Fourier transform of the data with respect to time or

1
0%, @)= | poy(t) exp [~j.w] da. (73)

Finally, to recover the phase shifted projections it is necessary to shift the
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frequency of p(w, ¢,) by the Larmor frequency, wq, or

plx, G’y)=P(W—wo, Qy)- (74)

A complete reconstruction is formed by stepping the phase encoding
gradient, G,, through N steps between Gyax and — Gyax and measuring the
phase encoded line integrals p, (¢). To prevent aliasing it is important that

x
GuaxyT> a (75)

where the minimum feature size in the object is described by A. Note that in
general the FID signal, p, (#), will be sampled in both g, and ¢ and thus the
integral equations presented here will be approximated with discrete
summations,

Since each line integral containing the point x, y is encoded with a different
phase the spin density at any point can be recovered by inverting the integral
equations. This is easily done by finding the Fourier transform of the
collection of line integrals or

1
o, y)=5- | pCx. 4,) exp [~Ja,) da. (76)

While a reconstruction can be done with either approach most images today
are produced by direct Fourier inversion as opposed to the convolution
backprojection algorithms described in Chapter 3. Two errors found in MRI
machines are nonlinear gradients and a nonuniform static magnetic field.
These errors affect the final reconstruction in different ways depending on the
reconstruction technique.

First consider nonlinear gradients. In the direct Fourier approach only the
magnitude of the gradients changes and not their direction. Thus any
nonlinearities show up as a warping of the image space. As long as the
gradient is monotonic the image will look sharp, although a bit distorted. On
the other hand, in the projection approach the direction of the gradients is
constantly changing so that each projection is warped differently. This leads
to a blurring of the final reconstruction [ODo85].

The effect is similar with a nonhomogeneous static field, H,. Since the
gradient fields are simply added to the static field to determine the Larmor
frequency a nonhomogeneous field can be thought of as a warping of the
prejection data. Since the Fourier approach doesn’t change the angle of the
projections, using phase changes to distinguish the different parts of the line
integral, the direct Fourier approach yields sharper images.

In the simple analysis above we have ignored two important limitations on
MRI. The first is the frequency spreading due to the T, relaxation time. In the
analysis above we assumed a short enough measurement interval so that the
relaxation could be considered negligible. Since the resolution in the
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frequency domain is linearly dependent on the measurement time the
maximum possible measurement time should be used. Unfortunately the
exponential attenuation of the FID signal broadens the frequency spectrum
thereby determining the ultimate resolution of the magnetic resonance image,

A much more difficult problem is the data collection time. In the procedure
described above each measurement is made assuming all the magnetic
moments are at rest. Since the spin-lattice relaxation time is on the order of a
second this implies that only a single FID can be measured per second. Since
a three-dimensional image requires at least a million data points this is a
severe restriction,

In practice, pulse sequences have been designed that allow more than one
FID to be measured during the T relaxation time. This can be done using a
combination of gradients and selective gradients to only excite a single plane
within the object and also using selective spin-echo pulses to measure more
than one projection (or Fourier transform) within a single plane.

4.5 Bibliographic Notes

Because of the absence of any refraction or diffraction, with x-rays the
problem of tomographic imaging reduces to reconstructing an image from its
line integrals. A mathematical solution to the problem of reconstructing a
function from its projections was given by Radon [Rad17] in 1917. More
recently, some of the first investigators to examine this problem either
theoretically or experimentally (and often independently} include (in a
roughly chronological order): Bracewell [Bra36], Oldendorf {Old61], Cor-
mack [Cor63], [Cor64], Kuhl and Edwards [Kuh63], DeRosier and Klug
[DeR68], Tretiak ef al. [Tre69)], Rowley [Row69], Berry and Gibbs [Ber70],
Ramachandran and Lakshminarayanan [Ram71], Bender ef ¢/. [Ben70], and
Bates and Peters [Bat71]. A detailed survey of the work done in computed
tomographic imaging till 1979 appears in [Kak79].

Detailed information about a number of the applications described in this
book is also covered in books by Macovski [Mac83] and Herman [Her80].
For information about altermate approaches to single photon emission
tomography the reader is referred to [Kno83]. A more detailed presentation
of ultrasound tomography can be found in [Cra82], [Car78b]. Additional
information about the physical basis of nuclear magnetic resonance can be
found in a number of chemistry and physics texts including [Sha76], [Far71],
[Man82], [Pyk82). The algorithms used to reconstruct images vsing NMR
information are described in [Cho82], [Hin83), [Man82], (Pyk82].

The reader is also referred to [Kak79], [Kak81] for a survey of medical
tomographic imaging. For applications in radio astronomy, where the aim is
to reconstruct the *‘brightness’’ distribution of a celestial source of radio
waves from its strip integral measurements taken with special antenna beams,
the reader is referred to [Bra56], [Bra67]. For electron microscopy
applications, where one attempts to reconstruct the molecular structure of
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complex biomolecules from transmission micrograms, the reader should look
to [Cro70], [Gor71]. The applications of this technique in optical interferom-
etry, where the aim is to determine the refractive index field of an optically
transparent medium, are discussed in [Ber70}, [Row69], [Swe73]. The
applications of tomography in earth resources imaging are presented in
[Din79a], {Lyt80]. For information about a large number of industrial
applications the reader is referred to [OSAB5].
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Aliasing Artifacts and Noise in CT
Images

The errors discussed in the last chapter are fundamental to the projection
process and depend upon the interaction of object inhomogeneities with the
form of energy used. The effects of these errors can’t be lessened by simply
increasing the number of measurements in each projection or the total number
of projections.

This chapter will focus on reconstruction errors of a different type: those
caused either by insufficiency of data or by the presence of random noise in
the measurements. An insufficiency of data may occur either through
undersampling of projection data or because not enough projections are
recorded. The distortions that arise on account of insufficiency of data are
usually called the aliasing distortions. Aliasing distortions may also be caused
by using an undersampled grid for displaying the reconstructed image.

5.1 Aliasing Artifacts

We will discuss aliasing from two points of view. First we will assume
point sources and detectors and show the artifacts due to aliasing. With this
assumption it is easy to show the effects of undersampling a projection, using
too small 2 number of views, and choosing an incorrect reconstruction grid or
filter. We will then introduce detectors and sources of nonzero width and
discuss how they in effect help reduce the severity of aliasing distortions.

5.1.1 What Does Aliasing Look Like?

Fig. 5.1 shows 16 parallel beam reconstructions of an ellipse with various
values of X, the number of projections, and N, the number of rays in each
projection. The projections for the ellipse were generated as described in
Chapter 3. The gray level inside the ellipse was 1 and the background O and
the data were generated assuming a point source and point detector. To bring
out all the artifacts, the reconstructed images were windowed between 0.1
and —0,1. {In other words, all the gray levels above 0.1 werte set at white and
all below —0.1 at black.) The images in Fig. 5.1 are displayed on a 128 X
128 matrix. Fig. 5.2 is a graphic depiction of the reconstructed numerical
values on the middle horizontal lines for two of the images in Fig. 5.1. From
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Fig. 5.1:  Sixteen reconstructions
of an ellipse are shown for
different values of K, the number
of projections, and N, the
number of rays in each
projection, In each case the
reconstructions were windowed to
emphasize the distortions.
(Courtesy of Carl Crawford of
the General Electric Medical
Systems Division in Milwaukee,
WL)

Number of Projections

Samples per projection
N
256

512

Figs. 5.1 and 5.2 the following artifacts are evident: Gibbs phenomenon,
streaks, and Moiré patterns.

We will now show that the streaks evident in Fig. 5.1 for the cases when NV
is small and X is large are caused by aliasing errors in the profection data,
Note that a fundamental problem with tomographic images in general is that
the abjects (in this case an ellipse), and therefore their projections, are not
bandlimited. In other words, the bandwidth of the projection data exceeds the
highest frequency that can be recorded at a given sampling rate. To illustrate
how aliasing errors enter the projection data assume that the Fourier
transform Sy(f) of a projection Py(t) looks as shown in Fig. 5.3(a). The
bandwidth of this function is B as also shown there. Let’s choose a sampling
interval 7 for sampling the projection. By the discussion in Chapter 2, with
this sampling interval we can associate a measurement bandwidth W which is
equal to 1/27. We will assume that W < B. It follows that the Fourier
transform of the samples of the projection data is given by Fig. 5.3(b). We
see that the information within the measurement band is contaminated by the
tails (shaded areas) of the higher and lower replications of the original
Fourier transform. This contaminating information constitutes the aliasing
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Fig. 5,21 The center lines of the
reconstructions shown in Fig. 5.1
forfg) N = 64, K = 512 and (b)
N = 512, K = 512 are shown
here, (From [Cra79].)

errors in the sampled projection data. These contaminating frequencies
constitute the aliased spectrum.

Backprojection is a linear process so the final image can be thought to be
made up of two functions. One is the image made from the bandlimited
projections degraded primarily by the finite number of projections. The
second is the image made from the aliased portion of the spectrum in each
projection.

The aliased portion of the reconstruction can be seen by itself by
subtracting the transforms of the sampled projections from the corresponding
theoretical transforms of the original projections. Then if this result is filtered
as before, the final reconstructed image will be that of the aliased spectrum.
We performed a computer simulation study along these lines for an elliptical
object, In order to present the result of this study we first show in Fig. 5.4(a)
the reconstruction of the ellipse for N = 64. (The number of projections was
512, which is large enough to preclude any artifacts due to insufficient
number of views, and will remain the same for the discussion here.) We have
subtracted the transform of each projection for the N = 64 case from the
corresponding transform for the N = 1024 case. The latter was assumed to
be the true transform because the projections are oversampled (at least in
comparison to the N = 64 case). The reconstruction obtained from the
difference data is shown in Fig. 5.4(b). Fig. 5.4(c) is the bandlimited image
obtained by subtracting the aliased-spectrum image of Fig. 5.4(b) from the
complete image shown in Fig. 5.4(a). Fig. 5.4{(c) is the reconstruction that
would be obtained provided the projection data for the N = 64 case were
truly bandlimited (i.e., did not suffer from aliasing errors after sampling).
The aliased-spectrum reconstruction in Fig. 5.4(b) and the absence of streaks
in Fig. 5.4(c) prove our point that when the number of projections is large,
the streaking artifacts are caused by aliasing errors in the projection data.

We will now present a plausible argument, first advanced by Brooks e? al.

ALIASING ARTIFACTS AND NOISE IN CT IMAGES 179





Fig. 5.%: If a projection fa) is
sampled af below the Nyquist rate
{28 in this case), then aliasing
wilf oceur. As shown in (b) the
resulr is aliasing or spectrum
Soldover. {Adapted from
[Craz9l.)
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[Bro79], for when a streak may be dark and when it may be light. Note that
when an object is illuminated by a source, a projection of the object is formed
at the detector array as shown in Fig. 5.5. If the object has a discontinuity at
its edges, then the projection will also. We will now show how the position of
this discontinuity with respect to the detector array has a bearing on the sign
of the aliasing error. When the filtered projection is backprojected over the
image array the sign of the error will determine the shade of the streak.
Consider sampling a projection described by

1 x>0
fx)= [— 1 elsewhere. M
The Fourier transform of this function is given by
-2
Fle)=—. (2)
o

For the purpose of sampling, we can imagine that the function f is multiplied
by the function

K= 3 s(x-kT) 3)

m -
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Fig. 5.4: (a) Reconstruciion of
an ellipse with N = 64 and K =
512. (b) Reconstruction from only
the aliased spectrum. Note that
the streaks exactly match those in
fa}). {c) Image obtained by
subtracting (b} from (a). This is
the reconstruction that would be
obtained provided the data for
the N = 64 case were truly
bandlimited. (From {Cra79}.)

{c)

where T represents the sampling interval of the projection. The Fourier
transform of the sampling function is then given by

H{w)= 3 8(w-Fkon) (4)
km —c0
where wy = 2x/T. Clearly, the Fourier transform of the sampled function is
a convolution of the expressions in (2) and (4):
5 -
Fom = —_—
piea (2 2 W+ Kwy

k==

&)

This function is shown in Fig. 5.6(a). Before these projection data can be
backprojected they must be filtered by multiplying the Fourier transform of
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Fig. 5.5: The projection of an
ohject with sharp discontinuities
will have significant high
Sreguency energy.

Fig. 5.6: The aliasing due to
undersampled projecrions is
illustrared here. fa} shows the
Fourier transform of an edge
discontinuity. The aliased
portions of the spectrum are
shaded. (B) shows an
approximation 1o the error when
the sampling grid is aligned with
the discontinuity and (c) shows
the error when the discontinuity
is shifted by 1/4 of the sampling
interval. Nete the magnitude of
the error changes by more than a
Jactor of 3 when the sampling
grid shifts,

the projection by |w}/2x. The filtered projection is then written

, o el =¥
Fsti= 3 i ®

To study the errors due to aliasing, we will only consider the terms for & =
1 and ¥ = —1, and assume that the higher order terms are negligible. Note
that the zeroth order term is the edge information and is part of the desired
reconstruction; the higher order terms are part of the error but will be smali
compared to the ¥ = =x1 terms at low frequencies. The inverse Fourier
transform of these two aliased terms is written as

Lot ol [ =2 =%
f"“"(x)gz_ 5— 22T [ + A
T Wy WT Wy W—wy
and is shown in Fig. 5.6(b).

Now if the sampling grid is shifted by 1/4 of the sampling interval its
Fourier transform is multiplied by e*/e~7/4 or

M
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Fig. 5.6: Continued.

and is shown in Fig. 5.6(c). If the grid is shifted in the opposite direction,
then the error will be similar but with the opposite sign.

As was done earlier in this section, consider the sampled projection to
consist of two components: the true projection and the error term. The true
projection data from each view will combine to form the desired image; the
error in each projection will combine to form an image like that in Fig.
5.4(b). A positive error in a projection causes a light streak when the data are
backprojected. Likewise, negative errors lead to dark streaks. As the view
angle changes the size of the ellipse’s ‘‘shadow™ changes and the
discontinuity moves with respect to the detector array. In addition, where the
curvature of the object is large, the edge of the discontinuity will move
rapidly which results in a large number of streaks.

The thin streaks that are evident in Fig. 5.1 for the cases of large N and
small X (e.g., when N = 512 and X' = 64) are caused by an insufficient
number of projections. It is easily shown that when only a small number of
filtered projections of a small object are backprojected, the result is a star-
shaped pattern. This is illustrated in Fig. 5.7: in (a) are shown four
projections of a point object, in (b) the filtered projections, and in (c) their
backprojections.

The number of projections should be roughly equai to the number of rays in
each projection. This can be shown analytically for the case of parallel
projections by the following argument: By the Fourier Slice Theorem, the
Fourier transform of each projection is a slice of the two-dimensional Fourier
transform of the object. In the frequency domain shown in Fig. 5.8, each
radial line, such as 4;A4;, is generated by one projection. If there are M,
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Fig. 5.1 The backprajection
operation imroduces a
srar-shaped pattern 10 the
reconstruction. (From [Ros82}.)
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projections uniformly distributed over 180°, the angular interval § between
successive radial lines is given by

T
b=, (10)
Mproj

If 7 is the sampling interval used for each projection, the highest spatial
frequency W measured for each projection will be

W=1/2z. an

This is the radius of the disk shown in Fig. 5.8. The distance between
consecutive sampling points on the periphery of this disk is equal to 4, B, and
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Fig. 5.8: Frequency domain
parameters pertinent to paratiet
projection data. (From fKak84}.)

Y

is given by

ABr= Wo=n —
2o _ZTMij.

12)

If there are N, sampling points in each projection, the total number of
independent frequency domain sampling points on a line such as 4,4, will
also be the same. Therefore, the distance ¢ between any two consecutive
sampling points on each radial line in Fig. 5.8 will be

2w 1

£ = —

Neay TNy

(13)

Because in the frequency domain the worst-case azimuthal resolution should
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be approximately the same as the radial resolution, we must have

1 « 1

E

2r My Ny

(14)

which is obtained by equating (12) and (13). Equation (14} reduces to

M. . T
e, (15)
N, 2

which implies that the number of projections should be roughly the same as
the number of rays per projection.

The reader may have noticed that the thin streaks cavsed by an insufficient
number of projections (see, e.g., the image for N = 512 and X = 64 in Fig.
5.1) appear broken. This is caused by two-dimensional aliasing due to the
display grid being only 128 x 128. When, say, N = 512, the highest
frequency in each projection can be 256 cycles per projection length, whereas
the highest frequency that can be displayed on the image grid is 64 cycles per
image width (or height). The effect of this two-dimensional aliasing is very
pronounced in the left three images for the N = 512 row and the left two
images for the N = 256 row in Fig. 5.1. As mentioned in Chapter 2, the
artifacts generated by this two-dimensional aliasing are called Moiré patterns.
These artifacts can be diminished by tailoring the bandwidth of the
reconstruction kernel (filter) to match the display resolution.

From the computer simulation and analytical results presented in this
section, one can conclude that for a well-balanced N x N reconstructed
image, the number of rays in each projection should be roughly N and the
total number of projections should also be roughly N,

5.1.2 Sampling in a Real System

In the previous section we described aliasing errors caused by undersam-
pling the projections, number of views, and the reconstruction grid. In
practice, these errors are somewhat mitigated by experimental considerations
like the size of the detector aperture and the nonzero size of the x-ray source.
Both these factors bring about a certain smoothing of the projections, and a
consequent loss of information at the highest frequencies. In this section, we
will demonstrate how these factors can be taken into account to determine the
“‘optimum rate’’ at which a projection should be sampled.

In order to analyze the effect of a nonzeroe size for the detector aperture,
note that this effect can be taken into account by convolving the ideal
projection with the aperture function. Let the following function represent an
aperture that is T units wide (we are only considering aperture widths along
the projection, the width along the perpendicular direction being irrelevant to
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our discussion):

elsewhere.

atr)= {(‘) Ixl=7 (16)

The Fourier transform of this aperture function is given by
A(w)=T, sinc (0T,/2). an

In the frequency domain, the Fourier transform of the ideal projection is
multiplied by this function, implying that we are in effect passing the
projection through a low pass filter (LPF). Since the first zero of 4 {(w) is
located at 2x/Ty, it is not unreasonable to say that the effect of A(w) is to
filter out all frequencies higher than

WP =" - (18)

In other words, we are approximating the aperture function in the frequency
domain by

’ _ Ty sinc (wT,/2) |f.r."| < W pF
A= {0 elsewhere. (19

Let’s say that we are using an array of detectors to measure a projection
and that the array is characterized by T; as the center-to-center spacing
between the detectors. Measurement of the projection data is equivalent to
multiplication of the low pass filtered projection with a train d(x) of
impulses, where d{x) is given by

dx)= 3 8(x—nT)) 20)

= -

whose Fourier transform is

D(w)=2$ f: 6(«,_2”") . an

§ pm-te T;

In the frequency domain the effect of the detector aperture and sampling
distance is shown in Fig. 5.9. We can now write the following expression for
the recorded samples p, of an ideal projection p(x):

Pa=8(x—nT)p(x)*a(x)] (22)

or, equivalently,

Pn=IFT{ D(@p[P(w}A ()]} (23)
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Fig. 5.9; The Fourier transform
of the detector array response is
shown for three different detecror
spacings. For values of T, such
that T, > T;/2 there wiil be
aliasing. lf T, = T4/2, then
aliasing is minimized.
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where P(w) is the Fourier transform of the projection data and IFT is the
inverse Fourier transform. Clearly, there will be aliasing in the sampled
projections unless

r.<X 24
s<3 (24)

This relationship implies that we should have at least two samples per
detector width [Jos80a].

There are several ways to measure multiple samples per detector width.
With first-generation (parallel beam) scanners, it is simply a matter of
sampling the detectors more often as the source-detector combination moves
past the object. Increasing the sampling density can also be done in fourth-
generation (fixed-detector) scanners by considering each detector as the apex
of a fan. Now as the source rotates, each detector measures ray integrals and
the ray density can be made arbitrarily dense by increasing the sampling rate
for each detector.

For third-generation scanners a technique known as quarter detector offset
is used. Recall that for a fan beam scanner only data for 180° plus the width
of the fan need be collected; if a full 360° of data is collected then the rest of
the data is effectively redundant. But if the detector array is offset by 1/4 of
the detector spacing (ordinarily, the detector bank is symmetric with respect
1o the line joining the x-ray source and the center of rotation; by offset is
meant translating the detector bank to the left or right, thereby causing rays in
opposite views to be unique) and a full 360° of data is collected it is possible
to use the extra views o obtain unique information about the object. This
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effectively doubles the projection sampling frequency. Fig. 5.10 compares
the effect of quarter detector offset on a first-generation and a third-
generation scanner.

We will now discuss the second factor that causes projections to become
blurred, namely, the size of the x-ray beam. As we will show, we can’t
account for the extent of blurring caused by this effect in as elegant a manner
as we did for the detector aperture. The primary source of difficulty is that
objects undergo different amounts of blurring depending upon how far away

they are from the source of x-rays. Fig. 5.11 shows the effect of a source of
" ponzero width. As is evident from the figure, the effect on a projection is
dependent upon where the object is located between the source and the
detectors.,

Simple geometrical arguments show that for a given point in the object, the
size of its image at the detector array is given by

D,
W, D,
where w; is the width of the source and D, and D are, respectively, the
distances from the point in the object to the detectors and the source. This
then would roughly be a measure of blurring introduced by a nonzero-width
source in a parallel beam machine.

In a fan beam system, the above-mentioned blurring is exacerbated by the
natural divergence of the fan. To iliustrate our point, consider two detector
lines for a fan beam system, as shown in Fig. 5.12. The projection data
measured along the two lines would be identical except for stretching of the
projection function along the detector arc as we go to the array farther away
from the center. This stretch factor is given by (see Fig. 5.13)

D;
D+ Dy

where the distances D, and D, are for object points at the center of the scan. If
we combine the preceding two equations, we obtain for a fan beam system the
blurring caused by a nonzero-width source

B;= (25)

(26)

-Dd Ds Dd
B=w,— =w,
D.s‘ DS + Dy D, + Dd

27

with the understanding that, rigorously speaking, this equation is only valid
for object points close to the center of rotation.

Since the size of the image is dependent on the position along the ray
integral this leads to a spatially varying blurring of the projection data. Near
the detector the blurring will be small while near the source a point in the
object could be magnified by a large amount. Since the system is linear each
point in the object will be convolved with a scaled image of the source point
and then projected onto the detector line.
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5.2 Noise in Reconstructed Images

Fig. 5.10: The ray paths for
normal and quarter offser
detectors are compared here.
Each ray path is represented by
plotting an asterisk at the point
on the ray closest to the origin.
In each case 6 projections of 10
rays each were gathered by
rotating a full 360° around the
object. (Note: normally only 180°
of projection data is used

Jor paraliel projection
reconstruction.) (a) shows parafle!
projections without quarter offser
(rote that the extra 180° of data
is redundant). (b) is identical to
(o) but the detector array has
been shifted by a quarter of the
sampling interval. fc) shows
equigngular projections without
quarter offset and (d) is identicai
to (¢) but the detector arrgy has
been shifted by a quarter of the
sampling interval,

We will now consider the effect of noise in the projection data on a
reconstructed image. There are two types of noise to be considered. The first,
a continuously varying error due to electrical noise or roundoff errors, can be
modeled as a simple additive noise. The reconstructed image can therefore be
considered to be the sum of two images, the true image and that image
resulting from the noise. The second type of noise is best exemplified by shot
noise in x-ray tomography. In this case the magnitude of the possible error is
a function of the number of x-ray photons that exit the object and the error
analysis becomes more involved.

5.2.1 The Continuous Case

Consider the case where each projection, P4{¢), is corrupted by additive
noise py(7). The measured projections, P;'(¢), are now given by

PI(1)=Py(1) + we(2). (28)

We will assume that the noise is a stationary zero-mean random process and
that its values are uncorrelated for any two rays in the system. Therefore,

Elwg, (21)v5,(12)]1 = So 8(6, — 82)8(¢, — 1). (29

The reconstruction from the measured projection data is obtained by first
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Fig. 5.10: Continued, filtering each projection;
L]
2r={"_sponlwiGonerm aw (30)

Fig. 5.11: A finite source of
width w, will be imaged by each
point in the object onro the
detector line, The size of the
image will depend on the ratio of
D, to D,. The images of two
points in the object are shown
here.

where §7'(w) is the Fourier transform of P'(¢) and G(w) is the smoothing
filter used; and then backprojecting the filtered projections:

Fox, »y= SO Q7 (x cos 8+ sin 8) b G1)

where f(x, y) is the reconstructed approximation to the original image f(x,
¥). For the purpose of noise calculations, we substitute (28) and (30) in (31)
and write

f(x, y)= 5: rj [Sa(w)'l'Ng(W)]'l W\G(w)eﬂw(xmsew S0 ) gy g

(32)

I:— D. :I: Da-J

i Dd .
Detector Line
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Fig. 5,12: The magnification of
a projection due to a fan beam
system is shown here. To find the
effect of the source or detector
aperture on image resolution it is
necessary to map the blurring of
the projection into an eguivalent
object size.

Fig. 5.13: A finite detector
aperture leads to a blurring of the
object.

Detector Ling B 7
i

¢
i

Detestor Line A,‘r
s

Source &

where, as before, Sy(w) is the Fourier transform of the ideal projection £y(7),
and Ny(w) is the Fourier transform of the additive noise, »,(¢). (Here we
assume /Vy(w) exists in some sense. Note that in spite of our notation we are
only dealing with projections with finite support.) Clearly,

Ny(w)= r po(t)e- 2% it 33)

from which we can write

ELNy NG o)1= §~ {7 Bt (twsee o ar any
34

= So 6(w—w1)6{8,—0;) (35)

where we have used (29).
Since N3{w) is random, the reconstructed image given by (32) is also
random. The mean value of f(x, y) is given by

Etfen = | 15w
+E(Ny(w)))| w| G(wyeimwixenb+ysnd gy df.  (36)

Since we are dealing with zero-mean noise, E[»y(#)] = 0; hence, from (33)

B 13 T
o Jn
oo —sfene| 1T

]
]
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we get E[Ny(w)] = 0. Substituting this in (36), we get

Efo N ={ |7 Siw)lw|Gowyermmxemssrann g dp. (37)
0 —
Now the variance of noise at a point (x, y) in the reconstructed image is given
by

02 (%, ¥)=ELf(x, y) - E(f(x, YD (38)
Substituting (32) and (37), we get

oimcx,y)=5“ |~ NawilwiGowyenmmssosrsno arwar@|2 (39)

o Y-
=E “0 |7 MomiwlGmenmamosin gy, do]

X [!‘: So_o Nﬂ(w)lwIG(W)ejoW(XODSB'I-ygins) dw de]a: (40)

=750 | wI2Gw)|* aw @1)
where we have used (35). Therefore, we may write

2
M S “2)
So -®

where we have dropped the (x, y) dependence of ofmn since it has turned out
to be independent of position in the picture plane,

Equation (42) says that in order to reduce the variance of noise in a
reconstructed image, the filter function G(w) must be chosen such that the
area under the square of |w|G(w) is as small as possible. But note that if
there is 1o be no image distortion |w|G(w) must be as close to [w| as
possible. Therefore, the choice of G(w) depends upon the desired trade-off
between image distortion and noise variance.

We will conclude this subsection by presenting a brief description of the
spectral density of noise in a reconstructed image. To keep our presentation
simple we will assume that the projections consist only of zero-mean white
noise, »y(?). The reconstructed image from the noise projections is given by

f(x, y)= §; gi Na(w)l w|G(w)eﬂxw(xcosﬂ+y sind) A d (43}

= [ [T MomawG(wyenmemosrinn ay d @0
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where, as before, Ny(w) is the Fourier transform of v (). Now let R{x, 8) be
the autocorrelation function of the reconstructed image:

R, O)mE[f(x+a, y+B8)f(x, VI=E(f(x+a, y+Of*(x, )]  (45)
=8 Sz' dae 5: dww?|g(w)|2elmwia cos d+Bsin8) (46)

From this one can show that the spectral density of the reconstructed noise is
dependent only on the distance from the origin in the frequency domain and is
given by

wz0

= 2
Sv(w’ 6)_SO|G(W)| w and O<f=<2r

@7
where, of course, w is always positive. This may be shown by first
expressing the result for the autocorrelation function in polar coordinates

R(r, $)=35 S: de 5: dwwziG(w)lzeﬁ:m'ms(ﬁ—ﬂ (48)

=5 5: w|G(W)| 2w Jo2awr) dw (49)

and recognizing the Hankel transform relationship between the autocorrela-
tion function and the spectral density given above.

5.2.2 The Discrete Case

Although the continuous case does bring out the dependence of the noise
variance in the reconstructed image on the filter used for the projection data,
it is based on a somewhat unrealistic assumption. The assumption of
stationarity which led to (29) implies that in any projection the variance of
measurement noise for each ray is the same. This is almost never true in
practice. The variance of noise is often signal dependent and this has an
important bearing on the structure of noise in the reconstructed image.

As an illustration of the case of signal-dependent noise consider the case of
x-ray computerized tomography. Let 7 be the sampling interval and also the
width of the x-ray beam, as illustrated in Fig. 5.14. If the width 7 of the beam
is small enough and the beam is monochromatic the integral of the attenuation
function p(x, p} along line AR in Fig. 5.14 is given by

P=|  ux, ) ds=Io Ny=In Ny(hk) (50)
ray path 48
where Ny(kr) denotes the value of ¥, for the ray at location (#, k) as shown

in the figure. Randomness in the measurement of Py(f) is introduced by
statistical fluctuations in Ny(k7). Note that in practice only Np(kr) is
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Fig. 5.14: An x-ray beam with a
width of + is shown traveling
through a cross section of the
human body. (From [Kak79}.)

H
Pa(kﬂ -f plx, ¥} ds = tq EL—"

ray path AB

measured directly. The value of N, for all rays is inferred by monitoring the
x-ray source with a reference detector and from the knowledge of the spatial
distribution of emitted x-rays. It is usually safe to assume that the reference x-
ray flux is large enough so that N, may be considered to be known with
negligible error. In the rest of the discussion here we will assume that for each
ray integral measurement N, is a known deterministic constant, while on the
other hand the directly measured quantity Ny(k1) is a random variable. The
randomness of Np{kT) is statistically described by the Poisson probability
function [Ter67], [Pap65]):

_["\_irﬁ(kql-)]No{k’?j —Ng(h’)
pPiNy(kD} = AT e 51

where p{-} denotes the probability and N,(k7) the expected value of the
measurement:

Nylkr)=E{ No(k)} (52)

where E{ } denotes statistical expectation. Note that the variance of each
measurement is given by

variance { Ny(k7)} = Ny(k7). (53)
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Because of the randomness in Ny(k7} the true value of Py(k) will differ
from its measured value which will be denoted by P (k7). To bring out this
distinction we reexpress (50) as follows:

P;" (k7)y=In Njy—In Ny(k7) (54)
and

Pykn={ utx, y) ds. (55)
ray

By interpreting e~ ¢®" a3 the probability that (along a ray such as the one

shown in Chapter 4) a photon entering the object from side A will emerge

(without scattering or absorption) at side B, one can show that

Ny(kr) = Nye~Pokn, (56)

We will now assume that all fluctuations (departures from the mean) in
Ny(kr) that have a significant probability of occurrence are much less than
the mean. With this assumption and using (50) and (51) it is easily shown that

E{P7(k7)} = Py(kT) (57

and

variance {P7(k7)} = (58)

Ny(k7) '
From the statistical properties of the measured projections, PJ(kr), we
will now derive those of the reconstructed image. Using the discrete filtered
backprojection algorithms of Chapter 3, the relationship between the
reconstruction at a point (x, ») and the measured projections is given by

Moo
Fx, y)=£L i}’ S Py(kn)h(x cos 8;+y sin §,—kT).  (59)

P =1 &

Using (57}, (58), and (59), we get

wr  Moroj

S Y, Podkr)h(x cos 8+ sin 6,— k1) (60}

proj i=3 &

E{f(x’y)}=

and

variance {f(x, y)}= (A_Z_oj)z 2 Ek:

- A x #;+y sin §;—- k1) (61
Rok7) {x cos 6;+y ) (61)
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where we have used the assumption that fluctuations in P::(kr) are
uncorrelated for different rays. Equation (60) shows that the expected value
of the reconstructed image is equal to that made from the ideal projection
data. Before we interpret (61) we will rewrite it as follows. In terms of the
ideal projections, Py(k7), we define new projections as

Vo(kr) = eFotkn 62)
and a new filter function, #,(#), as

h()=h(2). (63)
Substituting (56), (62), and (63) in (61), we get

2 1

variance { f(x,y)}=(%) ~ 2 I Vatkn)
proj in

i X
« A, (x cos B;+y sin 6;— k7). (64)
We will now define a reflafive-uncertainty image as follows!:

variance {f(x, )}
fix, »)?

relative-uncertainty at (x, y)=Nj,

(65)

In computer simulation studies with this definition the relative-uncertainty
image becomes independent of the number of incident photons used for
measurements, and is completely determined by the choice of the phantom.
Fig. 5.15(c) shows the relative-uncertainty image for the Shepp and Logan
phantom (Fig. 5.15(b)) for My, = 120 and 7 = 2/101 and for h(¢)
originally described in Chapter 3. Fig. 5.15(d) shows graphically the middle
horizontal line through Fig. 5.15(c). The relative-uncertainty at (x, y) gives
us a measure of how much confidence an observer might place in the
reconstructed value at the point (x, y) vis-a-vis those elsewhere.

We will now derive some special cases of (64). Suppose we want to
determine the variance of noise at the origin. From (64) we can write

2 Mproj 1 ik
) S S w6

where we have used the fact that /(r) is an even function. Chesler ef al.
[Che77] have argued that since A (k7) drops rapidly with k (see Chapter 3), it
is safe to make the following approximation for objects that are approxi-

T
Moo

variance { (0, 0)} = (

! This result only applies when compensators aren’t used to reduce the dynamic range of the
detector output signal. In noise analyses their effect can be approximately modeled by using
different N,'s for different rays,
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Fig. 5.18: (a} A Shepp and
Logan head phanfom [She?4] is
shown here. (b) A reconstruction
of the phantom from 20
projections and 101 rays in each
parallel projection. The display
ntarrix was 64 X 64. {c) The
refative-uncertainty image for the
reconstruction in (b). {d) A
graphic depiction of the
relative-uncertainly values
through the middle horizontal
line of (c). (From {Kak79}].}
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mately homogeneous:

i ar \2 Mproj
variance {£(0, 0)}=(§———) D AT (67

prei ] i=l

which, when 7 is small enough, may also be written as

i r \2 e Mpoj
variance {f(0, 0)}=(—M—) 7 S Rty dt Y, AR (68)
- i=1 1Y

PrO}
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Note again that the Nj,(0) are the mean number of exiting photons measured
for the center ray in each projection, Using (68) Chesler ef a/. [Che77] have
arrived at the very interesting result that (for the same uncertainty in
measurement) the total number of photons per resolution element required for
x-ray CT (using the filtered backprojection algorithm) is the same as that
required for the measurement of attenuation of an isolated (excised) piece of
the object with dimensions equal to those of the resolution element.

Now consider the case where the cross section for which the CT image is
being reconstructed is circularly symmetric. The Ny (0)'s for all i"s will be
equal; call their common value N;. That is, let

No=Np(0)=Np,(0)=---. (69)

The expression (68) for the variance may now be written as

wir

Mpijo

By Parseval’s theorem this result may be expressed in the frequency domain
as

variance {/(0, 0)} = " wa. (70)

i =T w2 a 71
varianee (70, 0} =g—g | (HOdw D)
where 7 is the sampling interval for the projection data. This result says that
the variance of noise at the origin is proportional to the area under the square
of the filter function used for reconstruction. This deesn’t imply that this area
could be made arbitrarily small since any major departure from the |wl|
function will introduce spatial distortion in the image even though it may be
less noisy. None of the equations above should be construed to imply that
the signal-to-noise ratio approaches zero as 7 is made arbitrarily small.
Note from Chapter 4 that r is also the width of the measurement beam. In any
practical system, as 7 is reduced N, will decrease also.

The preceding discussion has resulted in expressions for the variance of
noise in reconstructions made with a filtered backprojection algorithm for
parallel projection data. As mentioned before, filtered backprojection
algorithms have become very popular because of their accuracy. Still, given a
set of projections, can there be an algorithm that might reconstruct an image
with a smaller error? The answer to this question has been supplied by Tretiak
[Tre78). Tretiak has derived an algorithm-independent lower bound for the
mean squared estor in a reconstructed image and has argued that for the case
of reconstructions from parallel projection data this lower bound is very close
to the error estimates obtained by Brooks and DiChiro [Bro76] for the filtered
backprojection algorithms, which leads to the conclusion that very little
improvement can be obtained over the performance of such an algorithm.
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5.3 Bibliographic Notes :

Aliasing artifacts in tomographic imaging with nondiffracting sources have
been studied by Brooks et gf. [Bro78], [Bro79] and Crawford and Kak
[Cra79]. A different analysis of the optimum number of rays and projections
was presented in {Sch77] and reached nearly the same conclusion. A more
detailed analysis is in [Jos80]. Excellent work describing the effects of
sampling on CT images has been published in [Jos80], [Jos80b], [Bro79].

With regard to the properties of noise in images reconstructed with filtered
backprojection, Shepp and Logan [She74] first showed that when filtered
backprojection algorithms are used, the variance of the noise is directly
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Tomographic Imaging with
Diffracting Sources

Diffraction tomography is an important alternative to straight ray tomog-
raphy. For some applications, the harm caused by the use of x-rays, an
ionizing radiation, could cutweigh any benefits that might be gained from the
tomogram. This is one reason for the interest in imaging with acoustic or
electromagnetic radiation, which are considered safe at low levels. In
addition, these modalities measure the acoustic and electromagnetic refrac-
tive index and thus make available information that isn’t obtainable from x-
ray tomography.

As mentioned in Chapter 4, the accuracy of tomography using acoustic or
electromagnetic energy and straight ray assumptions suffers from the effects
of refraction and/or diffraction. These cause each projection to not represent
integrals along straight lines but, in some cases where geometrical laws of
propagation apply, paths determined by the refractive index of the object.
When the geometrical laws of propagation don’t apply, one can’t even use the
concept of line integrals—as will be clear from the discussions in this chapter.

There are two approaches to correcting these errors. One approach is to
use an initial estimate of the refractive index to estimate the path each ray
follows. This approach is known as algebraic reconstruction and, for weakly
refracting objects, will converge to the correct refractive index distribution
after a few iterations. We will discuss algebraic techniques in Chapter 7.

When the sizes of inhomogeneities in the object become comparable to or
smaller than a wavelength, it is not possible to use ray theory (geometric
propagation) based concepts; instead one must resort directly to wave
propagation and diffraction based phenomena. In this chapter, we will show
that if the interaction of an object and a field is modeled with the wave
equation, then a tomographic reconstruction approach based on the Fourier
Diffraction Theorem is possible for weakly diffracting objects. The Fourier
Diffraction Theorem is very similar to the Fourier Slice Theorem of
conventional tomography: In conventional (or straight ray) tomography, the
Fourier Slice Theorem says that the Fourier transform of a projection gives
the values of the Fourier transform of the object along a straight line. When
diffraction effects are included, the Fourier Diffraction Theorem says that a
‘‘projection” yields the Fourier transform of the object over a semicircular
arc, This result is fundamental to diffraction tomography.

In this chapter the basics of diffraction tomography are presented for
application with acoustic, microwave, and optical energy. For each case we
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will start with the wave equation and use either the Born or the Rytov
approximation to derive a simple expression that relates the scattered field to
the object. This relationship will then be inverted for several measurement
geometries to give an estimate of the object as a function of the scattered
field. Finally, we will show simulations and experimental results that show
the limitations of the method.

6.1 Diffracted Projections

Tomography with diffracting energy requires an entirely different ap-
proach to the manner in which projections are mathematically modeled. -
Acoustic and electromagnetic waves don’t travel along straight rays and the
projections aren’t line integrals, so we will describe the flow of energy with a
wave equation.

We will first consider the propagation of waves in homogeneous media,
although our ultimate interest lies in imaging the inhomogeneities within an
object. The propagation of waves in a homogeneous object is described by a
wave equation, which is a second-order linear differential equation. Given
such an equation and the *‘source’” fields in an aperture, we can determine the
fields everywhere else in the homogeneous medium.

There are no direct methods for solving the problem of wave propagation
in an inhomogeneous medium; in practice, approximate formalisms are used
that allow the theory of homogeneous medium wave propagation to be used
for generating solutions in the presence of weak inhomogeneities. The better
known amoeng these approximate methods go under the names of Born and
Rytov approximations.

Although in most cases we are interested in reconstructing three-
dimensional objects, the diffraction tomography theory presented in this
chapter will deal mostly with the two-dimensional case. Note that when a
three-dimensional object can be assumed to vary only slowly along one of the
dimensions, a two-dimensional theory can be readily applied to such an
object. This assumption, for example, is often made in conventional
computerized tomography where images are made of single slices of the
object. In any case, we have two reasons for limiting our presentation to the
two-dimensional case: First and most importantly, the ideas behind the theory
are often easier to visualize (and certainly to draw) in two dimensions.
Second, the technology has not yet made it practical to implement large three-
dimensional transforms that are required for direct three-dimensional
reconstructions of objects; furthermore, direct display of three-dimensional
entities isn’t easy.

6.1.1 Homogeneous Wave Equation

An acoustic pressure field or an electromagnetic field must satisfy the
following differential equation [Goo68]:
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, 1 vz
V2u(r, 0—533-5 u(F, )=0 1

where u represents the magnitude of the field as a function of position 7 and
time  and ¢ is the velocity of the field as a function of position.

This form of the wave equation is more complicated than needed; most
derivations of diffraction tomography are done by considering only one
temporal frequency at a time. This decomposition can be accomplished by
finding the Fourier transform of the field with respect to time at each position
F. Note that the above differential equation is linear so that the solutions for
different frequencies can be added to find additional solutions.

A field u(F, t) with a temporal frequency of w radians per second (rps)
satisfies the equation

[VE+EkAFNu(F, H=0 2)
where k(F) is the wavenumber of the field and is equal to

2 2rw

k(?)=T=T 3)

where A is the field’s wavelength. Ai this point the field is at a single
frequency and we will write it as

Real Part {u(F)e=/*'}. @

In this form it is easy to see that the time dependence of the field can be
suppressed and the wave equation rewritten as

(V24K T)u()=0. 6}

For acoustic (or ultrasonic) tomography, #(F) can be the pressure field at
position F. For the electromagnetic case, assuming the applicability of a scalar
propagation equation, #(F) may be set equal to the complex amplitude of the
electric field along its polarization. In both cases, u(¥) represents the
complex amplitude of the field.

For homogeneous media the wavenumber is constant and we can further
simplify the wave equation. Setting the wavenumber equal to

k(Fy=kq (6)
the wave equation becomes
(VI+kDu(F)=0. o)

The vector gradient operator, V, can be expanded into its two-dimensional
representation and the wave equation becomes
%u(Fy 8:u(F)

3 + 2 +kIu(Fy=0, (8)
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As a trial solution we let
u(fy=eif” ©

where the vector k¥ = (k,, k,) is the two-dimensional propagation vector and
u(F) represents a two-dimensional plane wave of spatial frequency | k. This
form of u(7} represents the basis function for the two-dimensional Fourier
transform; using it, we can represent any two-dimensional function as a
weighted sum of plane waves. Calculating the derivatives as indicated in (8),
we find that only plane waves that satisfy the condition

K |2=k2+k2=k? (10)

satisfy the wave equation. This condition is consistent with our intuitive
picture of a wave and our earlier description of the wave equation, since for
any frequency wave only a single wavelength can exist no matter in which
direction the wave propagates.

The homogeneous wave equation is a linear dlfferennal equation so we can
write the general solution as a weighted sum of each possible plane wave
solution. In two dimensions, at a temporal frequency of w, the field # (7} is
given by

1 o , 1 o ,
u@)=5- " atrperternn dk, + j_ﬂ Blk,)ei-kex by die, (1)

where by (10)
=w’k§- kﬁ. (12)

The form of this equation might be surprising to the reader for two reasons.
First we have split the integral into two parts. We have chosen to represent
the coefficients of waves traveling to the right by a(k,) and those of waves
traveling to the left by 8(k;). In addition, we have set the limits of the
integrals to go from — oo to co. For k2 greater than k7, the radical in (12)
becomes imaginary and the plane wave becomes an evanescent wave. These
are valid solutions to the wave equation, but because &, is imaginary, the
exponential has a real or attenuating component. This real component causes
the amplitude of the wave to either grow or decay exponentially. In practice,
these evanescent waves only occur to satisfy boundary conditions, always
decaying rapidly far from the boundary, and can often be ignored at a
distance greater than 10A from an inhomogeneity.

We will now show by using the plane wave representation that it is possible
to express the field anywhere in terms of the fields along a line. The three-
dimensional version of this idea gives us the field in three-space if we know
the field at all points on a plane.

Consider a source of plane waves to the left of a vertical line as shown in
Fig. 6.1. If we take the one-dimensional Fourier transform of the field along
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Fig. 6.1: A plane wave
propagating between two planes
undergoes a phase shift
dependent on the distance
hetween the planes and the
direction of the plane wave.

A\

the vertical line, we can decompose the field into a number of one-
dimensional components. Each of these one-dimensional components can
then be attributed to one of the valid plane wave solutions to the homogeneous
wave equation, because for any one spatial frequency component, X,, there
can exist only two plane waves that satisfy the wave equation. Since we have
already constrained the incident field to propagate to the right (all sources are
to the left of the measurement line), a one-dimensional Fourier component at
a frequency of k, can be attributed to a two-dimensional wave with a
propagation vector of (vkZ — & yz, k).

We can put this on a more mathematical basis if we compare the one-
dimensional Fourier transform of the field to the general form of the wave
equation. If we ignore waves that are traveling to the left, then the general
solution to the wave equation becomes

1 (e .
u(?’)"‘ﬂ [_m ‘x(ky)e"(k’“k’y) ak,. (13)

If we also move the coordinate system so that the measurement line is at x =
0, the expression for the field becomes equal to the one-dimensional Fourier
transform of the amplitude distribution function a(k,).

| (o ,
4, )= {7 atyen ak,. (14)

If we invert the transform relationship, this equation tells us that the
amplitude distribution function can be obtained from the fields on the line x
=0 by

a(k,) = Fourier transform of {#(0, y)}. {15}

This amplitude distribution function can then be substituted into the equation
for u{7") to obtain the fields everywhere right of the line x = 0.
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We will now show how it is possible to relate fields on two parallel lines.
Again consider the situation diagrammed in Fig, 6.1. If we know a priori that
all the sources for the field are positioned, for example, to the left of the line
atx = ly, then we can decompose the field u(x = 4, y) into its plane wave
components. Given a plane Wave Upane wavelX = lp, ¥) = oe/®x0+5)) the
field undergoes a phase shift as it propagates to the line x = /|, and we can
write

Uplane wave (X = 5, pY=aeibclotkp il = Upiane wave (X = Iy, y)ekxt -},
(16)

Thus the complex amplitude of the plane wave at x = / is related to its
complex amplitude at x = /, by a factor of e -0,

The complete process of finding the field at a line x = /, follows in three

steps:

1} Take the Fourier transform of w{x = I, y) to find the Fourier
decomposition of u as a function of £,.

2) Propagate each plane wave to the line x = /; by multiplying its complex
amplitude by the phase factor ei-'0" where, as before, &k, =
kI — kyz.

3) Find the inverse Fourier transform of the plane wave decomposition to
find the field at u(x = I}, y).

These steps can be reversed if, for some reason, one wished to implement on
a computer the notion of backward propagation; more on that subject later.

6.1.2 Inhomogeneous Wave Equation

For imaging purposes, our main interest lies in inhomogeneous media.
We, therefore, write a more general form of the wave equation as

[V2+k(F)u(F)=0. )

For the electromagnetic case, if we ignore the effects of polarization we can
consider k(F) to be a scalar function representing the refractive index of the
medium. We now write

k(F)=kon(F}=kol1+ns(F)] (18)

where ko represents the average wavenumber of the medium and n;(F)
represents the refractive index deviations. In general, we will assume that the
object has a finite size and therefore #,(F) is zero outside the object.
Rewriting the wave equation we find

(V24 kDu(F)= - ki[n(FY2 - 1[(F)u(F) (19)

where n(7) is the electromagnetic refractive index of the media and is given
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Here we have used u and ¢ to represent the magnetic permeability and
dielectric constant and the subscript zero to indicate their average values.
This new term, on the right-hand side of (19), is known as a forcing function
for the differential equation (V2 + k)u(r).

Note that (19) is a scalar wave propagation equation. Its use implies that
there is no depolarization as the electromagnetic wave propagates through the
medium. It is known [Ish78] that the depolarization effects can be ignored
only if the wavelength is much smaller than the correlation size of the
inhomogeneities in the object. If this condition isn’t satisfied, then strictly
speaking we must use the following vector wave propagation equation:

V2E (rv)+ k3n2E (F) -2V [2—" . E] =0 21

where E is the electric field vector. A vector theory for diffraction
tomography based on this equation has yet to be developed.

For the acoustic case, first-order approximations give us the following
wave equation [Kakg5], (Mor68]:

(V2+kDu(F)= —ki[n*(F)— 1u(F) (22)

where # is the complex refractive index at position 7, and is equal 1o
n(Py=—= @3)

where ¢, is the propagation velocity in the medium in which the object is
immersed and ¢(F) is the propagation velocity at location F in the object. For
the acoustic case where only compressional waves in a viscous compressible
fluid are involved, we have

1
(Fl=—— 24
Np(F)(T) @
where p and « are the Jocal density and the complex compressibility at
location 7.

The forcing function in (22) is only valid provided we can ignore the first
and higher order derivatives of the medium parameters, If these higher order
derivatives can’t be ignored, the exact form for the wave equation must be
used:

(V2+EkDu(Py=kiyu-v - (v,Vu) (25)
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where

(26)

@7

kg and p, are either the compressibility and the density of the medium in
which the object is immersed, or the average compressibility and the density
of the object, depending upon how the process of imaging is modeled. On the
other hand, if the object is a solid and can be modeled as a linear isotropic
viscoelastic medium, the forcing function possesses another more compli-
cated form. Since this form tnvolves tensor notation, it will not be presented
here and the interested reader is referred to [Iwa73].

Due to the similarities of the electromagnetic and acoustic wave equations,
a general form of the wave equation for the small perturbation case can be
written as

(Vi EDu(y= —o(Flu(F) (28)
where

o(F)=k3[n*(F)—1]. (29)

This allows us to describe the math involved in diffraction tomography
independent of the form of energy used to illuminate the object.

We will consider the field, u(F), to be the sum of two components, 14,(F)
and #,(7). The component uy(F), known as the incident field, is the field
present without any inhomogeneities, or, equivalently, a solution to the
equation

(V34 k) ug(7)=0. (30)

The component #,{F), known as the scattered field, will be that part of the
total field that can be attributed solely to the inhomogeneities. What we are
saying is that with u,(7) as the solution to the above equation, we want the
field #(F) to be given by #(F) = u(F) + u(7). Substituting the wave
equation for i and the sum representation for # into (28), we get the
following wave equation for just the scattered component:

(V2+ kDu(F)= - u(PIo(P). @1)

The scalar Helmholtz equation (31) can’t be solved for u,(F) directly, but a
solution can be written in terms of the Green’s function [Mor53]. The
Green’s function, which is a solution of the differential equation

(V2 +kQe(F|F’)= ~8(F-F"), (32)
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is written in three-space as

efkoR
8(?|?')=4TR (33
with
R=[F-7"|. (34)

In two dimensions the solution of (32) is written in terms of a zero-order
Hankel function of the first kind, and can be expressed as

I

—&’?1=
eg(7’| )4

HP(kR). (33)
In both cases, the Green’s function, g(7|7"’), is only a function of the
difference ¥ — T so we will often represent the function as simply g(7 — 7).
Because the object function in (32) represents a point inhomogeneity, the
Green’s function can be considered to represent the field resulting from a
single point scatterer.

It is possible to represent the forcing function of the wave equation as an
array of impulses or

o(?)u(?).—.f o Yu(F)6(F—F") dF”. (36)

In this equation we have represented the forcing function of the inhomoge-
neous wave equation as a summation of impulses weighted by o(F)u(F) and
shifted by 7. The Green’s function represents the solution of the wave
equation for a single delta function; because the lefi-hand side of the wave
equation is linear, we can write a solution by summing up the scattered field
due to each individual point scatterer.

Using this idea, the total field due to the impulse o7 )u(F)5(F — ™) is
written as a summation of scaled and shifted versions of the impulse
response, g(7). This is a simple convolution and the total radiation from all
sources on the right-hand side of (31) must be given by the following
superposition:

u (7= P Yo7 yu(r") dF". (37)

At first glance it might appear that this is the solution we need for the
scattered field, but it is not that simple. We have written an integral equation
for the scattered field, u;, in terms of the total field, 4 = #y + u,. We still
need to solve this equation for the scatiered field and we will now discuss two
approximations that allow this to be done.

6.2 Approximations to the Wave Equation

In the last section we derived an inhomogeneous integral equation to
represent the scattered field, #,(F), as a function of the object, ofF). This
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equation can’t be solved directly, but a solution can be written using either of
the two approximations to be described here. These approximations, the Born
and the Rytov, are valid under different conditions but the form of the
resulting solutions is quite similar, These approximations are the basis of the
Fourier Diffraction Theorem.

Mathematically speaking, (37) is a Fredholm equation of the second kind.
A number of mathematicians have presented works describing the solution of
scattering integrals [Hoc73], [Col83] which should be consulted for the
theory behind the approximations we will present.
6.2.1 The First Born Approximation

The first Born approximation is the simpler of the two approaches. Recall
that the total field, u(F), is expressed as the sum of the incident field, 1#,(7),
and a small perturbation, (), or

u(F)=ug(F) + us(F). (38)
The integral of (37) is now written as
u(P)=| s =710 Yo7 ") 47’ + | gF-F o Yu ) dF”
(39

but if the scattered field, #(7), is small compared to {7 the effects of the
second integral can be ignored to arrive at the approximation

ulF)=us(P)= | 8= Yo Yus(F ') dF”. (40)

An even better estimate can be found by substituting #o(7) + up(F) for ue(7)
in (40) to find

uP )= | eP-F o M) +usF NP’ @)
In general, the ith-order Bom field can be written

i l)(?)=§ g(;-_?r)o(?r)[uo{?')+ug1(?')] ar’.

42)
An alternate representation is possible if we write
u(Py=ug(Fy+ 4, (F)+ 1 (F)+ - -~ (43)
where
e nP)= | w7 Yo (P )g(F-F ") dF". (44)

By expanding (42) it is possible to see that an approximate expression for the
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scattered field, u{), is

u(F)= 2 uAF) 45)
j=0
and in the limit
w(F)=uo(F) + 1 (F) + 1)+ ty(P) + -+ (46)

This representation (46) has a more intuitive interpretation. The Green’s
function gives the scattered field due to a point scatterer and thus the integral
of (42) can be interpreted as calculating the first-order scattered field due to
the field »;. For this reason the first-order Born approximation represents the
first-order scattered field and u; represents the ith-order scattered field.

The result can also be interpreted in terms of the Huygens principle; each
point in the object produces a scattered field proportional to the scattering
potential at the site of the scatterer. Each of these partial scattered fields
interacts with the other scattering centers in the object and if the Born series
converges the total field is the sum of the partial scattered fields.

While the higher order Born series does provide a good model of the
scattering process, reconstruction algorithms based on this series have yet to
be developed. These algorithms are currently being researched; in the
meantime, we will study reconstruction algorithms based on first-order
approximations [Bar78], [Sla85].

The first Born approximation is valid only when the scattered field,

us(7) = u(F) — uo(7), 47)

is smaller than the incident field, 1. If the object is a homogeneous cylinder
it is possible to express this condition as a function of the size of the object
and the refractive index. Let the incident wave, #,(7), be an electromagnetic
plane wave propagating in the direction of the unit vector, §. For a large
object, the field inside the object will not be well approximated by the
incident field

U(F) = Ugpject (T) # A5 7 (48)

but instead will be a function of the change in refractive index, n;. Along a
line through the center of the cylinder and parallel to the direction of
propagation of the incident plane wave, the field inside the object becomes a
slow (or fast) version of the incident wave, that is,

Hobm(F) = Aej“'ﬁ“ +n6]‘? : F. (49}

Since the wave is propagating through the object, the phase difference
between the incident field and the field inside the object is approximately
equal to the integral through the object of the change in refractive index. Fora
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homogeneous cylinder of radius a, the total phase shift through the object
becomes

a )
Phase Change =47n; X (50)

where \ is the wavelength of the incident wave. For the Born approximation
to be valid, a necessary condition is that the change in phase between the
incident field and the wave propagating through the object be less than .
This condition can be expressed mathematically as

A
aﬂ5<z f (51)

6.2.2 The First Rytov Approximation
Another approximation to the scattered field is the Rytov approximation

which is valid under slightly different restrictions. It is derived by considering
the total field to be represented as a complex phase or [Ish78]

u(Fy=e*® 52
and rewriting the wave equation (17)
(V2+iY)u=0 an
as
Viet+k*e*=0 (53)
ViVéet] +k2%e®=0 (59
Vipet+(Vo)iet+ ke =0 (55)
and finally
(Vo)2+ V2 + ki= —o(F). (56)

(Although all the fields, ¢, are a function of 7, to simplify the notation the
argument of these functions will be dropped.) Expressing the total complex
phase, ¢, as the sum of the incident phase function ¢y and the scattered
complex phase ¢, or

D ()= 0o(T) + ¢4(T) (57
where

u(F) =eH'", (58)
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we find that
(Vo) +2Vg - Voo + (V) + Vigg+ Vi + ki+0(F)=0. (59)

As in the Born approximation, it is possible to set the zerc perturbation
equation equal to zero. Doing this, we find that

K2+ (Vo) + V2o =0. (60)
Substituting this into (59) we get
2V - v¢s+v2¢s= _(v¢s)2_0(?)- (61)

This equation is still inhomogeneous but can be linearized by considering
the relation

Viugds) = V(Viig * ¢s+ugVebs) (62)
or by expanding the first derivative on the right-hand side of this equation
V2(uohs) =V2hy + ds+2Vtlg - Vb + 1y V2. (63)
Using a plane wave for the incident field,
g = Ae*o¥F, (64)
we find
Viug= —klu (65)
so that (63) may be rewritten as
2oV * Vs + tig V2, = V2{(utoths) + k3tihs. (66)

This result can be substituted into (61) to find
(V24 k2ughs = — ol (Vs)? + 0(P)]. ©7)

The scluticn to this differential equation can again be expressed as an integral
equation. This becomes

wp,= | 8=7") wl(Vo) +o(F ")) dF". (69)

Using the Rytov approximation we assume that the term in brackets in the
above equation can be approximated by

(Vo)2 +o(Fy=o(F). (69)

When this is done, the first-order Rytov approximation to the function ugp,
becomes

Hoby=§ | & (F—7"YuolFYo(F ") dF . a0)
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Thus ¢,, the complex phase of the scattered field, is given by

l — - - + +
4= | 8T 0 ar. )
Substitating the expression for tp given in (40), we find that
up(F)
()= . 72
’ to(7) 2

The Rytov approximation is valid under a less restrictive set of conditions
than the Born approximation [Che60], [Kel69]. In deriving the Rytov
approximation we made the assumption that

(V)* + 0(F)=o(7). (73)
Clearly this is true only when
o(F) » (Vo). (74)
If o(F} is written in terms of the change in refractive index
o(F)=Kk3[(n}(F) - 1] =k2[(1+ ns(7))* - 1] 29
and the square of the refractive index is expanded to find
o(F)=k3[(1 +2n;(F)+ n(T)) - 1) (75)
0(F) = k2[2n; (7Y + n2(P)}. (76)

To a first approximation, the object function is linearly related to the
refractive index or

0(F)=2k2ns(F). )

The cendition needed for the Rytov approximation (see (74)) can be rewritten
as

(Vo,)?
kX

n; (78)

This can be justified by observing that to a first approximation the scattered
phase, ¢, is linearly dependent on the refractive index change, n;, and
therefore the first term in (73) can be safely ignored for small ;.

Unlike the Born approximation, the size of the object is not a factor in the
Rytov approximation. The term V¢, is the change in the complex scattered
phase per unit distance and by dividing by the wavenumber

27

ko=~ (79
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we find a necessary condition for the validity of the Rytov approximation is

n; » [qu,)s] ’ (80

2%

Unlike the Born approximation, it is the change in scattered phase, ¢;, over
one wavelength that is important and not the total phase. Thus, because of the
V operator, the Rytov approximation is valid when the phase change over a
single wavelength is small.

Since the imaging process is carried out in terms of the field, #p, defined in
the previous subsection, we need to show a Rytov approximation ¢xpression
for uy. Estimating ug(™) for the Rytov case is slightly more difficult. In an
experiment the total field, u(), is measured. An expression for ug(F) is
found by recalling the expression for the Rytov solution to the total wave

u(Fy=up+u(F)y=e%"% (81)

and then rearranging the exponentials to find

u;=e%+ s —e% (82)
U= e~ 1) (83)
us=tg(e%—1). (84)

Inverting this to find an estimate for the scattered phase, ¢, we obtain
U
¢(F)=In [—+ 1] . (85)
Hy

Expanding ¢ in terms of (72) we obtain the following estimate for the Rytov
estimate of ug(F):

t45(F) = uo(7) In [%+]] . (86)
0

Since the natural logarithm is a multiple-valued function, one must be careful
at each position to choose the correct value. For continuous functions this
isn’t difficult because only one value will satisfy the continuity requirement.
On the other hand, for discrete (or sampled) signals the choice isn’t nearly as
simple and one must resort to a phase unwrapping algorithm to choose the
proper phase. (Phase unwrapping has been described in a number of works
[Tri77], [OC078], [Kav84], [McG82).) Due to the “*+ 1" factor inside the
logarithmic term, this is only a problem if u; is on the order of or larger than
tto. Thus both the Born and the Rytov techniques can be used to estimate
ug(™).

While the Rytov approximation is valid over a larger class of objects, it is
possible to show that the Born and the Rytov approximations produce the
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same result for objects that are stnall and deviate only slightly from the
average refractive index of the medium. Consider first the Rytov approxima-
tion to the scattered wave. This is given by

u(Fy=eh*ss, (87

Substituting an expression for the scattered phase, (72}, and the incident field,
(64), we find

u(P)= /%05 7+ exp (= jloT Fup(7) (88)
or
u(T) = up(F)e? (~ o7 Di®, (89)

For small up, the first exponential can be expanded in terms of its power
series. Throwing out all but the first two terms we find that

u(Fy=ue(FY[1 + e~ Ty (7)) ©0)

or
u(7)=ug(F)+ up(F). 1)

Thus for very small objects and perturbations the Rytov solution is
approximately equal to the Born solution given in {40).

The similarity between the expressions for the first-order Born and Rytov
solutions will form the basis of our reconstructions. In the Born approxima-
tion we measure the complex amplitude of the scattered field and use this as
an estimate of the function 5, while in the Rytov case we estimate up from
the phase of the scattered field. Since the Rytov approximation is considered
more accurate than the Bom approximation it should provide a better estimate
of #g. In Section 6.5, after we have derived reconstruction algorithms based
on the Fourier Diffraction Theorem, we will discuss simulations comparing
the Born and the Rytov approximations.

6.3 The Fourier Diffraction Theorem

Fundamental to diffraction tomography is the Fourier Diffraction
Theorem, which relates the Fourier transform of the measured forward
scattered data with the Fourier transform of the object. The theorem is valid
when the inhomogeneities in the object are only weakly scattering. The
statement of the theorem is as follows:

When an object, o{x, »), is illuminated with a plane wave as shown in Fig.
6.2, the Fourier transform of the forward scattered field measured on line
TT' gives the values of the 2-D transform, O{w;, a4}, of the object along a
semicircular arc in the frequency domain, s shown in the right half of the
figure.
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Fig. 6.2: The Fourier
Diffraction Theorem relates the
Fourier transform of o diffracted
projection to the Fourier
transform of the object along a
semicircular arc. (From {Sla83].)

0
LTI TR L YT \

space domain frequency domain

The importance of the theorem is made obvious by noting that if an object is
illuminated by plane waves from many directions over 360°, the resulting
circular arcs in the (w,, w,)-plane will fill up the frequency domain. The
function o(x, y) may then be recovered by Fourier inversion,

Before giving a short proof of the theorem, we would like to say a few
words about the dimensionality of the object vis-a-vis that of the wave fields.
Although the theorem talks about a two-dimensional object, what is actually
meant is an object that doesn’t vary in the 7 direction. In other words, the
theorem is about any cylindrical object whose cross-sectional distribution is
given by the function o(x, y). The forward scattered fields are measured on a>
line of detectors along 77’ in Fig. 6.2. If a truly three-dimensional object
were illuminated by the plane wave, the forward scattered fields would now
have to be measured by a planar array of detectors. The Fourier transform of
the fields measured by such an array would give the values of the 3-D
transform of the object over a spherical surface. This was first shown by Wolf
[Wol69]. More recent expositions are given in [Nah82] and [Dev84], where
the authors have also presented a new synthetic aperture procedure for a full
three-dimensional reconstruction using only two rotational positions of the
obiect. In this chapter, however, we will continue to work with two-
dimensional objects in the sense described here. A recent work describing
some of the errors in this approach is [LuZg84].
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Earlier in this chapter, we expressed the scattered field due to a weakly
scattering object as the convolution

us(Py= | o7 Yo Vg P~ ") A7 92)

where ug(7) represents the complex amplitude of the field as in the Born
approximation, or the incident field, #%(F), times the complex scattered
phase, ¢.(7), as in the Rytov approximation. Starting from this integral there
are two approaches to the derivation of the Fourier Diffraction Theorem.
Many researchers [Mue79), [Gre78), [Dev82] have expanded the Green’s
function into its plane wave decomposition and then noted the similarity of the
resulting expression and the Fourier transform of the object. The alternative
approach consists of taking the Fourier transform of both sides of (92). In this
work we will present both approaches to the derivation of the Fourier
Diffraction Theorem; the first because the math is more straightforward, the
second because it provides a greater insight into the difference between
transmission and reflection tomography.

6.3.1 Decomposing the Green’s Function

We will first consider the decomposition of the Green's function into its
plane wave components. :

The integral equation for the scattered field (92) can be considered as a
convolution of the Green’s function, g{F — 7'), and the product of the object
function, o(F"), and the incident field, #y(7"). Consider the effect of a single
plane wave illuminating an object. The forward scattered field will be
measured at the receiver line as is shown in Fig. 6.3.

A single plane wave in two dimensions can be represented as

u(F)= X7 93)
where K = (k, k) satisfies the relationship
Ki=k2+k2, (94)
From earlier in this chapter, the two-dimensional Green’s function is given
by
— | - j ’
g(F\r )=Z Hytko|F-7"]) (95)

and H, is the zero-order Hankel function of the first kind. The function Hy
has the plane wave decomposition [Mor53]

I | i ¢
Ho(klf,-_?f I)___l “ _ eflalr—x"}+8ly-r 1 deoy (96)
o mY-ef3
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Fig. 6.3: A rypical diffraction

tomography experiment is shown.

Here a single plane wave is used
to illuminate the object and the
scattered field is measured on the
Jar side of the object. This is
transmtission tomography. (From
fPan83l.)

Measured fAeld
uy{x,t)

¥=0
7T, ObJeet
3 fxy)
Incident plane wave
where F = (x, ¥), 7 = (x’, ¥’} and
8=V ar. th

Basically, (96} expresses a cylindrical wave, Hy, as a superposition of plane
waves. At all points, the wave centered at 7 is traveling outward; for points
such that y > v’ the plane waves propagate upward while for y < ¥’ the plane
waves propagate downward. In addition, for |a| < &, the plane waves are of
the ordinary type, propagating along the direction given by tan~! {(8/a).
However, for || > ko, B becomes imaginary, the waves decay exponen-
tially and they are called evanescent waves. Evanescent waves are usually of
no significance beyond about 10 wavelengths from the source.
Substituting this expression, (96), into the expression for the scattered
field, (92), the scattered field can now be written
up(Fy=-- [ o yumy | 1 etatu-x"yBl0->"ll dor A7, (98)
4z -= 3
In order to show the first steps in the proof of this theorem, we will now
assume for notational convenience that the direction of the incident plane
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wave is along the positive y-axis. Thus the incident field will be given by
uy(Fy=e'F 99)

where 5, = (0, kp). Since in transmission imaging the scattered fields are
measured by a linear array located at y = [y, where /, is greater than any y-
coordinate within the object (see Fig. 6.3), the term [y — »’| in the above
expression may simply be replaced by /; — ¥’ and the resulting form may be
rewritten

OF) o tate=x"y+800-3 Neikor’ dF’. (100)

up(x, y=fo)=% j: de 5

Recognizing part of the inner integral as the two-dimensional Fourier
transform of the object function evaluated at a frequency of (¢, § — ky) we
find

o
us(x, y=ly=L [* % ererm00(, p-kyda (101)
dx J-= g

where O has been used to designate the two-dimensional Fourier transform of
the object function.

Let Uglw, %) denote the Fourier transform of the one-dimensional
scattered field, ug(x, &), with respect to x, that is,

Usta, ly={_ un(x, loye~+* . (102

As mentioned before, the physics of wave propagation dictate that the highest
angular spatial frequency in the measured scattered field on the line y = /4 is
unlikely to exceed ky. Therefore, in almost all practical situations, Ugw, k)
= 0 for |w| > k. This is consistent with neglecting the evanescent modes as
described earlier.

If we take the Fourier transform of the scattered field by substituting (101)
into (102) and using the following property of Fourier integrals

{7 eromor de=208(0-0) (103)
whete 8(+) is the Dirac delta function we discussed in Chapter 2, we find

Upla, )= ——"2—2 VK-, V3 — o® — ko) for |a| < k.
2VNky—a

(104)

This expression relates the two-dimensionat Fourier transform of the object to
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the one-dimensional Fourier transform of the field at the receiver line. The
factor

J S
L e (105)
2Vki-a?

is a simple constant for a fixed receiver line. As ¢ varies from — kg to &, the
coordinates (o, w’kﬁ — a? - ko) in the Fourier transform of the object
function trace out a semicircular arc in the (&, v)-plane as shown in Fig. 6.2.
This proves the theorem.

To summarize, if we take the Fourier transform of the forward scattered
data when the incident illumination is propagating along the positive y-axis,
the resulting transform will be zero for angular spatial frequencies || > k.
For la| < ky, the transform of the data gives values of the Fourier transform
of the object on the semicircular arc shown in Fig. 6.2 in the {x, v)-plane.
The endpoints of the semicircular arc are at a distance of 2k, from the origin
in the frequency domain.

6.3.2 Fourier Transform Approach

Another approach to the derivation of the Fourier Diffraction Theorem is
possible if the scattered field

us(P)= | o7 Yu(7 )8 F-7") dF" (106)

is considered entirely in the Fourier domain. The plots of Fig. 6.4 will be
used to illustrate the various transformations that take place. Again, consider
the effect of a single plane wave illuminating an object. The forward scattered
field will be measured at the receiver line as is shown in Fig. 6.3,

The integral equation for the scattered field, (106), can be considered as a
convolution of the Green’s function, g(F — 7), and the product of the object
function, o{7"), and the incident field, wo{F’). First define the following
Fourier transform pairs:

o(F) @ OR)
g(F-7") » G(X) (107)
u(f < U(K).

The integral solution to the wave equation, (40), can now be written in
terms of these Fourier transforms, that is,

U.(R) = GENO®R) * Uyl )} (108)

where * has been used to represent convolution and A= (o, ). In (93) an
expression for wy was presented. Its Fourier transform is given by

UR)=2x6(A-K) (109)
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Fig. 6.4: Two-dimensional
Fourier representation of the
Helmholtz equarion. fa) is the
Fourier transform of the object,
in this case a cylinder, (b) is the
Fourier transform of the incident
Sfield, fc) is the Fourier transform
of the Green’s function in (95),
(d) shows the frequency domain
convolution of (a} and (b}, and
finally {e) is the product in the
Jrequency domain of (c) and (d).
{From [Sla83}.)

and thus the convolution of (108) becomes a shift in the frequency domain or
OR) * Up(R)=2rO(A-K). (110)

This convolution is illustrated in Figs. 6.4(a)-(c) for a plane wave
propagating with direction vector, K = (0, ko). Fig. 6.4(a) shows the Fourier
transform of a single cylinder of radius 1x and Fig. 6.4(b) shows the Fourier
transform of the incident field. The resulting multiplication in the space
domain or convolution in the frequency domain is shown in Fig. 6.4(c).

To find the Fourier transform of the Green’s function the Fourier
transform of (32) is calculated to find

(~A2+KkDGA(F)= ~e~ /%7, (111)
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Rearranging terms we see that
A ehr (112)
GA|F ) =——
AP —k2
which has a singularity for all A such that
[A|2=c2+yi=k2. (113)

An approximation to G(A) is shown in Fig. 6.4(d).

The Fourier transform representation in (112) can be misleading because it
represents a point scatterer as both a sink and a source of waves, A single
plane wave propagating from left to right can be considered in two different
ways depending on your point of view. From the left side of the scatterer, the
point scatterer represents a sink to the wave, while to the right of the scatterer
the wave is spreading from a source point. Clearly, it’s not possible for a
scatterer to be both a point source and a sink. Later, when our expression for
the scattered field is inverted, it will be necessary to choose a solution that
leads to outgoing waves only.

The effect of the convolution shown in (106) is a multiplication in the
frequency domain of the shifted object function, (110), and the Green’s
function, (112), evaluated at 7 = 0. The scattered field is written as

- ORA-K
U(A)=2= ———iz_kz) . (114)
This result is shown in Fig. 6.4(¢) for a plane wave propagating along the y-
axis. Since the largest frequency domain components of the Green’s function
satisfy (113), the Fourier transform of the scattered field is dominated by a
shifted and sampled version of the object’s Fourier transform.

We will now derive an expression for the field at the receiver line. For
simplicity we will continue to assume that the incident field is propagating
along the positive y-axis or K = (0, ko). The scattered field along the receiver
line (x, y = /) is simply the inverse Fourier transform of the field in (114).
This is written as

I oo o o
uCe y=h)=o S_m S_“ U(R)eA 7 do dvy (115)

which, using (114), can be expressed as

1 = = Oa, vy—ky) .
= =—— _ = (ax +vh)
us(%, ¥ =) 42 &-,, Sm ot ryi—k2 elextm da dy. (116)

We will first find the integral with respect to +. For a given «, the integral
has a singularity for

vi2= tVki-al. (117)
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Fig. 6.5: [Integration path in the
complex plane for inverting the
iwo-dimensional Fourfer
transform of the scartered field,
The correct pole must be chosen
to lead 1o ouigoing fields. (From
[Sla84].)

Using contour integration we can evaluate the integral with respect to v along
the path shown in Fig. 6.5. By adding 1/2x of the residue at each pole we find

1 ) 1
u(x, ) =5= | Tites pert dat — | Totes e da (119)
27 27

where

_JO(a, Nk~ a’~ky)
 2Vk—at

_ —jOla, Vki-a?~ k)
- 2Vk-a?

Examining the above pair of equations we see that I'; represents the solution
in terms of plane waves traveling along the positive y-axis, while I',
represents plane waves traveling in the — y direction.

As was discussed earlier, the Fourier transform of the Green’s function
(112) represents the field due to both a point source and a point sink, but the
two solutions are distinct for receiver lines that are outside the extent of the
object. First consider the scattered field along the line y = [, where [ is
greater than the y-coordinate of all points in the object. Since all scattered
fields originate in the object, plane waves propagating along the positive y-
axis represent cuigoing waves while waves propagating along the negative y-
axis represent waves due to a point sink. Thus for ¥ > object (i.e., the
receiver line is above the object) the outgoing scattered waves are represented
by I, or

T e/ Vi-a*l (119

r, e~ IVkj-etly, (120}

1 , .
u(x, ¥)=5- [ M@ peimrda,  y>object 21

Conversely, for a receiver along a line y = /, where / is less than the y-
coordinate of any point in the object, the scattered field is represented by I'y
or

1 ,
u(x, )= | s pyesox do,  y<object (122)
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Fig. 6.6: Estimates of the
two-dimensional Fourier
trensform of the object are
evailable along the solid are for
transmission tomography and the
broken are for reflection
tomography. (Adapted from
[5la84f.}

In general, the scattered field will be written as
1 .
u(x, ) =o= | T(a; y)ero= da (123)
2%

and it will be understood that values that lead only to outgoing waves should
be chosen for the square root in the expression for T',
Taking the Fourier transform of both sides of (123) we find that

f u(x, y=I)e-ror de=T{(a, k). (124)

But since by (119) and (120), T'(«, /) is equal to a phase shifted version of the
object function, the Fourier transform of the scattered field along the line y =
lo is related to the Fourier transform of the object along a circular arc. The use
of the contour integration is further justified by noting that only those waves
that satisfy the relationship

a1+72=k§ (125)

will be propagated and thus it is safe to ignore all waves not on the ky-circle.

This result is diagrammed in Fig. 6.6. The circular arc represents the locus
of all points (, %) such that ¥y = w’k% — . The solid line shows the
outgeing waves for a receiver line at ¥y = /, above the object. This can be
considered transmission tomography. Conversely, the broken line indicates
the locus of solutions for the reflection tomography case, or y = /; is below
the object.

6.3.3 Short Wavelength Limit of the Fourier Diffraction Theorem

While at first the derivations of the Fourier Slice Theorem and the Fourier
Diffraction Theorem scem quite different, it is interesting to note that in the
limit of very high energy waves or, equivalently, very short wavelengths the
Fourier Diffraction Theorem approaches the Fourier Slice Theorem. Recall
that the Fourier transform of a diffracted projection corresponds to samples of
the two-dimensional Fourier transform of an object along a semicircular arc.

I
P Objects
l4

'4
!
: Reflection  Transmission -
1 i Objects
\ . b

\\

Y
\ -
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Fig. 6.7: As rhe frequency of
the experiinent goes up
fwavelength goes down) the
radius of the arc increases until
the scattered field is closely
approximated by the Fourier Slice
Theorem discussed in Chapter 3.

The radius of the arc shown in Fig. 6.2 is equal to &, which is given by

2x
ko=— 126
N (126)

and A is the wavelength of the energy. As the wavelength is decreased, the
wavenumber, Ko, and the radius of the arc in the object’s Fourier domain
grow. This process is illustrated in Fig. 6.7 where we have shown the
semicircular arcs resulting from diffraction experiments at seven different
frequencies.

An example might make this idea clearer. An ultrasonic tomography
experiment might be carried out at a frequency of 5 MHz which corresponds
to a wavelength in water of 0.3 mm. This corresponds to a &, of 333 radians/
meter. On the other hand, a hypothetical coherent x-ray source with a 100-
keV beam has a wavelength of 0.012 gM. The result is that a diffraction
experiment with x-rays can give samples along an arc of radius 5 x 10®
radians/meter. Certainly for all physiological features (i.e., resolutions of <
1000 radians/meter) the arc could be considered to be a straight line and the
Fourier Slice Theorem an excellent model for relating the transforms of the
projections with the transform of the object.

6.3.4 The Data Collection Process

The best that can be hoped for in any tomographic experiment is to estimate
the Fourier transform of the object for all frequencies within a disk centered
at the origin. For objects whose spectra have no frequency content outside the
disk, the reconstruction procedure is perfect.

There are several different procedures that can be used to estimate the
object function from the scattered field. A single plane wave provides exact
information {up to a frequency of v2k,) about the Fourier transform of the
object along a semicircular arc. Two of the simplest procedures involve

'y Objects

k,
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Fig. 6.8: With plane wave
fllumination, estimates of the
object’s two-dimensional Fourier
transform are available along the
circufar ares.

changing the orientation and frequency of the incident plane waves to move
the frequency domain arcs to a new position. By appropriately choosing an
orientation and a frequency it is possible to estimate the Fourier transform of
the object at any given frequency. In addition, it is possible to change the
radius of the semicircular arc by varying the frequency of the incident field
and thus generating an estimate of the entire Fourier transform of the object.

The most straightforward data collection procedure was discussed by
Mueller ef al, [Mue80] and consists of rotating the object and measuring the
scattered field for different orientations. Each orientation will produce an
estimate of the object’s Fourier transform along a circular arc and these arcs
will rotate as the object is rotated. When the object has rotated through a full
360° an estimate of the object will be available for the entire Fourier disk.

The coverage for this method is shown in Fig. 6.8 for a simple experiment
with eight projections of nine samples each. Notice that there are two arcs
that pass through each point of Fourier space. Generally, it will be necessary
to choose one estimate as better.

On the other hand, if the reflected data are collected by measuring the field
on the same side of the object as the source, then estimates of the object are
available for frequencies greater than v2k,. This follows from Fig. 6.6.

Nahamoo and Kak {Nah82], [Nah84] and Devaney [DevB84] have proposed
a method that requires only two rotational views of an object. Consider an
arbitrary source of waves in the transmitter plane as shown in Fig. 6.9. The
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Fig. 6.9: A 1ypical synthetic
aperture tomography experiment
is shown. A transmitrer is
scanned past the object. For each
transmitter position the scatiered
field is measured. Laier,
appropriate phases are added to
the projections to synthesize any
incident plane wave. (From

[Sto83].)

)

Transmitter / W
b —

Object

transmitted field, u,, can be represented as a weighted set of plane waves by
taking the Fourier transform of the transmitter aperture function [Goo68].
Doing this we find

1 ® ,
U= |” Adkgens di,. 127

Moving the source to a new position, n, the plane wave decomposition of the
transmitted field becomes

1 = ) ,
wrim=g | (kdeeneic dk,. (128)
Given the plane wave decomposition, the incident field in the plane follows
simply as

® 1 .
un; x, y)= 54 (m A;(kx)ef**") e/l di,. (129)

In (124) we presented an equation for the scattered field from a single plane
wave. Because of the linearity of the Fourier transform the effect of each
plane wave, e/®=**+»), can be weighted by the expression in brackets above
and superimposed to find the Fourier transform of the total scattered field due
to the incident field u,(x; n) as [Nah82]

(a'"":'.r: Y=k dk,.

(130)
J2y

= . O
Ums @)= |~ (Akayeen)
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Fig. 6.10: Estimates of the
Fourier transform of an object in
the synthetic aperture experiment
are available in the shaded
region.

Taking the Fourier transform of both sides with respect to the transmitter
position, 3, we find that

Ofa— Ky, ¥ —Ky)

(131)
2y

Us(ky; o) =Alkz)

By collecting the scattered field along the receiver line as a function of
transmitter position, 7, we have an expression for the scattered field. Like the
simpler case with plane wave incidence, the scattered field is related to the
Fourier transform of the object along an arc. Unlike the previous case,
though, the coverage due to a single view of the object is a pair of circular
disks as shown in Fig. 6.10. Here a single view consists of transmitting from
all positions in a line and measuring the scattered field at all positions along
the receiver line. By rotating the object by 90° it is possible to generate the
complementary disk and to fill the Fourier domain.

The coverage shown in Fig. 6.10 is constructed by calculating (K ~ A) for
all vectors (K) and (A) that satisfy the experimental constraints. Not only
must each vector satisfy the wave equation but it is also necessary that only
forward traveling plane waves be used. The broken line in Fig. 6.10 shows
the valid propagation vectors {— A) for the transmitted waves. To each
possible vector (— A) a semicircular set of vectors representing each possible
received wave can be added. The locus of received plane waves is shown as a
solid semicircle centered at each of the transmitted waves indicated by an x.

4k

¥
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Fig. 6.1%: A iypical vertical
seismic profiling (VSP}
experiment.

The entire coverage for the synthetic aperture approach is shown as the
shaded areas.

In geophysical imaging it is not possible to generate or receive waves from
all positions around the object. If it is possible to drill a borehole, then it is
possible to perform vertical seismic profiling (VSP) [Dev83] and obtain
information about most of the object. A typical experiment is shown in Fig.
6.11. So as to not damage the borehole, acoustic waves are generated at the
surface using acoustic detonators or other methods and the scatiered field is
measured in the borehole,

The coverage in the frequency domain is similar to the synthetic aperture
approach in [Nah84]. Plane waves at an arbitrary downward direction are
synthesized by appropriately phasing the transmitting transducers. The
receivers will receive any waves traveling to the right. The resulting coverage
for this method is shown in Fig. 6.12(a). If we further assume that the object
function is real valued, we can use the symmetry of the Fourier transform for
real-valued functions to obtain the coverage in Fig. 6.12(b).

It is also possible to perform such experiments with broadband illumination
[Ken82]. So far we have only considered narrow band illumination wherein
the field at each point can be completely described by its complex amplitude.

Now consider a transducer that illuminates an object with a plane wave of
the form A, (). It can still be called a plane wave because the amplitude of the

Scattered
Wave
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Fig. 6.12: . Availabie estimate of
the Fourier transform of on
object for a VSP experiment (o).
If the object function is real
valued, then the symmetry of the
Fourier transform can be used io
estimate the object in the region
shown in (b).

@

Obiects
x

&)

field along planes perpendicular to the direction of travel is constant. Taking
the Fourier transform in the time domain we can decompose this field into a
number of experiments, each at a different temporal frequency, w. We let

4,06y, )= Adx, y, e di (132)

where the sign on the exponential is positive because of the convention
defined in Section 6.1.1.

Given the amplitude of the field at each temporal frequency, it is
straightforward to decompose the field into plane wave components by
finding its Fourier transform along the transmitter plane. Each plane wave
component is then described as a function of spatial frequency, &k, =
v& + 14.'y2 , and temporal frequency, w. The temporal frequency w is related
to k, by

k,=— {133)
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where c is the speed of propagation in the media and the wave vector (&, k,)
satisfies the wave equation

ki+k2=k2, (134)

If a unit amplitude plane wave illumination of spatial frequency &, and a
temporal frequency w leads to a scattered plane wave with amplitude (.,
w), then the total scattered field is given by a weighted superposition of the
scattered fields or

kﬂ - .
dk Ak, wye UKy, w; y)elEerthy),

w

u(x, y; t)=é 5: dw 5

(135)

For plane wave incidence the coverage for this method is shown in Fig.
6.13(a). Fig. 6.13(b) shows that by doing four experiments at 0, 90, 180, and
270° it is possible to gather information about the entire object.

6.4 Interpolation and a Filtered Backpropagation Algorithm for Diffracting

In our proof of the Fourier Diffraction Theorem, we showed that when an
object is illuminated with a plane wave traveling in the positive y direction,
the Fourier transform of the forward scattered fields gives values of the arc
shown in Fig. 6.2. Therefore, if an object is illuminated from many different
directions, we can, in principle, fill up a disk of diameter ~2k in the
frequency domain with samples of O(w,, w;), which is the Fourier transform
of the object, and then reconstruct the object by direct Fourier inversion.
Therefore, we can say that diffraction tomography determines the object up to
a maximum angular spatial frequency of ~2%. To this extent, the recon-
structed object is a low pass version of the original. In practice, the loss of
resolution caused by this bandlimiting is negligible, being more influenced by
considerations such as the aperture sizes of the transmitting and receiving
elements, etc.

The fact that the frequency domain samples are available over circular
arcs, whereas for convenient display it is desirable to have samples over a
rectangular lattice, is a source of computational difficulty in reconstruction
algerithms for diffracting tomography. To help the reader visualize the
distribution of the available frequeticy domain information, we have shown in
Fig. 6.8 the sampling points on a circular arc grid, each arc in this grid
corresponding to the transform of one projection. It should also be clear from
this figure that by illuminating the object over 360° a double coverage of the
frequency domain is generated; note, however, that this double coverage is
uniform. We may get a complete coverage of the frequency domain with
illumination restricted to a portion of 360°; however, in that case there would
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Fig. 6.13: (a} Estimates of the
Fourier transform of an object
Jor broadband illumination. With
Jour views the coverage shown in
) is possible.

@

be patches in the (w,, w;)-plane where we would have a double coverage. In
reconstructing from circular arc grids to rectangular grids, it is often easier to
contend with a uniform double coverage, as opposed to a coverage that is
single in most areas and double in patches.

However, for some applications that do not lend themselves to data
collection from all possible directions, it is useful to bear in mind that it is not
necessary to go completely around an object to get complete coverage of the
frequency domain. In principle, it should be possible to get an equal quality
reconstruction when illumination angles are restricted 10 a 180° plus an
interval, the angles in excess of 180° being required to complete the coverage
of the frequency domain.

There are two computational strategies for reconstructing the object from
the measurements of the scattered field. As pointed out in [Sou84a], the two
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algorithms can be considered as interpolation in the frequency domain and
interpelation in the space domain; and are analogous to the direct Fourier
inversion and backprojection algorithms of conventional tomography. Unlike
conventional tomography, where backprojection is the preferred approach,
the computational expense of space domain interpolation of diffracted
projections makes frequency domain interpolation the preferred approach for
diffraction tomography reconstructions.

The remainder of this section will consist of derivations of the frequency
domain and space domain interpolation algorithms. In both cases we will
assume plane wave illumination; the reader is referred to [Dev82], [Pan83)
for reconstruction algorithms for the synthetic aperture approach and to
[Sou84b] for the general case.

6.4.1 Frequency Domain Interpolation

There are two schemes for frequency domain interpolation. The more
conventional approach is polynomial based and assumes that the data near
each grid point can be approximated by polynomials. This is the classical
numerical analysis approach to the problem. A second approach is known as
the unified frequency domain reconstruction (UFR) and interpolates data in
the frequency domain by assuming that the space demain reconstruction
should be spatially limited. We will first describe polynomial interpolation.

In order to discuss the frequency domain interpolation between a circular
arc grid on which the data are generated by diffraction tomography and a
rectangular grid suitable for image reconstruction, we must first select
parameters for representing each grid and then write down the relationship
between the two sets of parameters.

In (104), Uglw, /) was used to denote the Fourier transform of the
transmitted data when an object is illuminated with a plane wave traveling
along the positive y direction. We now use Up 4(w) to denote this Fourier
transform, where the subscript ¢ indicates the angle of illumination. This
angle is measured as shown in Fig. 6.14. Similarly, Q{w, ¢} will be used to
indicate the values of O{w, «,) along a semicircular are oriented at an angle
¢ as shown in Fig. 6.15 or

Ow, Vki—w?—ky), |w| < kg (136)

Therefore, when an illuminating plane wave is incident at angle ¢, the
equality in (104) can be rewritten as

Uw(w)-— exp JVET— 0 Q(w, ) for o] <k. (137)

\/_H

In most cases the transmitted data will be uniformly sampled in space, and
a discrete Fourier transform of these data will generate uniformly spaced
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Fig. 6.14: The angle ¢ is used to
identify each diffraction
projection. (From [Pan83].)

Fig. 6.15: Each prajection is
meastired using the ¢ — w
caordinate sysiem shown here.
{From fKak85}].}

frequeney domain
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Fig. 6.16: Uriformily sampling
the projection in the space
domain leads fo uneven spacing
of the samples of the Fourier
transform of the object along the
semicircular arc. {Adapted from
[Pan83].}

samples of Up 4{c) in the w domain. Since Q(w) is the Fourier transform of
the object along the circular arc AOB in Fig. 6.15 and since « is the
projection of a point on the circular arc on the tangent line CD, the uniform
samples of Q in « translate into nonuniform samples along the arc AOB as
shown in Fig. 6.16. We will therefore designate each peint on the arc AOB
by its (w, ¢) parameters. [Note that (w, ¢) are not the polar coordinates of a
point on arc AOB in Fig. 6.15. Therefore, w is not the radial distance in the
(w, wy)-plane, For point E shown, the parameter  is obtained by projecting
E onto line CD.] We continue to denote the rectangular coordinates in the
frequency domain by (w;, ;).

Before we present relationships between (w, @) and (w;, wy), it must be
mentioned that we must consider separately the points generated by the AO
and OB portions of the arc AOB as ¢ is varied from 0 to 2x. We do this
because, as mentioned before, the arc AOB generates a double coverage of
the frequency domain, as ¢ is varied from O to 2, which is undesirable for
discussing a one-to-one transformation between the (w, ¢) parameters and the
(wy, @) coordinates.

We now reserve (w, ¢) parameters to denote the arc grid generated by the
portion OB as shown in Fig. 6.15, It is important to note that for this arc grid,
w varies from 0 to X and ¢ from 0 to 2x.

We now present the transformation equations between (w, ¢) and (e, @)
We accomplish this in a slightly roundabout manner by first defining polar

sampling along the are
is non-uniform

frequency domain
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Fig. 6.17: A second change of
variables is used to relate the
projection data to the object’s
Fourier transform. {From
{Kak85] as modified from
[Pansi}.)

coordinates (1, 8) in the (w, «;)-plane as shown in Fig. 6.17. In order to go
from (w,, w,) to (w, ¢), we will first transform from the former coordinates to
(2, & and then from (£, &) to (w, ¢). The rectangular coordinates {w,, «,) are
related to the polar coordinates (Q, 8) by (Fig. 6.17)

Q=vVal+al (138)
=tan-! (-“’-“) . (139)
w|

In order to relate (2, 8) to (@, ¢}, we now introduce a new angle 8, which is
the angular position of a point (w;, w;) on arc O8 in Fig. 6.17. Note from the
figure that the point characterized by angle §8 is also characterized by
parameter «. The relationship between « and 8 is given by

w=k sin 8. (140)

The following relationship exists between the polar coordinates (£, 8) on the
one hand and the parameters 8 and ¢ on the other:

=2 sin-! % (141)
¢=9+'2-r+§. (142)

(wiry)

frequency domain
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By substituting (141) in (140} and then using (138), we can express w in terms
of w) and w;. The result is shown below.

. . Vol+w]
w=ksin {2 sin"! | ———= . {143)
2k
Similarly, by substituting (139) and (141) in (142), we obtain
w2 . Val+wi w
¢=tan~' | = J+sin' [ ———= J+—. (144)
uy 2k 2

These are our transformation equations for interpolating from the (w, ¢)
parameters used for data representation to the (w;, w,) parameters needed for
inverse transformation. To convert a particular rectangular point into (w, ¢)
domain, we substitute its w; and w, values in (143) and (144). The resulting
values for w and ¢ may not correspond to any for which Q{w, ¢) is known.
By virtue of (137), Q{w, ¢) will only be known over a uniformly sampled set
of values for w and ¢. In order to determine Q at the calculated w and ¢, we
use the following procedure. Given N, X N, uniformly located samples,
Ow;, ¢y, we calculate a bilinearly interpolated value of this function at the
desired w and ¢ by using

N, N,

0w, 9)=3 S Q(wr, k(@ —w)hr(6- ), (145)
fm] et
where

ol
-—— w|<Aw

h(w)=] Aw (146)
0 otherwise

|9l

1—— =A

moy=|'Tas 1P1=47  Q47)
0 otherwise;

A¢ and Aw are the sampling intervals for ¢ and w, respectively. When
expressed in the manner shown above, bilinear interpolation may be
interpreted as the output of a filter whose impulse response is A,h;.

The results obtained with bilinear interpolation can be considerably
improved if we first increase the sampling density in the (@, ¢)-plane by using
the computationally efficient method of zero-extending the two-dimensional
inverse fast Fourier transform (FFT) of the Q(w;, ¢;} matrix. The technique
consists of first taking a two-dimensional inverse FFT of the N, X N, matrix
consisting of the Qfw;, ¢} values, zero-extending the resulting N, x N,
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array of numbers to, let’s say, mN,, X nM,, and then taking the FFT of this
new array. The result is an mn-fold increase in the density of samples in the
(w, ¢}-plane. After computing Qfw, ¢) at each point of a rectangular grid by
the procedure outlined above, the object f(x, y} is obtained by a simple 2-D
inverse FFT.

A different approach to frequency domain interpolation, called the unified
frequency domain (UFR) interpoiation, was proposed by Kaveh er al.
[Kav84]. In this approach an interpolating function is derived by taking into
account the object’s spatial support. Consider an object’s Fourier transform
as might be measured in a diffraction tomography experiment. If the Fourier
domain data are denoted by F(u, v), then a reconstruction can be written

S, p)=i(x, ) IFT {F(u, v)} (148)

where the indicator function is given by

(149)

i, y)= 1 where the object is known to have support
Y700 elsewhere.

If the Fourier transform of i(x, ») is Hu, v), then the spatially limited
reconstruction can be rewritien

J(x, y)=TFT {I(u, v) * F(u, v)} (150)

by noting that multiplication in the space domain is equivalent to convolution
in the frequency domain. To perform the inverse Fourier transform fast it is
necessary to have the Fourier domain data on a rectangular grid. First
consider the frequency domain convolution; once the data are available on a
rectangular grid the inverse Fourier transform can easily be calculated as it is
for polynomial interpolation,

The frequency domain data for the UFR reconstruction can be written as

Fu, v)= 55 Iu—u’, v—v")F(u’, v') du’ dv’. (151)
Now recall that the experimental data, F(u’, v’), are only available on the

circular arcs in the ¢ — w space shown in Fig. 6.15. By using the change of
variables

| _| T, w) | _|cosd =—sing || VEI-wi-k
v’ Ty, )| |sing coso || w (152)

and the Jaccbian of the transformation given by

', v')

153
¢, w) 459

J(¢, w)=
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the convolution can be rewritten

F(u, v)= H J (8, &) I(u—T($, »),
v—Ti¢, WNF(Ti($, @), Ta(d, ©)) d$ do. (154)

This convolution integral gives us 2 means to get the frequency domain data
on a rectangular grid and forms the heart of the UFR interpolation algorithm.
This integral can be easily discretized by replacing each integral with a
summation over the projection angle, ¢, and the spatial frequency of the
received field, w. The frequency domain data can now be written as

F(4, v)= 844,357 (6, )
I(U"“ Tl(¢’ w)s b= TZ(¢! w))
F(T (o, @), To(d, w)) (155)

where A, and A, represent the sampling intervals in the ¢ — w space.
If the indicator function, i(x, ¥), is taken to be 1 only within a circle of
radius R, then its Fourier transform is written

_J](R Vul+ Uz)
PN

A further simplification of this algorithm can be realized by noting that only
the main lobe of the Bessel function will contribute much to the summation in
(155). Thus a practical implementation can ignore all but the main lobe, This
drastically reduces the computational complexity of the algorithm and leads
to a reconstruction scheme that is only slightly more complicated than bilinear
interpolation.

I(u, v) (156)

6.4.2 Backpropagation Algorithms

It has recently been shown by Devaney [Dev82] and Kaveh ef ol. [Kav82]
that there is an alternative method for reconstructing images from the
diffracted projection data. This procedure, called the filtered backpropaga-
tion method, is similar in spirit to the filtered backprojection technique of x-
ray tomography. Unforiunately, whereas the filtered backprojection al-
gorithms possess efficient implementations, the same can't be said for the
filtered backpropagation algorithms. The latter class of algorithms is
computationally intensive, much more so than the interpolation procedure
discussed above. With regard to accuracy, they don’t seem to possess any
particular advantage especially if the interpolation is carried out after
increasing the sampling density by the use of appropriate zero-padding as
discussed above.

We will follow the derivation of the backpropagation algorithm as first
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Fig. 6.18:  The ko7 and k5 used
in the backpropagation algorithm
are shown here. (From {Pan83}.)

presented by Devaney [Dev82]. First consider the inverse Fourier transform
of the object function,

o(F)=

" oR)eRT4R. {57

1 e
2r)? 5_,, §_

This integral most commonly represents the object function in terms of its
Fourier transform in a rectangular coordinate system representing the
frequency domain. As we have already discussed, a diffraction tomography
experiment measures the Fourier transform of the object along circular arcs;
thus it will be easier to perform the integration if we modify it slightly to use
the projection data more naturally. We will use two coordinate transforma-
tions to do this: the first one will exchange the rectangular grid for a set of
semicircular arcs and the second will map the arcs into their plane wave

decomposition.
We first exchange the rectangular grid for semicircular arcs. Te do this we
tepresent K = (k,, k,) in (157) by the vector sum
K=ko(5~5) (158)

where 5 = (cos ¢y, sin ¢y) and § = (cos x, sin x) are unit vectors
representing the direction of the wave vector for the transmitted and the
received plane waves, respectively. This coordinate transformation is
illustrated in Fig. 6.18.

s N
/
/ 5
‘/
T 7’ _—
\
0/\(/
S
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To find the Jacobian of this transformation write

k. =kq (cos x — cos ¢g) (159)
k, = ko {sin x —sin ¢g) {160)
and
dk.dk,= |k(2, sin (x — ¢o)| dx deo (161)
= koVT—cos? (x - o) dx dbo (162)
=koV1— (5 5)? dx d¢, (163)

and then (157) becomes

1 1
P (3) %

T 07 Otk (5- T e BT dx dg. (164

The factor of 1/2 is necessary because as discussed in Section 6.4.1 the (x,
¢o) coordinate system gives a double coverage of the (4, &,) space.

This integral gives an expression for the scattered field as a function of the
(x, $o) coordinate system. The data that are collected will actually be a
function of ¢y, the projection angle, and «, the one-dimensional frequency of
the scattered field along the receiver line. To make the final coordinate
transformation we take the angle x to be relative to the (x, ) coordinate
system. This is a more natural representation since the data available in &
diffraction tomography experiment lie on a semicircle and therefore the data
are available only for 0 = x < . We can rewrite the x integral in (164) by

noting
cos x=x/Ko (165)
sin x =vy/kp (166)
and therefore
-1
dx=— dx. (167)
koy
The x integral becomes
1 ¢k d e
= j " 2L k| Ok (F- ST dix. (168)
ko <-4
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Fig. 6.19: In backpropagation
the projection is backprojected
with a depth-dependent filter
Junction. At each depth, v, the
filter corresponds to propagating
the field & distance of Av. (From
{Sia83}.)

Using the Fourier Diffraction Theorem as represented by (104) we can
approximate the Fourier transform of the object function, O, by a simple
function of the first-order Born field, uz, at the receiver line, Thus the object
function in (168) can be written

Olko(F— 31 = — 2vjUs(x, ¥~ ko)e /7. (169)
In addition, if a rotated coordinate system is used for ¥ = (£, n) where
E=xsin¢—ycos o (170)
and
=X cos ¢+ sin ¢, (171)
then the dot product 44(F — 5,) can be written
&+ (y—ko)n. (172)

The coordinates (£, #) are illustrated in Fig. 6.19. Using the results above we
can now write the x integral of (164) as

2j
ko

7
5 ok dxlxl Ugli, y— ko)e~i1ogxi+(y-koh (173)
—*o
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and the equation for the object function in (164) becomes

ko 2 & L
o)=L [ d4af® delsl Ut 7—ke-roertiaton,(174)
2x)? Yo ~kp

To bring out the filtered backpropagation implementation, we write here
separately the inner integration:

1 re=
Myt M= | Tu@H@G@)exp (ut) do  (175)

where
H(w)=|w|, |w|<ko, (176)
=0, o] >k 77
Gw)=exp J(VKI- ko),  |w|=ske, (178)
=0, fwl >k (179)

and
Ty(w)=Us(r, y— ko). (180)

Without the extra filter function G,(w), the rest of (175) would correspond to
the filtering operation of the projection data in x-ray tomography. The
filtering as called for by the transfer function G,(w) is depth dependent due to
the parameter 5, which is equal to x cos ¢ + y sin ¢.

In terms of the filtered projections IT,(%, u) in (175), the reconstruction
integral of (174) may be expressed as

1 (or ' _
S )= 5: doTl,(x sin 6—y cos ¢, X cos ¢+ sin ¢). (181)

The computational procedure for reconstructing an 'image on the basis of
(175) and (181) may be presented in the form of the following steps:

Step 1: In accordance with (175), filter each projection with a separate filter
for each depth in the image frame. For example, if we chose only
nine depths as shown in Fig. 6.19, we would need to apply nine
different filters to the diffracted projection shown there. (In most
cases for a 128 x 128 reconstruction grid, the number of discrete
depths chosen for filtering the projection will also be around 128. If
there are much less than 128, spatial resolution will suffer.)

Step 2: To each pixel (x, ¥} in the image frame, in accordance with (181),
allocate a value of the filtered projection that correspends to the ,
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nearest depth line. Since it is unlikely that a discrete implementation
of (175) will lead to data at the precise location of each pixel, some
form of polynomial interpolation (i.e., bilinear) will lead to better
reconstructions.

Step 3: Repeat the preceding two steps for all projections. As a new
projection is taken up, add its contribution to the current sum at pixel
O, »).

The depth-dependent filtering in Step 1 makes this algorithm computa-
tionally very demanding. For example, if we choose N, depth values, the
processing of each projection will take (¥, + 1) fast Fourier transforms
(FFTs). If the total number of projections is Ny, this translates into
(N, + DN, FFTs. For most N X N reconstructions, both N, and N, will be
approximately equal to N. Therefore, Devaney’s filtered backpropagation
algorithm will require approximately N2 FFTs compared to 4N FFTs for
frequency domain interpolation. (For precise comparisons, we must mention
that the FFTs for the case of frequency domain interpolation are longer due to
zero-padding.)

Devaney [Dev82] has also proposed a modified filtered backpropagation
algorithm, in which G,(w) is simply replaced by a single G, (w) where 9 =
Xp 0S¢ + yo sin ¢, (o, ¥o) being the coordinates of the point where local
accuracy in reconstruction is desired. (Elimination of depth-dependent
filtering reduces the number of FFTs to 2N,.)

6.5 Limitations

There are several factors that limit the accuracy of diffraction tomography
reconstructions. These limitations are caused both by the approximations that
must be made in the derivation of the reconstruction process and the
experimental factors.

The mathematical and experimental effects limit the reconstruction in
different ways. The most severe mathematical limitations are imposed by the
Born and the Rytov approximations. These approximations are fundamental
to the reconstruction process and limit the range of objects that can be
examined. On the other hand, it is only possible to collect a finite amount of
data and this gives rise to errors in the reconstruction which can be attributed
to experimental limitations. Up to the limit in resolution caused by evanescent
waves, and given a perfect reconstruction algorithm, it is possible to improve
a reconstruction by collecting more data. It is important to understand the
experimental limitations so that the experimental data can be used efficiently.

6.5.1 Mathematical Limitations

Computer simulations were performed to study several questions posed by
diffraction tomography. In diffraction tomography there are different
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approximations involved in the forward and inverse directions. In the forward
process it is necessary to assume that the object is weakly scattering so that
either the Born or the Rytoy approximation can be used. Once an expression
for the scattered field is derived it is necessary not only to measure the
scattered fields but then numerically implement the inversion process.

By carefully designing the simulations it is possible to separate the effects
of the approximations. To study the effects of the Born and the Rytov
approximations it is necessary to calculate (or even measure) the exact fields
and then use the best possible (most exact) reconstruction formulas available.
The difference between the reconstruction and the actual object is a measure
of the quality of the approximations.

6.5.2 Evaluation of the Born Approximation

The exact field for the scattered field from a cylinder, as shown by Weeks
[Wee64] and by Morse and Ingard [Mor68), was calculated for cylinders of
various sizes and refractive indexes. In the simulations that follow a single
plane wave of unit wavelength was incident on the cylinder and the scattered
field was measured along a line at a distance of 100 wavelengths from the
origin. In addition, all refractive index changes were modeled as monopole
scatterers. By doing this the directional dependence of dipole scatterers didn’t
have to be taken into account,

At the receiver line the received wave was measured at 512 points spaced at
1/2 wavelength intervals. In all cases the rotational symmetry of a single
cylinder at the origin was used to reduce the computation time of the
simulations.

The results shown in Fig. 6.20 are for cylinders of four different refractive
indexes. In addition, Fig. 6.21 shows plots of the reconstructions along a line
through the center of each cylinder. Notice that the y-coordinate of the center
line is plotted in terms of change from unity.

The simulations were performed for refractive indexes that ranged from a
0.1% change (refractive index of 1.001) to a 20% change (refractive index of
1.2). For each refractive index, cylinders of size 1, 2, 4, and 10 wavelengths
were reconstructed. This gives a range of phase changes across the cylinder
(see (50)) from 0.004r to 16=.

Clearly, all the cylinders of refractive index 1.001 in Fig. 6.20 were
perfectly reconstructed. As (50) predicts, the results get worse as the product
of refractive index and radius gets larger. The largest refractive index that
was successfully reconstructed was for the cylinder in Fig. 6.20 of radius 1
wavelength and a refractive index that differed by 20% from the surrounding
medium.

While it is hard to evaluate quantitatively the two-dimensional reconstruc-
tions, it is certainly reasonable to conclude that only cylinders where the
phase change across the object was less than or equal to 0.87 were adequately
reconstructed. In general, the reconstruction for each cylinder where the
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phase change across the cylinder was greater than » shows severe artifacts
near the center. This limitation in the phase change across the cylinder is
consistent with the condition expressed in (51).

Finally, it is important to note that the reconstructions in Fig. 6.20 don’t
show the most severe limitation of the Born approximation, which is that the
real and imaginary parts of a reconstruction can get mixed up. For objects
that don’t satisfy the 0.8x phase change limitation the Born approximation
causes some of the real energy in the reconstruction to be rotated into the
imaginary plane. This further limits the use of the Born approximation when
it is necessary to separately image the real and imaginary components of the
refractive index.

6.5.3 Evaluation of the Rytov Approximation

Fig. 6.22 shows the simulated results for 16 reconstructions using the
Rytov approximation. To emphasize the insensitivity of the Rytov approxi-
mation to large objects the largest object simulated had a diameter of 100A.
Note that these reconstructions are an improvement over those published in
[Sla84] due to decreased errors in the phase unwrapping algorithm used.'
This was accomplished by using an adaptive phase unwrapping algorithm as
described in [Tri77] and by reducing the sampling interval on the receiver
line to 0.125\.

It should be pointed out that the rounded edges of the 1A reconstructions
aren’t due to any limitation of the Rytov approximation but instead are the
result of a two-dimensional low pass filtering of the reconstructions. Recall
that for a transmission experiment an estimate of the object’s Fourier
transform is only available up to frequencies less than +2k,. Thus the
reconstructions shown in Fig. 6.22 show the limitations of both the Rytov
approximation and the Fourier Diffraction Theorem.

6.5.4 Comparison of the Born and Rytov Approximations

Reconstructions using exact scattered data show the similarity of the Born
and the Rytov approximations. Within the limits of the Fourier Diffraction
Theorem the reconstructions in Figs. 6.20 and 6.22 of a 1A object with a
small refractive index are similar. In both cases the reconstructed change in
refractive index is close to that of the simulated object.

The two approximations differ for objects that have a large refractive index
change or have a large radius. The Born reconstructions are good at a large
refractive index as long as the phase shift of the incident field as predicted by
(50} is less than 7.

On the other hand, the Rytov approximation is very sensitive to the
refractive index but produces excellent reconstructions for objects as large as

! Many thanks to M. Kaveh of the University of Minnesota for pointing this out to the authors.

TOMOGRAPHIC IMAGING WITH DIFFRACTING SOURCES 49





Fig. 6.20: Reconstructions of 16  100\. Unfortunately, for objects with a refractive index larger than a few

different cylinders are shown percent the Rytov approximation quickly deteriorates.

indicati t of eyl s - N o ,
:ﬁg’?ﬁ;ﬁ:ffﬁfv;{,zx’Lf’;ke In addition to the quahtatl‘ve studies a quantitative study of the error in the
Born approximation. (From Bom and Rytov reconstructions was also performed. As a measure of error
[51a84].) we used the relative mean squared error in the reconstruction of the object

function integrated over the entire plane. If the actual object function is o(F)
and the reconstructed object function is ¢’ (), then the relative mean squared
error {MSE) is

. (182)

H [o(F)-0' (M dF
[o(M)?
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Fig. 6.20: Continued.

For this study 120 reconstructions were done of cylinders using the exact
scattered data. In each case a 512-point receiver line was at a distance of 10A
from the center of the cylinder. Both the receiver line and the object
reconstruction were sampled at 1/4A intervals,

The plots of Fig. 6.23 present a summary of the mean squared error for
cylinders of 1, 2, and 3 in radius and for 20 refractive indexes between 1.01
and 1.20. In each case the error for the Born approximaticn is shown as a
solid line while the Rytov reconstruction is shown as a broken line.

Many researchers [Kav82], [Kei69], [Sou83] have postulated that the
Rytov approximation is superior to the Born but as the actual reconstructions
in Fig. 6.23(a) show for a 1: cylinder this is not necessarily true. While for

TOMOGRAPHIC IMAGING WITH DIFFRACTING SOURCES 251





rzt Tndex=1.001 rel Indew=L.01

1-02147 4 1911
~
renm EITEE
2 x
x
¥ renaee - % coza7s
- =
$ "
E H
,63?2101 L -00eMe o
¢ o
= 2
bt [
] -mvml & .o0wm 1
e
i h4
i -
3 - E Y 003779 1
-5' M
E 2%ema | S osemz
£ &
£ e J k 001 = J
- 003226 ' r " y Y T J - 400033 r r - y e J
-2 -2 -16 - 0 [ 1% B Y] -2 -2 -16 - ° [ 18 Y 2
1 . =1 (ndows1.
002877 - =1 Indomxl. 1 RETLT B v nde«=1.2
o1 oLt
* x
a H
2 -oemevs 2 oveo |
- —
o -0%ned ] o Lonnses
) [v]
a o
e b
'a-' [
& o 3 oemes
‘2 o
|4
= 2
o -0220% o -oveses
%) [
i L
O D295 g J32007
¢ ¢
[ [
010523 1 o1ymer
--oNga12 T v v T ' R d - 000911 — :
- I -1& - L] ] 1% ™ " =12 =24 -6 -] ] [ 1k [ a

Fig, 6.21: Cross sections of the  the cylinder of radius 2 there is a region where the Rytov approximation
i’}’,ﬂfﬁfe‘:ﬁom inFig. 6.20are  ghows less error than the Born reconstruction, this doesn’t occur until the
) relative error is above 20%. What is clear is that both the Born and the Rytov
approximations are only valid for smail objects and that they both produce

similar errors.

6.6 Evaluation of Reconstruction Algorithms

To study the approximations involved in the reconstruction process it is
necessary to calculate scattered data assuming the forward approximations
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Fig. 6.21: Continued. are valid. This can be done in one of two different ways. We have already

discussed that the Born and Rytov approximations are valid for small objects
and small changes in refractive index. Thus, if we calculate the exact
scattered field for a small and weakly scattering object we can assume that
either the Born or the Rytov approximation is exact,

A better approach is to recall the Fourier Diffraction Theorem, which says
that the Fourier transform of the scattered field is proportional to the Fourier
transform of the object along a semicircular arc. Since this theorem is the

TOMOGRAFPHIC IMAGING WITH DIFFRACTING SOURCES 253





ret Index=1.001

r=4 Index=1.01

w4 Indow=1.2

~

19 Ay
o~
L i Lovvded
o
s x
W
o e g onen
§ &
T eSwee 4 .g- Jryvr
$ 3
5 &
g 9262+ 4 .o0%2e?
by &
- =]
& 2
o P g 009995
3 5
L 25089 - 8 0oz
£ &
g R wotere 4
- 00¥0L v r v r v .
- e - o [ te o 0w R PR Al
r=4 [mde==1.1
-CTIL 4 029 -
Bz 0N <
» "
'g i sh § 02726 1
L Lo
o e o oovwe
J o
b L]
& L
002977 & - J
& &- o
¥ g
i - G1neLe W} --019220
bt -
bl -
g-mws- §-‘om3 1
& 3
-.090003 P
-.0%197 r - ;
- i 16 - I [ T P Dee - 18
Fig. 6.21: Continyed.

basis for our inversion algorithm, if we assume it is correct we can study the
approximations involved in the reconstruction process.

If we assume that the Fourier Diffraction Theorem holds, the exact
scattered field can be calculated exactly for objects that can be modeled as
ellipses. The analytic expression for the Fourier transform of the object along
an arc is proportional to the scattered fields. This procedure is fast and allows
us to calculate scattered fields for testing reconstruction algorithms and

experimental parameters.

To illustrate the accuracy of the interpolation-based algorithms, we will
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Fig. 6.21: Continued.

use the image in Fig. 6.24 as a test ‘‘object™ for showing some computer
simulation results. Fig. 6.24 is a modification of the Shepp and Logan
“‘phantom’’ described in Chapter 3 to the case of diffraction imaging, The
gray levels shown in Fig. 6.24 represent the refractive index values. This test
image is a superposition of ellipses, with each ellipse being assigned a
refractive index value as shown in Table 6.1.

A major advantage of using an image like that in Fig. 6,24 for computer
simulation is that one can write analytical expressions for the transforms of
the diffracted projections. The Fourier transform of an ellipse of semi-major
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Fig. 6.22: Reconstructions of 16 different cylinders are shown indicating the effect of cylinder radius and refractive index on
the Rytov approximation. These reconstructions were calculated by sampling the scatrered fields at 16,384 points alorg a line
100\ from the edge of the object. A sampling intervel of 6(R + 100)/16,384 where R is the rodius of the cviinder, was used
to make it easier 1o unwrap the phase of the scattered fields. (Adapted from [Sla84}].)
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Fig. 6.22: Continued.
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and semi-minor axes of lengths 4 and B, respectively, is given by

25 AJ, [BN (A /By +v7) (183)
V(A7B) + v? )

where 4 and v are spatial angular frequencies in the x and y directions,
respectively, and J; is a Bessel function of the first kind and order 1. When
the center of this ellipse is shifted to the point (x;, »;), and the angle of the
major axis tilted by «, as shown in Fig. 6.25(b}, its Fourier transform
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Fig. 6.24: For diffraction becomes

tomographic simulations a
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Shepp and Logan head phantom
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[((1¢ cos o+ v sin @) A/B)Y2 + (— ¢ sin a+ v cos a)?] 72

(184)

Now consider the situation in which the ellipse is ilfluminated by a plane
wave. By the Fourier Diffraction Theorem discussed previously, the Foutier
transform of the transmitted wave fields measured on a line like 77" shown
in Fig. 6.2(left), will be given by the values of the above function on a
semicircular arc as shown in Fig. 6.2(right). If we assume weak scattering
and therefore no interactions among the ellipses, the Fourier transform of the

Table 6.1: Summary of parameters for diffraction tomography simulations.

Center Major Minor Rotation Refractive
Coordinate Axis Axis Angle Index
©, 0.92 0.69 % 1.0
(0. —0.0184) 0.874 0.6624 90 -0.5
0.22, B 0.31 0.11 72 -0.2
(-0.22,0) 0.41 0.16 108 -0.2
0, 0.35) 0.25 0.21 9% 0.1
0,0.1) 0.046 0.046 0 0.15
0, -0.1 0.046 0.046 0 0.15
(—0.08, —0.605) 0.046 0.023 0 0.15
0, —0.605) 0.023 0.023 0 0.15
(0.06, —~0.605) 0.046 0.023 % 0.15
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Fig. 6.25: Assuming the Fourier
Slice Theorem, the field scattered
by an ellipse can be eosily
calculated. (From {Kak83}).)

space domain space domain

(2) ()

total forward scattered field measured on the line TT' will be a sum of the
values of functions like (184) over the semicircular arc. This procedure was
used to generate the diffracted projection data for the test image.

We must mention that by generating the diffracted projection data for
computer simulation by this procedure, we are only testing the accuracy
of the reconstruction algorithm, without checking whether or not the
“test object’ satisfies the underlying assumption of weak scattering. In
order to test this crucial assumption, we must generate exactly on a computer
the forward scattered data of the object. For multicomponent objects, such as
the one shown in Fig, 6.24, it is very difficult to do so due to the interactions
between the components.

Pan and Kak [Pan83] presented the simulations shown in Fig. 6.26. Using
a combination of increasing the sampling density by zero-padding the signal
and bilinear interpolation, results were obtained in 2 minutes of CPU time on
a VAX 11/780 minicomputer with a floating point accelerator (FPA). The
reconstruction was done over a 128 x 128 grid using 64 views and 128
receiver positions. The number of operations required to carry out the
interpolation and invert the object function is on the order of N2 log N. The
resulting reconstruction is shown in Fig. 6.26(a).

Fig. 6.26(b) represents the result of backpropagating the data to 128 depths
for each view, while Fig. 6.26(c) is the result of backpropagation to only a
single depth centered near the three small ellipses at the bottom of the picture.
The results were simulated on a VAX 11/780 minicomputer and the resulting
reconstructions were done over a 128 X 128 grid. Like the previous image
the input data consisted of 64 projections of 128 points each.

There was a significant difference in not only the reconstruction time but
also the resulting quality. While the modified backpropagation only took 1.25
minutes, the resulting reconstruction is much poorer than that from the full
backpropagation which took 30 minutes of CPU time. A compatison of the
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various algorithms is shown in Table 6.2. Note that the table doesn’t
explicitly show the extra CPU time required if zero-padding is used in the
frequency domain to make space domain interpolation easier. To a very
rough approximation space domain interpolation and modified backpropaga-
tion algorithms take N [og N steps while the full backpropagation algorithm
takes N3 log N steps.

6.7 Experimental Limitations

In addition to the limits on the reconstructions imposed by the Born and the
Rytov approximations, there are also the following experimental limitations
to consider:

¢ Limitations caused by ignoring evanescent waves
¢ Sampling the data along the receiver line

* Finite receiver length

* Limited views of the object.

Each of the first three factors can be modeled as a simple constant low pass
filtering of the scattered field. Because the reconstruction process is linear the
net effect can be modeled by a single low pass filter with a cutoff at the lowest
of the three cutoff frequencies. The experiment can be optimized by adjusting
the parameters so that each low pass filter cuts off at the same frequency.

The effect of a limited number of views also can be modeled as a low pass
filter. In this case, though, the cutoff frequency varies with the radial
direction.

6.7.1 Evanescent Waves

Since evanescent waves have a complex wavenumber they are severely
attenuated over a distance of only a few wavelengths. This limits the highest
received wavenumber to

Koy =—. 185
X (185)

This is a fundamental limit of the propagation process and can only be
improved by moving the experiment to a higher frequency (or shorter
wavelength).

6.7.2 Sampling the Received Wave

After the wave has been scattered by the object and propagated to the
receiver line, it must be measured. This is usually done with a point receiver.
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Fig. 6.26: The images show the
resuits of using the (a)
imerpolation, (b)
baekpropagation, and (c)
modified backpropagation
algorithms on reconstruction
quality. The solid lines of the
graphs represent the reconstructed
value along a line through rhe
three ellipses at the bottom of the
phantom. (From {Pan83}.)
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Unfortunately, it is not possible to sample at every point, so a nonzero
sampling interval must be chosen. This introduces a measurement error into
the process. By the Nyquist theorem this can be modeled as a low pass
filtering operation, where the highest measured frequency is given by

w

Kepess = 186
T (186)

where T is the sampling interval,

262 COMPUTERIZED TOMOGRAPHIC IMAGING





Fig. 6.26: Continued.
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6.7.3 The Effects of a Finite Receiver Lengih

Not only are there physical limitations on the finest sampling interval but
usually there is a limitation on the amount of data that can be collected. This
generally means that samples of the received waveform will be collected at
only a finite number of points along the receiver line. This is usually justified
by taking data along a line long enough so that the unmeasured data can be
safely ignored. Because of the wave propagation process this also introduces
a low pass filtering of the received data.

Consider for a moment a single scatterer at some distance, /4, from the
receiver line. The wave propagating from this single scatterer is a cylindrical
wave in two dimensions or a spherical wave in three dimensions. This effect
is diagrammed in Fig. 6.27. It is easy to see that the spatia! frequencies vary
with the position along the receiver line. This effect can be analyzed using
two different approaches.

It is easier to analyze the effect by considering the expanding wave to be

Table 6.2: Comparison of algorithms.

CPU Time
Algorithm Complexity {minutes)
Frequency Domain
Interpolation Ntlog N 2
Backpropagation NN Nlog N 30
Modified Backpropagation NyNlog N 1.25
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Fig. 6.2T:  An object scatters a
Sield which is measured with a
Sfinite receiver line, (From
[5ia83}.)
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locally planar at any point distant from the scatterer. At the point on the
receiver line closest to the scatterer there is no spatial variation [Goo68). This
corresponds to receiving a plane wave or a received spatial frequency of zero.

Higher spatial frequencies are received at points along the receiver line that
are farther from the origin. The received frequency is a function of the sine of
the angle between the direction of propagation and a perpendicular to the
receiver line. This function is given by

K(¥) =Ky sin @ (187)

where ¢ is the angle and k., is the wavenumber of the incident wave. Thus at
the origin, the angle, 8, is zero and the received frequency is zero. Only at
infinity does the angle become equal to 90° and the received spatial frequency
approach the theoretical maximum.

This reasoning can be justified on a more theoretical basis by considering
the phase function of the propagating wave. The received wave at a point {x
= fy, ¥} due to a scatterer at the origin is given by

ejko Yty pt

u(x=1ly, y)=_xz\/_T—;; . (188)

The instantaneous spatial frequency along the receiver line (y varies) of this
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wave can be found by taking the partial derivative of the phase with respect to
y [Gag78].

phase = koVy?+x2 (189)
koy
recy -—W (190)

where k.., is the spatial frequency received at the point (x = /4, y). From
Fig. 6.27 it is ecasy to see that

Y
Vxt+y?

and therefore (187) and (190) are equivalent.
This relation, (190), can be inverted to give the length of the receiver line
for a given maximum received frequency, k.. This becomes

sin @ =

{191)

Knax X
Viki-k2

Since the highest received frequency is a monotonically increasing function
of the length of the receiver line, it is easy to see that by limiting the sampling
of the received wave to a finite portion of the entire line a low passed version
of the entire scattered wave will be measured. The highest measured
frequency is a simple function of the distance of the receiver line from the
scatterer and the length of measured data. This limitation can be better

understood if the maximum received frequency is written as a function of the
angle of view of the receiver line. Thus substituting

y== (192)

tan 0=> (193)
X

we find

Ko(y/x)

ooy = —
N(y/x)y+12

(194)

and

ko tan 6
Vanzo+1

Thus k..., is a monotonically increasing function of the angle of view, . It is
easy to see that the maximum received spatial frequency can be increased
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Fig. 6.28: These four
reconstructions show the effect of
a finite receiver line,
Reconstructions of an object
using 64 detectors spaced at (a)
0.3\, (B) 1.ON, (c} 1.5), and (d)
2.0\ are shown here. (From
[Sta83].)

cither by moving the receiver line closer to the object or by increasing the
length of the receiver line.

6.7.4 Evaluation of the Experimental Effects

The effect of a finite receiver length was simulated and results are shown in
Fig. 6.28. The spatial frequency content of 2 wave, found by taking the FFT
of the sampled points along the receiver line, was compared to the theoretical
result as predicted by the Fourier transform of the object. The theory predicts
that more of the high frequency components will be present as the length of
the receiver line increases and this is confirmed by simulation.

While the above derivation only considered a single scatterer it is also
approximately true for many scatterers collected at the origin. This is so
because the inverse reconstruction process is linear and each point in the
object scatters an independent cylindrical wave.

6.7.5 Optimization

Since each of the above three factors is independent of the other two, their
effect in the frequency domain can be found by simply multiplying their
frequency responses together. As has been described above, each of these
effects can be modeled as a simple low pass filter so the combined effect is
also a low pass filter but at the lowest frequency of the cutoff of the three
effects.

First consider the effect of ignoring the evanescent waves. Since the
maximum frequency of the received wave is limited by the propagation filter
to

2w
kmax=T » (196)

it is easy to combine this expression with the expression for the Nyquist
frequency into a single expression for the smallest “‘interesting’’ sampling
interval. This is given by

K ax = Kopas {197
ot
2r o«
= 198
T (198)
Therefore,
N
T=—, 199
5 (199)
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If the received waveform is sampled with a sampling interval of more than
1/2 wavelength, the measured data might not be a good estimate of the
received waveform because of aliasing. On the other hand, it is not necessary
to sample the received waveform any finer than 1/2 wavelength since this
provides no additional information. Therefore, we conclude that the sampling
interval should be close to 1/2 wavelength.

In general, the experiment will also be constrained by the number of data
points (M) that can be measured along the receiver line. The distance from
the object to the receiver line will be considered a constant in the derivation
that follows. If the received waveform is sampled uniformly, the range of the
receiver line is given uniquely by

MT
Ymax = iT . (200)

This is also shown in Fig. 6.27.

For a receiver line at a fixed distance from the object and a fixed number of
receiver points, the choice of T is determined by the following two competing
considerations: As the sampling interval is increased the length of the
receiver line increases and more of the received wave’s high frequencies are
measured. On the other hand, increasing the sampling interval lowers the
maximum frequency that can be measured before aliasing occurs.

The optimum value of T can be found by setting the cutoff frequencies for
the Nyquist frequency equal to the highest received frequency due to the finite
receiver length and then solving for the sampling interval. If this constraint
isn’t met, then some of the information that is passed by one process will be
attenuated by the others. This results in

(201)
evaluated at
ko=—
0 x {202)
and
y=—. (203)

Solving for T? we find that the optimum value for T is given by

(T)Z_\/64(x/)\)2+M1+M
'Y SM '

(204)
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If we make the substitution

- 205)
AM
we find that the optimum sampling interval is given by
T\2 v6d4a?+1+1
x) =" (206)

This formula is to be used with the consiraint that the smallest positive
value for the sampling interval is 1/2 wavelength.

The optimum sampling interval is confirmed by simulations. Again using
the method described above for calculating the exact scattered fields, four
simulations were made of an object of radius 10 wavelengths using a receiver
line that was 100 wavelengths from the object. In each case the number of
receiver positions was fixed at 64. The resulting reconstructions for sampling
intervals of 0.05, 1, 1.5, and 2 wavelengths are shown in Fig. 6.28. Equation
(206) predicts an optimum sampling interval of 1.3 wavelengths and this is
confirmed by the simulations. The best reconstruction occurs with a sampling
interval between 1 and 1.5 wavelengths.

6.7.6 Limited Views

In many applications it is not possible to generate or receive plane waves
from all directions. The effect of this is to leave holes where there is no
estimate of the Fourier transform of the object.

Since the ideal reconstruction algorithm produces an estimate of the
Fourier transform of the object for all frequencies within a disk, a limited
number of views introduces a selective filter for areas where there are no
data. As shown by Devaney [DevBd4] for the VSP case, a limited number of
views degrades the reconstruction by low pass filtering the image in certain
directions. Devaney’s results are reproduced in Figs. 6.29 and 6.30.

6.8 Bibliographic Notes

The paper by Mueller ef gi, [Mue79] was responsible for focusing the
interest of many researchers on the area of diffraction tomography, although
from a purely scientific standpoint the technique can be traced back to the
now classic paper by Wolf [Wol69] and a subsequent article by Iwata and
Nagata {Iwa75].

The small perturbation approximations that are used for developing the
diffraction tomography algorithms have been discussed by Ishimaru [Ish78]
and Morse and Ingard [Mor68]. A discussion of the theory of the Born and
the Rytov approximations was presented by Chernov in [Che60]. A
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Fig. 6.2%9:  These figures show
the coverage in the frequency
domain for six different angulor
recejver limitations. (From
[Dev84}.)
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comparison of Born and Rytov approximations is presented in [Kel69],
[SlaB4], [SouB3). The effect of multiple scattering on first-order diffraction
tomography is described in [Azi83], [Azi85]. Another review of diffraction
tomography is presented in [Kav86].

Diffraction tomography falls under the general subject of inverse scatter-
ing. The issues relating to the uniqueness and stability of inverse scattering
solutions are addressed in [Bal78], [Dev78], [Nas81], [Sar81). The mathe-
matics of sclving integral equations for inverse scattering problems is
described in [Col83].

The filtered backpropagation algorithm for diffraction tomography was
first advanced by Devaney [Dev82]. More recently, Pan and Kak [Pan83]
showed that by using frequency domain interpolation followed by direct
Fourier inversion, reconstructions of quality comparable to that produced by
the filtered backpropagation algorithm can be obtained. Interpolation-based
algorithms were first studied by Carter [Car70] and Mueller ef af. [Mue80],
[Sou84b]. An interpolation technique based on the known support of the
object in the space domain is known as the unified frequency domain
reconstruction {UFR) and is described in {Kav84]. Since the problems are
related, the reader is referred to an excellent paper by Stark et @/, [Sta81] that
describes optimum interpolation techniques as applied to direct Fourier
inversion of straight ray projections. The reader is also referred to [Fer79] to
learn how in some cases it may be possible to avoid the interpolation, and still
be able to reconstruct an object with direct 2-D Fourier inversion.

A diffraction tomography approach that requires only two rotational
positions of the object has been advanced by Nahamoo ef ¢f. [Nah84] and
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Fig. 6.30: Images due (o the Devaney [Dev83], and its computer implementation has been studied by Pan

limited field of views as shown in  and Kak [Pan83]. Diffraction tomography based on the reflected data has
Flg. 6.25. (From [Dev84].) been studied in great detail by Norton and Linzer [Nor&1].
The first experimental diffraction tomography work was done by Carter
and Ho using coptical energy and is described in [Car70], [Car74], [HeP76].
More recently, Kaveh and Soumekh have reported experimental results in
[KavB0], [Kav81], [Kav82], [Sou83].
Finally, more accurate techniques for imaging objects that don't fall within
the domain of the Born and Rytov approximations have been reported in
[Joh83], [Tra83], [Sla85], [BeyB4], [Bey85a], [Bey85b].
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Algebraic Reconstruction
Algorithms

An entirely different approach for tomographic imaging consists of
assuming that the cross section consists of an array of unknowns, and then
setting up algebraic equations for the unknowns in terms of the measured
projection data. Although conceptually this approach is much simpler than
the transform-based methods discussed in previous sections, for medical
applications it lacks the accuracy and the speed of implementation. However,
there are situations where it is not possible to measure a large number of
projections, or the projections are not uniformly distributed over 180 or
360°, both these conditions being necessary requirements for the transform-
based techniques to produce results with the accuracy desired in medical
imaging. An example of such a situation is earth resources imaging using
cross-borehole measurements discussed in Chapter 4. Problems of this type
are sometimes more amenable to solution by algebraic techniques. Algebraic
techniques are also useful when the energy propagation paths between the
source and receiver positions are subject to ray bending on account of
refraction, or when the energy propagation undergoes attenuation along ray
paths as in emission CT. [Unfortunately, many imaging problems where
refraction is encountered also suffer from diffraction effects (see Chap. 4).]
As will be obvious from the discussion to follow, in algebraic methods it is
essential to know ray paths that connect the corresponding transmitter and
receiver positions. When refraction and diffraction effects are substantial
(medium inhomogeneities exceed 10% of the average background vatue and
the correlation length of these inhomogeneities is comparable to a wave-
length), it becomes impossible to predict these ray paths. If algebraic
techniques are applied under these conditions, we often obtain meaningless
results.

If the refraction and diffraction effects are small (medium inhomogeneities
are less than 2 to 3% of the average background value and the correlation
width of these inhomogeneities is much greater than a wavelength), in some
cases it is possible to combine algebraic techniques with digital ray tracing
techniques [And82], {And84a], [And84b] and devise iterative procedures in
which we first construct an image ignoring refraction, then trace rays
connecting the corresponding transmitter and receiver locations through this
distribution, and finally use these rays to construct a more accurate set of
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algebraic equations. Experimental verification of this iterative procedure for
weakly refracting objects has been obtained [And84b].

Space limitations prevent us from discussing here the combined ray tracing
and algebraic reconstruction algorithms. Qur aim in this section is to merely
introduce the reader to the algebraic approach for image reconstruction. First
we will show how we may construct a set of linear equations whose
unknowns are elements of the object cross section. The Kaczmarz method for
solving these equations will then be presented. This will be followed by the
various approximations that are used in this method to speed up its computer
implementation.

7.1 Image and Projection Representation

Fig. T.1: In algebraic methods a
square grid is superimposed over
the unkniown image. Image values
are assumed to be constant within
each cell of rhe grid. (From
[RasB82}.)

In Fig. 7.1 we have superimposed a square grid on the image f{x, y); we
will assume that in each cell the function f(x, y) is constant. Let f; denote this
constant value in the jth cell, and let N be the total number of cells. For
algebraic techniques a ray is defined somewhat differently. A ray is now a
““fat’’ line running through the (x, y)-plane. To illustrate this we have shaded
the ith ray in Fig. 7.1, where each ray is of width 7. In most cases the ray
width is approximately equal to the image cell width. A line integral will now
be called a ray-sum.

Like the image, the projections will also be given a one-index representa-

]
&
%

N

wy; for this cell = area of ABC
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tion. Let p; be the ray-sum measured with the /th ray as shown in Fig. 7.1.
The relationship between the f;'s and p,’s may be expressed as

N
2 ijfj=pj, f=19 23 ...!M {1)

J=1

where M is the total number of rays (in all the projections) and wy is the
weighting factor that represents the contribution of the fth cell to the ith ray
integral. The factor wy; is equal to the fractional area of the jth image cell
intercepted by the /th ray as shown for one of the cells in Fig. 7.1. Note that
most of the w;’s are zero since only a small number of cells contribute to any
given ray-sum.

If M and N were small, we could use conventional matrix theory methods
to invert the system of equations in (1). However, in practice N may be as
large as 65,000 (for 256 x 256 images}, and, in most cases for images of this
size, M will also have the same magnitude. For these values of M and N the
size of the matrix {w;] in (1) is 65,000 x 65,000 which preciudes any
possibility of direct matrix inversion. Of course, when noise is present in the
measurement data and when M < N, even for small N it is not possible to use
direct matrix inversion, and some least squares method may have to be used.
When both M and N are large, such methods are also computationally
impractical.

For large values of A and N there exist very attractive iterative methods
for solving (1). These are based on the ‘“‘method of projections’ as first
proposed by Kaczmarz {Kac37], and later elucidated further by Tanabe
[Tan71]. To explain the computational steps involved in these methods, we
first write (1) in an expanded form:

wifi+ Wit wufit+ o winSu=p

wafit+wnfi+ +rwanfy=p

wai i+ wannfa t + o wynSN=Pu. (2)

A grid representation with N cells gives an image N degrees of freedom.
Therefore, an image, represented by (f}, f2, * - -, fv), may be considered to
be a single peint in an N-dimensional space. In this space each of the above
equations represents a hyperplane. When a unique solution to these eguations
exists, the intersection of all these hyperplanes is a single point giving that
solution. This concept is further illustrated in Fig. 7.2 where, for the purpose
of display, we have considered the case of only two variables f; and f,
satisfying the following equations:

wilfi+ wifa=p;
wo i+ W o= pa. 3)
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Fig. 7.2: The Kaczmarz method
of solving algebraic equations is
ilfustrated for the case of two
unknowns. One starts with some
arbitrary initiol guess ond then
projecis onto the line
corresponding 1o the first
equation. The resulting point is
now projected onto the line
representing the second equation.
If there are only two equations,
this process is continued back and
Jorth, as illustrated by the dots in
the figure, until convergence is
achieved. (From {Ros82}.)

f

The computational procedure for locating the solution in Fig. 7.2 consists of
first starting with an initial guess, projecting this initial guess on the first line,
reprojecting the resulting point on the second line, and then projecting back
onto the first line, and so forth. If a unique solution exists, the iterations will
always converge to that point.

For the computer implementation of this method, we first make an initial
guess at the solution. This guess, denoted by @, fP, - - -, fQ, is represented
vectorially by @ in the N-dimensional space. In most cases, we simply
assign a value of zero to all the f;’s. This initial guess is projected on the
hyperplane represented by the first equation in (2) giving 70, as illustrated in
Fig. 7.2 for the two-dimensional case. 7 is projected on the hyperplane
represented by the second equation in (2) to yield f@ and so on. When f¢-D
is projected on the hyperplane represented by the /th equation to yield 2, the
process can be mathematically described by

fy .
For=fa- n_w ,;,-f @

where W; = (w;, Wi, * ', W), and Wy W, is the dot product of W; with
itself. To see how (4) comes about we first write the first equation of (2) as
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Fig. 1.3: The hyperplane #,f
= p, (represenied by a line in this
two-dimensional figure) is
perpendicular (o the vector W,
(From [Ros82].)
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W f=p. &)

The hyperplane represented by this equation is perpendicular to the vector
w,. This is illustrated in Fig. 7.3, where the vector %mpresents w;. This
equation simply says that the projection of a vector OC (for any point C _on
the hyperplane) on the vector W, is of constant length. The unit vector QU
along #, is given by

—— W[
OU=———= 6
o (6

and the perpendicular distance of the hyperplane from the origin, which is
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-—

equal to the length of OA in Fig. 7.3, is given by OC-0OU:
04| =00 - 0C = o (7, - OO)
W - W
1 o P
=ﬁfﬁmﬂ%ﬁﬁ%.
Now to get 77 we have to subtract from 7@ the vector HG:
Jo=Fo-HG ®
where the length of the vector HG is given by
|HG|=|OF | - | OA|
=7 . OU~-|04|. )

)

Substituting (6) and (7) in this equation, we get

— JO . W-p
|HG | =——. {10)
Nt ‘_V.I
- - _ - - _-"
Since the direction of HG is the same as that of the unit vector OU, we can
write

HC=|AGl0U=-—_ 2" 5. a1

Substituting (11) in (8), we get (4).

As mentioned before, the computational procedure for algebraic recon-
struction consists of starting with an initial guess for the solution, taking
successive projections on the hyperplanes represented by the equations in (2),
eventually yielding 70, In the next iteration, f is projected on the
hyperplane represented by the first equation in (2), and then successively onto
the rest of the hyperplanes in (2), to yield 7@ and so on. Tanabe [Tan71]
has shown that if there exists a unique solution f; to the system of equations
(2), then

lim f4M =7, (12)

k=+oo

A few comments about the convergence of the algorithm are in order here.
If in Fig. 7.2 the two hyperplanes are perpendicular to each other, the reader
may easily show that given for an initial guess any point in the (f3, f2)-plane,
it is possible to arrive at the correct solution in only two steps like (4). On the
other hand, if the two hyperplanes have only a very small angle between
them, k in (12) may acquire a large value (depending upon the initial guess)
before the correct solution is reached. Clearly the angles between the
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hyperplanes considerably influence the rate of convergence to the solution. If
the M hyperplanes in (2} could be made orthogonal with respect to one
another, the correct solution would be arrived at with only one pass through
the M equations (assuming a unique solution does exist). Although
theoretically such orthogonalization is possible using, for example, the
Gram-Schmidt procedure, in practice it is computationally not feasible. Full
orthogonalization will also tend to enhance the effects of the ever present
measurement noise in the final solution. Ramakrishnan ef a/. [Ram79] have
suggested a pairwise orthogonalization scheme which is computationally
easier to implement and at the same time considerably increases the speed of
convergence. A simpler technique, first proposed in [Hou72} and studied in
[S1a85], is to carefully choose the order in which the hyperplanes are
considered. Since each hyperplane represents a distinct ray integral, it is quite
likely that adjacent ray integrals (and thus hyperplanes) will be nearly
parallel. By choosing hyperplanes representing widely separated ray inte-
grals, it is possible to improve the rate of convergence of the Kaczmarz
approach.

A not uncommon situation in image reconstruction is that of an
overdetermined system in the presence of measurement noise. That is, we
may have M > Nin (2) and p|, p;, - - -, pm corrupted by noise. No unique
solution exists in this case. In Fig. 7.4 we have shown a two-variable system
represented by three “‘noisy” hyperplanes. The broken line represents the
course of the solution as we successively implement (4). Now the “*solution”’
doesn’t converge to a unique point, but will oscillate in the neighborhood of
the intersections of the hyperplanes.

When A < N a unique selutien of the set of iinear equations in (2) doesn’t
exist, and, in fact, an infinite number of solutions are possible. For example,
suppose we have only the first of the two equations in (3) to use for
calculating the two unknowns f; and f3; then the solution can be anywhere on
the line corresponding to this equation. Given the initial guess 7@ (see Fig.
7.3), the best one could probably do under the circumstances would be to
draw a projection from 7 on this line, and call the resulting f a solution.
Note that the solution obtained in this manner corresponds to that point on the
line which is closest to the initial guess. This result has been rigorously
proved by Tanabe [Tan71] who has shown that when M < N, the iterative
approach described above converges to a solution, call it fs’ , such that
| /@ — F,{ is minimized.

Besides its compuiational efficiency, another aitractive feature of the
iterative approach presented here is that it is now possible to incorporate into
the solution some types of a priori information about the image one is
reconstructing. For example, if it is known a priori that the image f(x, y) is
nonnegative, then in each of the solutions 7}, successively obtained by using
(4), one may set the negative components equal to zero. One may similarly
incorporate the information that £ (x, y)} is zero outside a certain area, if this is
known,
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Fig. 1.4: [ilustrated here is the
case when the number of
equations is greater than the
mumber of unknowns. The lines
don’t intersect at g single unique
point, because the observations
P, P2 s have been assumed 1o
be corrupted by noise. No unique
solution exists in this case, and
the final solution will oscillate in
the neighborhood of intersections
of the three lines. (From
[Ros82].)

In applications requiring a large number of views and where large-sized
reconstructions are made, the difficulty with using (4) can be in the
calculation, storage, and fast retrieval of the weight coefficients wy;. Consider
the case where we wish to reconstruct an image on a 100 x 100 grid from
100 projections with 150 rays in each projection. The total number of
weights, w;;, needed in this case is 108, which is an enormous number and
can pose problems in fast storage and retrieval in applications where
reconstruction speed is important, This problem is somewhat eased by
making approximations, such as considering w;; to be only a function of the
perpendicular distance between the center of the /th ray and the center of the
Jth cell. This perpendicular distance can then be computed at run time.

To get around the implementation difficulties caused by the weight
coefficients, a myriad of other algebraic approaches have also been
suggested, many of which are approximations to (4). To discuss some of the
more implementable approximations, we first recast (4) in a slightly different
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form:

so=gi-ny BTGy, (13)

N

E Wi

k=1

where

g=fu-v- % (14)
N .
=Ef¥_nwlik. (15)

These equations say that when we project the (i — 1)th solution onto the ith
hyperplane [ith equation in (2)] the gray level of the jth element, whose
current value is f{~ Y, is obtained by correcting its current value by Afo,
where

. : Pi—ai
A=~ fi-D= " . (16)

2
2 Wi
k=1

Note that while p; is the measured ray-sum along the /th ray, g; may be
considered to be the computed ray-sum for the same ray based on the (/ -
1)th solution for the image gray levels. The correction Af; to the jth cell is
obtained by first calculating the difference between the measured ray-sum and
the computed ray-sum, normalizing this difference by T#_, w, and then
assigning this value to all the image cells in the ith ray, each assignment being
weighted by the corresponding wy;.

With the preliminaries presented above, we will now discuss three
different computer implementations of algebraic algorithms. These are
represented by the acronyms ART, SIRT, and SART.

7.2 ART (Algebraic Reconstruction Techniques)

In many ART implementations the wy’s in (16) are simply replaced by 1's
and 0’s, depending upon whether the center of the £th image cell is within the
ith ray. This makes the implementation easier because such a decision can
easily be made at computer run time. In this case the denominator in (16) is
given by & | w2 = N; which is the number of image cells whose centers
are within the ith ray. The correction to the jth image cell from the ith
equation in (2) may now be written as

n_Pi— i
Afit="_ 17
S N (17
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for all the cells whose centers are within the ith ray. We are essentially
smearing back the difference (p; — ¢;)/N; over these image cells. In (17),
gi’s are calculated using the expression in (15), except that one now uses the
binary approximation for wy’s.

The approximation in (17), although easy to implement, often leads to
artifacts in the reconstructed images, especially if N; isn’t a good approxima-
tion to the denominator. Superior reconstructions may be obtained if (17) is
replaced by

D q;
Afth="_2
S L N (18)

where L, is the length (normalized by 8, see Fig. 7.1) of the #th ray through
the reconstruction region.

ART reconstructions wsually suffer from salt and pepper noise, which is
caused by the inconsistencies introduced in the set of equations by the
approximations commeonly used for wy's. The result is that the computed ray-
sums in (15} are usvally poor approximations to the corresponding measured
ray-sums. The effect of such inconsistencies is exacerbated by the fact that as
each equation corresponding to a ray in a projection is taken up, it changes
some of the pixels just altered by the preceding equation in the same
projection. The SIRT algorithm described briefly below also suffers from
these inconsistencies in the forward process [appearing int the computation of
g;'s in (16)], but by eliminating the continual and competing pixel update as
each new equation is taken up, it results in smoother reconstructions,

It is possible to reduce the effects of this noise in ART reconstructions by
relaxation, in which we update a pixel by a*Af\”, where « is less than 1. In
some cases, the relaxation parameter « is made a function of the iteration
number; that is, it becomes progressively smaller with increase in the number
of iterations. The resulting improverents in the quality of reconstruction are
usually at the expense of convergence.

7.3 SIRT (Simultaneous Iterative Reconstructive Technique)

In this approach, which at the expense of slower convergence usually leads
to better looking images than those produced by ART, we again use (17) or
(18) to compute the change A f{" in the jth pixel caused by the /th equation in
(2). However, the value of the jth cell isn’t changed at this time. Before
making any changes, we go through all the equations, and then only at the end
of each iteration are the cell values changed, the change for each cell being
the average value of all the computed changes for that cell. This constitutes
one iteration of the algorithm. In the second iteration, we go back to the first
equation in (2) and the process is repeated.
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7.4 SART (Simultaneous Algebraic Reconstruction Technique)

Fig. 1.8: (a) The Shepp and
Logan head phantom with a
subdural hematoma. (b} The gray
level distribution of the Shepp
and Logan phantom. (From
fKak84].)

We will now discuss a variation on the algebraic approaches discussed
above that seems to combine the best of ART and SIRT. This technique, first
reported in [And84a], yields reconstructions of good quality and numerical
accuracy in only one iteration. Here are the main features of SART: First, to
reduce errors in the approximation of ray integrals of a smooth image by
finite sums, the traditional pixel basis is abandoned in favor of bilinear
elements. Also, for a circular reconstruction region, only partial weights are
assigned to the first and last picture elements on the individual rays. To
further reduce the noise resulting from the unavoidable but now presumably
considerably smaller inconsistencies with real projection data, the correction
terms are simultaneously applied for all the rays in one projection; this is in
contrast with the ray-by-ray updates in ART. In addition, a heuristic
procedure is used to improve the quality of reconstructions: a longitudinal
Hamming window is used to emphasize the corrections applied near the
middle of a ray relative to those applied near its ends.

In what follows we will describe in more detail the individual steps outlined
above. The contribution that each step makes in improving the overall
accuracy of the proposed procedure will be illustrated with reconstructions of
the test image of Fig. 7.5. Note that this image differs slightly from a similar
image in Chapter 3 by the presence of a “*subdural hematoma,’” which is a
small ellipse right next to the “*skull’” in the lower right-hand part. All these
reconstructions were carried out on a 128 x 128 sampling lattice with 100
projections of 127 rays each.
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7.4.1 Modeling the Forward Projection Process

In (1), projection data were modeled by

M
P:'=2 Wiifjs i=1,2,: M (19

=1

This is a good model for the projection process if for wy’s we use the
theoretically dictated values—which, as mentioned before, is hard to do for
various reasons.

To seek alternative methods for modeling the projection process, the
relationship between a continuous image and the discrete projection data can
be expressed by the following general form

p=RS =] | s st avdy o)

where
ri(x, y}=90 21

is the equation of the /th ray and R; is the projection operator along the ray.
The integral on the right-hand side serves as the definition of the projection
operator.

Now suppose we assume that in an expansion for the image f(x, ¥), we use
basis functions b;(x, ) and that a good approximation to f(x, »} is obtained
by using N of them. This assumption can be represented mathematically by

N
fex, »)=Fx, »y = 3, gibi(x, ») 22)

el

where g;'s are the coefficients of expansion; they form a finite set of numbers
which describe the image f(x, y) relative to the chosen basis set b;(x, y).
Substituting (22) in (20), we can write for the forward process

N N
Pi=RS(x, =RF(x, =3 gRbjx, =3 giay  23)

i=l =1

where a; represents the line integral of by{(x, y} along the ith ray. This
equation has the same basic form as (1), yet it is more general in the sense that
g,/’s aren’t constrained to be image gray level values over an array of points.
Of course, the form here reduces to (1) if for b;'s we use the following pixel
basis that is obtained by dividing the image frame into NV identical subsquares;
these are referred to as pixels and identified by the index jfor 1 < j = N

inside the jth pixel

everywhere else. @9

bi(x, y)= {(l,
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Fig. 7.6: The ray-sum equations
Jor o set of equidistant poims
along a siraight fine cut by the
circuigr reconstruction region.
{From fKak84].)

In keeping with the nature of f;’s in (1), g;'s with these basis functions
represent the average of f(x, ¥} over the jth pixel and R;b;(x, ») represents
the length of the intersection of the ith ray with the jth pixel. Although (20)
implies rays of zero width, if we now associate a finite width with each ray,
the elements of the projection matrix will represent the areas of intersection of
these ray strips with the pixels.

In SART, superior reconstructions are obtained by using a model of the
forward projection process that is more accurate than what can be obtained by
the choice of pixel basis functions—this is done by using bilinear elements
which are the simplest higher order basis functions. The basis functions
obtained from bilinear elements are pyramid shaped, each with a support
extending over a square region the size of four pixels. It can be shown that the
g;'s appearing in (22) for the case of bilinear elements are the sample values
of the image function f{x, y) on a square lattice. It can further be shown that
whereas the pixel basis leads to a discontinuous image representation, the
bilinear elements allow a continuous form of f(x, ¥) to be regenerated for
computation. However, finding the exact ray integrals across such bilinear
elements {as called for by R;b;(x, ¥) in (23)] for a large number of rays is a
time-consuming task and we will use an approximation.

Rather than try to find separately the individual coefficients a; for a
particular ray, we approximate the overall ray integral R; f {x, ¥) by a finite
sum involving a set of Af; equidistant points { Ki Si)}, for 1 = m < M,
[Lyt80] (see Fig. 7.6):

My
o=, J(sm)As. (25)
m=1

jth ray
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The value S(sim) is determined from the values g; of f(x, y) on the four
neighboring points of the sampling lattice, i.e., by bilinear interpolation. We
write

N
f(Sfm}=E Aijm8; form=1,2, -+, M, (26)
i=1
The coefficient dy,, is therefore the contribution that is made by the jth image
sample to the 7th point on the ith ray. Combining (25) and (26), we obtain an
approximation to the ray integral p; as a linear function of the image samples
8;:

Af; N
pi=3 Y dimgAs 27
m=1 jal
M;
=¥ Y dimgds  for l=i=zJ (28)
i=l m=1
N

A
where the coefficients @; represent the net effect of the linear transforma-
tions. They are determined as the sum of the contributions from different
points along the ray:

M;
a,‘j'—_ E d;ijS. (30)
m=|
Therefore, a; is proportional to the sum of contributions made by the jth
image sample to all the points on the /th ray. It is important to the overail
accuracy of the model that for m = 1 and for m = M, i.e., for the first and
last points of the ray within the reconstruction circle, the weights are adjusted
so that jin ay; equals the actual physical length L;.
One certainly bas latitnde about selecting the siep size As; setting it equal
to half the spacing of the sampling lattice provides a good trade-off between
the accuracy of representation and computational cost.

7.4.2 Implementation of the Reconstruction Algorithm

As mentioned before, the results of SART implementation will be shown
on 128 x 128 matrices using 100 projections, each with 127 rays. In the
model of (29), this corresponds to N = 16,384 picture elements and an
overall number of rays I = 12,700. Note that the system of equations is
underdetermined by about 25 %, but then the reconstruction circle covers only
about 75% of the area of the square sampling lattice.

With the a;;’s determined by the method just described, the reader will now
be taken through a series of steps that are part of the SART implementation.
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Fig. 1.7:  Reconsrruction from

one iteration of sequential ART.
fa) Image. (b) Line plot through
the three small tumors (fory =

—0.605}) (From [And84al.}

First, it will be shown that even with the superior forward projection
modeling by the use of bilinear elements, one doesn’t want to carry out a
sequential implementation of the reconstruction algorithm.

A sequential implementation can be carried out by using the update
formula of (4), reexpressed here in terms of SART symbols:

=T

74Ld]

- - Pi—ag

Eo =gk 4 g ———— 31
a;a;

where @; denotes the ith row vector of the array a;;. As described before, the
estimate g% of the image vector is updated after each ray has been
considered. We set the initial estimate £© to zero, and we say that one
iteration of the algebraic reconstruction technique is completed when all /
rays, i.e., all J ray-sum equations, have been used exactly once, Owing (o
reasons discussed in Section 7.1, for sequential processing the projection data
are ordered in such a manner that the angle between the projections
considered successively is kept large; for the reconstructions shown here that
were obtained with sequential updating, this angle was 73.8°.

Fig. 7.7(a) illustrates the reconstruction of the test image for one iteration
of the sequential implementation. In order to avoid streak artifacts in the final
image, the correction terms for the first few projections are de-emphasized
relative to those for projections considered later on. The image has been
thresholded to the gray level range 0.95-1.05 to illustrate the finer detail.
Note that even the larger structures are buried in the salt and pepper noise
present when no form of relaxation or smoothing is used. Fig. 7.7(b) shows a
line plot through the three small tumors of the phantom (the profile shown is
along the line y = —{.605). We observe that the amplitude variations of the
noise largely exceed the density differences characterizing these structures.,
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Fig. 7.8: Reconstruction from
one fteration of SART. (a)
Image. (b) Line plot through the
three small tumors (for y =
—0.605). (From {And84a].}

It will now be shown that superior results are obtained if instead of
sequentially updating pixels on a ray-by-ray basis we simultaneously apply to
a pixel the average of the corrections generated by all the rays in a projection.
Stated in a bit more detail, this is what we want to do: For the first ray in a
projection we compute as before the corrections to be made at every pixel.
Instead of actually applying these corrections, we store them in a separate
array to be called the correction array (the size of which is the same as that of
the image array). Then we take up the next ray and add the pixel updates
generated by this ray to the correction array. And then the next ray, and so
on. After we are through all the rays in a projection, we add the correction
array (or some fraction thereof) to the image array. This entire process is
repeated with every projection. Fig. 7.8(a) illustrates the reconstruction
obtained with this method. The precise formula that was used in the
reconstruction in Fig. 7.8 for updating the pixel values can be stated as
follows:

g}k+l)=g}k}+ =1 (32)

where the summation with respect to / is over the rays intersecting the jth
image element for a given scan direction,

Compared to the reconstruction of Fig, 7.7 for the sequential scheme, the
simultaneous method offers a reduction in the amplitude of the noise. In
addition, the noise in the reconstructed image has become more slowly
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Fig. 7.9: The longitudinal
Hamming window for a set of
straight rays. (From fAnd84aj.}

undulating compared to the previous salt and pepper appearance. This
technique maintains the rapid convergence of ART-type algorithms while at
the same time it has the noise suppressing features of SIRT. As with SIRT,
the simultaneous implememation does require the storage of an additional
array for the correction terms.

The last step, heuristic in nature, in SART consists of modifying the back-
distribution of correction terms by a longitudinal Hamming window. The idea
of the window is illustrated in Fig. 7.9. The uniform back-distribution
according to the coefficients @y is replaced by a weighted version. This
corresponds to replacing the correction term

p—arg®
@
> ay
j=1

in (32) by a weighted correction term

(33)

—aTE®
t pi—aig (34)

N
2
i=1

where the weighting coefficients ¢; are given by [compare with (30})]

My
tf'J‘: E h,‘md,'ijS. (35)

mml

The sequence h;,, for 1 < m = M,, is a Hamming window of length Af;.
Note that the length of the window varies according to the number of points
M; describing the part of the ray inside the reconstruction circle.

The weighted back-distribution of corrections emphasizes the central
portions of rays in relation to portions closer to the periphery. Fig. 7.10
illustrates a reconstruction of the test image after one iteration with the
longitudinal window in conjunction with the simultaneous scheme previously
described. We see an improvement over the reconstructions of Figs. 7.7 and
7.8: the noise is practically gone and all the structures can be fairly well
distinguished. If we hadn’t applied the corrections in a simultaneous scheme
but incorporated the longitudinal Hamming window only for the sequential
implementation, we would have arrived at the noisy reconstruction illustrated
in Fig. 7.11.

An imporant question that remains to be answered is: What happens when
we go through iterations with, say, the simultancous implementation;
meaning that after we have made a reconstruction by going through all the
projections once, we go through them all once again using the reconstruction
of Fig. 7.10 as our initial solution; and then continue iterating in like fashion?
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Fig. 1.10:  Reconstruction from
one iteration of SART with g
longitudingl Hamming window.
fa) fmage. (h) Line plot throtugh
the three small tumors (fory =
—0.605). (From fAnd84a}.)
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In Figs. 7.12 and 7.13, we have shown the reconstructions obtained with two
and three iterations, respectively. As is evident from the reconstructions, we
do gain more contrast, although at the cost of increased salt and pepper noise.
All reconstructions shown represent the raw output from the algorithms with
no postprocessing applied to suppress noise.

For the purpose of comparison, we have included in Fig. 7.14 the
reconstruction obtained by using a convolution-backprojection algorithm.
Comparing this with Fig. 7.10, we see that the SART reconstruction with one
iteration is quite similar, although with further iterations, as displayed in
Figs. 7.12 and 7.13, we see an increased amplitude of the salt and pepper
noise, which is probably an indication of remaining inconsistencies in the
model used for the forward projection process.

7.5 Bibliographic Notes

The earliest expositions on algebraic reconstruction were by Gordon et al.
[Gor70], [Gor71], [Gor74], Herman ef af. [Her71], [Her73], [Her77], and
Budinger and Gullberg [Bud74]. The reader is also referred to the book by
Herman [Her80] for an exhaustive treatment of the subject. _

When binary values are chosen for the weights w;; in (16} in ART, i.e., wy
is set equal to 1 if the center of the jth pixel falls within the strip of the ith ray
and 0 if not, it becomes necessary to adjust the width of each ray according to
the orientation of the projection [Gor74), [Her73], [Opp75].

Attempts have been made to reduce the salt and pepper noise associated
with ART-type reconstructions by increasing the number of rays per view
[Smi77]. When the number of rays per view is increased, many pixels are
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Fig. 7.11: Reconstruction from
one iteration of sequential ART
with a longitudinal Hamming
window. fa) Image. (b) Line plot
through the three smeall tumors
ffory = —-0.605) (From
[And84a}.)

Fig. 7.12: Reconstruction from
two iterations of SART with g
longitudina! Hamming window,
(a) Image. (b) Line plot through
the three small tumors (for y =
—0.605). (From {And84al.)
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intersected by several rays in each projection. This results in the averaging of
possible errors committed in the correction procedure such as the one given
by (4). Common practice is to have a system with about four times as many
equations as unknown pixel values [HerB0), [Her78], [She74]. The computa-
tional cost, however, is increased directly with the number of rays processed.
An additional method has been to use a relaxation factor A < | [Gor74],
[Her80], [Her76], [Her78], [Hou72), [Swe73] which, although reducing the
salt and pepper noise, increases the number of iterations required for
convergence.

The SART algorithm was first reported in [And84a]. In contrast with the
bilinear elements used for SART, the pixel basis is common to much
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Fig. T.13:  Reconstruction from literature published on algebraic techniques {Din79], [Gil72], [Gor74],
iﬁfe};:f?ﬂﬂff?f Ofm%:Ri‘::;’w" [Gor70), [Her80], [Her76), [Her78], [Her73], [Hou72], [Opp75], [She74).
(@ ‘f,mag; () f;:m pf,, :h,oug}, The error-correcting procedure of the basic ART algorithm as given by (4)
the three small tumors (for y = is discussed in [Gor74], [Gor70], [HerB0], [Her76], [Her78], [Her73],
—0.605). (From {And84af.) [Hou72].

Fig. 7.14: Convolution-back- As first shown by Hc!unsﬁeld tHou72], in order to improve the
projection reconstruction of the ~ convergence of a sequential algebraic algorithm one should order the
‘ef’r‘gage- fﬁ;”;ﬁﬁ ®) L!;’“’ projections in such a manner that successive projections are well separated.
fumors (for y = ~0.605), (From  This he justified on the basis of high correlation between the information in

[And84aj.} neighboring projections. Later the scheme was demonstrated to have a deeper
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8 Reflection Tomography

8.1 Introduction

The tomographic images up to this point have generally been formed by
illuminating an object with some form of energy (x-rays, microwaves, or
ultrasound) and measuring the energy that passes through the object to the
other side. In the case of straight ray propagation, the measurement can be of
either the amplitude or the time of arrival of the received signal; an estimate is
then formed of a line integral of the object’s attenuation coefficient or
refractive index. Even when the energy doesn’t travel in a straight line it is
often possible to use either algebraic techniques or diffraction tomography to
form an image.

Transmission tomography is sometimes not possible because of physical
constraints, For example, when ultrasound is used for cardiovascular
imaging, the transmitted signal is almost immeasurable because of large
impedance discontinuities at tissue-bone and air-tissue interfaces and other
attenuation losses. For this reason most medical ultrasonic imaging is done
using reflected signals. In the most straightforward approach to reflection
imaging with ultrasound, the echoes are recorded as in radar; in medical areas
this approach goes by the name of B-scan imaging.

The basic aim of reflection tomography is to construct a quantitative cross-
sectional image from reflection data. One nice aspect of this form of imaging,
especially in comparison with transmission tomography, is that it is not
necessary to encircle the object with transmitters and receivers for gathering
the ‘‘projection’’ data; transmission and reception are now done from the
same side. The same is of course true of B-scan imaging where a small beam
of ultrasonic energy illuminates the object and an image is formed by
displaying the reflected signal as a function of time and direction of the beam.

While in transmission tomography it is possible to use both narrow band
and broadband signals, in reflection tomography only the latter type is
acceptable. As will become evident by the discussion in this chapter, with
short pulses (broadband signals) it is possible to form line integrals of some
object parameter over lines of constant propagation delays.

Since researchers in reflection tomography are frequently asked to
compare B-scan imaging with reflection tomography, in this chapter we will
first give a very brief introduction to B-scan imaging, taking great liberties
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with conceptual detail; for a rigorous treatment of the subject, the reader is
referred to [FatB0). We will then illustrate how reflection tomography can be
cartied out with plane wave transducers and some of the fundamental
limitations of this type of imaging. Our discussion of reflection tomography
with plane wave transducers will include a demonstration of the relationship
that exists between reflection tomography and the diffraction tomography
formalism presented in Chapter 6. Finally, we will describe how reflection
tomographic imaging can be carried out with point transducers producing
spherical waves.

8.2 B-Scan Imaging

To explain B-scan imaging, assume that the object ithomogeneities can be
modeled by an isotropic scattering function f(x, ¥), a function of position. In
the rest of this chapter, f(x, ») will be referred to as the object reflectivity
function. Within certain restrictions, it is a measure of the portion of the local
transmitted field that is reflected back toward the receiver. Note that we are
taking liberties with rigorous theory, since the scattering process is also a
function of the direction of the illumination and the direction in which the
reflection is measured. For a more precise analysis the reader is referred to
[Fat80].

As shown in Fig. 8.1, a B-scan is a simple example of radar imaging. For
illustration, we will assume that within the object the beam is confined to a
narrow region along a line as shown in Fig. 8.1(a) and that the araplitude of
the field along this line isn’t decaying so that it can be written as a function of
only one variable, the distance along the line. If the illuminating wave has a
very short time duration, there will be a direct mapping between the time at
which a portion of the reflected wave is received and the distance into the
object.

Mathematically, the received waveform is a convolution of the input
waveform, p.(f), and the object’s reflectivity. The incident field can be
written as

¥ilx, y)=p;(r—g> for y=0 4}
and

Yilx, ¥y)=0 elsewhere {2)

where c is the propagation speed of the wave. This function models a pulse,
p:(t), propagating down the x-axis, assumed perpendicular to the face of the
transducer, with speed ¢. This is pictorially illustrated in Fig. 8.1(b). At a
point {x, ¥) in the object a portion of the incident field, ¥:(x, »), will be
scattered back toward the transducer. Therefore the amplitude of the scattered

298

COMPUTERIZED TOMOGRAPHIC IMAGING





Fig. 8.1: [n B-scan imuoging an
object is Hluminated by a narrow
beam of energy. A short
(temporal) pulse is transmitted
and will propagate through the
object. (a) shows a portion of the
object illuminated by a “‘pencit™
beam of energy, (b) shows the
pulse ot different times within the
object, and fc) shows the
spherically expanding wave
caused by a single scatterer within
the object.
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field at the scatterer is given approximately by

y(x, y=0) = f{x,y=0)pf(r—§) . 3
In traveling back to the receiver, the reflected pulse will be delayed by x/¢
due to the propagation distance involved and attenuated because the reflected
field is diverging as depicted in Fig. 8.1¢c). To maintain conservation of
energy (in two dimensjons here) the amplitude attenuation due to spreading is
proportional to 1/+/x, That means the energy density will decay as 1/x and,
when integrated over the boundary of a circle enclosing the scattering site, the
total energy outflow will always be the same regardless of the radius of the
circle. Thus the field received due to reflection at x is given by

X

'J’s!scanered atx = pr( —E_—)f(x’y=0)

[y

1
-

Integrating this with respect to all the reflecting sites along the transmitter

“@
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Fig. 8.2: When an object is
iftuminated by a puise there s a
direct relationship between the
backscattered field and the
object's reflectivity along a line.

line, the total field at the receiver is given by

b= | p,(r—zf)m’T):mdx. )

With the above expression for the scattered field due to a narrow incident
beam it is relatively straightforward to find a reconstruction process for the
object’s reflectivity. Certainly the simplest approach is t0 illuminate the
object with a pulse, p,(7}, that looks like an impulse. The scattered field can
then be approxirnated by

b0 = [ s \r-2§)%ﬂﬂ=ﬂvgf(\g.y=0) .6

This expression shows that there is a direct relation between the scattered
field at 7 and the object’s reflectivity at x = fc/2. This is shown in Fig. 8.2.
With this expression it is easy to see that a reconstruction can be formed using

Fix, y=0) = J‘gw(?) @

where f is the estimate of the reflectivity function f. The term 4x/c? that
multiplies the scattered field is known as time gain compensation and it
compensates for the spreading of the fields after they are scatiered by the
object.

In B-scan imaging, a cross-sectional image of the object’s reflectivity
variation is mapped out by a combination of scanning the incident beam and
measuring the reflected field over a period of time, Recall that in B-scan
imaging the object is illuminated by a very narrow beam of energy. Equation
(7} then gives an estimate of the object’s refiectivity along the line of the
object illuminated by the field. To reconstruct the entire object it is then
necessary to move the transducer in such a manner that all parts of the object
are scanned. There are many ways this can be accomplished, the simplest
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being to spin the transducer and let each position of the transducer illuminate
one line of a fan. This is the type of scan shown in Fig. 8.3.

Clearly, the resolution in a B-scan image is a function of two parameters;
the duration of the incident pulse and the width of the beam. Resolution as
determined by the duration of the pulse is often called the range resolution
and the resolution controlled by the width of the beam is referred to as the
lateral resolution. The range resolution can be found by considering the
system response for a single point scatterer. From (5) the field measured at
the point (0, 0) due to 2 single scatterer of ‘“unit strength’’ at x = xy will be
equal to

Yolt)=————. @®
5 \/;0
Substituting this in (7), our expression for estimating the reflectivity, we
obtain the following form for the image of the object’s reflectivity:

4x 2x 2x

o o\ Nel\e e
’=0= _S_= - 9
Fox, y=0) ‘cz""(c) v )

From this it is easy to see that an incident pulse of width 7, seconds will lead
to an estimate that is #,¢ units wide.

It is interesting to examine in the frequency domain the process by which
the object reflectivity function may be recovered from the measured data. In
the simple model described here, the frequency domain techniques can be
used by merging the 1/+/x factor with the reflectivity function; this can be
done by defining a modified reflectivity function

Jlx, »)
7

Now the scattered field at the point (0, 0) can be written as the convolution

Sx, p)=

(10}

x
(0= p,(r-z ;) f'(x, y=0) dx (1n
and can be expressed in the Fourier domain as
P w
¥s(w) = Plw)F’ (2; ,y=0) : (12

Given the scattered field in this form it is easy to derive a procedure to
estimate the reflectivity of the object. Ideally it is only necessary to divide the
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Fig. 8.3: Often, in commercial
B-scan imaging a focused beam
of energy is moved past the
object, An image is formed by
plotting the received field as a
Sunction of time and transducer
position. (a} shows this process
schematically. (b} is a fransverse
7.5-MHz sonogram of a
carcinoma in the upper half of
the right breasi. (This image is
courlesy of Valerie P. Jackson,
M.D., Associate Professor of
Radiology, Indignu University
School of Medicine.) (¢) is a

drawing of the tissue shown in tumor

(b). The mass near the cenler of skin
rhe sonogram is lobulated, has

some irregular borders and fibroglandular

low-level internal echoes, and tissue

there is an area of posterior
shadowing at the medial aspect of
the tumor. These findings are
compatible with malignancy. (<)
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8.3 Reflection

Fourier transform of the received field by P,(w) to find

e\ ¥sle)
F (2; , y—O) - (13)

Unfortunately, in most cases this simple implementation doesn’t work
because there can be frequencies where Py(w) is equal to zero, which can
cause instabilities in the division, especially if there is noise present at those
frequencies in the measured data. A more noise insensitive implementation
can be obtained via Wiener filtering [Fat80].

Tomography

Reflection tomography is based on the measurement of line integrals of the
object reflectivity function, Consider a single point transducer illuminating an
object with a very wide fan-shaped beam. If the incident field is just an
impulse in the time domain, then the received signal at time ! represents the
total of all reflections at a distance of fc from the transducer. The locus of all
points at the same distance from the transmitter/receiver is a circle; thus this
mode of reflection tomography measures line integrals over circular arcs.
(See Fig. 8.4.) Then by moving the transducer over a plane, or alternatively
on a sphere wrapped around the object, it is possible to collect enough line
integrals to reconstruct the entire object. This approach to tomographic
imaging was described first by Norton and Linzer [Nor79a), {Nor79b],

In principie, reconstruction from such data is similar to the following case
that is easier to describe: Instead of using a point transducer, we will use a
plane wave transducer. As we will show below, for the two-dimensional case
the lines of equal propagation delay now become straight lines through the
object and thus the reconstruction algorithms are exactly like those for
conventional parallel beam tomography. First, though, we will describe the
field generated and received by a plane transducer.

8.3.1 Plane Wave Reflection Transducers

Before deriving a reconstruction procedure using plane waves we first must
define what a plane wave transducer measures. In the transmit mode, the field
produced by an ideal plane wave transducer when excited by the waveform
o) is equal to

vilx, y, ) = p;(i—’—;), x>0 (14)

where we have assumed that the transducer is flush with the plane x = 0,
Note that the field is only defined in the positive x half space and is a function
of one spatial variable.

In the receive mode the situation is slightly more complicated. If ¥.(x, ¥, )
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Fig. 8.4: If a transducer with ¢
wide beam ifluminates the objeet,
then it will measure line integrals
over circular arcs of the object’s
reflectivity.

Incident field
covers andire object

Received !

figld measured

at transducer !
f’& >

is the scattered field, the signal generated at the electrical terminals of the
transducer is proportional to the integral of this field. We will ignore the
constant of proportionality and write the electrical received signal, p,(r), as

(0= %0, 7, 1) dv. (15)

In order to derive an expression for the received waveform given the field
at points distant from the transducer it is necessary to consider how the waves
propagate back to the transducer. First assume that there is a line of reflectors
atx = X, that reflect a portion, f(x = x,, ¥), of the field. As described above
we can write the scattered field at the line x = xp as the product of the
incident field and the reflectivity parameter or

\bs(x:xﬂ’ Y t) = \bf(x:xoy Y r)f(x=x0’ y)

X
= pr( —E)f(x=xo,y}- (16)

To find the field at the transducer face it is necessary to find the Fourier
transform of the field and then propagate each plane wave to the transducer
face. This is done by first finding the spatial and temporal Fourier transform
of the field at the line of reflectors

Gk, @) = |7 7 poxmxo, y, Detwemay . an

The function ¥,{k,, w) therefore represents the amplitude of the plane wave
propagating with direction vectors (—{(w/c)? — kZ, ky). It is important to
realize that the above equation represents the field along the line as a function
of two variables. For any temporal frequency, w, there is an entire spectrum
of plane waves, each with a unique propagation direction, '
Recall that we are using the convention for the Fourier transform defined in
Chapter 6. Thus the forward transform has a phase factor of &~/ in the
spatial domain, as is conventional, while the temporal Fourier transform uses
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e+ for the forward transform. The signs are reversed for the inverse
transform.

With this plane wave expansion for the field it is now easy to propagate
each plane wave to the transducer face. Consider an arbitrary plane wave

Y{x, y)=e/thw+ky) (18)

where k, will be negative indicating a wave traveling back toward the
transducer. Using (15), the electrical signal produced is quickly seen to be
equal to zero for all plane waves when &, # 0. This is due to the fact that

{7 emray=sek. (19)
Those plane waves traveling perpendicular to the face of the transducer (%,
= () will experience a delay due to the propagation distance xo. In the

frequency domain this represents a factor of e/“%/c), The electrical response
due to a unit amplitude plane wave is then seen to be

Py(w, k,)=8(k,)e/t/c), (20)

By summing each of the plane waves at frequency w in (17), the total
electrical response due to the scattered fields from the plane x = x, is given
by

ﬁr{w) = Js(ky =0, w)elox/e @1
or back in the time domain it is simply equal to
| . . )
P = | Vil =0, wyemivoreit do, @)

Now substituting (14), (17), and (16) into this expression, the received signal
can be written

l o - o
= — fud am 4
=5 " eman {7 7 wtx=xo, 5,0
s @R emkr et dy dt' |y Lo (23)
which is the same as
paty== " eida |" " vitr=so 3, 1)
21‘[‘ - - —

s f(x=xo, y)eleell dy dr’ (24)
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which reduces to

p,(t)=% [T eman | |7 p‘(" _?)

- flx=xq, y)eloSo/ el dy g’ (25)

Interchanging the order of integrations yields

pi(e) = p;(r—z?) Slf(x=xo,y)dy. (26)

The above equation represents the measured signal due to a single line of
scatterers at x = Xxp. Let the total (integrated) reflectivity of the object along
the line x = xg be denoted by f,(xg). The received signal for all parts of the
object can be written as the sum of each individual line (since we are
assuming that the backscattered fields satisfy the Born approximation and
thus the system is linear) and the total measured signal can be written

pn = | (r—z :—;)fl(x) dx. @7)

This signal is similar to that of B-scan imaging. Like B-scan the transmitted
pulse is convolved with the reflectivity of the object but in each case the
reflectivity is summed over the portion of the object illuminated by the
incident field. In B-scan the object is illuminated by a narrow beam 50 each
portion of the received signal represents a small area of the object. With
reflection tomography the beam is very wide and thus each measurement
corresponds to a line integral through the object.

Like B-scan imaging the reflectivity of the object can be found by first
deconvolving the effects of the incident pulse. If the incident pulse can be
approximated by an impulse, then the object’s reflectivity over line integrals
is equal to

X

Ji(x) =pr(2 ;) ; (28)

otherwise a deconvolution must be done and the line integrals recovered using
Piw

Fi(wy=—22 @9

)

where Fi(w), P,(w), and P,(w) represent the Fourier transform of the
corresponding time or space domain signal. (In practice, of course, one may
have to resort to techniques such as Wiener filtering for implementing the
frequency domain inversion.)
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Fig. 8.5: By using a common
signal source and combining ail
the electrical signels, an array of
transducers can be used to
generate a plane wave for
reflection tomography, However,
by recording the information
separately for each transducer,
they can also be used for the
more general form of reflection
tomography.

The line integral data in the equation above are precisely the information
needed to perform a reconstruction using the Fourier Slice Theorem. As
described in Chapter 3, the object’s reflectivity can be found using the
relationship

(30)

2r
Q

Fo =1 suw)loles do db

where S, represents the Fourier transform of the projection data measured
with the transducer face at an angle of & to the horizontal and

f=x cos 0+ sin 6.

G
8.3.2 Reflection Tomography vs. Diffraction Tomography

It is interesting to compare reflection tomography as just described using
plane wave transducers to the methods of diffraction tomography presented in
Chapter 6. To see the similarities, consider the following imaging experi-
ment. Instead of using a plane wave transducer, let’s use a line array to
illuminate the object, as shown in Fig. 8.5.

To perform a reflection tomography experiment of the type described in
the preceding subsection, we need to be able to generate a plane wave with
the array; this can be done easily by applying the same broadband signal p(¢)
to every transducer in the array. For reception, if we simply add the electrical
signals generated by the transducer elements in the array, we will obtain a
close approximation to the receiving characteristics of a plane wave
transducer.

Now imagine that instead of summing all the received electrical signals, we
record each one separately—call each such signal s{z, »}. If we take the
Fourier transform of each received waveform s(¢, p) with respect to time, we
obtain

S(w, )= S: s(t, y)e dt. (2)

BAAAAR

\Array of Transducers
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Fig. 8.6: The Fourler transjform
of the field received by a plane
wave transducer gives samples of
the two-dimensional Fourier
transform of the object vlong the
line indicated by the cross marks.
For each spatial frequency, k,,
the backscattered field gives
information along gn arc. A
plane wave rransducer only
measures the dc component; thus
the measured signal comtaing
information about only one point
of each arc. By rotating the
transducer around the object a
complete reconstruction can be
Jormed.

If the original signal has a spectrum given by

P@)={_ pAnei dt,

(33)

then the scattered fields can be normalized by dividing the received spectrum
by the transmitted spectrum to find

_S(w, y)

§'(w, y)= Pia)
¢

(34)

Again, as described before, this represents an idealized approach and in
practice a more robust filter must be used.

Because of the normalization at the array element at location y, the data
S’ (w, y) represent a single plane wave component of the scattered field that is
at a temporal frequency of w. If we take a Fourier transform of S’ (w, y) with
respect to the variable y, by using the techniques of Chapter 6 we can derive
the following relationship:

'@, k)= 8w, »)e R dy=F(-VIE=Kimko, k) (39)

which shows that the Fourier transform' S’(w, k,) provides us with an
estimate of the Fourier transform of the object reflectivity function along a
circular arc, as illustrated in Fig. 8.6 for a number of different frequencies.

This means that a cross-sectional image of the object could be recon-
structed by rotating the object in front of the array, since via such a rotatjon
we should be able to fill out a *‘disk with a hole in the center’’ shaped region
in the frequency domain. The reconstruction can be carried out by taking an
inverse Fourier transform of this region. Clearly, since the center part of the
disk would be missing, the reconstructed image would be a “*high pass’’
version of the actual reflectivity distribution.

Reflection tomography using plane wave transducers, as described in the
preceding subsection, is a special case of the more general form presented
here. This can be shown as follows: If the signals s(¢, y) received by the
transducers are simply summed over p, the resulting signal as a function of
time represents not only the output from an idealtized plane wave receiver but
also the Fourier transform of the received field at a spatial frequency of &, =
0. We can, for example, show that the Fourier transform of the summed
signal

" sy ay (36)

! Note that the expression defined in (32) represents the received signal, §, as a function of
temporal frequency, w, and spatial position, ¥, while (35) represents the normalized signal as a
function of both spatial (k,) and temporal (w) frequency.
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is given by

51 rm st, y) dy e dt =P (@) F(—Vki—k2—ko, K)]x,=0 37

=P (@} F(~2ko, 0) (3%

=P,(w)F(—2 % i o) (39)

which shows that the Fourier transform of the summed signal gives the
Fourier transform of the object along the straight lines as given by

F(—zf , 0) for 0< w< . (40)
c

These data points are shown as crosses in Fig. 8.6.
8.3.3 Reflection Tomography Limits

Limitations of reflection tomography are similar to those of transmission
tomography described in Chapter 6. In both cases the interactions of the field
and the object are modeled using first-order approximations.

Barry Roberts at Purdue University performed a number of simulations to
study the limitations of plane wave reflection tomography. The simulations
were done to model an ideal plane wave tomography experiment using a large
bandwidth and a very large transducer.

The data used to study the quality of the reflection tomographic algorithms
were calculated by assuming that the incideat field is the sum of 2 number of
discrete frequencies between Ky and Koy For each frequency, a unit
amplitude plane wave was scattered off a cylinder with a constant refractive
index. The backscattered field was then integrated over the receiver line to
find S(w, &, = 0).

Fig. 8.7 shows the reflection tomographic reconstructions using an ideal
transducer with infinite frequency response. Even in this case it is not
possible to measure the object’s response for a wave at &, = 0 (temporal
frequency is zero). Thus the value for the k4 = 0 term was interpolated and
there was some shift in the dc value of the reconstruction.

The reconstructions shown here are similar to the ones shown in Chapter 6
for the Born approximation in the forward direction. For small objects and
refractive indexes the reflection reconstructions are good, but for large
objects the high frequency part of the reconstruction is distorted. This is
because the high frequency components, or those with the shortest wave-
lengths, are first o undergo a 180° phase change. Thus in the 10X,
reconstructions the edges are distorted until finally, as the refractive index
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approaches 1.20, there are some small high frequency ripples. (A, refers to
the wavelength at the center frequency of the transducer bandwidth.)

Using a more practical frequency range the reconstructions shown in Fig.
8.8 are obtained. Here the data simulate what might be measured with a
transducer with a center frequency of | MHz and a bandwidth of 1.2 MHz.
As would be expected, the reconstructions aren’t as good as those shown in
Fig. 8.7 because some of the low and high frequency information about the
object is missing. Thus there is very little information in the reconstructions
other than the location of the edges of the cylinders. The average refractive
index of each cylinder isn’t reconstructed because that is contained in the low
frequencies.

A big problem with reflection tomography is that it doesn’t provide
information about the object at low frequencies. To a certain extent this
problem can be rectified by extrapolating the measured object spectrum into
the low frequency band where the information is missing. A popular
algorithm for such an extrapolation is the Gerchberg-Papoulis algorithm
[Ger74], [Pap75].

The Gerchberg-Papoulis algorithm is an iterative procedure to combine
information about the Fourier transform of a function (as might be produced
by a reflection tomography experiment) with independent space domain
constraints. Typically, the spatial constraint might be the known support of
the object or the fact that it is always positive.

Assume that a reflection tomography experiment has yielded Fy(u, v) as an
estimate of the Fourier transform of an object’s cross section; its inverse
Fourier transform fy(x, »} is then the image that would be the result of the
experiment. From the preceding arguments Fy(u, v) is known in a doughnut-
shaped region of the (u, v) space; we will denote this region by Dy. In
general, the experiment itself wouldn’t reveal anything about the object
outside the doughnut-shaped region. If f(x, ¥) denotes the true cross section
and F(u, v) the corresponding transform, we can write

Fo(u, u,v)yinD
O Rl
We will invoke the constraint that the object is known to be spatially limited;
_ {7 (x, y)in D,
fGx y)= [0 elsewhere (“42)

where we have used D; to denote the maximum a priori known object size.

Typically, the inverse Fourier transform of the known data Fo(u, v) will
lead to a reconstruction that is not spatially limited. The goal of the
Gerchberg-Papoulis algorithm is to find 2 reconstruction f*(x, y) that
satisfies the space constraint and whose Fourier transform F*(u, v) is equal
to that measured by reflection tomography in region D, We will now
describe how this algorithm can be implemented.
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In the

Gerchberg-Papoulis algorithm an
estimaie of a portion of the
object’s Fourier transform is
combined with knowledge of its
spatial support. The method
iterates umiil an estimate of the
object is found that is consisient
with the known frequency
domgin data and the spatial
extant of the object. (From

{Rob85].}

Given an initial estimate Fo{#, v), a better estimate of the object is found by
finding the inverse Fourier transform of Fy(«, v} and setting the first iteration
to be

IFT { Fo(u, v}}  (x,y)in D,

Silx, )= [0 elsewhere. (43)

The next iteration is obtained by Fourier transforming fi(x, ») and then
constructing a composite function in the frequency domain as follows:

Fy(u, v) (u, v) in Dy

Fi(u, v)= {FT {fi(x, »)} elsewhere (4)

(FT = Fourier transform). We now construct the next iterate fa{x, y), which
is an improvement over f(x, y), by first inverse Fourier transforming F(u,
v} and setting to zero any values that are outside the region D;. This iterative
process may be continued to yield f3, fy3, and so on, until the difference
between two successive approximations is below a prespecified bound. This
is shown schematically in Fig. 8.9.

The result of applying 150 iterations of the Gerchberg-Papoulis algorithm
to the reconstructions of Fig. 8.7 is shown in Fig. 8.10. The reader is referred
to [Rob85] for further details on the application of this aigorithm to reflection

tomography.

8.4 Reflection Tomography with Point Transmitter/Receivers

As mentioned before, reflection tomography using point transducers leads
to line integrals of the object reflectivity function over circular arcs, We will
now show that it is possible te recenstruct the reflectivity function by carrying
out a backprojection over circular arcs. The derivation here will follow that of
Norton and Linzer [Nor79a], [Nor79b]. A more rigorous derivation can be
found in [Nor81].

8.4.1. Reconstruction Algorithms

Assume that the object is illuminated by spherical waves produced by a
point source at ¥ = (0, 0). Such a field can be expressed as

_ |71
vilt, Ty=p,\ ¢ <) (45)
The field scattered by a single scattering site at position ¥ can be expressed as
o |7l
vs(t, F)=F(F)p, t"‘? . (46)

(For simplicity we will continue to assume that both the illuminating field and
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the object are two dimensional.) Since we are operating in the reflection
mode, we use the same point transducer to record whatever scattered fields
arrive at that site. Since the iluminating field is omnidirectional, the scattered
field measured at the point transducer will be given by the following
integration over the half space in front of the transducer:

|71

0= s (=210 ) 7 ar @

The reason for the factor || =12 is the same as that for the factor 1/3/x in our
discussion on B-scan imaging and the extra factor of |F|/c represents the
propagation delay from the point scatterer back to the transducer. Again, as
was done for the B-scan case, the effect of the transmitted pulse can now be
deconvolved, at least in principle, and the following estimate for the line
integral of the reflection data, g(r), can be made:

FT {ws(r)}] 2

48
FT (0:0)} “8)

g(r)=IFT [

where FT{ } indicates a Fourier transform with respect to ¢ and IFT{ }
represents the corresponding inverse Fourier transform. The function g(r) is
therefore a measure of line integrals through the object where the variable
indicates the distance from the transducer to the measurement arc. The
variable r is related to ¢ by r = ct/2, where ¢ is the velocity of propagation in
the medium,

This type of reflection imaging makes a number of assumptions. Most
importantly, for (47) to be valid it is necessary for the Born approximation to
hold. This means that not only must the scattered fields be small compared to
the incident fields, but the absorption and velocity change of the field must
also be small. Second, the scatterers in the object must be isotropic scatterers
so that the field scattered by any point is identical no matter from what
direction the incident field arrives.

These line integrals of reflectivity can be measured from different
directions by surrounding the object with a ring of point transducers. The line
integrals measured by different transducers can be labeled as gu(r), ¢
indicating the ‘‘direction’’ (and location) of the point transducer in the ring,
as shown in Fig. 8.11.

By analogy with the straight ray case it seems appropriate to form an image
of the object by first filtering each line integral and then backprojecting the
data over the same lines on which they were measured. Because the
backprojection operation is linear we can ignore the filter function for now
and derive a point spread function for the backprojection operator over
circular arcs. With this information an optimum filter function A (r) will then
be derived that looks surprisingly like that used in straight ray tomography.

For now assume that the line integral data, g,(r), are filtered by the
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Fig. 8.11:  in reflection
tomography with a point source
the fransducer roiaies around the
object at o radius of R and its
position is indicated by (R, $).
The nreasured signal, g,(r),
represemis line inlegrals over
circular arcs centered ol the
transducer,

function A(r} 1o find

8,(r)=84(r)xh(r). (49)

The backprojection operation over circular arcs can now be written

1 Ix
Fir, 8)== { " to(i 00 dp (50)

where the distance from the transducer at (R, ¢) to the reconstruction point at
(r, 8) is given by

o(d; r, )=vVR*+r2—2Rr cos (6—¢) . (51)

In order to determine £ (r) we will now use (50) to reconstruct the image of
a single scatterer; this image is called the point spread function of the
backprojection process. For a single scatterer at (r, 8) the filtered projection
is

Dro(r—p(é; r, 8 =p(r—p(d; r, O*h(r) (52)

since pr 4, oy, and b are all functions of distance. The function p, , represents
a filtered version of the transmitted pulse; in an actual system the filter could
be applied before the pulse is transmitted so that simple backprojection would
produce an ideal reconstruction. '

The reconstruction image is then given by

1 p2e
F, 0 == §] prolotoir, 0)-p(oi 1o, 8N d6. (Y
T Yo
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We want #(r) to be such that £ is as close to a Dirac delta function as possible.
In order to find an optimum A{r) in this manner, a number of approximations
are necessary. First we expand the argument for g ;{(r} in the equation above

p(; r, 8)— (e 7o, B) = [R*+r?—2Rr cos (8 —¢)]'?
—[R2+ri~2Rrycos (Bo—9)1'2.  (54)
Each term on the right-hand side can be expanded by using
1 1
Vi+x= I+ x——x2+—x3+ . (35)
2 48

We will now assume that the measurement circle is large enough so that (r/
R)? and (ro/R)? are both sufficiently small; as a consequence, the terms that
contain powers of r/R and ro/ R, greater than 2 can be dropped, Therefore the
difference in distances between the two points can be written as

2 p2
p(¢: r, 8)—p(; ro, B0)~ —r cos (B~ )+ p cos (60—¢>+’4

2 2

- —e)+ o _
R cos 2(8 ¢)+4R cos 2(0y—¢). (56}

This can be further simplified to
ol r, 0)—po(d; ro, O)=X cos (d—Y)+v +v2 cos 2{(d—a) (57)

where

X=~Nri4r2=2ryr cos (6 —65) (58)

fo 8in By —r sin &
tan ¥=—-2 59
rgcos Bp—rcos 6

1
‘YF:&(’Z—?’%) (60)

1
o= g+ r*=27r] cos 20— 00)] 61)

ri sin 28,~ r? sin 26

tan = (62}

ri cos 28y— r? cos 28 '

Now (53} can be written as

1 2=
f, 9)=ﬂ §z ProlXcos (0—Y)+y+vy2c08 2p—x}] dp. (63)
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Let P, 4(w) denote the Fourier transform of the line integral p, (r), that is,

1 w
ProtN=5- " Pra(@er do. (64)
Trv-=

In terms of the Fourier transform of the filtered line integral data, £ can be
written as

foor={"as |

dw Pr,‘t(w)ej@['ﬁ +q OS5 2(¢ 'ﬂ)]eﬁ"x c0s (¢ = Y)-
ob

(65)

This result can be further simplified if the measurement radivs, R, is large
compared to both the radii r and ry and the distance between the point
scatterer and the point of interest in the reconstruction. With this assumption
it can be shown that both v, and «, are small and the point spread function can
be written [Nor79a]

l - =
Fo,0=5- 1 do [ _do Py(@ierrmen )

When the scattering center is located at the origin, the point spread function is
obtained by using

p(d; 1 8)—p(d: 0, 0)=rcos (6 —8) (67
and is given by
l 2r a .
Fr,0y=52 o |7 _do Patuperemie-n, (68)
27 do -

This result can be further simplified by using the Bessell identity
1 2 .
ary=o= |7 dg eirerte-o (69)
27 Jo

(where g is an arbitrary constant) and rearranging the order of integration to
find

Hr0y={" P @) dolon) do (70)
where we have assumed that P, 4 is independent of ¢ for a scatterer located at
the origin.

With an expression for the point spread function it is possible to set it equal
to a delta function and solve for the optimum filter function. The optimum
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impulse response &(x, ¥} can be written in polar form as

6(r)
8(x, y)=— (71)
trl=
when the scattering center is located at the origin. The optimum filter
function is then found by noting the identity

5: Jolra)e dw=% 5(r). (72)

Rewriting the potat spread function to put it into this form and using the fact
that Jy(+) is an even function, it is easy to show that the optimum form for the
filtered line integral data is

P,.ﬁtw)«e'zi' . (73)
T
Since P, 4(w) is equal to

P y(w)=H(w)P 4(w) (74)

the optimum point spread response will occur when the product of the Fourier
transform of the transmitted pulse and the reconstruction filter is equal to

o
P (w)H(w)= l?-l . (75)
¥y
If the spectrum of the transmitted pulse is equal to
_oj
P y(w)="—, (76)
W

then backprojection, without any additional filtering, will produce the
optimum reconstruction,

This filter function is not practical since it emphasizes the high frequencies.
Generally, a more realistic filter will be a low pass filtered version of the
optimum filter or

el

H(w):a for || <w. {11

H(a)=0 elsewhere. (78)

Using this filter function the point spread function for the reconstruction
procedure becomes

w1 (2w X)

S, )= X

(79)
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Fig. 8.12: A broadband
reflection tomogram of five
needles is shawn here, In this
experiment a pixel size of 0.1
mm, an image size af 300 x 300
pixels, 120 projections, and 256
samples per projection were used.
This figure shows (a) the needle
array, (b} a diagram of a needie
array cross section showing sizes
and spacing, fc} a reflection
tomogrom of an array cross
section, and (d} a magnified
(zoomed) view of (c). (These
images are courtesy of Kris
Dines, XDATA Corp.,
Indignapolis, IN, based on work
sponsored by National Institite
of Health Grany #1 R43
CA36673.01.)

‘ mm 0.45 0.45

& iy e mm 0.45
r mm

% needle diameters

(d)

Thus the width of the main sidelobe is given by

27
Xo=0.30 —=0.30A, (80)
where A, is the wavelength of the wave corresponding to the cutoff frequency
W
The reconstruction procedure can be summarized as follows. First use (48)
to transform the measured data into measures of line integrals over circular
arcs. The data should then be filtered with (49) and then backprojected using
(50).

8.4.2 Experimental Results

We would now like to mention experimental results obtained by Kris Dines
of XDATA Corporation, Indianapolis, IN. In these reconstructions the
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distance between the point transducer and the object was large enough so that
the line integrals over circular arcs could be approximated as straight lines;
the transducer was 200 mm from the center of a 10-mm object. By assuming
the integration path can be approximated by a straight line the maximum error
in the integration path is 0.25 mm.

The reconstruction of Fig. 8.12(c) shows the resolution that is possible
with this method. The five needles suspended in water represent nearly the
ideal case since there is no phase shift caused by the object, More
experimental work is needed to show the viability of this method in human
patients.

8.5 Bibliographic Notes

There is a large body of work that describes the theory of B-scan imaging;
for a sampler the reader is referred to [Fat80), [Flag1], [Fla83]. This
technique is in wide use by the medical community and the reader’s attention
is drawn to the well-known book by Wells {Wel77] for an exhaustive
treatment of the subject.

One of the first approaches to reflection tomography was by Johnson ef af.
[Joh78] who empioyed a ray tracing approach to synthetic aperture imaging.
This approach attempts to correct for refraction and attenuation but ignores
diffraction. In 1979, Norton and Linzer [Nor79al, [Nor79b] published a
backprojection-based method for reconstructing ultrasonic reflectivity. A
more rigorous treatment and a further generalization of this approach were
then presented in [Nor81] where different possible scanning configurations
were also discussed.

More recently, Dines [Din85] has shown experimental results that establish
the feasibility of this imaging modality, although much work remains to be
done for improving the quality of the reconstructed image. Also, recently,
computer simulation results that show the usefulness of spectral extrapolation
techniques to reflection tomography were presented in [Rob85].
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