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ABSTRACT. Closely motivated by financial considerations, we develop an integra-
tion theory which is not classical i.e. it is not necessarily associated to a measure.
The base space, denoted by . and called a trajectory space, substitutes the set € in
probability theory and provides a fundamental structure via conditional subsets .(s ;)
that allows the definition of conditional integrals. The setting is a natural by-product
of no arbitrage assumptions that are used to model financial markets and games of
chance (in a discrete infinite time framework). The constructed conditional integrals
can be interpreted as required investments, at the conditioning node, for hedging an
integrable function, the latter characterized a.e. and in the limit as we increase the
number of portfolios used. The integral is not classical due to the fact that the original
vector space of portfolio payoffs is not a vector lattice. In contrast to a classical sto-
chastic setting, where price processes are associated to conditional expectations (with
respect to risk neutral measures), we uncover a theory where prices are naturally given
by conditional non-lattice integrals. One could then study analogues of classical prob-
abilistic notions in such non-classical setting, the paper stops after defining trajectorial
martingales the study of which is deferred to future work.
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1. INTRODUCTION

Consider a measurable space (Q,.%), where .% = {.F }o<,<r is a discrete time fil-
tration, providing the unfolding of the possible prices of tradable assets in a financial
market model. It is well known that if Q has finite cardinality and under a no-arbitrage
assumption, prices of attainable functions (which are the ones given by portfolio pay-
offs) are given by martingale measures. Non attainable payoffs, which are present
in a general incomplete market model, are related to such measures via a superhedg-
ing duality result (where superhedging prices of non attainable payoffs are obtained
by considering a supremum over martingale measures of the payoff’s expectation).
When Q has arbitrary cardinality the story retelling the above results is more complex.
The standard approach (and in particular the original literature as in [5] and [11]),
starts with a “physical” probability measure or a collection of such. Then the martin-
gale measures (used for pricing) appear as subsidiary to the physical measures. This
restriction, namely, pricing measures being dependent on apriori given physical mea-
sures, has been essentially removed in recent theoretical results (e.g. [1] and [4]). In
this literature, martingale pricing measures emerge in order to establish a superhedhing
duality result, the relationship between superheding prices and martingale measures is
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delicate and technical. In this respect, we point out to [4] where it is shown that one
needs to restrict to a subset of Q in order to obtain equality in the superheding duality
theorem.

In a discrete infinite time and model-free framework, we take a different perspec-
tive to the approaches mentioned above. Suppose we have access to portfolio trading
with a riskless bank account and an asset. Consider a set .¥ (a structured version of
the abstract set Q) prescribing future scenarios for the asset’s prices and assume no
knowledge of their occurring probability. We refer to such an approach as a trajectory
model and develop a theory that starts with portfolio payoffs (elementary functions)
and their initial values (elementary integrals) and construct conditional integrals based
on such an elementary data plus the trajectory space. In contrast to the previous de-
scription of prices given by expectations (resulting from no arbitrage considerations
and as a mean to obtain superhedging duality results), we develop a closely linked the-
ory between prices and integrals. The extension of prices from an elementary setting
to an integral acting on integrable functions is performed analogously to the classical
theory (Daniell-Lebesgue integration) but, by necessity, it requires a space of func-
tions that is not a vector lattice. In this way, prices of integrable functions are naturally
given by non-lattice integrals in such a way that their meaning is associated to prices
by hedging, the latter provided by a limit argument. Namely, integrable functions are
given by suitable limits of simple portfolios. The constructions also include null events
and conditional integrals. One can interpret the results as showing that, for the basic
aspects of a pricing theory, classical expectations and their additional structure (mar-
tingales, null sets, etc) are not necessarily inherent to the elementary setting. In fact,
there is a more basic non-lattice integration that relates to prices in close analogy to
how the construction of Lebesgue’s theory of integration connects to volumes and ex-
tensive quantities. The usual notion of probability is founded in terms of occurrence of
events, in our pricing setting, the latter notion is replaced with superhedging by means
of portfolios. The non-lattice integral captures the additivity property of prices that
remains without the lattice property.

Independently of any financial motivation, the paper develops an integration theory
with does not require a probability measure and that relies on a set of trajectories .7.
- could be visualized as the skeleton of the path space of a stochastic process reflect-
ing basic indeterminism in the structure of its conditional spaces #s, j)- The latter
are the key to develop conditional integrals with a distinct flavour than the classical
theory. We develop this conditional theory of integration with some detail and expect
to explore in the future some results from the classical theory that may persist in the
proposed setting. Such a non vector lattice theory of integration was developed, in an
abstract setting, in [10] and refined in [9]. In the particular trajectorial setting of our
paper we had to extend the abstract theory in order to introduce conditional integrals.
The abstract theory depends on two analytical properties which we denote by (L) and
(K), they were introduced in [10] and [9] respectively. Property (K) implies (L) and
the latter is the analogue of Daniell’s continuity property in a non-lattice setting. We
provide conditions for the validity of (L) and (K); the proof of property (L) is a key
result of our paper and shows how this analytic necessary condition for non-lattice
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integration results from weak no-arbitrage properties of the space .’ and what is the
impact of working with an unbounded time for the validity of (L). Novel concepts,
emerging from the trajectory based approach are required in the proof of property (L),
this approach was initiated in [6]. Alternative proofs of (L) and (K) are presented in
[2], a technical difference between the setting of our paper and [2] is that the latter
works mainly with the set of all possible non-anticipative portfolios. Availability of
certain portfolios does change the class of null functions, i.e. null sets in our setting
are directly related to financial consideration, this is in contrast to a standard stochastic
case. For reasons of space we have deferred to [2] for detailed comparisons between
the setting of the present paper and the standard stochastic approach to financial math-
ematics.

We rely on some informal language used in financial mathematics but which is used
here only as an aid to motivate definitions and results. The basic object in our develop-
ments is a trajectory set .; a trajectory S € . is an infinite sequence of real numbers
S = (80,51, ...) with common initial value Sy = so. We also require a set 5¢; elements
H € J are called portfolios and are infinite sequences of functions: H = (Hy, Hj,...),
H; : ¥ — R which are required to be non-anticipative i.e., whenever S,S’ € ., with
Sk = 8},,0 < k < i, it then follows that H;(S) = H;(S'). Such sets .7 are called (non-
anticipative) portfolio sets. .7 takes over the role of the abstract set Q in stochastic
models, we show that elementary properties of .7, along with the possibility to trade,
imply the existence of a natural integral functional.

In such general (discrete time) setting, we show how to define price processes for
functions f defined on .% and that are hedged a.e. in the limit, as the number of portfo-
lios growths. The price processes are defined by conditional trajectorial integrals and
behave analogously to martingale processes. In other words, there is an endogenous
pricing methodology that owes its existence to a worst case point of view (where every
trajectory counts) as contrasted to a probabilistic point of view.

Our application of the theory of no-lattice integration to a pricing setting is new, we
briefly place it in context with the literature. The reference [8] (see also [3]) presents
an axiomatic approach to price functionals and represent them by means of a classical
(i.e. measure based) expectation. Analogously, we follow a related route in that we
start with an elementary integral representing the prices of simple portfolios that trade
on the underlying asset. The prices of such portfolios are, by definition, the capital
required to set up the portfolio. Starting with this subspace domain for our pricing
operator is a key technical difference with the approaches in [8] and [3]. These pa-
pers start with larger domains for their pricing operator, those spaces of functions are
required to satisfy the crucial property of being vector lattices. In particular, their set-
tings need a large set of financial instruments for which prices are available. It is easy
to see, as we show in Section 2, that this hypothesis does not hold if one restricts to the
simplest of settings consisting of a one dimensional, dynamically traded asset like the
one we are considering. In technical terms, the mentioned papers rely on the classical
theory of integration of the Daniell-Lebesgue type that requires to start with an ele-
mentary integral on a set of functions that is a vector lattice. An extended discussion
of the absence of the lattice property is in [2].



4 C. BENDER, S.E.FERRANDO, AND A.L. GONZALEZ

Our first task is to construct conditional trajectorial integrals (or conditional inte-
grals for short). The nonconditional integral emerges as a special case, this is in con-
trast to the classical approach. Given a finite initial trajectory segment (So,...,S,),
conditional integrals act on an appropriate function f providing (essentially) the initial
capital necessary to superhedge f. The superhedging becomes exact via a limiting pro-
cess that increases the number of portfolios used in the superposition. The process is
analogous to Eudoxus’ method of exhausting the area of a circle by means of covering
polygons. The developments make key use of a notion of a.e. given by a countable
subadditive norm related to the integral. An event (i.e., a subset of .%’) is null if its
characteristic function can be superhedged with an arbitrarily small initial investment.
These events are naturally considered as unlikely as they resemble a lottery that costs
arbitrarily little to purchase while its payoff could provide a yield arbitrarily larger than
its original buying price.

The paper is organized as follows; Section 2 introduces the trajectorial setting, the
elementary integral /; and the operator ; giving the notion of null functions. Section 3
defines, what would be, the conditional integral operator G ;; the key condition (L j) 1S
also introduced. Section 4 provides conditions on .7 for the validity of (L;). Section
5 provides the definition of conditionally integrable function and an extensive study
of integrable functions and classical integration results. In particular, in Corollary 4
and Proposition 9, we prove the classes of functions .Z; and iﬂjK to be nonnegative
and arbitrary integrable functions respectively. We also prove a Beppo-Levi Theorem
for ;. With the additional property (K;), Theorem 4 establishes that the previously
introduced sets of integrable functions actually characterize the integrable functions.
A monotone convergence theorem is also proven along with norm completion charac-
terization of the integrable functions as well as a general Beppo-Levi theorem. Section
6 establishes the tower property of conditional integrals which is then used in Section
7 to illustrate the notion of trajectorial martingale. Section 8 summarizes and indicates
future work. Appendix A provides several proofs left out in the main sections. Finally,
Appendix B provides the intermediate results and arguments to establish property (L;).
Under stronger hypothesis than the ones used to obtain (L;), Theorem 5, which relies
on [2], establishes property (K ;). Examples illustrating special cases and the need for
the required hypothesis to establish (L;) are provided. More clarifying examples are
also available in [2].

2. ELEMENTARY CONDITIONAL INTEGRAL

The reference [9] provides an axiomatic approach to a generalized theory of inte-
gration, in particular, the integral is not necessarily associated to a measure. Konig’s
work resulted from an effort to refine the framework introduced originally by Leinert
in [10]. Both references dispense with the requirement that the relevant space of func-
tions is a vector lattice, a property which is needed to fully develop Daniell’s approach
to integration.

This theory of integration crucially depends on a property (introduced in [10]) we
have labelled (L;) which plays the analogue role of continuity at O in Daniell’s the-
ory of integration. We establish property (L;) under sufficient weak conditions on
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the space . in Section 4 and Appendix B. There is also a related, stronger, prop-
erty (introduced in [9]), that we have labeled (K;), which allows for a stronger theory
of integration as gives access to some additional convergence theorems and a char-
acterization of the integrable functions. Sufficient conditions to establish (K;) are in
Appendix B.

We work on a specific (trajectorial) setting as in [6], which is a particular case of
Konig/Leinert’s. On the other hand we concentrate on developing conditional inte-
grals, only unconditional integrals are developed in the mentioned references. That
being said, each of our conditional integrals is a special case of the (unconditional) in-
tegral of Konig/Leinert, it is in the study on how all these conditional integrals “hang
together” that properties of . are put to use. We indicate the results from Konig that
we borrow from and at the same time extend. We stay close to the notation in [9] but
depart from it at some points (we provide remarks when we do so).

2.1. Trajectorial Setting.

Definition 1. Given a real number s, a trajectory set, denoted by . = . (so), is a
subset of

yoo(s()) = {S = (Si)l'zo 1S € R, S() = S()}.
We make fundamental use of the following conditional spaces; for S € . and j > 0
set:

In practice, the coordinates S; are multidimensional in order to allow for multiple
sources of uncertainty ([7]), for simplicity we restrict to S; € R. One can also extend
the theory to allow for several traded assets S¥.

Notice .#(50) = - and, if Se s,j)» then ,7@].) = Ss,j)- Moreover for j <k it
follows that .75 ;) C 75, ;). On the other hand, for any fixed j > 0, . is the disjoint
union of . ;, since if S’ ¢ As,j) then S ;) and S ;) are disjoint. For simplicity,
sometimes we will refer to the space .#(5, ;) through a pair (S,j)withS € . and j >0
which will be called a node; local properties are relative to a given node.

The other basic component are the portfolios defined as follows.

Definition 2. For any fixed S € ./ and j > 0, H(s ;) will be a set of sequences of
functions H = (H;);>j, where H; : Zs,j) — R are non-anticipative in the following
sense: for all S,8 € Fs,j) such that Sk = 8y for j < k <i, then H;(S) = H;(S) (i.e.
H;(S) = Hi(So,...,S)).

Notice that, in general, #(s ;) does not include all possible sequences of available
non-anticipative functions. Instead of indicating what properties of .75 ;) are required
for particular results we list below a minimal set of properties which we are applying in
this paper to develop a general theory of conditional non-lattice integration for pricing
and superheding:

(H.1) "ffhe ?lets if(g’j) are assumed to be positive cones i.e. s )+ H (s j) C Hs j)
or all o > 0.
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(H.2) The portfolios H® = (Hf);>; where Hf are constant valued —1, 0 or 1, on
s,j)» are assumed to belong to /(s ;). So the null portfolio (0 = (HZ.O =0);>)
belongs to Hs ;).

(H.3) If (Hi)izj € C%ﬂ(s’j) and k > j, then ((Hi>|<5ﬁ(s,k))i2k € ‘%S,k)'

(H.4) Let (H,-)izj € %ﬁ&j), if Gi=H; for j<i<k and G;=0 fori > k, then
G € As,j) as well.

Conditions (H.1)—(H.4) are supposed for the rest of this paper without further notice.

H € (s j) may be referred to as a conditional portfolio.
For a node (S, j), H € (s ;), V € R and n > j we define the following functions

V.H | .
Hj,n : zgﬂ(s7j) — R:

n—1

(1) n:'($)=v+ Y H(S) AS, Se A,
=

where A,‘S = SH—I —Si, i>].

It will also be convenient to define global portfolios. For a fixed j > 0, 7 denotes
the set of sequences of functions H = (H;);>; with H; : ¥ — R, where for each S € ./
there exists G € #(s ;) such that H;(S) = Gi(S) VS ¢ (s,jy and i > j. A global port-
folio H could be characterized by indicating that its restriction to .(s ; belongs to
s, j)- We can also define 7 = (7] j>¢ and the pair (', ) which may, occasion-
ally, be referred to as a market.

2.2. Elementary Vector Spaces & and Elementary Conditional Integrals /;. In
the sequel, being .27 a set of real valued functions, .27t will denote the set of its non-
negative elements, and .7~ the set of non-positive ones.

For a fixed node (S, j) define
@(57]') = {f: H}/:f ‘H e ‘%S.j)v Ve R and n € N}
Observe that the constant functions on .(s ;) belong to Z(s j); from the positive cone
assumption for the sets (s j), the spaces

g(S’j) = @(—;71) a 9(—27/)’

are vector spaces. Elements of &(g ;) are called elementary functions. Let also define
2 Zi={f:S 2R fly,, €Dsj VS€S} and =97 -9

Then, the spaces &’; are vector spaces as well and its elements are called global ele-
mentary functions. We will use the notation & = &y. The functions in %y ;), and in
consequence those in & ), will be considered to be in Z;, and &; respectively, by
considering the embedding of the spaces given by extending the respective functions
by 0 outside .“(g ;. We may refer to global elementary functions by simply elementary
functions and let the context to provide any disambiguation that may be required.
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S gS
If f € Zjthen f|'zs.j) = HynSH with HS € s, j)s VS € Rand n’ € N, we then have
the expression:

n(S)—1
£(S)=V(S)+ Z Hi(S)A;S, with H € %,
i=j

where V(S) =V, n(S) =n’ and for S € F5.j) H;(S) = H3(S). Naturally, the notation
used to for the functions introduced in (1) is extended to f € Z; as f = H‘I/f where
here n and V are functions of S depending only on Sp,...,S;, i.e. constants on (g ;).
This notation will also be further extended to the case that H is a sequence of non-
anticipative functions, not necessarily in .7}, as in Corollary 1.

In the case that .7Z; is a vector space we have £’j+ = .@f. Alternatively to work-
ing with the positive cone assumption on .7y ;), one could proceed with the stronger
assumption that .7 is a vector space and work with &; = ;.

Naturally, we assume that the elementary integral I; : .Q;F — R*:

Iif(S)=V(S) for f =TI} € 77,

N
is a well defined, linear isotone operator for every j > 0.
In view of Corollary 1 below, this property is easily seen to be equivalent to the
following notion of local 0-neutrality of .7
Definition 3 (0-Neutral nodes). Given a trajectory space . and a node (S, j):
e (S, ) is called a O-neutral node if

3) sup (Sj+1—S;)>0 and _inf (S;11-S;)<O0.
SeHs ) S€As.9)
& is called locally O-neutral if (3) holds at each node (S, j).
A stronger condition is given by the following definition.
Definition 4 (Up-Down nodes). Given a trajectory space . and a node (S, j):
e (S, ) is called an up-down node if

4) sup (Sj+1—S;)>0 and _inf (S;11-S;)<O0.
SeHs. S€S(s.)

& is called locally up-down if (4) holds at each node (S, j).

Definition 5 (Flat nodes). Given a trajectory space . and a node (S, j):
e (S,)) is called a flat node if
(5) sup (Sj41—S;)=0=_inf (S;31—S5;).
56%57]') SG{ZSJ')
(S, ) is called an arbitrage free node if (4) or (5) hold, otherwise it is called an arbi-
trage node. An arbitrage node (S, j) is said to be of type I if there exist Se Hs,j) Such
that S j+1 =S, otherwise it is said to be of type II.

& is called locally free of arbitrage if each node (S, j) is arbitrage free.
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Note that in a financial context the above notions assume that the real numbers S;
are represented in units of the traded numeraire (i.e. in ”discounted” units).

The following simple Lemma from [6] gives a basic procedure to construct particu-
lar useful trajectories.

Lemma 1. Assume . is locally 0-neutral, ng > 0, and let F = {F;}i>,, be a sequence
of non-anticipative functions and € > 0. Then, for any S € . there exists a sequence
of trajectories {S" } n>n, with S™ = S such that for every n > ny,

S" € S g1 1) C Fs5.n9) and

and so,
n—1 n—1
n n
(6) l;FS ) AS <22l+1
0 i=ng

Remark 1. If at any point in the construction, a node (S",n) is an arbitrage node of
type I we could choose, without loss of generality, S"F! € S (sn,n) such that ASTH =

srH =Sttt =o.

Corollary 1 (/; is Well Defined). Let . be locally 0-neutral, and F,G be sequences
of non- anticipative functions. The following holds at an arbitrary node (S, j):
° IfH >00nﬂsj) thenH (S)>00n¢75] for all j <k <n, and so
V(S) > > 0 as well. In partlcular this is valid for HVF € 9.
o If HU G < HVF then U(S) < V(S). Consequently I; is well defined i.e. if

f f
f= anfH ¥4 —HVgH € @+ and f|l¢ g|y then I;£(S) = V/(S) =

Jné

V8(S) =1;8(S) (see also [6, Proposition 4] )

Proof. Assume that for some j < k < n there exist § € (s,j) such that HY:(S) =
8 < 0. From Lemma 1, for ng =k, S, and € = —g there exists S" € 5/(57,(), such that

n—1
Y Fi(S")AiS" < -3, it then follows the contradiction
i=k

n—1
0<V(ES)+ Y F(sHAS" <3 <0.
i=J
O

Given (., 7€) with .# locally O-neutral, we can then define /; on & by:
Lif =1;fi —1jf, with f = fi — f>, fi, /> € .@f. It follows that /; is well defined and
linear on &j. By the mentioned embedding of &(g ;) into &, we also can write /;f for
f €8sy

In the general case when .7 is locally O-neutral we can see that & is not a vector
lattice. For example, consider f(S) = (S| —Sp) € & and assume |f(S)| € & as well.
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Therefore |f(S)| = |S1 — So| = Vg + X7~ Gi(S) AiS ¥ S for some {G;}, a sequence
of non-anticipative functions. A similar reasoning as in Corollary 1 implies |f(S)| =
1S1 — So|l = Vg + Go(S) (S1 —So) V S. Clearly, it is easy to construct an example with
S taking values S, k = 1,2, 3, such that it is impossible to solve for V; and G in the
previous equality (for further comments see [2]). In the general case, it follows that
f € & does not imply |f| € & and so the latter is not a vector lattice. This indicates
that the well known Daniell-type of integral construction can not be used as it requires
the lattice property. The same conclusion applies to each &;.

Remark 2. The property of . being locally O-neutral is a weak assumption and it
is required for I; to be well defined. Therefore, the condition of . being locally 0-
neutral, will be considered a standing assumption throughout the paper. Nonetheless,
the hypothesis could be relaxed in order to incorporate arbitrage nodes of type Il which
may not be O-neutral. This possible extension of our setting is briefly noted at the end
of Section 4.

2.3. Almost Everywhere Notions. Let Q denote the set of all functions from . to
[—o0,00] and P C Q denotes the set of non-negative functions. The following conven-
tions are in effect: 0 co =0, co4 (—o0) =00, u —v=u+ (—v) V u,v € [0, 0|, and
inf() = oo,

We define next the conditional norm operator 1 jiP— 9]*.

Definition 6. For a general f : . — [0,0| (i.e. f € P)and a given node (S, j) define

1,f(S)=  inf VT S <Y fuB) VS e s hy, fu=T1""" ezt 1
I (S) ) Qﬁﬁs,p{mg] f(S) mglf (S) (s.j) S =10, " Y

we will use the notation 1f = Iof. We also set, for a general f : . — [—o0, 0] (i.e.
f € Q) and a given node (S, j):
1F11;(8) = 1L f1(S) and || 1] = [ £1lo(S)-
Notice that 1;f(S) >0, and I;f(S) =1;f(So,...,S;), i.e. I;f(-) is constant on % j.
We will refer to || - || ;(S) as the conditional norm(s).
The following proposition establishes the properties: isotony (i.e. order preserving),
positive homogeneity and countable subadditivity of 1.
Proposition 1 (see proof in Appendix A). Let (S, j) be a fixed node:
(1) Consider f,g € P, if f(5) < g(S) VS ¢ As.jy then T f(S) <1;g(S).
(2) Consider f € P and o € R then I;(af)(S) = al;f(S).
(3) Consider g,gy € P, for k > 1 satisfying g(S) < Y>1 8x(S) VS € Hs.j) then
Tig(S) < Y T;gk(S).
k>1
@) I;f <If for f e .@;r. Moreover I;0 = 0.

Definition 7 (Conditional and unconditional a.e. notions). For g :. — [—c0, 00|, g
is a null function if ||g|| =0, a subset E C . is a null set if |1g|| = 0. Similarly, a
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subset E C . is a full set if ||1g|| = 1. A property that holds in the complement of a
null set, is said to hold “almost everywhere” (a.e.).

We now provide the conditional versions of the previous a.e. notion. Given a node
(S, j) a function g is a conditionally null function at (S, j) if:

181](S) = 0.

A subset E C .7 is a conditionally null set at (S, j) if ||1£|| ;(S) = 0. Given anode (S, j),
a property is said to hold conditionally a.e. at (S, j) (or equivalently: the property
holds “a.e. on S5 ;") if the subset of 5”(57 j) Where it does not hold is a conditionally
null set at (S, j). In particular, the latter definition applies to g = f a.e. on y(SJ).

All appearing equalities and inequalities are valid for all points in the spaces where
the functions are defined unless qualified by an explicit a.e.

Proposition 2 (see proof in Appendix A). Consider f,g: .7 — [—o0,0| and a fixed
node (S, j), then:
(D) lgl[;(S) =0iff §=0a.e on ..
(2) |lgll;(S) < oo then |g| < oo a.e. on (8,))"
G) If If1 < |g| a.e. on Fs j) then ||| ;(S) < |gl|;(S). Therefore, if |f| = [g] a.e.
on S s j) then || f1;(S) = 1lg];(S)-
(4) The countable union of conditional null sets is a conditionally null set.
(5) For fePand0< j<k: 0<I;(Itf) <I;f. Therefore, if g € Q is conditionally
null at S5 ;y then It(|g]) = 0 a.e. on s .

3. CONDITIONAL INTEGRALS

Here we introduce the conditional integration operator G : Q — %;.
Definition 8. For a node (S, j) of (., ) and a general f € Q,
Gif(S)= inf  {Y V" f(§) <Y fulS) VS Hs ),

{H"YC A s.)) m=0 m>0
fo= HJane@— S =110 € s ;) form>1}.

Define also 0 ;f(S) = —0 j(—f)(S). We will use the notation G f = Gof.

Under the assumption of O-neutrality of .%, I; is well defined hence in the Defini-
tions 6 and 8, V" =I;f,,(S) when f,, is considered as an element of .@f or 7;. It

then follows from Corollary 1 that if we replace the elementary functions f,, € .@&j)
for global elementary functions f,,, € _@f in Definitions 6 and 8, the values of 1;£(S)

and G f(S), respectively, are unchanged. This fact will be used implicitly in several
computations.

Remark 3. Note that G f(S) =G f(So,...,S;), also that, if /" is O-neutral, ¥, >0 V" =
Ln>01jfm(S).
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The next proposition summarizes some properties of G j, the corresponding proper-
ties for ¢ i follow through (and so are not stated).

Proposition 3 (1.4 1, 1.3 Eigenchaften vi, vii, in [9]; see proof in Appendix A). Unless
indicated otherwise, consider f,g € Q and let (S, j) denote a generic node.
(1) 6;(f+8)($) <T,f(S)+7,8(5)
@) 5,£(S) <Lf(S) if f € P.
() 5,/(S) <L1(S) if f € &
4) If f<ga.e.on s ), thenG;f(S) <G,g(S). ThereforeIf f = g a.e.on s j),
then G f(S) =7,8(S).
(5) 5(21)(S) = 8(5) 0,(1)(S) if &(S) = 8(S0s...,5;) > 0.
(©) B4 (5) < 55(1 — g (5) +535(5).
(7) Either: a) 6j0=00rb) A={6;0<0} #0 and G,f(S) = Lo forall Sc A
and for all f € Q.
(8) If G f(S) < oo then f < oo conditionally a.e. at (S, j).
(9) (Bemerkung 1.5 in [9]) If 6,0 =0, G,f(S) <o and 0,f(S) > —oo, then:
G,f(S) > —coand o;f(S) < oo and|f| < a.e on Sy j).

We now introduce several properties that will be proven equivalent in Proposition 4.

The property (L;) below generalizes a non-conditional version from [10] and will
be called (conditional) continuity from below.
(7) (Lj): fﬁ Z fM7 fG gjafm € -@]—i_ — ijﬁ Z ijm-

m>1 m>1

It will be convenient to localize (L;) to a given node, more precisely we will say that
the property (L g j)) holds at node (S, j) if whenever the left hand side of (7) is replaced
by f < Yu>1 fm, (the inequality holding on .75 ;). f € &s j):fm € 9&}.) , then the
right hand side of (7) holds at S. Note that although most of the results involving
property (L;) are globally stated, it can be seen from the proofs that they are valid
pointwise.

(L;) is essential for the theory of integration we develop; under appropriate condi-
tions we establish (L;) in Section 4. Under (L;) we obtain I f = I, f for f € 9]*.

For the sake of the next proposition we also introduce:

(Lj+): feé& = Lf <Iif",
as well as:
0 LY S fifn€PF = Lf< Y Lfm
m>1 m>1
Notice that (L;) = (L;r) is immediate.

Proposition 4 (see proof in Appendix A). The following items are equivalent.
(1) 6;0=0.
(2) Property (L)).
(3) Property (Lj ).
(4) o,f =1;f =0,f for f € &}



12 C. BENDER, S.E.FERRANDO, AND A.L. GONZALEZ

O) AL SNl for f € ;.
©) I;f =1;f for f € 7.
(7) Property (L;“)

Corollary 2. Assume G;0 =0 fora fixed j > 0. Then for f € Qand S € .7:
(1) 06, +0(—f) and 0,f <&, f.
(2) (Bemerkung 1.4 in [9]) [G,f] < G/|fI.
O =0 aeon S ther 3,15) = 0,169 =0 = A1) = 356
which in turn implies o ;f*(S) = o;f~ (S ) o] ( )=0,fT(S).
4) 0<ga.e. on s then0 < 0,g(S).

Proof. For item (1), 0 <G;f +0,(—f) follows from Proposition 3, item (1), and
60 = 0. Furthermore, if [G(—f)| < o, it follows that 0 ;f = —6,;(—f) < G,f.
While if G(—f) = o, then 0;f = —e0 <G f. Finally if G;(—f) = —oo, then 0 <
G;f+0;(—f)impliesG;f =0 =—06,;(—f)=0,f.

For item (2), from —|f| < f < |f] it follows that 6 ;(—|f|) < G,f < T/|f|. From
item (1): —=6;|f| <6;(—|f]) and so [6;f] <G| f]. )
For item (3); from Proposition 3 item (2): 0 < 7;|f|(S) < I;|f|(S) = 0 (where the
last equality holds by hypothesis). Then G;f(S) = 0 by item (2), the latter applied to
—f gives 0;f(S) = 0. Moreover, since also |f| =0 a.e. on 7 ;) the first chain of
equalities hold. For the remaining statements, it is enough to observe that 0 < f—, f <
|f| which gives f~, fT =0 a.e. on (s,j) and so the same previous reasoning that we

used for f applies to f* and f~ as well.
For item (4), from Proposition 3 item (4), it follows that 0 = ¢ ,0(S) < 0;g(S). U

4. CONDITIONS FOR VALIDITY OF PROPERTY (L)

Item (7) of Proposition 3 shows that property (L) is crucial to have an appropriate
conditional integral defined by G;. In order to obtain conditions for its validity, some
new concepts need to be introduced.

Given a sequence {S"},>0 C .#(s,j) satisfying

St=s0<i<n, Vn,

define
S = {Si}i>0 by S; = Si. We will use the notation S = lim §".

n—o0
Notice that S; = S;, 0 <i < j given that §' € A(s,j)- Moreover
8) S;i=8"0<i<n Vn>0.
Examples of such sequences are obtained from Lemma 1.

Let ﬁs j) be the set of such S, clearly s.j) € A s,j) given that for Se Hs,j) We
can take §" = § for all n > 0. We say that Hs,j) 18 complete if S5 jy = s j)-
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Remark 4. The process of going from /(s j) to ./ s ;) does not alter the properties of
nodes (being 0-neutral, no arbitrage, etc), see [6] for some details. Moreover, portfo-
lios H;’f can be extended, in an obvious way, from acting on ﬂg j) to act on 5”(57 hi
we will freely make use of this fact below without further comments.

Definition 9 (Reversed Fatou Property). We will say that .7 s ;) satisfies the Reversed

Fatou Property (RFP, for short) if: for any fo € &(s j), fm = Hy:mHm € @(Jg pm > 1,

satisfying ¥,>1 V" (S) < oo, and S € Hs,j) there exists at least one {S" },>0 C S5 j)
such that S = lim,_,., S" and

) Y limsup f,,(S") > limsup Y fin(S").

m>0 Nn— n—=° ;>0

We can substract },,~o V" (S) from both sides in (9); the resulting alternative in-
equality is equivalent to (9); we will use this observation at some points below.

Remark 5. Y, ~olimsup,_,., fin(S") = Lo limsup, ., fin(SG,-- -, S5 ) =
Y0 Sm (S, Spm) = Yous0 fin(S). Thus, Fatou’s lemma in conjunction with (9) im-
plies lim;, ;e Zmzo fm(Sn) = Zmzo Jm (S)

Clearly (9) holds if S € s,j) by taking §" = S for all n, hence (9) is a condition on
elements of (s ) \5/( s,j)- In particular, if S (s ;y is complete it then satisfies the RFP.
An example in Appendix B shows that RF P is weaker than completeness.

Note that RFP is a local (i.e. nodewise) property which depends on the trajectory
set and on the sets of admissible portfolios. We may also consider the following global
version (i.e. defined only at the initial node (S,0)) which is independent of the portfolio
sets:

Definition 10. We will say that . satisfies the Global Reversed Fatou Property (GRFP,
for short) if for every sequence (V")u>1 of nonnegative reals, (ny)m>1 of nonneg-
ative integers, and (H™),>1 of nonanticipating sequences H" : ¥ — R such that
H(‘i :l’fm > 0 the following holds: If Y ,,~1 V" < oo and S € .7 then there exists at least
one {S"},>0 C . such that S = lim, .. S" and

(10) Z limsup f,,(S") > limsup Z Jm(S™).

m>1 n—roo n—o0 m>1

Remark 6. We will show in Proposition 17 that completness of . implies GRFP
which in turn yields RFP at any node (S, j) for any choice of the portfolio sets satisfy-
ing (H.1)-(H.4).

Lemma 2. Given a trajectory set . consider a node (S, j), j > 0, then:
e [f(S,)) is a type Il arbitrage node:

G, f(S) = —oo forany f € Q.
e IfG;0(S) =0 then, (S, j) is O-neutral.
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Proof. We may consider the case when § j+1 > S for all Se s,j)- Take then, for all
m>1: H}"(S) =1 and H{"(S) =0forall i > j, V" =0. Also, Hl-0 =0 forall i > j;
then, for any V° € R:
f(8) <VP4e00=V'4+ Y HP(S)A;S holds forany S € . ; and f € Q,
m>1
the first claim then follows.

Assume now 6 ;0(S) = 0, therefore (S, j) can not be a type II node, this implies that
it is a O-neutral node. U

Because of the above lemma, we will exclude explicitly nodes of type II in upcoming
results. We will show that by excluding type II nodes we can then prove & ;0(S) at all
nodes (S, j).

Theorem 1 (Establishing property (L;)). Assume #(g ;) satisfies the RFP for each
S € . and each j > 0 and nodes are of no-arbitrage type or arbitrage nodes of type
L. Then, the property (L s, j)) holds at each node (S, j).

Note that in view of Remark 6 the conclusion of Theorem 1 is valid, if .¥ has no
arbitrage nodes of type II and satisfies GRFP or completeness.

The proof of Theorem 1 is postponed to Appendix B.1 as it requires some technical
steps.

Standing assumption (L;): in the remaining of the paper (but not necessarily in the
appendices) it will be assumed that G ;(0) = 0 for all j > 0.

Lemma 2 shows that the standing assumption prevents the existence of type II arbi-
trage nodes while at the same time ensures O-neutrality.

At the expense of technical complications, it is possible to generalize our results to
include arbitrage type II nodes. They lead to null sets and because of this fact, the
above standing assumption could be weakened to (L) holding a.e.

Besides property (L;), our theory of integration will require another fundamental
property, based on a homologous condition introduced by Konig [9], that we have
labelled (K ;) and will be discussed at due time. (K) plays a role in later developments
of the theory and hence its introduction is delayed. Section B.2 in Appendix B provides
conditions for the validity of (K;) for all j > 0.

5. INTEGRABLE FUNCTIONS AND THEIR CHARACTERIZATION

The following are our conditional integrable functions:
L5, ={f:S = [0 C;f—0;f=0ae.}.

Due to the fact that by Corollary 2 item (2), 0 < G;f(S) +0;(—f)(S) =0, f(S) —
0, f(S) holds for all S, we have: f € %5, if and only if G, f — 0 ;f < 0 a.e. which,
in turn, implies 6, f < 0 j f a.e., moreover, the statements are equivalent if and only
if 0;f and G, f are finite a.e. Therefore, f € £, implies —o0 < G;f(S) <o and
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—0 < 0;f (S) < oo, each set of inequalities holding a.e. Proposition 3, item (9) implies
that for each such § we have —oo < f <o a.e. on ¥(g j).

Remark 7. For the special case of j = 0 one can drop the qualifier a.e. given that
Gof — Gof <0 a.e. if and only if 5o f(So) — G f(So) < O.

At this stage of the developments we could have defined gg}. by requiring G f(S) —
gjf(S) =0 forall S. The addition of the a.e. in the actual definition plays a role in
Corollary 6 and hence the extra flexibility was added to the definition of .,i%j.

fe i%}. will be called a (conditionally) integrable function, for such a function we

set the notation:
|r=3ir.
J

we have defined our conditional integral everywhere on . to avoid the introduction
of classes of equivalence of functions defined a.e. That being said, we emphasize that
for f € L5, —o0 < [, f(S) = 0,;f(S5) =T, f(S) <o ae. Wealso write:

/ f=0;f, where we will use = to denote equality a.e.
J

We will mix the equivalent uses of a.e. and = as we see most convenient for dis-
play purposes. The case j = 0 is denoted by [ f = [, f which is a constant defined
everywhere on ..

The next lemma pursues the linear property of the integral at a point S where the
necessary integrability conditions hold. This shows that the said property is local in
the specified sense.

Lemma 3. Let f,g € Q and consider a fixed S € . If: G;f(S)—0,;f(S)=0=
G,8(S) —0,8(S), then all the involved quantities are finite and

(@) Ti(ef)(S) = Tif(S) = ca,(S) = o;(cf)(S) VeeR,
(b) 0j(f+8)(8)=0,f($)+0;8(S) = c,;f(S)+7,8(8) =0,;(f+8)(S).
Proof. The finiteness claims follow from our conventions in the first paragraph of Sec-
tion 2.3. We then see that the hypotheses imply that 5;£(S) = o,f(S) and G ;g(S) =
0,8(S).
J

For (a), if c = 0 or ¢ = —1 the result is clear. For ¢ > 0 it follows from item (5) of
Proposition 3, from where, if ¢ < 0

Gj(cf)(S) =0;(=c(=1))(S) = —cT;(=)(S) = cT,;f(S).
(b) holds from
G;f(S)+0,8(8)=0,f(S)+0;8(5) <0,[f+8l(S) <T;[f+8](S) <T,f(S)+T,8(S).
0
Remark 8. For f € Q and S € 7 fixed, —0 <G ;f(S) = 0,f(S) < o is equivalent to

G, f(S)—0,;f(S) = 0. This will be used implicitly several times to apply Lemma 3 or
to justify that f € L.
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Proposition 5 (Konig’s Behauptung 2.1).
1) & C L,
(2) If f € L5, and [f = g a.e. at (S, j)] holds a.e. then:
§€ L5, and [, f=[;gae.
(3) Consider f € 45, and c € R. Then cf € L5, and: [;cf=c [, fifc>0and
Jief = (=) [;(=f)=c [;fifc <O.
4) Iff,8€ L5, then f+g € L5, and [;(f+8)=[,f+ [;&
Proof. Assertion (1) follows from Proposition 4 item (4).
For assertion (2), notice that Proposition 3 item (4) implies G, f(S) = 7 ,g(S) and
this holds a.e. (in S). The same reasoning applied to —f, —g gives the validity of
0,f(S) = 0,8(S) ae. Given that G;f(S) — 0,f(S) = 0 holds ae, it follows that
G,8(S) —0,8(S) =0 holds ae. and g € L, is then established. Notice that [; f =
G,f=6g = [;g which completes the proof of (2).

For (3), f € %5, gives Gf — ¢, =0 then, (a) from Lemma 3 implies G;(cf) —
0,(cf)=0. Hence cf € L, Forc>0 [;cf=c/[;f follows from Proposition 3
item (5) and our standing assumption, on the other hand if ¢ < 0: [ jcf=0jcf =
| oi(=f) = _ij(_f) =co;f=co;f = ijf-

Finally, to establish (4), f,g € %5, gives G f — 0 ;=0 and G ;g — 0 ;=0 then, (b)
from Lemma 3 implies G;(f +g) — o ;(f +g)=0and so (f +g) € £5,. Moreover, the
same result also gives [;(f+g) =0,;(f+8)=0,f+0,8= [, f+ [;& O
Remark 9. If [ =0 a.e. at (S, )] holds a.e., item (2) above gives g € L5, and
J;8=0. Moreover, Corollary 2 item (3) implies also that |g|,8",8~ € L5, and that all
the conditional integrals are zero a.e.

Definition 11. For j > 0 given, define the following set of functions:
Mi={v= ilfm, fn € @;L‘v’m > 1, [illjfm < oo, a.el}.
M = My (denoted by ]\/’In(;|é") in [9]). Moreoverfor;n‘i;ed (S, ) define
Mi(S)={v= ilfm, fm €927 Ym>1, illjfm(S) < oo},
m= m—

Therefore .#y = .#(S), valid for all S.
Observe that @;r C Nse.yA;(S) C ;. In particular v € .# iff there exist F C .
with null complement such that v € Ngep.#;(S).

Proposition 6. Letv =Y _, fn, fu € 9}, then:
(11) ov=cy=Iv=Y Iifn
m>1
Therefore, if v € M (i.e. Yyy>11jfin < oo, a.e.): M;C fgj and fjv = mejfm.
Moreover, given v € #;(S), for any € > 0, there exist h € @f, u € M(S), both
depending on S and €, satisfying: I;u(S) < € and v=h+u.
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Proof. We argue as follows, for fixed L > 0

(12) ZGmeSG me <GV<G/ <7 SZ fmgzljfm
m>1 m>1

where the first inequality holds by superadditivity of ¢ ;, the second one by isotony,
the third one from Corollary 2 item (1) and the rest by previous reasoning.

From (12) we can conclude (11): item (4) in Proposition 4 gives Z;:ll ifm =

L G fm then (11) follows by taking L — co.

From (11), if v € .# then 0 < o= Ojv < a.e., thus 6;v —ov= 0 a.e. and
being no-negative v € fgj , consequently last equality in (11) and Proposition 4 item

(4) gives ij =Ynm fjfm-
Finally, if v e .#;(S) thenv= Y. f,, with f,, € 9]* form>1and ¥ I;fu(S) <oe.
m=1 m=1

Thus for a given € > 0, there exist my such that Y I;f,(S) <&, thenv=rh+u,

m>nt,

where h = Z fm € @+ and u = Z fm satisfies Tju(S) = E‘, Iifn(S) < €, hence

m= m>m, m>m,

ue HS). O

Remark 10. If f € &+ #;(S) — #;(S) then, from the last result of Proposition 6,
for any € > 0, f can be written as f = h+v —u with h € & j),u,v € M;(S), and
Liu(S), 1jv(S) < &. See Theorem 4.

Corollary 3. For u,v € .#;(S),h € &;:

(1) Tj(l/t —+ OCV)(S) = Ej(u -+ OCV)(S) = Eju(S) + OCEJ'V(S) = Lu(S) —+ (XTJ'V(S)7
whenever o0 > 0.
2) Qj(h+v— u)(S) = Ej(h—l—v— I/t)(S) = Ijh(S) +IjV(S) —Ijl/l(S).
Therefore &+ M;— Mj C L5, and

(13) /j(h+v—u)i/jh+/jv—/ju.

Proof. (11) in Proposition 6 implies the first and last equalities in (1) given that u, v,
u+av e .#;(S). The second equality in (1) follows from Lemma 3 by taking f = u,
g = v; these results are applicable given that by Proposition 6 and hypothesis 0 <
o u(S) =0 ju(S) < oo s00u(S)—o,u(S) =0 (similarly for v).

To derive (2), by Proposition 4 item (4) G 4(S) = o ;A(S), and (11) in Proposition
6 O ;u(S) =o;u(S) and 6,v(S) = o ;v(S). Since in the three cases the involved values
are finite, &, v,u satisfy the hypothesis of Lemma 3, from where G (h+v)(S) = o ;(h+
v)(S), so for the same reason & + v satisfy the referred hypothesis. Consequently

Ej(h—f—v— M)(S) = Ej(l’l—f—V)(S) —Eju(S) = Ejh(S) —i—EjV(S) —Eju(S).
From where, by Proposition 4 item (4) and (11) in Proposition 6 again, it holds
G(h+v—u)(S)=Lh(S) +1v(S) —1u(S) = o ;h(S) +0v(S) — o u(S).
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And another use of Lemma 3 gives the first equality in (2).
&+ Mj— M; C L5, as well as (13) follow directly from (2) just proven and finite-
ness of the involved values. U

Clearly, &+ #; — M; = M;— M}, using & + M — 4 above was meant to
emphasize that f € .#; — .# can be represented with a term h € &; with its conditional
integral [; f(S) concentrated in [;h(S) as indicated in Remark 10.

A hypothesis in the next theorem contains the qualifier a.e., even if it were strength-
ened to every S, the conclusion will still hold only a.e.

Theorem 2 (Konig’s Satz 2.9). Let f € Q, if for n > 1 there exist f, € i%}. such that
1i_r>n |f = fullj =0a.e. then f € L5, and li_r>n Jifn= ;1.
n—o n—oo

Proof. The following holds a.e. lim G ;(|f — f|) < lim || f — f4||; = O; by Proposition
n—oo n—roo

3item (6) it follows that, 6;f <G, f,+0,(|f — fu|) and G ;(—f) <G j(—fu)+0T;(| —

f =+ fal)- Thus, since f, € L5, and G ;(—fu) = —0 fn

Gif — 0,/ =G +5;(—f) <26,(f — ful) a.e.,

from which we obtain f € Z5,. Now from Proposition 5 item (4) and Corollary 2
item (2),

|/jf_/jfn| =o;(f =t <oj(f = ful) —2 Oae,

which means that lim [, f, = [; f. O
n—yoo

5.1. Characterization of Conditional Integrability. The remaining of the section
introduces the key sets .Z; which we prove satisfy .Z; C ,Zg/_ and so .Z; —Z; C ,5,%]..
Under an strengthening of property (L;) (by means of a condition introduced in [9]
and which we will label property (K;)) we also show that .Z; = fgj . We do pursue
some results involving .Z; and, in that way gain some generality (given that the said
results will hold independently of (Kj)).

We want to highlight (14) and (17) below, they give the equality &, = I over a set of
functions that later will be characterized as being the nonnegative integrable functions.
That being said, our proof of that characterization relies on having available G; = I;
over the larger set P. Establishing this latter equality will be shown, in Proposition 10,
to be equivalent to property (K;).

Lemma 4. Let f: . — [0,], fix j > 0 and S € /. Assume that for any € > 0, 3
u,v € AM;(S) satisfying f =v—ua.e. on s ;y and I ju(S) < €. Then:

(14) G,f(S)=0,f(S)=1;f(S) =1;v(S) —T,u(S).

Proof. Let f,u,v and € as in the statement; given that f =v —u a.e. on (g ;), setting
A={S¢c SNE F(8) # v(S) —u(S)} we have 1;(14)(S) = 0. Notice that f(S) =



CONDITIONAL NON-LATTICE INTEGRATION, PRICING AND SUPERHEDGING 19

[14c (v —u)](S) + [14f](S) for all § € As,j)- Since [Lae(v —u)] <v, and
14f < Y 14, s0 14 f is a conditional null function at (S, j), it follows that
m>1

(15) Lif(S) <Tj[1ac(v—u)](S) +1;[1af]1(S) <Tjv(S).

Given f;, € @(Jg i for m > 0, satisfying f < —fo+ Y. fnon <7(S7 j) we can then write
’ m>1

Lpev—1peu <lpc(v—u)+14f < —fo+ ¥ fnon 2571)’ which gives:
m>0

(16) Tacv+ fi < Z Jm+1acuon Hg ).

m>1

Furthermore, notice that 14cv+ fy = v+ fy a.e. on «yfs, 7 and 14cu < u. Therefore we
obtain from (16) (where we rely on (11) from Proposition 6, Proposition 2 item (3)
and properties of /):
TjV(S) —l—ijfo(S) = Tj[V—Ffo] (S) = Tj[lAcV—Ffo] (S) S Z ijm(S> —I—Tju(S).
m>1

Combining the above inequality with (15) we obtain:

Lif(S) <Ijv(S) < ~1ifo(S)+ Y. 1jfm(S) +e.

m>1

It then follows that I f(S) <G, f(S) +€ which implies I f(S) <G, f(S) but the reverse
inequality holds for any f > 0, and any S, from Proposition 3 item (2) and so, I f(S) =
G, f(S) is established.

From Proposition 3 item (4), G,f(S) = 6;(v—u)(S) and o,f(S) = 0;(v—u)(S)
holds. Lemma 3, which is applicable by an appeal to Proposition 6 and our assumption
u,v € AM;(S), gives o ;(v—u)(S) = G,;(v—u)(S) =G ,;v(S) +0;(—u)(S) = I,(S) —
I;u(S). Therefore (14) is established. O

Definition 12.
Zi={f: =10, : the following holds a.e. in the variable S € .7 :
[for all € >0 3 u,v € A;(S) such that f =v—ua.e. on s ; and I;ju(S) < €l}.

Notice that .Z; is a positive cone that contains the nonnegative null functions. To
check the latter claim let g € P be a null function, it follows from item (5) of Proposi-
tion 2 that 7;(|g|]) =0 a.e. i.e. [¢ =0 a.e. on . ;] holds a.e. in the variable S. This
shows g € .Z.

Lemma 4 then gives.

Corollary 4. For each f € Z}, the following statement holds a.e.:
—G6.f=17: : +

17) gjf—G]f—IJfandso.;ng.i%j.

Proof. The equalities are clear, and since by (14),0 <G f = gjf = ij—fju < coq.e.,
it follows that 6 f —o;f =0 a.e. ]
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Theorem 3 (Beppo-Levi for .%)). Let fi € £}, then:
oY) =0, f) =L} fi) =Y 1ifi=) Gifi=) 0,fc
k k k k k k

Moreover, if Y 1fi < o a.e., then Y fy € £ and [; f=Y [; fi-
Proof.

(18) ZG]fk<G ka <o( ka <L} ) <Y 1in=Y5ifi=Y ofi
x x x

k

where we used Lemma 4 for the last two equalities. We then conclude by taking n — oo
(and relying on the fact that a countable union of null sets is also null).
Let & > 0 be such that ) & < €. By assumption, for each k the following holds

(19) [fx = vk —uj a.e. on ZSJ)] a.e.in.”,

with 7ui(S) < & and ug, vy € #;(S). Given that a countable union of null sets is a
null set we may assume the set of § € . for which (19) does not hold for all k is a null
set.

Let S € . be such that (19) holds for all k, and u = Y ; u, given that uy =Y, finx,
Smik € (5"]*. From Proposition 6,

lefmk Z Zl fmk ) = ijuk(S) <
k

Therefore u < o a.e. on .%(s ;), this implies that f = v —u holds a.e. on .(s ), where
f =Y fes V=Y v Notice that u € .#;(S).

We have Iy <Y 1jv, also, Y [jve =Y 0 vk < G X4_ vk <1;v, where we
have relied on (11). From v = f + uy being valid a.e. on .5 ;) we obtain Iiv(S) <
1 fi(S) +1u(S). For convenience, let us call S € .7 admissible if (19) holds for all k
(as we have been considered thus far) and Y ; /; fi(S) < oo as well. Therefore the set of
non admissible S is a null set; if S is admissible:

(20) Iv(S) < Y Tivi(S) < YT £i(S) + Y Tju(S) <
k k k
Given that vy = Y, &m ks &mk € & toy= Y nk&mk from and (20) we conclude that
v € .#;(S). We then have proved that for admissible S:
2D f=v—uae. on s Withu,VEJ//j(S),Tjugs.

From our selection of § we conclude that (21) holds a.e. on .#. Therefore f € .£; and
J; =Xk J; fi follows from (18). 0

From .Z; C cfgj , a fact established above, it follows that .£; — £ C i%}. given that

the latter is a vector space. As we pointed out, .Z; is a positive cone so .Z; + .Z; C
.,i%j, o, B € R follows.
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Definition 13.
ciﬂjK ={f:. — [—oo,00| : the following holds a.e. in the variable S € ./ :

[for alle >03u,v € M;(S), h€ & ), f = (h+v—u) a.e.on s jyand Lju(S) <&, I;v(S) <el}.
Define also
DS,ZjK ={f:.Y — [—oo,00] : the following holds a.e. in the variable S € . :
[forall € > 0 Ju,v € A;(S), h€ &), f=(h+Vv—u)ae on s and
—€<0,(f=h)(S) <0,;(f=h)(S) <el}.
Proposition 7 (See proof in Appendix A). D%K = .L%K .

The following result will give us the tools to extend functions defined by local con-
ditions (i.e. in terms of the conditional spaces .%(s ;)) to functions defined directly on
< (i.e. globally defined).

A subset ¢’ C .7 will be called admissible if it satisfies: whenever S',$% € ¢ then
5”( sty 5”(327 )= (0. For a fixed j > 0 and a given admissible subset 4’ C . we will
use the notation w(-) for a choice function of the following type:

w:E = Usew7(s,j) — ¢ such that if we let § = w(S) we have § € 15.))-

Notice that 7,5 ;) = (5 ;) for any § € €, and that w(‘g) =%.
Lemma 5. Fix j > 0 and let € be admissible as defined above. Let (h%)scq and
(V) sey be families of functions where hS € &(s,j) VS € M;(S) for S € € and set

¢ = Usew7(s,j) - Then, there exist h € &}, v € Ng_ 4 ;(S) such that the following

). NEA
holds forall S € 6 :
(22) h=0"® on S5, and Lih(S)=L"S)(S),
(23) v=1"") on Ay and Tjp(S)= ijw(s) (S).

Proof. We will prove (23), the proof of (22) is similar. ForeachS€ %, vS = ¥, £, f5 ¢
m=1

.@;L, so by (2) f,ﬁ| Fs.) € .@(Jg J) Keeping in mind that 4 C Cg, define form > 1:

fn(S) = { fVZV(S)(S) if SET  and v= i fn-
m=1

0 otherwise

Then, for S € €, fml s, = szV(S)|y(S_j) € .@&j) and so v = 1"5) on s.j)- On the

other hand, if S ¢ % we have fml S = 0e 9&}.), therefore, f,, € 9;“.

Moreover, if S € %7, from Proposition 6

IS = Y Ln(S) = Y LA(S) =T (8) = TS (w(S)) < oo,
m=1 m=1
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where we used Corollary 1 for the second equality and the fact that 7v*(S) is constant
on LS/(W(SL j)-and S € Y”(W(S% j) for the last equality. The last inequality follows from

the assumption v5 € .#;(S) for any S € €. We then conclude that v € .#;(S) for each
SEC. 0

The next proposition establishes global formulations for the sets .Z; and OQ”JK . The
result will be used in Theorem 4 to obtain that the global formulation applies to inte-
grable functions as well.

Proposition 8.
(24)
&= ciﬂj.G ={f: —=0,0|: foreach € >0 3 u,v € .4 such that the following

holds a.e. in S: [f =v—ua.e.on % jy and Tju(S) < €, I;v(S) < oo}.
(25) G%K:,%K’GE {f:S = [—oo,00]: for each& > 03 u,v,€ Mj, h € & such that
the following holds a.e. in S : [f =h+v—ua.e.on S5 ; and I;ju(S),I;v(S) < €]}
Proof. We prove (24), the proof of (25) is analogous.

Let f € .,%jG and € > 0, then there exist u,v € .# such that for a.e. § € . it holds
that f =v—va.e. on s ;) and [u(S) < &, Iv(S) < o. Consequently, for those S, u,v €
/4 J-(S). Thus, for the referred S € ., u,v (the same for any §) verify the conditions
which gives that f € .Z.

Let now f € D% then, there exists g S , with € a null set, such that for each
S € .7 we have: for any € > 0 there exist u5,v® € ./;(S) satisfying

f=v"—u’ ae. on As,j) and 1u5(S) < e.
We can construct 4 C . that satisfies € = Usews,j) = YUse.#7(s.j) and F (g1 ;N

S (s2.jy = 0 for S!,§2 € €. Thus, the families of functions (A%)gcy, (1%)sey and

(v¥)sey satisfy the corresponding hypothesis of Lemma 5, which gives the existence
of u,v € Nger#;(S) such that for any S € ¢ (where w(S) below is as introduced in
Lemma 5)

F=vO ) =y _yae. on s,j) and
Tu(S) =Tu"®)(8) < &, Tv(S) = V*O)(8) < oo,
Notice that . C Uge #-7(s,j) it then follows that €€ = Nge yﬁﬂ(g 7 is a null set;
therefore, u,v € .#; which allows us to conclude f € .ZjG.
O
Notice that below we establish .Z; — £} = L’GK which easily implies 0. + B.Z; =
Q%K , for arbitrary o, B € R.

Proposition 9. Whenever f € .Zf we have 0 ;f=0 ;f. Moreover,

4 4= C %y,
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Proof. 0;f=6f for f € ,,%JK follows from Corollary 3. In particular, XIK C Z5, then
follows.

To establish .Z; — . C .XJ-K, consider f = f1 — fo € Zj—Z;. Let S € . be such
that for all € > 0 there exist u,v,u’,v' in .#;(S), such that: fi = (v—u), o= —u)
a.e. on (g ;y with T;u(S) < &/2,1u/(S) < &/2. Given that I;v(S) < oo,1)/(S) < oo as
well, we can assume (by relying on (2) from Proposition 2) that u,v,u’,V' are finite on
the set where the equalities fi = (v —u), fo = (V' —u') take place a.e. on .7 ).

From last assertion of Proposition 6 we can find i,k € 7., v1,v| € .4;(S) such
that v =h+v;,v = h' +V| and I;v,(S),Iv|(S) < €/2, therefore f =V —ii+h a.e.
on 5”(57_,-) where v =v,+u' , i = v’1 +u and h = hy — hy € &;. Given that the above
properties hold a.e. in the originally chosen S € . we have established f € .iﬂjK .

Let now f € .ZJK hence, f € .,?jK’G by Proposition 8. Therefore there exist &7 C .
with 7(1,/c) = 0 and such that for each € > 0 there exist u,v € .#; and h € & satisfying
f=h+v—uae on.g;and Lu(S),I;v(S) < eforall § € .o

Observe that if S € .o and § € F(s,j) then also

f=h+v—uae on S5, and Lju(8),Iv(5) <e,
this property justifies the use of &7 C o/ = Usew-(s,j)> SO 7€ is a null set as well. Be-
low, we will consider an arbitrary choice function w : &/ — 7 satisfying § € 5”(w( 5).j)

Then for any S € o7 and letting S = w(S) (a notation that remains in effect for the
remaining of the proof), there exists BS C (s,j) such that B = (BN Ss,j) 18 a
conditionally null set at (S, j), and

f=(h+v—u)lgs+ flgson S5y =5 j)-

We remark, in passing, that we can choose the same set BS for all § € <7 such that

w(S)=S.
Since h = hy —hyp,hy,hy € .@f, define on (s ;).
fi=(h—ulgs+flgs and f5 = (h—v)lps.
Therefore, for any S € o7
(26) fi =hi—uae.on s, huc 4;(S),TulS) <eand

27) f5 =hy—vae onSs ), have S)Iys) <e.
We define now
A ={ ) 0557w s = { A S
Then for § € o7
fimfr=R—f = (h—u)lgs+ flgs — (hy —v)1ps =
= (h4v—u)lps+ flgs = f,
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and clearly f = f; — f> on &7°. Moreover, by means of (26) and (27) it follows that

fi,he.
]

Under the assumption that property (K;) holds, we characterize the spaces of in-
tegrable functions in Theorem 4. Proposition 5, in Appendix B, provides sufficient
conditions that imply property (K;):

LY=L +1;(f), Vf e &)

Proposition 10 below shows that property (K;) is equivalent to 6; = I; on P. This
latter property is the one used in further results (i.e. (K;) is not used directly).

(1) = (2) in Proposition 10 below can be proven as in [9, Behauptung 1.8]. Observe
also that 6;0 = 1;0 = 0 hence (L;) holds if (K;) is valid (a direct proof is given in
Proposition 15 in Appendix B).

Proposition 10 (See proof in Appendix A). The following assertions are equivalent:
(1) gK i)
(2) Ijf=0;f foreveryfeP.
3) ij’ =0,f forevery fed&.
The proof of Theorem 4 below follows the steps of the one in [9, Satz 2.4] but taking
care of the a.e. condition in Definition 11.

Theorem 4. Assume G ;f =1;f for all f > 0, then:

(28) ggj =Y = ng_
K K.G
(29) L5, =4} =2 _zgj—ggj.

Proof. The second inequalities, in both displays above, were proven in Proposition 8
and are reproduced here for emphasis. The third equality in (29) follows directly from
Proposition 9 and the first equality in (28). The inclusion .Z; C £ iy 1s established in

Corollary 4 and cf K c &, in Proposition 9. All these results only requlre the validity
of (L;) and we only need the hypothesis G;f =1 f for all f > 0 for the remaining two
1nclus1ons

In order to complete the proof of (28), let f € ZZ * and € > 0. For m > 1, choose

& >0suchthat e = Y g,. Define also A4 = {Sey G,f(S) —a;(S) # 0}, which

m>1
is a null set by definition of fgj.

We show below that for a fixed S € .4/, there are sequences of functions (A, ),>1 in
A;(S) and (f)m>1 in .Zgj with G £,n(S) < &, such that f,, = hy — fu—1 on .7 ).

Rename fj = f; from hypothesis 0 < 1;£y(S) = G fo(S) < e (Lemma 3 applies to
our particular S providing G fy(S) < o). By definition of I; there exists h € .Z;(S)
with

(30) fo < h; and Tj/’ll(S) < ij()(S) +&.
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Define fi = h; — fo > 0 on .#(g ), and fi = 0 outside .#(s ;). By Proposition 3 item
(4) we obtain that outside (s ;y: 6f1 =0=70;(—f1) and then Gf; — 0, f1 = 0. To
obtain the same result on (g ;) observe that G ;11 (S) — o ;41 (S) = O follows from the
fact that G A (S) = 1;h1(S) < oo from Proposition 6. Then, applying Lemma 3 to fj
and h; we obtain G f1(S) —0;fi (§) = 0, wich is equivalent to G f} —0;fi=0o0n
+(s,j)- Noticing that f; > 0 we have shown that f| € fgj . By means of Lemma 3, the
hypothesis G; =1, on P, and (30) we derive:

Ejfl (S) = Ejhl(S) —Ejf()(S) < ij()(S) + & —ijo(S) = €.
For m > 2 we can then proceeded inductively. Whenever f,,_| € ggj has been

constructed satisfying: G fu—1(S) — 0;fm-1(S) =0 and G fu—1(S) < &x—1; it then
follows from I f;,—1(S) = G fn—1(S) < oo that there exist h,, € .#;(S) with

(1) Jm-1 < hy on Hg jy, and 1ihy(S) <Ijfin—1(S) + &n-
We can then define
(32) Jn =hm— fm-1 on Hs ), and f, =0 on S\ Hs ;).

As we have argued for the case of f1, it follows that G fu(S) — 0 ;fn(S) =0, fin € fgj
and G fin(S) < &n. In fact, by Proposition 3 item (4) we obtain that outside .75 )
Gfm=0=0;(—fn) and then G f;, — O fu = 0. Moreover, G j1,(S) — 0 jhu(S) =0
follows from the fact that G jh,,(S) = I jhnu(S) < oo from Proposition 6. Then, apply-
ing Lemma 3 to i, and fy,—1, gives Gfu(S) — 0, fm(S) = 0, wich is equivalent to
0;fi—0;fi =0 on .#s . Noticing that f,, > 0, we have then shown: f, € fgj.
Furthermore, by Lemma 3, (31) and (32), G f(S) < &n.
Observing that ) f;,, > 0and

m>1
5%;ﬁM$=MZﬁM$Sgﬂm®<w,

then by Proposition 3 item (8), Y fu <o a.e. on H ), from where lim f,, =

m>1 m—oo
0 a.e.on S j).
On the other hand, from (32), hy, = fiu—1+ fin (f fin—1(S) = o for some § € .7, it
must be, from (31) that A,, (5’) = o). Then, using Lemma 3, for m > 2,
Titn(S) =Ti(fn+ fin-1)(S) =G i (fin+ fin-1)(S) =G fn-1(S)+G j fin(S) < &m—1+Em-

Setu= Y hypyandv= Y hyyyi, thenu,v € #;(S), since
m>1 m>0

[l ;(S) = T;u(S) <1I;] 2;,1 ham](S) < §I(£2m—l + &) =€,
and

Tv(S) < Y Tihom1(S) <Ijf+&1+ Y. (&2am+&ms1) =1;f +€ <oo.
m>0 m>1
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Thus, on 5”(5 forn>1

J)
n

3 (1" = 3 (1 = (1) = = (1

m=1

from where

2n n—1 n
F=Y (0" ot oo =Y hami1 = Y ham+ fon.
m=1 m=1

m=0

Finally, taking the limit n — oo, it follows that f =v —u a.e. on 5’(57 i) which gives
fe;.

In order to complete the proof of (29), let f € %5, and so A ={S€ ¥ :G;f(S) -
0, f(S) # 0} is a null set and G,f(S) < e if S € A°. For any S € 4, by def-
inition of G there exist h € &g ;),W € .#;(S) such that f < h+W on S ;), with
Lih(S) +1jw(S) < G,f(S)+e. Set f =h+Ww—fon ¥, and 0 on &\ . ;. By
Proposition 4 item (4) 6 ;i(S) + 6 ;(—h)(S) = 0, then reasoning as in the case of f,
before, G;f(S) — o, f(S) =0and f € Zgj

So, by (28) f =V — i a.e. on S s j), with &, 7 € .4;(S) and ||@]|;(S) < €. Conse-
quently f = h+Ww+ii—7 a.e. on 5”(5])

Then, by Proposition 6, w + ii = hy + V1, ¥ = hy + v, with A,k € é"( ),vl,vz €
M s, ), such that ;71 (S),1;72(S) < €, and

f= h+hy—hy+7v, — P, a.e.on 5”(57]),
notice that h = (h+hy —hy) € &(s,j) and so, we have established f € iﬂjK . O

Fixed any node (S, j) let Z (5 jy = {fl|, : f € Q. [|f];(S) <eo}, where the functions

that are equal a.e. conditionally are identified. (F(s j), [|.|| ;(S)) with pointwise opera-
tions, becomes a linear normed space thanks to Proposmons 1 and 2. Moreover from
[6, Theorem 3] it is also complete. Also define 7 ={f € Q: fly,, € F(s )}

Corollary 5. Consider any node (S, j).
a) 0 is linear a.e., continuous and positive on .,i%j.

The following statements require the property: f =1;f for all f > 0. Then:
(1) .,i%jly(sj) C F(s,j) is a complete subspace under ||.||;(S).
(2) Ls,l.7,, is the ||.||j(S)-closure of &(s j).

(3) ggijﬂ(SJ) is the ||.|| j(S)-closure ofé"(;]-)-

Observe that (2), Proposition 4 item (5) and Corollary 2 item (4) show that G is the
unique linear extension of I; from & ;) onto .,i%j\ S5y

Proof. Linearity a.e. in item a) follows from Proposition 5, continuity and positivity
from Corollary 2 and general hypothesis.
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Let f € Z5,, then by Theorem 4, for any n > 1 there exist i, € &(s j), Un,vn € M(S)
such that f = hy + v, — uy a.e. at s j), and Tju,(S),1;v,(S) < +. Since hy, = h), — hZ

with 2!, h2 € é"(+ ) it follows that

1F15(S) < lianll(S) + 1l 1(S) 4 [1vinll 1(S) + [l () < eo.

This shows that f]| Fs.) € Z(s,j)- Moreover by Theorem 2, % | S, 1s a closed sub-

space of (F (g jy, ||l ( )), and so complete. This gives item (1)
For item (2) observe that f — hy = 1ac[vy — uy| + 1a[f — hn] on F(5 ;) holds for the
null set A = {f # hy + vy —un} C Fs ;). This implies that

|f = hn| < Vpc|vy —tn| + 14| f — hy|  from where || f —hy||;(S) < 2,

where Proposition 2 item (3) was used because 1ac|vy — uy| = [vy — un| a.e. on A ;).
The proof of item (3) is similar. Any f € ng can be written as f =v, —u, a.e. at (s j),

Un,vn € A;(S), with I ju, (S) < % Also, from Proposition 6, v,, = h,, +V,, with h,, € éa;r,

¥y € M and 1;9,(S) < 1. O
The classical Beppo-Levi and monotone convergence theorems holds in 25 .

Proposition 11. Assume for j >0, G;f = I;f forall f > 0. Let {fy}n>1 C L5,

m
such that ): || full j < oo then Z fn converges a.e. and in the norm ||.|j(S) on each

conditional space S5 ;) to f = Z fn. Moreover, f € Z5, and

n>1

[Zﬁ—

n>1 n>1 J
Proof. From hypothesis, since by Corollary 5, Z5| S C F(s,j)» item (2) of [6,
Proposition 5] gives that f| Sisj) = Z Il S5 exists pointwise a.e. on . ;), and

converges to f|. S5,y € F(s,j) in the norm ||. IF; ( ). So completeness implies f € Z5;.
Linearity a.e. and continuity of &, given by Corollary 5 item a), imply

N SR WAL TS WA T WA et
J n>1vJ1

n>1 n>1 n>1

where the inequalities are a.e. U

Proposition 12 (Monotone Convergence Theorem). Assume G ;f =1;f for all f > 0.
Let {fu}n>1 € L5, o / fEQ. Ifforae S€ ., [;fn <C = constant < a.e. on
s.j)- Then ||f = full j = 0, f € L5, and [, f =limy—se0 [; fo-

Proof. Define forn > 1, g, = fur1 — fn >0, then forae. S €.

m m
Zl gnllj = Z,lajgn =0jfmt1—0jf1= /jfm+1 _/jfl <eoqg.e.on S ;.
n= n=

The result then follows from Proposition 11. U
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6. BASIC PROPERTIES OF CONDITIONAL INTEGRALS

Lemma 6. Let 0 < j < k and fy € Q satisfy: fv(S) = fv(So, ...,Sj) = V(S(), ...,Sj).
Then Gifv(S) = o fv(S) = V(S). In particular for f € Q, since G ;f depends on S
Jjust through Sy, ... ,S;, it follows that,

6, [0;f|=0,f=0,[0,f] and Gilo;f]=0;f = o00;f].
Furthermore if f € %5, then [ i f € L5, and

A[fzé%ﬂzéf

Proof. Writing fy =V =V* -V~ we see that fy € &; C &, an application of Propo-
sition 4 item (4) gives Oy fy = o, fv = Ikfv =V. O

Proposition 13. Let f € Q, and 0 < j <k, then

(33) o,f<ajlofl<gjlonfl <Tj[okf] <Tf
and
(34) 6.f<0,l0,/] <Tjlo /] <Tj[Guf] < T

Therefore, if f € 25, then O f,Okf € Z5; and

(35) / o f] = / f= / 6uf).

Proof. Assume f < ¥,50 f With fo € 27, fr € 2 ,m>1and f,, =11}, ™" Recall
that we have assumed that (H"| S5 )izk € H(s ) forany S € 7.
Then also fo € 2, fm € 9,? ,m > 1, and it results that

k—1
ka < Z <Vm )+ ZH;"(S)A,S) = Z kam(S>
i=j

m>0 m>0
Observing that by Corollary 1 I fo € 7, Ixfm € .@;L m>1,and V" (S) =V"(So,...,S;),
it follows that G (G f](S) < L0 V™ (S), and consequently
(36) Gi[oL] <5

Applying (36) to —f, taking into consideration definitions of ¢, and established in-
equalities, it follows that

o;f <=6j[ou(—f)]=0;lorf] < o,[6kf] <Tj[Orf] <T;f.
Similarly
o,f<—0jlok(-f)]=0g,lof] <Tjlorfl <Tj[oWf] < O;f.
So, (33) and (34) hold and the remaining statements follow. ]
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Notice that the hypothesis I = & (on non-negative functions) required in the next
corollary follows from property (Kp) (as proven in Appendix B). A similar remark
applies to Corollary 7.

The next corollary refers to the notion of trajectorial martingale, more details are
provided in Section 7. We recall that we use the notation ¢ = 6.

Corollary 6. Assume I =G on non-negative functions. If f € L then, f € %5, for
all k > 0 and { fi = [, f} is a trajectorial martingale i.e. [i[ [, f] = [ fix1 = fi

Proof. We compute

6(0rf —orf) =06(0kf) +0(—0yf) =6(0kf) —a(orf),
where we have used Lemma 3 which is applicable because ¢ (0 f)(S) — o (o f)(S) =
0 and o(0,f)(S) —o(0,f)(S) = 0 hold, for all S, by taking j = 0 in (33) and (34)
respectively (actually we could have replaced S by Sy, i.e. the quantities are constant)
Our hypothesis f € %5 together with (33) and (34) imply that 6(04f) —o(0,f) =
Therefore, given that G;f — 0, f > 0 we have I(Gyf — 0f) = 6(Gif — Ok f) = 0
which implies 6, f — 0, f = 0 a.e., this means f € Z5,. Moreover from Proposition

13:
/ﬂH—/AH = [1=4

Corollary 7. Assume I j = O j on non-negative functions. Let f € L5 and 0 < j < k;
then

(37) A%ﬂzéfié%ﬂ-

Moreover, assuming also that | f| € L it follows that
(38) If ||f|lk = O then f is a null function.

Proof. Assume first that f € %% then f € 5 for all p > 0, by Corollary 6. Thus the
left equality of (37) holds by Lemma 6, while the right hand one follows from (35) in
Proposition 13.

For (38), by Proposition 3 item (2): 0 < ox(|f]) < ||f|[x=0. Then by Proposition
13, and (2),

O

0= co[ok(|f)] = oo(l/]) = I7]-

7. TRAJECTORIAL MARTINGALES
Definition 14. Consider a sequence of functions f, : ./ — |—oo, 00| satisfying f,(S) =
f(So,...,8n). {fn} is a supermartingale if
6jfj+1 < fj a.e.

{fn} is a submartingale if
fi<0;fj+1ae.
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{fu} is a martingale if
O;fji+1=0;fj+1=fjae
Proposition 14. Let f : ./ — [—co, o).
e fj=0,f is a submartingale sequence.
e fi=0,f is a supermartingale sequence.
o Assume I = G on non-negative functions and f € 5. Then f; =0 ;f is a
martingale sequence.

Proof. Let f; = o ;f, taking k = j+ 1 in (33) from Proposition 13 gives f; < 0 ;fjt1.
Let f; =0 ;f, taking k = j+ 1 in (33) from Proposition 13 gives G f;j+1 < f;.

Assume I = G on non-negative functions, then Corollary 6 implies f € 25, forall j >
0. In particular —ec < 0 ;f =0 ;f <eoholds a.e.

Then, taking k = j+ 1 in (33) from Proposition 13 gives —co < f; =G fj41 < oo
holds a.e. U

8. CONCLUSIONS

The paper is based on the observation that hedging prices of simple portfolios, i.e.
the elementary integral, can be extended to a larger class of functions under the ideal-
ization of taking the limit of increasing the number of portfolios used in the approxi-
mations. This approach leads to upper and lower approximations providing a natural
class of integrable functions by the method of exhaustion. We show that the theory
mimics the classical theory of integration but in this case providing a pricing inter-
pretation for the integral. The meaning of the constructed integral follows from the
elementary integrable functions representing initial portfolio values.

The integration framework naturally leads to the concept of trajectorial martingale.
There is also the possibility to introduce a further natural idealization into the foun-
dations of the basic constructions namely, introducing another, independent, limit by
increasing the number of rebalancing times. We plan to pursue these research possi-
bilities in future work.

APPENDIX A. SOME PROOFS FOR SECTIONS 2-5

Proof of Proposition 1:

Proof. We only provide the proof of countable subadditivity.
We may assume that Y 1;gx(S) < oo, which leads to ;g (S) < e for k > 1. There-
k>1

fore, for a fixed € > 0 and for any k > 1, by definition of Ji ; there exist H™k ¢ %”(57 7)
and V"% ¢ R, m > 1, such that:
o My —1
@) < Y v+ Y HMSAS] Ve Hs),

m=1 i=j
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with
nm,kf1 > €
viis Y, HMEAS 20 e Sy, and Y VIE<Tig) + o
= m=1
Then

nm.kf1

Ya@®) <Y ¥ v+ Y H"S)AS] vSe s,
k=1 k=1m=1 i=j

noticing that the double sum of nonnegative terms can be reordered into a single sum,
we can then deduce that

1;g(S)

8

IA

Y Y vrE< Y Tign(S)+e.
k=1m=1 k=1

Proof of Proposition 2:

Proof. (1) Assume ||g||;(S) = 0, consider A = {§ € .(s ;) : g(S) # 0}.
From 14(S) < Yy |g(S)] it follows that |[14]];(S) < Yy=1 |Ig]];(S) = 0. Therefore, A

is a conditionally null set at (S, j) and so g(S) = 0 holds conditionally a.e. at (S, j).
For the converse of (1), by assumption, there exists B C (g ;) such that |[15]| ;(S) =0

and g(§) =0 VS ¢ F(s.j) \ B. Given that [g($ | < Yus115(5) VS € “(s,j) We obtain
ll];(S) =0.

(2) LetA={S ¢ Ss.j) : oo}, then n 14(S) < |g(S)|, VS € Ss.j), In > 1, thus

g(s
n |14l ;(8) < |lgl[;(S) andso [[14][;(S) = 0.
(3) Let N ={S € Hs ) : 1f(S)| > |g(S)]}-
Then |£|(S) < |g|(S)+ ¥ 1n(S )forSEZS]) Therefore:
m>1
A1 () =T;Lf1(S) < 1Tlgl(S)+ (m§11N)(S)=Ij\g|(S)=HgHj(S)-
(4) Follows from the countable subaddizivity of I;.

(5) Assume f < Y51 fu With f, =17, 7" € @* m> 1.

Since also f, € @Ij ,m > 1, it results that for any S € .

5) =
) <

k—1
LfS) <Y (vm S)+ ZH?(S)A,S) =Y Lfu(S)
1=J

m>1 m>1
Since Iifin € 27, m > 1, and V"™(S) = V"(Sp,...,S;), it conducts to I;[I;.f](S) <
Yoo V"(S) and consequently
(39 LI f] <1;f.

Assume now that g € Q is conditionally null at .#(s ; i.e. I;(|g])(S) =0. Tt then

follows from (39) and and item (1) that I;(|g|) = 0 a.e. on .7 ;).
U
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Proof of Proposition 3:

Proof. (1) follows from the definitions and (2) is clear taking fo=

For (3), we can write f = f] + fo with fy € 9&,-) 9( and f1 € 9 5.j)’ taking
fm = 0 for m > 2 the result follows. y

To establish (4), notice that f < g, a.e. on (s ;) allows to write f(S) < g($ §) +o0 1n(S)
for all § € .75 ;) with N C .75 ;) and I;1y(S) = 0. Therefore G,f(S) < G,g(S) +
G (o 1) (S) <G jg(S)+1j(e= 1x)(S) <G ;g(S).

(5) Assume gf(S) < Z HV’Z’Hm(S’), Se s,j)» With HV H @( B and, form > 1,
Hyn = .@(Jr i) For each Sc A(s,j) and m > 0 define
U (§) = %, and G7'(5) = Fg(lg) fori> j.
It follows that () < gOHZ:,:IGm(S), Se s,j) With HijnOG € .@( i) and for m > 1,
Hi{:fm € 9(+ i) Thusmi
5ys(5) < ZLE0E)

The reverse inequality follows similarly.

(6) Observe that f < |f — g| + g (as f(S) = oo implies | f — g|(S) = ), from where,
(6) holds.

(7) Taking f,, = 0 for any m > 0, it follows that 6;0 < 0. In case that 5;0 # 0, it
then follows that there exist at least some S € . satlsfymg c,0(S) <0. Therefore

there exist fo = IT V A E.@( )and form>1, fm_HV A 6.@+ such that 0 <

Jsfio ($.4)’
Y fu(S )foranySE&”(SJ and ¥ V" =r<0.
m>0 m>0
Consider now f € Q, if there exists fy = }/n;{ € @( and f,, = ‘J/n A ¢ .@(Jg i)
for m > 1, such that f(S) < Z fin(S) forany S € 1s.)) w1th Y. V" finite, then (since
m>0
also f(S) < Z (S )—i—yfm( ), for any given y > 0):
Gif(S)< Y (V"+yVm =) V'4vr
m>0 m>0
thus G f(S) = —co. On the other hand if such family of functions f;, does not exist,

G,f(S) =
(8) LetA={S ¢ Ss,j) f(8) = oo} and assume that G;f(S) < oo. There exist fy =

H‘]/n(f{ 6@(_ i) and for m > 1, fm:H‘;/n,H E‘@(Jr i)’ such that f($ )<Zm20fm(§)

for anySEﬂ j) and
Y v <Gif(S)+1

m>0
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For § € A results that oo = f(S) < ¥,>1 fin(S), because | fo| < co. Thus, for any n >0
and S € 5”( S,j)> it follows that

1,5 < Y ().
m>1

From which
A1) < XV <o

m>1
(9) From hypothesis 0 = 6,0 < G,f(S) +07,(—f)(S), the two terms in the right
hand side being finite by hypothesis, can then conclude that —co < G j(—f)(S), —o0 <
G, f(S). The last statement follows from item (8). O
Proof of Proposition 4:
Proof. (2) follows from (1) as follows.

Let f=h—H € & with h,}l € @;“, and h,, € @J?L such that f <Y, ~hy. Then
0< —h+h’+2m21 hp, thus (taking fo = —h € .@j_, fi=Hn and f,, = h,,_; form > 2)
by Definition 8, 0 =0;(0) < Y. I;fy, whichleads to I;f < Y I;h,, as required.

m>0 m>1

Assume now that property (L;) holds, f € & and f* < Y fu, fin € .@;r. Since
m>1

f < fT,then
Lif <Y Ijfm, whichimplies I;f<I;f*.

m>1

Let us now show that (3) implies (4). It follows the proof of [9, Behauptung 1.9], but
here its (*) condition in page 449 is not needed. Fix fj € .@; and form>1, f,, € 9;’

such that f < ) f,, then from linearity of /; and (3),
m>0

Lf =1ifo=1Li(f—fo) <Ii(f— fo) "
Moreover, since (f — fo)© < ¥ f, countable subadditivity of I; and Proposition 1
m>1
item (4)’ giVCS 7j<f_fO)jL < Z>,lljfm < lejfm-
m> m>
Therefore 1 f < goljfm, sol;jf <0,f, thus I;f = G ,f from Proposition 3 item
m>
(2). Consequently (4) holds, since 0 ;f = —G;(—f) = I;f.
From (4) 6;,0=1,0=0.

We now incorporate items (5), (6) and (7) into the set of equivalences. Let us see
that (L;) implies (5). Fix f € &5 and form > 1, f,, € @f such that f < |f| < ¥ fm.
m>1

Thenby (L;), Iif < ¥ Ijfm, soI;f <Ij|f] =] f]l;- The same analysis gives —;jf:
m>0

LI=f1 < Tjlf1 = If]lj, and so —|[f]l; < Lif < I £]];- . _
(6) follows from (5), since for f € 27, 0 <I;f = |I;f| <1;|f| =1;f <I;f, last
inequality by item (4) of Proposition 1.
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(6) implies (Lj) For f, fm € .@j*, such that f < m);] fm it follows from (6) and
countable subadditivity of /; that
Lf=Tif <Y Tifn=Y Iifm
m>1 m>1
Finally, we will prove that (Lj“) implies ;0 = 0. Clearly 6,0 <0 so we need only

to prove the reverse inequality. So take fy € .@;, fm € 9; with 0 < ) f,, since
m>0

—fo € 77 and —fo < ¥ fu An application of (L]) implies 0 < I;fo+ ¥ Ijfm,
m>1 m>1
which in turn gives 0 < G ;0. U
Proof of Proposition 7:

Proof. Take f € X, and consider S € .7 for which the following holds: for all £/2 >
0 there exist u, v,k (as appearing in the definition of .Zf) and Iu(S) < &/2, I;v(S) <
€/2. We compute

—& < —0,;v(S) = 0,u(S) = a;(=v)(S) + 0, (-u)(S) < o;v(S) +0,;(-u)(S) <
gi(v=u)(8) =0;(f = h)(S) <T;(f—h)(S) =T,;(v—u)(S) <I;v(S) +1ju(S) < €
where we have used (4) of Proposition 3 for two of the equalities. It follows that
fe j[{ ~

Conversely, take now f € .Zk and consider S € . for which the following holds: for
all € > 0letu =Y ux,v =Y v and h as appearing in the definition of .Zx. Therefore,
we can find n such that 1;(Y >, ux)(S) < € and I;(Y >, vk)(S) < €. Define h = h+
Zz;% Vi — ZZ;% ux and notice that h € &jand set l = Y >, Uk, V = Y x>, vk. Therefore
f=V—ii+hae. on.Z ;and I;i(S) < eand I;7(S) < & (clearly i,V € A5 ;). O

Proof of Proposition 10: [the proof of (1) = (2) is from [9, Behauptung 1.8] but in
the conditional setting]

Proof. (1) = (2). By Proposition 3 item (2), it is enough to prove that I;f < G;f

for feP. Fix §€ % and fj € g(SJ) and for m > 1, f, € 5&].), such that f <

Y. fm on A ). Itis enough to prove that Lif(S) < X Iifu(S), we can then as-
m>0

m>0

sume Y, I fu(S) < oo. For n > 0 it holds that
m>0

FEIL " E oo Fsy ad T8 STLY Sl 4T L fl)

m>n+1 m>0 m>n+1

n
Since Y. fim € &(s,j)» by property (1)
m=0

1] fofmJ+<S) - ioz,-fmw) 1 iofmr<s>.
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On the other hand, from ) f,, > f > 0 it follows that
m>0

n

(Z:)fm) = <_ Z fm)+ < ( Z fm)+ = Z Sm-

m=0 m>n+1 m>n+1

Summarizing we have

n n
ij(S) < Z ijm(S)+21j[ Z fm](S) < Z ijm(S) +2 Z ijm(‘g)a
m=0 m>n+1 m=0 m>n+1
where countable subadditivity of /; and Proposition 4 item (6) were used. Taking
limits for n — o, (2) follows.
The implication (2) = (3) is trivial. It remains to prove the implication (3) = (1).
Then for fixed f € &; we may assume that I ; f© < eo. Consider f,, € .@f such that £ <
Y fm As fo=—f € &, itfollows that f~ < Y f, thus: G/~ < —Li(f)+1;fT.
m>1 m>0
Since by (3) 6,f~ =1,f, one inequality of (1) is obtained. The other inequality
follows by applying the said inequality to — f. U

APPENDIX B. PROPERTIES (L;), (K;) AND EXAMPLES

The property (L;) is necessary in order to define conditional integrals and to have
a non trivial theory for the given definitions. As indicated by Proposition 3, item (7),
if 5;0(S) # 0 for some S € . we will have G;f(S) = £oo for all f € Q. On the
other hand, property (K;) is equivalent to statement (2) in Proposition 10 and the latter
can be used to obtain Lebesgue’s monotone convergence theorem and also allows to
prove a characterization result (Theorem 4) for our integrable functions. The financial
meaning of property (K;) and its importance are discussed in [2].

Recall, that property (L( s, j)) (this notation was introduced below Proposition 3), for
j>0and S € .7, is equivalent to 6 ;0(S) = 0. Analogously, we will say that property
(K(s,j)) holds at node (S, j) if I;f*(S) = [;£(S) +1;f(S) for any f € & ).

In this section, after remarking that for node (S, j) (Ks j)) = (L(s,j)), we provide
sufficient conditions implying (K;) and (L;) for all j > 0.

Proposition 15. For j > 0and S € .7 fixed, (K5 j)) = (L(s,j))-

Proof. Consider f € & j), recall that (K(s ;)) is the equality: 1;f(S) = I;f(S) +
1;f~(S). Therefore,

(40) Lif(S) SLF(S)+1if~(S) =1;f(S).
Let f,, € @(g jm > 1 satisfying f < Y. fi, on .5 j), then
’ m>1
ft< X fmon Hs ). It follows from (40) that I;£(S) < I;f*(S) < Lps11ifu(S).
m>1 i -
Therefore, (L(s,j)) holds. O

The proofs of (L;) and (K;) rely on the following lemma which is a reformulation
of [6, Lemma 3] for the conditional setting. Eventually, for the actual proof of (L;) we
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will need to assume specific properties for nodes in . but, for preliminary results we
do not need to assume any property for .. We notice that the proof of (L;) simplifies
if all nodes are assumed to be only no-arbitrage nodes.

When we use the word convergent we mean that the corresponding limit exists in

(_°°7°°)'
Lemma 7. For any m > 0, let H" = {H!"};> j, be sequences of non-anticipative func-

tions on .7, and V" functions defined on ., depending for each S only on Sy, ..., S,
J >0 fixed. We fix a node (S, j) and assume:
nm—1

VI’IZHI’” ~ ~
I % (§) +ZH’“ AS>0,8e€.7

Jj.n anjand

S.j)

Y V™(S) < oo. Define, for any § € s,y and k > j:

m>1

() = {Zmzl H!(S) whenever this series is convergent

x, an arbitrary real number otherwise.
Then, for any S € As,j) satisfying

41) [if (S, p) is an arbitrage node, j < p, then it is of type I and §p+1 = §p],
the following holds for all k s.t. j < k:

(42) Z [H™(S)AwS] = Hi(S)ArS
m=1
and
(43) Z Hk ) converges whenever (S,k) is an up-down node.
m>1

Proof. The defined functions Hj are non-anticipative given that the functions H;" are
non-anticipative. Fix § satisfying (41), from this hypothesis (S ,k) j <k, is an arbitrage
node of type I, a flat node or an up-down one. Whenever it is flat or an arbitrage node
of type I, (42) holds because both sides of the equality equal 0. Therefore, to conclude
our proof it is enough to establish (43) in case (S, k) is up-down, since it also implies
(42).

Consider S € Hs,j) satisfying (41) and let j < k* be the smallest integer such that
(S,k*) is an up-down node and ¥,,~; H/"(S) does not converge, if such k* does not
exist the lemma holds. Therefore, byfthe non-convergence, there exists € > 0, with the
property that for any M € N there exist my > m; > M such that

(44) Y HES) e

Since the node (S, k*) is up-down, let

1 ~ .
0" =- inf (Spr—Sp)<0and 67 =

5 . inf sup  (Speyq —Spe) > 0.
Se.($,k*)

Se.7 (S k)

| =
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Sete* =emin{—6",0"}.
By the choice of (S,k*), it follows that if j < p < k* then (8, p) is a flat node or an
arbitrage node of type I, so APS’ = 0 in either case, or (S’ ,p) is an up-down node and

Y HY(S $) is convergent. In any case, there exists Mg such that for any j < p < k¥,
m>1

and m" > m' > M,
>g<

(45) Z HY()AS| < 55

p+2
m=m'+1 2

Having in mind the convergence of Y. V,,(S) = ¥ V,u(S) there also exists M; > My
m>1 m>1

such that for any m” > m’' > M,

*

(46) Z Vn($) < S5
=m'+1

Given that (S ,k*) is an up-down node, for M = M| and the corresponding m; < m; as
in (44), there exists S! € 54+ With ApS' <07 or 8 < Aw-S!, such that

47) Z H(SY)AS' < —g|ApST| < —¢

m=mj+1
Consequently from (45), for j < p < k*,

8*

Z HY'(SH)A,S' =] Z HY(S )Asy<2p+2

m=mj+1 m=mj+1

Thus, since V,,(S) = V;,,(S), from the last equation, (46) and (47) it results the follow-
ing contradiction:

0< Z '

]k*+1
m=mj+1
my | k* 1 —e*
_ m
= Y V(s +Z ZH NA,St < —e*(1— Y 5) < <0
m=mj+1 m=my+1 p=j p=J

We have thus established the convergence of ¥, H"(S) whenever (S,k) is an up-
down node. This then completes the proof of the lemma. U

B.1. Establishing Property (L;). Let S € .7; fix a node (S, j) and k > j; define:

(48) Ni(S,j)={Sc 5”51) (S,k) is an arbitrage node and Sy # Si}, also let

N(S7.]) = UkZINk(S7])

The next lemma is key to our arguments.
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Lemma 8. Fix a node (S, j) and assume /s ) satisfies the RFP.
Let f(8) < Ls1 fin(S), VSEZSJ where f € & j) andfmeg 5.j) m > 1 (we will

use the notation fo = f and f,,(S) = V"(S )—I—ZZQ;IH,’{”( )Akaorm >0.)
Then:

49 Vs < Y vr(s +hmmfZGk JAS +oo Iy(s (S), VS € s ),

m>1

where, for any S € 1s,j) Gi(S) = Hy(S) —HX(S),j <k <ng—1, G(S) = Hy(S),k >
ng and

(50) H (S) = {Zm>1 k (S) whenever the series is convergen

0, otherwise.
Proof. Consider S € ,5”( S.j) with S = lim,,_.. S” and S” as in (9), then

(51) f(S) =limsup f($") <limsup Y fu(S") < ) fu(S)

n—soo n—eo m>1

The defined functions Hy are non-anticipative given that the functions H;" are non-
anticipative and, therefore, so are the functions Gy as well. Notice that our hypothesis
on g jy allows us to assume H™(S) = 0 for all i > n,, and for all § € As,j) (this
can be achieved despite that H, being the difference of two elements of F¢;, does not
necessarily belong to .7}). These comments also apply to the case when the portfolios

are extended to act on 5”( j) as we do below. From the standard Fatou’s lemma and
(51) we obtain:

no—1

(52) VO(8)< Y V(s Z H)(S) &S +limint ¥ Y [HS) &), VS € T,

m>1 p=ree m>1k=j

Whenever S € N(S, j) the r.h.s. of (49) equals infinity and so upperbounds the r.h.s.
of (52). Let then S € %\N(S, J); it then follows that for any k > j such that
(S,k) is an arbitrage node it can only be so if it is of type I and S;,; = S and so
condition (41) in Lemma 7 holds (notice that we are applying that lemma to .5 ;)).
We can then conclude from that lemma that the only possibility for }.,,~ H}" (S) to
diverge is that (S,k) is flat or an arbitrage node of type I but in any of those cases

Yons1[HI(S) AxS] = 0. Therefore ¥, [H}"(S) AxS] = Hi(S) AxS, Vk > j, where the
H;, are given by (50). It then follows that, whenever S € y (s.)) \N (S, ), (49) equals
(52). O

Next we define contrarian trajectories; they were originally introduced in [6, Def.
12] and here we modify their use somehow.

Definition 15 (Contrarian Trajectories, CT). We will say that a trajectory set . has
the contrarian trajectory (CT) property if the following holds: for any S € ., ny > 0,
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any F = {F;}i>n,, a sequence of non anticipative functions on S (S.ng)» and € > 0, there
exists S° € S (S.n) Satisfying
n
liminf ) F(5) AS” <e.
i=ng
Such S° will be called a contrarian trajectory (CT) (to F at ny and beyond).

Remark 11. If . is locally O-neutral, then . has the CT property. This follows from
(6).

Lemma 9 below provides more detailed information on contrarian trajectories under
an assumption on nodes.

Lemma 9. Assume nodes in .7 are only of two types: no-arbitrage nodes or arbitrage
nodes of type 1. Let (S,ng) be any node and € > 0 and F = {F;};>,, be non-anticipative

unctions. Then, there exists a CT (to F at ng and beyond) e such that
(S,n0)
S° ¢ N(S,np) (the set N(S,ng) was introduced in (48)).

Proof. From our assumption on nodes, it follows that each node (S, j) is O-neutral.
Therefore, Lemma 1 applies and the sequence S” in (6) gives the desired S° =limy_e0 S™.
The property S° ¢ N(S,ng) follows from Remark 1. O

Proof of Theorem 1:

Proof. We do the analysis for a fixed, but arbitrary, node (S, j); consider then (49) in
Lemma 8, for a given € > 0 and the non-anticipative functions Gy introduced in that
lemma, it follows from Lemma 9 that there exists = 5”( S.j)

such that liminf, . Y5 j Gi(S°) AS° < € and ) (§°) = 0. Therefore Vy(S) <
Yn>1Vm(S) + € which concludes the proof. O

It is important that we managed to prove property (L;) under hypothesis that allow
for arbitrage nodes as they provide non-trivial examples of null sets as indicated in the
next proposition. As the portfolio which exploits the arbitrage may not be included
in minimal portfolio sets satisfying (H.1)-(H.4), we state the proposition, for sake of
simplicity, under the assumption that there are no trading restrictions.

Proposition 16. Suppose that each portfolio set (s j, S' €., j >0, consists of all

nonanticipating sequences of funcfions. Given an arbitrage node (S,k) in .7, define:
A= %S’k) \{S e f5ﬂ(s’k) :Ski1 = Sk} Then Ij(lA) =0forall0< j<k
Proof. Without loss of generality assume Sy > S for all § € sx)- Let, form > 1,
Hy(S) = 1if §; = 8; 0 <i < k and H*(S) = 0 otherwise. Set also H'(S) = 0 for all
n#kforall § €. and all m > 1. Then
(53) 14(8) < Y H'(S)AS

m>1

holds for all § € (s,j)- Notice that (S,k) being an arbitrage node, the right hand side
of (53) equals « whenever the left hand side equals 1. 0
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The following proposition clarifies how one can check the validity of the hypothesis
in Theorem 1.

Proposition 17. If .7 is complete, then it satisfies GRFP. If, moreover, . satisfies
GRFP, then RFP holds at any node (S,j) and for any choice of the portfolio sets
saytisfying (H.1)-(H.4).

The proof relies on the following lemma.

Lemma 10. Assume .7 satisfies the RFP and 7€) satisfies the following property:
¢ Ifk>0,S€.7 and (H;);>i € ‘%Sk) then (H; 1;> ly ),>0 € ) (i.e. itis
admissible to do nothing until time k and, if a trajectory in node (S,k) realizes,
apply strategy (H;);>k, otherwise do nothing).
Then, for any node (S, j) with j > 0, S5 ;) also satisfies the RFP.

Proof. Fix an arbitrary node (S,j), j > 0 and take S € Hs,j); therefore, Sec.7 as
well. Consider g, (8) = U™(S)+ X' G"(S) AiS, m > 0, § € ;). such that gg €
éa(S’j),gm € 9&])’ m Z 1, and Zle Um(S) < oo,

Define, forallm > 0and S € .7 : (i) H"(S) = 0 whenever 0 <i < j, (ii) let H" = G
on .5 jy and H;" = 0 otherwise, whenever j < i. Also set the constants V" = U"(S)
for all m > 0. Define f;,(S) = V" —|—Z”’"—1 Hl’"(S) A;S for § € . and notice f,, € 27,
m>1, foc&and ), > V" < oo,

Given that . satisfies the RFP and S € ., for any n > 0 there exists S" € 5”(57 7
such that S = lim,,_,., ", satisfying

i —1 ny—1
(54) Z limsup Z H"(S") A;S" > limsup Z Z H"(S") AiS".
m>0 "= =0 =" ;>0 i=0
Define now §" = §/*" for n > 0, notice that since S/ € As,j) then = 18,))

and S = lim,,_,. 5", this follows because S,, = Sh = S"ﬂ S”
Using (54), we compute as follows

ny—1 ny—1
Y limsup ) G'($") AS" =Y limsup Y GY'(S"H) ASTHT
m>0 " j=j m>0 " j=j
ny—1 ) ) ny—1
= Z lim sup Z H"(S") S = Z lim sup Z H"(S") AiS"
m>0 "7 =0 m>0 "7 =0
ny—1 ny—1 ) )
> limsup Y Y H['(S")AS" =limsup Y Y H'(S7H") AT
= m>0 =0 n—= ;>0 =0
ny—1

we have then completed the proof. U
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Proof of Proposition 17. First note that GRFP is obviously equivalent to the RFP at the
initial nodes .%" = .5 ), if there are no trading restrictions, i.e. if each of the portfolio
sets Ay i) §" € .7,i>0, consists of all nonanticipating sequences of functions. Then,
on the one hand, by Remark 5, completeness of . implies GRFP. On the other hand,
Proposition 17 implies RFP at every node .#(s, j), when there are no trading restrictions.
The RFP clearly is still satisfied, if one reduces the portfolio set from the set of all

nonanticipating sequences of functions to any subset #s ;) satisfying (H.1)-(H.4).
OJ

Below we present two examples, in the first one (S,0) is an arbitrage node of type I
but we have failure of (L( S’O)), this is explained by the failure of RFP.

B.1.1. Example 1. Let .7 the trajectory space composed by the following trajectories:

S neN: S'=1, 0<i<n; St=2i>n.
2%
I
0 e
Here 60 = —oo, we will show that the reverse Fatou condition fails (which is what

should happen by Theorem 1).

We note that .7 \.¥ = {S:S; =1, i > 0}, and we will show that the RFP fails
for the portfolios: V" =0, H,}(S) = 1if §; = 1 for 0 <i < m, H"(S) = 0 otherwise,
therefore n,, = m+1. Then f,(S") = (S; | —S,) =1 if m=n and f,,(8") = 0 if
m # n. Therefore ¥,,~1 fin(S) = 1 for all § € ., whereas ¥,,,~1 fin(S) = 0. Thus, for

every sequence {S(k)}keN in . satisfying limy_,., S (k) = S, we obtain

limsup fu(S¥Y=1>0= Y & =Y limsup f;, (S%),

k—oo p>1 m>1 m>1 k—oo

i.e. RFP fails.

In the following example all nodes are no-arbitrage nodes or arbitrage nodes of type
I and we show that the RFP holds, it then follows from Theorem 1 that (L(S_‘ j)) holds
at all nodes. The point of this example is that .7 is not complete.

B.1.2. Example 2. Consider the example with .7 given in the following figure, here
we know by direct computation that 6; &0 = 0 at all nodes (S, j). We will verify this
result by an application of Theorem 1 by checking that the reversed Fatou condition
holds for this example. The trajectories are

S" neN: S"M=2 0<i<n; Si"=3i>n, and
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$" neN: §$M=2 0<i<n, SM"=1i>n
3

IR

We note that .7\ .# = {S§: §; = 2, i > 0}, we will consider the sequence
S"=(2,2,...,2,%,%,%,...), where the last appearing 2 is the nth coordinate of the
sequence and the entry Value * will be equal to 3 or 1 (i.e. S =3 foralli>n+1 or
S = 1 for all i > n+ 1), which value to be chosen, 3 or 1, will depend on n as well as
on a given sequence f,, € &7, m>1and fy € &. The sequence S" to be constructed
is a variation from the usual CT construction, now, a contrarian move is used to define
S" but discarded in §"*! given that in fact we keep the flat trajectory (which, of course,
also acts as a CT) converging to S. The construction of S” is completed next.

Given fy € &, fin € 2" m> 1 with Y~ V" < oo; notice that H/" (S") (S}, ; —S}) =0
if i # n, 50 Y1 H"(S") (87, —S7) =0if i #nand f,,(S") =V™if n > ny,.

Set H;(S) = HY(S) + L,n>1 H"(S) which exists by an application lemma 7 (in fact
we only need to apply the lemma along S, i.e. we only need H;(S) = YsoH ’”(S))
Depending if H,(S) < 0 choose S? =% = 1 for i > n+ 1 or if H,(S) > 0 choose S" =
x=3fori>n+1.(eg if H3(S) <0,8° =89 =(2,2,2,2,1,1,1,...), if Hy(S) >0,

§ =515 = =(2,2,2,2,2,3,3,3,...) etc). Therefore, using the standard Fatou’s lemma,
(35
ny—1

Y S =Y, V"+ Y H"(S"AS"] < liminf| D Vm+2 Y H'(SMAS" =
m>0 m>0 i=0 m>0 i=0m>0
liminf[ ¥ V" 4+ 1psy ¥ HY (") (Shy 1 —SI) = X V" Ha(S") (S)y —S1) < X V™
p= m>0 m>0 m>0 m>0
Inequality (55), combined with the fact that limsup f,,(S") = V", allows us to check

n—oo
the reversed Fatou condition directly:

limsup Z Sm(S") < Z V= Z limsup f,, (S").
= m>0 m>0 m>0 e

Then, Theorem 1 is applicable to this example.

B.2. Establishing property (K;). We note that the hypotheses in the following result
are stronger that the ones in Theorem 1 needed to prove (L;). In particular, we require
the following closedness property for the accumulation of countably many portfolios:

(H.5) For any sequence {H" },,>1 in s ;) the portfolio H given by

Hi(S) = Yoo H™(S), if the series is convergent in R
e 0, otherwise
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belongs to (s ;).

Theorem S. (i) Assume /(s ) satisfies the RFP for each S € ¥ and each j > 0, . is
free of arbitrage nodes, and the portfolio sets satisfy (H.1)—(H.5). Then (K;) is valid.

(ii) Assume /(s ;) satisfies the RFP for each S € . and each j >0, & is free of
arbitrage nodes of type I, and there are no trading restrictions, i.e. the portfolio sets
consist of all sequences of nonanticipating functions. Then (K;) is valid.

The proof is a consequence of Theorem 1 and the following result due to [2].

Theorem 6. Under each of the sets of assumptions (i) or (ii) in Theorem 5, (L;) implies
(K;)-

Note that [2] only considers portfolio sets without trading restrictions, and the case
(ii) is directly covered by Theorem 5.1 in [2]. The proof of Theorem 5.1 in [2] consists
of two key steps. In the first step it is shown that all involved portfolios may be assumed
to have the same finite maturity. The corresponding manipulations make use of (H.3)
and (H.4) only. In the second step, a variant of Lemma 7 is applied to accumulate
portfolios. Condition (H.5) is required to ensure that the accumulated portfolio is still
admissible. In the absence of arbitrage nodes of type I, the technical ramifications of
the proof of Theorem 5.1 in [2] involving (null) sets .4, and a random time T become
trivial, and so the identical proof works in the case (i) as well.
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