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Abstract

Starting solely with a set of possible prices for a traded asset S (in
infinite discrete time) expressed in units of a numeraire, we explain
how to construct a Daniell type of integral representing prices of in-
tegrable functions depending on the asset. Such functions include the
values of simple dynamic portfolios obtained by trading with S and
the numeraire. The space of elementary integrable functions, i.e. the
said portfolio values, is not a vector lattice. It then follows that the
integral is not classical, i.e. it is not associated to a measure. The es-
sential ingredient in constructing the integral is a weak version of the
no-arbitrage condition but here expressed in terms of properties of the
trajectory space. We also discuss the continuity conditions imposed
by Leinert (Archiv der Mathematik, 1982) and König (Mathematische
Annalen, 1982) in the abstract theory of non-lattice integration from
a financial point of view and establish some connections between these
continuity conditions and the existence of martingale measures.

Key words: arbitrage, model-free finance, non-lattice integration, su-
perhedging.
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1 Introduction

By no-arbitrage considerations, the fundamental theorem of asset pricing
(FTAP) in its classical form [16, 18] restricts stock price models in the op-
tion pricing framework to stochastic processes which can be transformed
into (local) martingales via an equivalent change of the probability mea-
sure. Partially motivated by the aim to incorporate fractional Brownian
motion and related non-semimartingale processes into financial modelling,
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no-arbitrage results and option pricing results have been derived beyond
the framework of the classical FTAP. Results in this direction can be ob-
tained by adding market frictions such as proportional transaction costs,
e.g. [21, 22, 15], or by restricting the class of admissible trading strategies,
e.g. [30, 7, 13, 24, 5]. In a nutshell, no-arbitrage results in these generalized
frameworks do typically require some conditions on the long-time behaviour
of the paths. These include the stickiness condition [22] or the conditional
full support property [21]. Additionally, conditions on the fine structure
of the paths may be required to prevent arbitrage opportunities by trad-
ing on arbitrarily small time intervals including conditions on the pathwise
quadratic variation [30, 5] or the two-way crossing property [7, 28]. While
in these works a first shift of paradigms from the probabilistic martingale
condition to paths properties may be visible, the paths properties are still
formulated with respect to a reference probability measure.

Another stream of research completely dispenses with any a priori given
probability measure. Initiated by the work of Vovk, see e.g. [31, 32, 33], an
outer measure is introduced via superhedging with (infinitely many) simple
portfolios with positive terminal wealth. Vovk’s outer measure and vari-
ants thereof have subsequently been applied by several authors in order to
define pathwise stochastic integrals [33, 27] for trading in continuous time
or to study the duality between (non-dominated) martingale measures and
superhedging prices in continuous time [4, 2, 3]. In finite discrete time, con-
nections between martingale measures, arbitrage, and pricing in a model-free
setting have been established e.g. in [14, 1, 10, 11, 9, 20]. An important
observation by Burzoni et al. [10, 11, 9] is that one has to move to a reduced
trajectory set in finite discrete time in order to come up with general model-
free versions of the FTAP and of the superhedging theorem. This reduction
can be achieved via the notion of an arbitrage aggregator. The null sets of
Vovk’s outer measure in continuous time and the trajectories charged by the
arbitrage aggregator in finite discrete time can be viewed as a mechanism
to identify negligible sets by arbitrage considerations which replace the null
sets of the reference probability measure in the classical probabilistic set-
ting. We also refer to Cassese [12] for implications on arbitrage and pricing
starting from abstract collections of negligible sets.

In this paper, we put ourselves in the context of trading in infinite dis-
crete time. Given any trajectory set, which satisfies a trajectory-wise version
of the law of one price, we interpret the initial endowment of a finite linear
combination of buy-and-hold strategies as elementary integral of the port-
folio value at maturity. The corresponding space of elementary integrable
functions (the said portfolios values) fails to have the lattice property (except
in binary models). Thus, any extension of this elementary integral can be
viewed as a non-classical integral and need not be related to integration with
respect to a probability measure. For the extension step we make us of the
abstract theory of non-lattice integration developed in the 1980’s by Leinert
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[26] and König [25], which to the best of our knowledge has not yet been
applied in model-free finance with the exception of [19]. The construction
of Leinert and König relies on two key operators which can be interpreted
as superhedging functionals in the financial context. One of them plays the
role of a (semi-)norm which is applied for a continuous extension in Lein-
ert’s approach. The other one is used for the definition of outer and inner
integrals in König’s approach. The norm operator becomes the analogue of
Vovk’s outer measure in our infinite discrete time model-free approach, if
restricted to indicator functions.

We show that Leinert’s continuity condition, which is required for the
continuous extension step, is equivalent to a concept of absence of strict
model-independent arbitrage (cp. [1, 17]) in a suitable class of general-
ized strategies. This concept of absence of arbitrage may be considered as
a minimal condition for a ‘reasonable’ trajectory set in our context. The
countably subadditive norm operator also induces a notion of null sets in a
canonical way. We illustrate by an example that Leinert’s continuity con-
dition is not sufficient to guarantee absence of arbitrage with buy-and-hold
strategies if these null sets are considered as negligible. Mathematically,
this type of arbitrage can arise because the norm operator may fail to co-
incide with the (outer) integral on the set of positive integrable functions,
indicating that superhedging operators defined in the spirit of Vovk’s outer
measure may be inadequate for pricing purposes in such situations. We
explain that absence of arbitrage with respect to the null sets of the norm
operator can be obtained under König’s stronger continuity condition on the
elementary integral, which has been studied in detail in the abstract setting
of non-lattice integration in [25]. Under König’s condition, the extended
integral can also be interpreted as a linear, strictly positive pricing system
on a suitable subspace of all financial positions. Compare e.g. [8, 23, 29]
for axiomatic approaches to pricing systems, but note that their results do
not apply in our setting which lacks the lattice property. The development
of conditional non-lattice integrals that may substitute conditional expec-
tations for pricing purposes in our framework is detailed in the companion
paper [6].

The paper is organized as follows: In Section 2, we introduce the tra-
jectory-based financial market model. In Sections 3 and 4, we review Lein-
ert’s and König’s constructions of non-lattice integration in our financial
context. In particular, we point to the importance of König’s continuity
condition when considering the ‘superhedging null sets’ of the norm opera-
tor as negligible sets for pricing purposes and for absence of arbitrage. The
remaining sections are devoted to the derivation of sufficient conditions for
König’s continuity condition. In Section 5, we prove that a conditional ver-
sion of Leinert’s condition (when restarting the model at any later time)
implies the conditional version of König’s condition, although such an im-
plication is not true for the unconditional counterparts. Finally, in Section
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6, we establish some connections to the existence of martingale measures.
We show that the existence of a martingale measure with a tree-like support
implies Leinert’s condition, while neither does the converse hold nor does
the existence of a martingale measure with a tree-like support imply König’s
condition. Nonetheless, we can apply martingale arguments in conjunction
with the results of Section 5 to prove an easy-to-check sufficient criterion for
König’s condition and, thus, for a satisfactory arbitrage theory with respect
to the collection of null sets which is intrinsically connected to the trajectory
set by the superhedging norm: It requires that trajectories cannot strictly
increase (or, decrease) in all possible scenarios for the next time step and,
additionally, a simple (topological) completeness property of the trajectory
set.

2 The financial market

For simplicity, we consider a financial market in discounted units, in which
one can trade in a constant bond and one stock in discrete, but infinite time.
Given an initial price s0 ∈ R of the stock, the conceivable evolutions of the
stock price over time are collected in a set of trajectories S which can be
any subset of the space of real valued sequences (Sj)j∈N0 such that S0 = s0.

As usual, a simple portfolio consists of an initial endowment V ∈ R,
a maturity n ∈ N, and a finite sequence H of functions Hi : S → R,
0 ≤ i ≤ n − 1 which models the numbers of shares held by the investor in
the stock between time i and i+ 1. We assume throughout the paper, that
simple portfolios are nonanticipating in the sense that Hi can be represented
in the form

Hi(S) = hi(S0, . . . , Si), S ∈ S,
for some function hi : Ri+1 → R. We emphasize that we do not assume that
the functions hi are Borel-measurable. So our class of simple portfolios is
larger than the one usually considered in probabilistic finance, and we refer
to [9] for the discussion of some subtle measurability issues in pointwise arbi-
trage theory. We note that various portfolio restrictions can be incorporated
into the theory of non-lattice integration for model-free finance as detailed
in [6], but in the present paper we consider all nonanticipating portfolios as
admissible. The self-financing condition entails that the wealth process of a
simple portfolio is given by

ΠV,n,H
j (S) = V +

min{j,n}−1∑
i=0

Hi(S)(Si+1 − Si), j ∈ N0, S ∈ S.

Note that the limit ΠV,n,H
∞ := limj→∞ΠV,n,H

j = ΠV,n,H
n always exists. We

call a simple portfolio positive, if V ≥ 0 and if for every S ∈ S,

ΠV,n,H
∞ (S) ≥ 0.
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A generalized portfolio consists of a sequence (Vm, nm, Hm)m∈N0 of simple
portfolios, such that (Vm, nm, Hm) is positive for everym ≥ 1. If additionally
ΠV0,n0,H0
j ≡ 0 for every j ∈ N0, we speak of a positive generalized portfolio

and sometimes write (Vm, nm, Hm)m∈N instead of (Vm, nm, Hm)m∈N0 . We
say that a financial position f , i.e. a map f : S → [−∞,+∞], can be
superhedged by a (positive) generalized portfolio with initial endowment V ∈
(−∞,+∞], if there is a (positive) generalized portfolio (Vm, nm, Hm)m∈N0

such that for every S ∈ S

f(S) ≤
∞∑
m=0

ΠVm,nm,Hm
∞ (S) and V =

∞∑
m=1

Vm.

Note that the series above converge in (−∞,+∞].
We now consider the superhedging operators

Ī(f) = inf{V ∈ [0,+∞] : f can be superhedged by a positive generalized

portfolio with initial endowment V }

defined on the positive financial positions f : S → [0,+∞] and

σ̄(f) = inf{V ∈ (−∞,+∞] : f can be superhedged by a generalized

portfolio with initial endowment V }

defined on all financial positions f : S → [−∞,+∞].

Remark 2.1. The mapping A 7→ Ī(1A) defined on the power set of S can
be viewed as the analogue of Vovk’s outer measure [31, 32] in our context.
We here already point to the subtlety that, depending on the choice of
the trajectory set S, the superhedging operators σ̄ and Ī need not coincide
on the set of positive financial positions, see Example 3.8 below. As Ī is
countably sub-additive and σ̄ is, in general, only finitely subadditive, we shall
define null sets in terms of Ī, following the standard procedure in non-lattice
integration [26, 25] and in continuous time model-free finance, e.g. [32, 27, 2].
However, by resorting to the theory of non-lattice integration in our financial
context, we shall argue in the next section that, in general, σ̄ acts as the outer
superhedging integral, which should be applied for option pricing, while the
role of Ī is to induce a norm which is used for the continuous extension of
pricing beyond simple strategies.

We say that the trajectory set S admits a model-independent arbitrage
in the class of generalized portfolios, if there is a financial position f such
that f(S) > 0 for every S ∈ S and such that f can be superhedged by a
generalized portfolio with initial endowment 0. If one can choose f ≡ 1, we
will speak of a strict model-independent arbitrage. The rationale of a model-
independent arbitrage is that it always persists, even if at a later stage of
the modelling process some trajectories in S are judged as ‘implausible’
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(e.g., by introducing null sets) and arbitrage considerations are restricted
to a reduced trajectory set. We emphasize that several notions of ‘model-
independent arbitrage’ can be found in the literature. Our definition of
model-independent arbitrage follows the one in [1], while our definition of
strict model-independent arbitrage is closely related to the notion of model-
independent arbitrage introduced in [17]. For a more detailed discussion on
various notions of no arbitrage under model uncertainty in discrete time, we
refer to [10].

The previous considerations suggest that absence of a strict model-inde-
pendent arbitrage in the class of generalized portfolios is a minimal require-
ment for any ‘reasonable’ trajectory set, if we accept the idealization of gen-
eralized portfolios. The following proposition provides a simple equivalent
characterisation in terms of the superhedging operator σ̄.

Proposition 2.2. There is no strict model-independent arbitrage in the
class of generalized portfolios, if and only if

(L) σ̄(0) ≥ 0.

We refer to (L) as Leinert’s condition, as it turns out to be equivalent to
the continuity condition imposed in his general theory of non-lattice integra-
tion [26], see Proposition 3.3 below. Since the converse inequality σ̄(0) ≤ 0
is always satisfied, (L) is also equivalent to σ̄(0) = 0.

Proof. Suppose first that σ̄(0) < 0. Then 0 can be superhedged by a gen-
eralized trading strategy (Vm, nm, Hm)m∈N0 with initial endowment −ε for
some ε > 0. After rescaling the portfolio by the constant factor 1/ε, we may
assume that ε = 1. Hence, shifting V0 by +1, we come up with a generalized
portfolio which guarantees a payoff of at least 1 in every conceivable sce-
nario with zero initial endowment. Now suppose that there is a strict model
dependent arbitrage (Vm, nm, Hm)m∈N0 in the class of generalized portfolios.
Shifting V0 by -1, we obtain a superhedge for 0 in the same class with initial
endowment -1. Hence, σ̄(0) ≤ −1.

Remark 2.3. A simple sufficient condition for (L) is that the trajectory set
S contains the constant trajectory Sconst = (s0, s0, . . .), because whenever 0
is superhedged by a generalized portfolio (Vm, nm, Hm)m∈N0 , we obtain

0 ≤
∞∑
m=0

ΠVm,nm,Hm
∞ (Sconst) =

∞∑
m=0

Vm,

i.e. the initial endowment of such a superhedge is nonnegative.

We close this section with some notation concerning conditional trajec-
tory spaces, which is required to restart the model at a later time: Suppose
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S ∈ S and j ∈ N0. If the stock price follows the trajectory S up to time j,
i.e. if the initial trajectory (S0, . . . , Sj) realizes, then the conditional space

S(S,j) = {S̃ ∈ S; (S̃0, . . . S̃j) = (S0, . . . , Sj)}

consists of all conceivable trajectories which are compatible with the realized
initial segment of the trajectory. We occasionally refer to conditional spaces
as nodes, when the focus is on the local (in time) behaviour of the trajectories
in S(S,j).

For a given conditional space S(S,j), we may think of restarting the mar-
ket at time j in this situation, i.e. we throw away the past by shifting the
time indices and obtain the shifted conditional space

S(S,j) = {(S̃j+i)i∈N0 ; S̃ ∈ S(S,j)}.

All constructions above and in the remainder of this paper can be done with
a shifted conditional space in place of the original trajectory set. We say
that the trajectory set S satisfies a property Q at every node, if this property
is satisfied by S(S,j) for every S ∈ S and j ∈ N0. For instance, we say that
S satisfies the Leinert condition at every node – and write (nL) for this
property –, if each of the shifted conditional spaces S(S,j) satisfies (L).

3 Non-lattice integration in the sense of Leinert

In the next two sections, we review some concepts of non-lattice integration
in the context of hedging prices in model-free finance. In a nutshell, the
starting point is a positive linear functional (‘elementary integral’) on a
vector space of ‘elementary integrands’, which is then to be extended to a
larger ‘L1-space’. The extension step can be done by exploiting continuity
of the elementary integral with respect to some appropriate semi-norm as in
Leinert’s approach or by introducing the notions of an outer and an inner
integral as in König’s approach. The crucial difficulty compared to the
classical Daniell theory is that the space of elementary integrands may fail
to have the lattice property.

In our financial context, we consider the space of all financial positions
which can be perfectly hedged by a simple portfolio

E = {f = ΠV,n,H
∞ : (V, n,H) simple portfolio}

as the space of elementary integrands and denote the subset of the positive
positions in E by

E+ = {f ∈ E : f(S) ≥ 0 for every S ∈ S}.

Clearly, E forms a vector space, but it fails to have the lattice property in
typical situations except in binary models, as illustrated by the following
example.
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Example 3.1. Suppose that the range of stock prices at time 1 contains at
least three different values, i.e. there are trajectories S(−), S(0), S(+) ∈ S
such that S

(−)
1 < S

(0)
1 < S

(+)
1 . Consider f ∈ E given by

f(S) = (S1 − S(0)
1 ) = (S0 − S(0)

1 ) + (S1 − S0), S ∈ S.

We now assume that |f | ∈ E , i.e. there is a simple portfolio (V, n,G) such
that

|f(S)| = V +
n−1∑
i=0

Gi(S)(Si+1 − Si), S ∈ S

We distinguish two cases:

(1) We may take n = 1, i.e. for every S ∈ S: |f(S)| = V + G0(S1 − s0).
Then,

0 = |f(S(0))| = V +G0(S
(0)
1 − s0)

and, consequently,

|f(S)| = G0(S1 − S(0)
1 ), S ∈ S.

If G0 6= 0, then G0(S1 − S(0)
1 ) < 0 for one of the choices S ∈ {S(−), S(+)},

a contradiction. If G0 = 0, then f(S
(−)
1 ) = 0 and, thus, S

(−)
1 = S

(0)
1 , which

also leads to a contradiction.

(2) There is an S∗ ∈ S such that |f(S∗)| 6= V + G0(S
∗
1 − S∗0). Let a :=

|f(S∗)|−(V +G0(S
∗
1−S∗0)). In the shifted conditional space S(S∗,1), consider

the simple portfolio (0, n− 1, H), where

Hi(S̃0, . . . , S̃i) =
1

a
Gi+1(S

∗
0 , S̃0, . . . S̃i), S̃ ∈ S(S∗,1), i = 0, . . . n− 1.

Since (S∗0 , S̃0, . . . S̃n−1) = (S0, . . . , Sn) for some S ∈ S and S̃0 = S∗1 , the
terminal wealth of this simple portfolio equals

1

a

n−1∑
i=1

Gi(S
∗
0 , S̃0, . . . S̃i−1)(S̃i − S̃i−1) =

1

a
(|f(S∗)| − V +G0(S

∗
1 − S∗0)) = 1

for every S̃ ∈ S(S∗,1). Hence, the shifted conditional space S(S∗,1) is not free
of strict model-independent arbitrage with simple strategies.

In conclusion, E can only have the lattice property, if S fails to have the
property of being free of strict model-independent arbitrage at every node
with simple strategies, or if the trajectory set has a binary structure.

Suppose now that the following trajectory-wise version of the law of one
price holds for simple portfolios:
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(LOP) If (Vm, nm, Hm), m ∈ {0, 1}, are simple portfolios such that

ΠV1,n1,H1
∞ (S) = ΠV0,n0,H0

∞ (S)

for every S ∈ S, then V1 = V0.

Then, the hedging price functional for elements in E (with trading re-
stricted to simple portfolios) is a well-defined linear operator:

I : E → R, ΠV,n,H
∞ 7→ V.

If, moreover, I is a positive functional, i.e. I(f) ≥ 0 for every f ∈ E+, we
can re-write

Ī(f) = inf{
∞∑
m=1

I(fm) : (fm)m∈N in E+,
∞∑
m=1

fm ≥ f}, (1)

σ̄(f) = inf{
∞∑
m=0

I(fm) : f0 ∈ E , (fm)m∈N in E+,
∞∑
m=1

fm ≥ f}. (2)

The following elementary lemma will be used in the characterisation of
Leinert’s condition (L).

Lemma 3.2. (LOP) holds and I is positive, if and only if the following
monotonicity condition is in force:

(MON) If (Vm, nm, Hm), m ∈ {0, 1}, are simple portfolios such that

ΠV1,n1,H1
∞ (S) ≥ ΠV0,n0,H0

∞ (S)

for every S ∈ S, then V1 ≥ V0

We refer to [19, 6] for an easy-to-check sufficient condition for (MON)
in terms of the local behaviour of the trajectories, which is called local-zero
neutrality.

Proposition 3.3. The following assertions are equivalent:

1. The Leinert condition (L) holds.

2. The trajectory-wise (LOP) holds, the hedging price functional I is pos-
itive and satisfies the following continuity condition: For every f ∈ E

I(f) ≤ Ī(f+)

Moreover, σ̄(f) = I(f) for every f ∈ E and Ī(f) = I(f) for every f ∈ E+,
if one (and then both) of these two equivalent conditions holds.
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Proof. ‘1. ⇒ 2.’: We suppose that (L) is in force, i.e. σ̄(0) ≥ 0. We
first verify the monotonicity condition (MON): To this end, we may assume
without loss of generality that n0 = n1 (by passing to max{n0, n1} if neces-
sary). Consider the simple strategy (V, n,H) = (V1−V0, n0, H1−H0) which
satisfies

ΠV,n,H
∞ (S) = ΠV1,n1,H1

∞ (S)−ΠV0,n0,H0
∞ (S) ≥ 0

for every S ∈ S. Hence, V = V1−V0 ≥ σ̄(ΠV,n,H
∞ ) ≥ σ̄(0) ≥ 0. Consequently,

by Lemma 3.2, the law of one price holds and I is positive. We now turn to
the representations of I in terms of σ̄ and Ī and to the continuity condition:
Let f ∈ E and consider any f0 ∈ E , (fm)m∈N in E+ such that f ≤

∑∞
m=0 fm

on S, or equivalently, with f ′0 := f0 − f ,

0 ≤ f ′0(S) +
∞∑
m=1

fm(S)

for every S ∈ S. Hence,

I(f ′0) +

∞∑
m=1

I(fm) ≥ σ̄(0) ≥ 0.

By linearity of I,

I(f) ≤
∞∑
m=0

I(fm)

Taking the infimum over the fm’s (with the properties specified above) yields

I(f) ≤ σ̄(f).

For the other inequality, choose f0 = f and fm = 0 for m ∈ N, implying

σ̄(f) ≤
∞∑
m=0

I(fm) = I(f).

Hence, the property I(f) = σ̄(f) for every f ∈ E is established under the
assumption (L). Then, the continuity condition in 2. follows by

I(f) = σ̄(f) ≤ σ̄(f+) ≤ Ī(f+).

Moreover, for every f ∈ E+,

I(f) = σ̄(f) ≤ Ī(f) ≤ I(f).

‘2. ⇒ 1.’: Suppose f0 ∈ E and (fm)m∈N in E+ such that 0 ≤
∑∞

m=0 fm.
Then, applying the continuity condition for f = −f0,

I(f) ≤ Ī(f+) ≤ Ī(

∞∑
m=1

fm) ≤
∞∑
m=1

I(fm).
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Linearity of I implies
∞∑
m=0

I(fm) ≥ 0.

Passing to the infimum, we obtain σ̄(0) ≥ 0.

We now extend the hedging functional I to a wider class of financial
positions following Leinert’s construction of a non-lattice integral [26] under
the assumption (L):

1. Define for any financial position f : S → [−∞,+∞]

‖f‖ := Ī(|f |) (3)

and call f a null function, if ‖f‖ = 0. A null set is any set A ⊂ S such
that the indicator function of A is a null function, and a property is
said to hold almost everywhere (a.e.), if it is valid outside a null set.
Thanks to the countable subadditivity of Ī, we can manipulate null
functions and null sets in the usual way.

2. The space F of all real-valued financial positions f : S → (−∞,+∞)
such that ‖f‖ < ∞ can be shown to be complete endowed with the
semi-norm ‖ · ‖. (It, thus, becomes a Banach space, if we identify
functions which only differ by a null function).

3. Denote by E ′ the space of financial positions f in E such that ‖f‖ <
∞. As (L) holds, Proposition 3.3 implies that the restriction of the
hedging price functional I to E ′ is continuous with respect to ‖ · ‖ and
thus uniquely extends to a continuous linear functional defined on the
closure of E ′ with respect to the norm ‖ · ‖.

4. Denoting this closure by L1(L), we call this unique extension (in our

particular financial context) the hedging price integral in the sense of
Leinert : ∫

(L)
: L1L → R, f 7→

∫
(L)

f

It satisfies, for every f ∈ L1(L),∫
(L)

f = σ̄(f), (4)

i.e. the hedging price integral in the sense of Leinert is the restriction
of the superhedging operator σ̄ to the linear subspace L1(L). Note that,

by construction, any null function h belongs to L1(L) and
∫
(L) h = 0.

We write (L1(L))
+ for the subset of positive financial positions in L1(L).
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Equations (3)–(4) explain, why we should think of the superhedging
operator Ī as a norm and of σ̄ as an outer integral, respectively.

We collect some properties of the hedging price integral, which follow
immediately by the construction and by Proposition 3.3.

Proposition 3.4. Suppose (L). Then the hedging price integral
∫
(L) : L1L →

R is a linear, positive, continuous (w.r.t. ‖ · ‖), and constant-preserving
operator.

The hedging price integral, thus, always shares all the properties of a
linear price system induced by an equivalent martingale measure in the
classical probabilistic framework except for the strict positivity which is
formulated with respect to the null sets of the reference probability measure
in the probabilistic framework. A model-free version of strict positivity can
be formulated with reference to the null functions of the semi-norm ‖ · ‖ in
the following way.

Definition 3.5. Suppose (L). The hedging price integral
∫
(L) is said to be

strictly positive, if for every f ∈ (L1(L))
+

∫
(L)

f = 0 ⇒ f is a null function.

Remark 3.6. Suppose that
∫
(L) is strictly positive and that f, g ∈ L1(L) are

two financial positions such that f ≥ g almost everywhere (w.r.t. to the null
sets of ‖ · ‖), but which are assigned the same price by the hedging price
integral, i.e.

∫
(L) f =

∫
(L) g. We are going to show that f = g a.e., which is

the usual way to formulate strict positivity of a price system.
As the positive part (g− f)+ of g− f is then a null function, we observe

that h = f − g + (g − f)+ ∈ (L1(L))
+ and∫

(L)
h =

∫
(L)

f −
∫
(L)

g = 0

By strict positivity, h is a null function and then so is f−g, because ‖f−g‖ ≤
‖h‖+ ‖(g − f)+‖ = 0. Thus, f = g a.e.

With a notion of negligibility in terms of ‖ · ‖-null sets at hand, we can
also define the following notion of arbitrage, cp. [12].

Definition 3.7. A generalized portfolio (Vm, nm, Hm)m∈N0 is said to be an
arbitrage with respect to the ‖ · ‖-null sets, if

∑∞
m=0 Vm = 0,{

S :
∞∑
m=0

ΠVm,nm,Hm
∞ (S) < 0

}

12



is a null set (w.r.t. ‖ · ‖) and{
S :

∞∑
m=0

ΠVm,nm,Hm
∞ (S) > 0

}
is not a null set (w.r.t. ‖ · ‖).

In the special case of a simple portfolio, this notion of an arbitrage with
respect to the ‖ ·‖-null sets simplifies as follows: A simple portfolio (V, n,H)
is an arbitrage with respect to the ‖ · ‖-null sets, if V = 0, ΠV,n,H

∞ ≥ 0
almost everywhere, and if {S : ΠV,n,H

∞ (S) > 0} is not a null set. This notion
of arbitrage is analogous to the classical one, replacing the null sets of the
reference probability measure by the null sets induced by the superhedging
functional Ī.

The following example demonstrates that the Leinert condition (L) alone
is neither sufficient to guarantee the strict positivity of the hedging price
integral nor to obtain absence of arbitrage with respect to the ‖ · ‖-null sets.

Example 3.8. We consider the following trajectory set: Trajectories start at
value 1. Between time 0 and time 1 they can move either up or down. If
they move up, they have value 2 at time 1. At later times, trajectories in
this up-node behave as follows: They stay constant at value 2 for some time
but eventually jump up to 4. If trajectories move down between time 0 and
1, they can attain any value 1−1/n, n ≥ 1, at time 1 and stay at that value
forever. Formally

S = {S(u,n), S(d,n) : n ∈ N}

where

S
(u,n)
0 = 1, S

(u,n)
1 = 2, S

(u,n)
i = 2 for i < n+ 1, and S

(u,n)
i = 4 for i ≥ n+ 1

and
S
(d,n)
0 = 1, S

(d,n)
i = 1− 1/n for i ≥ 1.

Notice that E is not a vector lattice for this trajectory set S by Example
3.1. We denote the ‘up-node’ at time 1 by Su = {S(u,n), n ∈ N} = {S ∈
S : S1 > S0} and the ‘down-branch’ at time 1 by Sd = {S(d,n), n ∈ N} =
{S ∈ S : S1 < S0}.
(1) We first show that the Leinert condition σ̄(0) ≥ 0 is satisfied: Consider
ΠVm,nm,Hm
∞ ∈ E+, m ∈ N, and ΠV0,n0,H0

∞ ∈ E such that

F :=
∞∑
m=0

ΠVm,nm,Hm
∞ ≥ 0.

We need to show that
∑∞

m=0 Vm ≥ 0, for which we may and do assume that∑∞
m=1 Vm < +∞. On the one hand, note that for every m ≥ 1

Vm +Hm,0 = Vm +Hm,0(S
(u,nm)
1 − S(u,nm)

0 ) = ΠVm,nm,Hm
∞ (S(u,nm)) ≥ 0,

13



as the trajectory S(u,nm) stays constant between times 1 and nm. Hence,∑∞
m=0Hm,0 converges in (−∞,+∞]. On the other hand, all trajectories in

the down-branch stay constant after time 1. Hence

0 ≤ F (Sd,n) =

∞∑
m=0

(
Vm −

Hm,0

n

)
, n ∈ N, (5)

(including convergence of the series for every n ∈ N, possibly with value
+∞). Thus,

∑∞
m=0Hm,0 converges in [−∞,+∞). In conclusion,

∑∞
m=0Hm,0

converges in the reals, and (5) can then be rewritten as

∞∑
m=0

Vm ≥
1

n

∞∑
m=0

Hm,0.

Passing with n to infinity, implies that
∑∞

m=0 Vm ≥ 0 and concludes the
proof of the Leinert condition (L).

(2) We now consider a straddle with maturity T = 1 struck at K = 1, i.e.

g(S) = |S1 − 1|, S ∈ S,

which is strictly positive on S. We claim that g ∈ L1(L) and
∫
(L) g = σ̄(g) = 0,

i.e. the hedging price integral trades this (strictly positive) straddle for a
price of zero, which does not make sense from a financial point of view.

In order to show these assertions, we consider

g1(S) = −(S1 − S0), g2(S) = 2 · 1Su(S), S ∈ S,

which satisfy g = g1+g2. Obviously, g1 ∈ E ′ with σ̄(g1) = I(g1) = 0. Hence,
it is sufficient to show that g2 is a null function. We can write, however,

g2 =

∞∑
m=1

(Sm+1 − Sm) =:

∞∑
m=1

fm

where each fm belongs to E+ (as it takes values in {0, 2} only) with I(fm) =
0. Thus, ‖g2‖ = Ī(g2) = 0.

(3) We will next show that Ī(g) > 0 and, hence, g is not a null function. This
completes the proof that the hedging price integral is not strictly positive in
this example. Suppose on the contrary, that Ī(g) = 0. Then, by Proposition
3.3 and by the countable subadditivity of Ī

1 = I(1) = Ī(1) ≤ Ī(
∞∑
m=1

g) ≤
∞∑
m=1

Ī(g) = 0,

a contradiction.

(4) Let us reconsider the findings of this example from an arbitrage point of
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view. We claim that, in this example, the simple portfolio with zero initial
endowment, which shortens one share of stock up to time 1 (V = 0, n = 1,
H0 = −1) is an arbitrage with respect to the ‖ · ‖-null sets. By part (2) of
this example, Su is a null set, while for S ∈ Sd the terminal wealth of this
simple portfolio is S0 − S1 > 0. Finally, the set Sd is not a null set, since

1 = I(1) = σ̄(1) ≤ σ̄(1Sd) + σ̄(1Su) = σ̄(1Sd) ≤ Ī(1Sd) ≤ 1.

Here, we applied Proposition 3.3 for the second identity and note that
σ̄(1Su) = 0, because 0 ≤ σ̄(0) ≤ σ̄(1Su) ≤ Ī(1Su) = 0.

From a mathematical point of view, the previous example illustrates the
inconsistency that the superhedging operators Ī and σ̄ may fail to coincide
on the set (L1(L))

+. This is obviously the only way, how to break the strict
positivity of the hedging price integral:

Proposition 3.9. Suppose (L). If Ī(f) = σ̄(f) for every f ∈ (L1(L))
+,

then the hedging price integral
∫
(L) : L1L → R is strictly positive (and, thus,

qualifies as a linear price system).

Proof. The proof is immediate, since then∫
(L)

f = σ̄(f) = Ī(f) = ‖f‖

for every f ∈ (L1(L))
+.

4 Non-lattice integration in the sense of König

The discussion in the previous section motivates to strengthen Leinert’s con-
tinuity condition in a way that the superhedging operators Ī and σ̄ coincide
on a sufficiently rich class of positive financial positions, in order to obtain
a sound interpretation of the integral as a linear price system. This prob-
lem has been addressed by König [25] in the general theory of non-lattice
integration.

In our context, we say that a financial position f : S → [−∞,+∞] has
maturity n, if f only depends on S through the initial segment (S0 . . . , Sn).
f is said to have finite maturity, if it has maturity n for some n ∈ N0.

Proposition 4.1. The following assertions are equivalent:

1. Ī(f) = σ̄(f) for every positive financial position f : S → [0,+∞].

2. Ī(f) = σ̄(f) for every positive and real valued financial position f :
S → [0,+∞) with finite maturity.
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3. (LOP) and König’s continuity condition

(K) I(f) + Ī(f−) ≤ Ī(f+), f ∈ E

hold.

Moreover, each of the three conditions implies (L).

Proof. ‘3. ⇒ 1.’: We first show that (K) implies that I is a positive func-
tional. Indeed, for f ∈ E , we may apply (K) to f and −f in order to obtain

I(f) + Ī(f−) = Ī(f+).

If f ∈ E+, the previous equality yields I(f) = Ī(f) ≥ 0. Given the positivity
of I, the implication ‘3. ⇒ 1.’ has been shown by König [25] in a more
general context.

The implication ‘1. ⇒ 2.’ is trivial.

It remains to prove that 2. implies (L) and 3.: Applying 2. to the function
f ≡ 0 yields σ̄(0) = Ī(0) = 0, and, thus, (L). However, (L) implies (LOP) by
Proposition 3.3. In order to prove (K), we may and do assume that Ī(f+) <
∞ and denote by (Vm, nm, Hm)m∈N a positive generalized portfolio which
superhedges f+. As −f = ΠV0,n0,H0

∞ for some simple portfolio (V0, n0, H0),
the generalized portfolio (Vm, nm, Hm)m∈N0 is a superhedge for f− and, thus,

σ̄(f−) ≤ −I(f) + Ī(f+) <∞.

Noting that f− inherits the finite maturity from f , we obtain σ̄(f−) = Ī(f−),
and the proof of (K) is complete.

Remark 4.2. The previous Proposition shows that (LOP) and (K) imply
(L). However, (L) does not imply (K) in general. Example 3.8 applies as a
counterexample.

We next review König’s construction of a non-lattice integral [25] in our
context and, for the moment, only assume that (L) is in force:

1. Recall that σ̄ can be interpreted as an outer integral, which motivates
to consider the inner integral

σ(f) = −σ̄(−f)

for every financial position f : S → [−∞,+∞]. Then, (L) ensures that
the inequality σ(f) ≤ σ̄(f) is valid for every financial position f by
[25, Bemerkung 1.5], where both sides of the inequality may be +∞.

2. We write L1(K) for the space of all real-valued financial positions f such

that σ(f) = σ̄(f) ∈ (−∞,+∞). Then, the restriction of σ̄ to L1(K) is

a linear mapping [25, Behauptung 2.1], which we denote by∫
(K)

: L1(K) → R, f 7→ σ̄(f).
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In our context, we call it the hedging price integral in the sense of
König.

3. Note that E ⊂ L1(K) by Proposition 3.3 and that L1(L) ⊂ L
1
(K) by the

vector space property of L1(L). Hence, König’s integral construction
extends Leinert’s one to a possibly larger class of integrands.

If the continuity condition (K) is imposed, König’s integral satisfies the
following properties.

Theorem 4.3. Assume (LOP) and (K). Then,
∫
(K) : L1(K) → R is a lin-

ear, positive, constant-preserving extension of I, which satisfies the following
continuity condition: If f, fn ∈ L1(K), then

lim
n→∞

‖fn − f‖ = 0 ⇒ lim
n→∞

∫
(K)

fn =

∫
(K)

f.

Moreover,
∫
(K) is strictly positive in the following sense: If f, g ∈ L1(K) are

two financial positions such that f ≥ g almost everywhere (w.r.t. to the null
sets of ‖ · ‖), but which are assigned the same price by the hedging price
integral, i.e.

∫
(K) f =

∫
(K) g, then f = g almost everywhere.

Hence, the hedging price integral in the sense of König qualifies as a
linear price system.

Proof. The first three properties are elementary. Continuity is stated in [25],
Satz 2.9. Finally, the strict positivity is a consequence of Proposition 4.1
following the arguments in Proposition 3.9 and Remark 3.6.

The domain of the non-lattice integral
∫
(K) under assumption (K) has

been characterized in [25]. Denote by M the class of financial positions f ,
which can be written in the form f =

∑∞
m=1 fm where (fm)m∈N is a sequence

in E+ and
∑∞

m=1 I(fm) <∞.

Theorem 4.4. Assume (LOP) and (K). Then, for every real-valued finan-
cial position f the following assertions are equivalent:

1. f ∈ L1(K).

2. There is a sequence (fm) in E such that

lim
m→∞

‖fm − f‖ = 0.

3. f has a representation of the form

f = g + h1 − h2 a.e.,

where g ∈ E and h1, h2 ∈M.
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We close this section by observing that König’s condition rules out arbi-
trage with respect to the ‖ · ‖-null sets.

Theorem 4.5. Suppose (LOP) and (K) are in force. Then there is no
arbitrage with respect to the ‖·‖-null sets in the class of generalized portfolios.

Proof. Suppose that (Vm, nm, Hm)m∈N0 is a generalized portfolio with zero
initial endowment, i.e. V :=

∑∞
m=0 Vm = 0. By the previous theorem,

the terminal wealth of this generalized portfolio V∞ :=
∑∞

m=0 ΠVm,nm,Hm
∞

belongs to L1(K) and
∫
(K) V∞ = 0 by the continuity property in Theorem

4.3, since for M ≥ 1

‖V∞−
M∑
m=0

ΠVm,nm,Hm
∞ ‖ ≤

∞∑
m=M+1

Ī(ΠVm,nm,Hm
∞ ) =

∞∑
m=M+1

Vm → 0 (M →∞).

If V∞ ≥ 0 almost everywhere (w.r.t. to the null sets of ‖·‖), then V∞ is a null
function by the strict positivity in Theorem 4.3, and, thus, {S : V∞(S) > 0}
is a null set. Hence, (Vm, nm, Hm)m∈N0 is not an arbitrage with respect to
to the ‖ · ‖-null sets.

5 On the relation between Leinert’s and König’s
continuity condition

Theorem 4.3 shows that König’s continuity condition (K) is crucial to guar-
antee a meaningful interpretation of the hedging price integral as a linear
price system on L1(K). Moreover, by Theorem 4.5, condition (K) ensures that
a generalized portfolio can never be an arbitrage with respect to the null sets
induced by the superhedging functional Ī. However, Example 3.8 illustrates
that König’s continuity condition is not implied by Leinert’s condition in
general in our hedging and pricing context. Thus, the remaining sections
are devoted to the derivation of sufficient conditions for (K). As a first key
result in this direction, we prove in this section that the Leinert condition at
every node implies the König condition at every node, and, thus, in partic-
ular (K) for the original trajectory set S. We shall write (nL) and (nK) for
the nodewise versions of the two continuity conditions, i.e. when property
(L), resp. (K) is satisfied by the shifted conditional spaces S(S,j) for every
S ∈ S and j ∈ N0.

Theorem 5.1. The Leinert condition at every node (nL) implies the König
condition at every node (nK).

In combination with Remark 2.3, we arrive at the first simple sufficient
condition for (K). More general criteria will be provided in the next section.

Corollary 5.2. Conditions (LOP) and (K) hold, if, for every S ∈ S and
j ∈ N0, the stopped trajectory (Si∧j)i∈N0 belongs to S.
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Remark 5.3. Bartl et al. [2] argue that many relevant trajectory spaces
in continuous-time model-free finance are closed against stopping of tra-
jectories. In their continuous-time setting, they impose the condition that
stopped trajectories again belong to the trajectory space in order to avoid
additional admissibility conditions on the portfolios, cp. also Remark 2.15
in [3].

The proof of Theorem 5.1 requires several preparations. We start with
some definitions concerning the classifications of nodes, cp. [19].

Definition 5.4. Given a fixed trajectory set S, we say that a node S(S,j) is

an arbitrage node, if there is an ε ∈ {−1, 1} such that for every S̃ ∈ S(S,j)

ε(S̃j+1 − Sj) ≥ 0,

and the strict inequality holds for at least one S̃′ ∈ S(S,j). An arbitrage node
is called type I, if there is an S′ ∈ S(S,j) such that S′j+1 = Sj . Otherwise

it is called type II. A node S(S,j) is said to be flat, if S̃j+1 = Sj for every

S̃ ∈ S(S,j). Nodes which are neither flat nor arbitrage nodes will be called
up-down nodes.

We denote

N := {S ∈ S : S(S,j) is an arbitrage node of type I

and Sj+1 6= Sj for some j ∈ N0}.
Nn := {S ∈ S : S(S,j) is an arbitrage node of type I

and Sj+1 6= Sj for some j ≤ n− 1}, n ∈ N.

Note that, if an arbitrage node of type II is reached, then a strictly
positive gain can be achieved in any continuation of the stock price by either
investing in the stock (ε = 1) or by shortening the stock (ε = −1) for one
time period. Similarly, a riskless gain can be achieved at arbitrage nodes
of type I, but it can be made strictly positive only along trajectories in the
set N . Finally, up-down nodes have at least one one-period continuation,
on which the stock price strictly increases, and one, on which it strictly
decreases.

The following proposition explains the behaviour of nodes in the reduced
trajectory set after removing the trajectories in Nn from S.

Proposition 5.5. Fix n ∈ N and consider

τ(S) := inf{j = 1, . . . , n : S(S,j−1) is arbitrage node of type I and

Sj 6= Sj−1} ∧ (n+ 1), S ∈ S.

Then, for every S ∈ S and i = 0, . . . , n,

τ(S) > i ⇒ ∃S̃∈S\Nn
: (S0, . . . , Si) = (S̃0, . . . , S̃i). (6)
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Moreover, in the reduced trajectory set S̃ := S \ Nn the nodes up to time
n− 1 can be classified as follows: For every i ≤ n− 1 and S ∈ S̃, the node
S̃(S,i) is up-down (resp. flat), if the node S(S,i) is up-down (resp. flat or
arbitrage of type I) in the original trajectory set.

Proof. We prove (6) by backward induction on i = n, . . . , 1. If τ(S) > n,
then S ∈ S̃, and so the statement is trivial for i = n. For the induction step
from i + 1 to i, assume that τ(S) > i. If even τ(S) > i + 1, the induction
hypothesis applies immediately. So we only need to consider the case τ(S) =
i + 1. Then, there is an S̄ ∈ S(S,i) such that S̄i+1 = Si, because S(S,i) is
an arbitrage node of type I. This implies τ(S̄) > i + 1 and, by induction
hypothesis, there is an S̃ ∈ S̃ such that (S̄0, . . . , S̄i+1) = (S̃0, . . . , S̃i+1).
Since the trajectories S and S̄ coincide up to time i, the induction step is
complete.

We now turn to the classification of the nodes in the reduced trajectory
set. If S ∈ S̃, j ≤ n − 1 and S(S,j) is an up-down node in the original

trajectory set, then there are S(1), S(2) ∈ S(S,j) such that S
(1)
j+1 > Sj and

S
(2)
j+1 < Sj . Since τ(S(ι)) > j + 1 (ι = 1, 2), Eq. (6) implies that we may

choose S̃(1), S̃(2) from S̃ which have the same initial segment as S(1), S(2)

up to time j + 1. Hence, S̃(S,j) is also an up-down node in the ‘reduced’

trajectory set. Similarly one can show that S̃(S,j) is a flat node, if S(S,j) is
flat or arbitrage of type I.

The proofs of the following (technical) lemmas can be found in the Ap-
pendix.

Lemma 5.6. If (nL) holds, then the trajectory set S has no arbitrage nodes
of type II and N is a null set.

Lemma 5.7. Fix n0 ∈ N. If S has no arbitrage nodes of type II up to time
n0−1 and (V, n,H) is a positive simple portfolio with maturity n ≤ n0, then
the value process satisfies ΠV,n,H

j (S) ≥ 0 for every j ∈ N0 and S ∈ S.

Lemma 5.8. If (nL) holds in the trajectory set S, then (nL) holds in each
of the shifted conditional spaces S(S,j).

The following lemma, which is concerned with the aggregation of gener-
alized portfolios and slightly extends Lemma 3 in [19], plays a crucial role
in the proof of Theorem 5.1.

Lemma 5.9. Fix n ∈ N. Suppose that S has no arbitrage nodes of type II
up to time n− 1, and that (Vm, nm, Hm)m∈N0 is a generalized portfolio such
that V :=

∑∞
m=1 Vm < ∞. Then, for every i ≤ n − 1 and S ∈ S \ Nn, the

series
∑∞

m=0Hm,i(Si+1 − Si) converges in the real numbers, and there is a
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finite sequence of nonanticipating functions (Gj)j≤n−1 such that for every
i ≤ n− 1 and S ∈ S \ Nn

Gi(S)(Si+1 − Si) =

∞∑
m=0

Hm,i(Si+1 − Si).

We are now ready to present the proof of Theorem 5.1.

Proof of Theorem 5.1. In view of Lemma 5.8, it is sufficient to prove (K) in
the original trajectory set S.

Suppose f : S → [0,+∞) is a financial position with finite maturity nf
and σ̄(f) < ∞. By Proposition 4.1 it is sufficient to show the following
property: Whenever (Vm, nm, Hm)m∈N0 is a generalized portfolio such that

∞∑
m=0

Vm <∞ and
∞∑
m=0

ΠVm,nm,Hm
∞ ≥ f on S, (7)

then there is a sequence (fm)m∈N in E+ such that

∞∑
m=1

I(fm) =
∞∑
m=0

Vm and
∞∑
m=1

fm ≥ f on S. (8)

As a first step we shall prove that we may assume without loss of gener-
ality that the generalized portfolio in (7) satisfies nm = nf for every m ∈ N0.
We argue as follows: Assume that there is a trajectory S∗ such that

f(S∗)−
∞∑
m=0

ΠVm,nm,Hm
nf

(S∗) > 0,

where convergence of the series in (−∞,+∞] is guaranteed by Lemmas 5.6
and 5.7.

Consider the following functions, each of which represents the terminal
wealth of a simple portfolios in the shifted conditional space S(S∗,nf )

g0(S) = (−f(S∗) + ΠV0,n0,H0
nf

(S∗))

+

n0−nf−1∑
i=0

H0,i+nf
(S∗0 , . . . , S

∗
nf−1, S0, . . . , Si)(Si+1 − Si),

gm(S) = ΠVm,nm,Hm
nf

(S∗)

+

nm−nf−1∑
i=0

Hm,i+nf
(S∗0 , . . . , S

∗
nf−1, S0, . . . , Si)(Si+1 − Si),

S ∈ S(S∗,nf ).
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Then, for every S ∈ S(S∗,nf ), S′ = (S∗0 , . . . , S
∗
nf
, S1, , S2, . . .) belongs to

S. Thus,

gm(S) = ΠVm,nm,Hm
nf

(S∗) +

nm−1∑
i=nf

Hm,i(S
′)(S′i+1 − S′i) = ΠVm,nm,Hm

∞ (S′) ≥ 0

for every m ≥ 1, and, similarly,

g0(S) = −f(S′) + ΠV0,n0,H0
∞ (S′),

since f has maturity nf . Hence,
∑∞

m=0 gm is the terminal wealth of a gener-
alized portfolio in the shifted conditional space S(S∗,nf ), which additionally
superhedges 0, because

∞∑
m=0

gm(S) = −f(S′) +

∞∑
m=0

ΠVm,nm,Hm
∞ (S′) ≥ 0

for every S ∈ S(S∗,nf ). Its initial endowment

−f(S∗) +
∞∑
m=0

ΠVm,nm,Hm
nf

(S∗)

is, however, negative. Hence the Leinert condition is violated in the shifted
conditional space S(S∗,nf ) – a contradiction to (nL). By passing from ΠVm,nm,Hm

∞
to ΠVm,nm,Hm

nf , if necessary, we may and do assume without loss of generality
that nm = nf for every m ∈ N0.

Now we denote S̃ = S \ Nnf
and consider

τ(S) := inf{j = 1, . . . , nf : S(S,j−1) is arbitrage node of type I and

Sj 6= Sj−1} ∧ (nf + 1), S ∈ S.

Thanks to Lemmas 5.9 and 5.6, we find functions gi : Ri+1 → R, i =
0, . . . , nf − 1, such that

∞∑
m=0

nf−1∑
i=0

Hm,i(S)(Si+1 − Si) =

nf−1∑
i=0

gi(S0, . . . Si) (Si+1 − Si), S ∈ S̃.

We now consider, for i = 0, . . . nf − 1,

Gi(S) :=

{
gi(S0, . . . , Si), if S(S,i) is up-down and τ(S) > i,

0, otherwise.

Then, the finite sequence (Gi)i=0,...,nf−1 is still nonanticipating and satisfies

∞∑
m=0

nf−1∑
i=0

Hm,i(S)(Si+1 − Si) =

nf−1∑
i=0

Gi(S) (Si+1 − Si), S ∈ S̃. (9)
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Define the function

f1(S) := (
∞∑
m=0

Vm) +

nf−1∑
i=0

Gi(S) (Si+1 − Si), S ∈ S.

Then, f1 ∈ E and by (7) and (9)

0 ≤ f(S) ≤ f1(S), S ∈ S̃.

We wish to show that f1 is positive, i.e. an element of E+, for which it
remains to show that f1 ≥ 0 on Nnf

. For S# ∈ Nnf
, the definition of the

Gi’s entails that

f1(S
#) = (

∞∑
m=0

Vm) +

τ(S#)−2∑
i=0

Gi(S
#) (S#

i+1 − S
#
i ).

Hence, by (6), for every S# ∈ Nnf
there is an j = 0, . . . , nf − 1 and an

S ∈ S̃ such that

f1(S
#) = (

∞∑
m=0

Vm) +

j−1∑
i=0

Gi(S) (Si+1 − Si) =: Πj(S).

Πj can be considered as the wealth process of a simple portfolio with non-
negative terminal wealth (f1)|S̃ on the ‘reduced’ trajectory set S̃. Since S̃
has no arbitrage nodes of type II up to time nf − 1 by Proposition 5.5 and
Lemma 5.6, Πj(S) ≥ 0 for every j = 0, . . . , nf −1 and S ∈ S̃ by Lemma 5.7.
This completes the proof that f1 ∈ E+.

To summarize, we have constructed an f1 ∈ E+ such that

f1 ≥ f1S̃ , I(f1) =

∞∑
m=0

Vm. (10)

We next consider the function

f2(S) =

nf−1∑
i=0

|Si+1 − Si| 1{S(S,i) is an arbitrage node of type I}.

Note that f2 ∈ E+ with I(f2) = 0, since it can be realized by starting with
zero initial endowment and holding either 1 or -1 shares of the stock for the
next time period, whenever the trajectory reaches an arbitrage node of type
I. As f2(S

#) > 0 for every S# ∈ Nnf
, we obtain in view of (10)

f1 +

∞∑
m=2

f2 ≥ f on S, I(f1) +

∞∑
m=2

I(f2) =

∞∑
m=0

Vm.

Hence, the sequence (f1, f2, f2, f2, . . .) satisfies (8).
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6 Martingale measures and complete trajectory
sets

In this section, we establish some connections between the classical notion
of existence of a martingale measure and the continuity conditions (L) and
(K) of non-lattice integration. We will focus on martingale measures which
have support on a tree in a suitable way.

To this end, we denote by RN0 the space of all real valued sequences
indexed by N0 and by B(RN0) its Borel σ-field (which is generated by cylin-
der sets). Writing A = B(RN0) ∩ S for the trace-σ-field of B(RN0) on the
trajectory set S, we may, thus, consider the measurable space (S,A). We
denote the coordinate process by

Ti : S → R, (Sj)j∈N0 7→ Si, i ∈ N0,

and note that each Ti is A-measurable.

Definition 6.1. We say that the trajectory set S has a martingale mea-
sure, if there is a probability measure Q on (S,A) such that the coordinate
process (Ti)i≥0 (which describes the stock price evolution) is a martingale
with respect to its natural filtration (Fi)i∈N0 , i.e. Fi := σ(T0, . . . , Ti) for
every i. The set of all such martingale measures for S is denoted by M. A
martingale measure Q ∈ M is said to have finite support at finite maturi-
ties, if there is a set S ′ ∈ A such that Q(S ′) = 1 and such that the set of
all nodes {S(S,j) : S ∈ S ′}, through which trajectories in S ′ pass at time
j, is a finite set for every j ∈ N0. We write M0 for the set of martingale
measures with finite support at finite maturities. For any fixed Q ∈ M, we
write ĀQ for the completion of the σ-field A by the null sets of Q and EQ[f ]
for the expectation with respect to Q of a ĀQ-measurable financial position,
provided it exists in [−∞,+∞]. Finally,

E∗Q[f ] := inf{EQ[h] : h ĀQ-measurable, f ≤ h on S, EQ[h] exists in

[−∞,+∞]}

stands for the outer expectation of any financial position f : S → [−∞,+∞].

The next theorem entails that the existence of a martingale measure with
finite support at finite maturities implies Leinert’s condition.

Theorem 6.2. Suppose M0 6= ∅. Then (L) holds and

sup
Q∈M0

E∗Q[|f |] ≤ σ̄(f) ≤ ‖f‖ (11)

for every financial position f .
Moreover, for every Q ∈M0, L1(K) ⊂ L

1(S, ĀQ, Q) and∫
(K)

f = EQ[f ], f ∈ L1(K).
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Remark 6.3. The converse of Theorem 6.2 fails. Leinert’s condition (L)
does not even imply the existence of a martingale measure. Example 3.8
applies as a counterexample. Indeed, we have already shown that (L)
holds. Now suppose that a martingale measure Q exists. Then the equation
EQ[1{Tn=2}(Tn+1 − Tn)] = 0 yields Q({S(u,n)}) = 0 for every n ∈ N, and,
thus, Q({Sd}) = 1. This in turn implies EQ[T1 − T0] < 0 – a contradiction
to the martingale property of T .

Proof of Theorem 6.2. Consider a simple strategy (V, n,H) and fix a mar-
tingale measure Q ∈ M0 with finite support at finite maturities. Then,
for every j ∈ N0 there are trajectories S̃1,j , . . . , S̃Kj ,j such that, for every
j ∈ N0, the nodes S(S̃1,j ,j), . . . ,S(S̃Kj,j ,j)

are pairwise disjoint and

Q

 Kj⋃
k=1

S(S̃k,j ,j)

 = 1.

Consider the functions

H̃j(S) :=

Kj∑
k=1

Hj(S̃
k,j)1S

(S̃k,j ,j)
(S), j = 0, . . . , n− 1.

Then, each of the functions Hj is Fj-measurable and bounded. Hence, the

stochastic process (ΠV,n,H̃
j )j≥0 is a martingale with respect to Q, since it is

a martingale difference of a bounded adapted process with respect to the
Q-martingale T . In particular,

V = EQ[ΠV,n,H̃
∞ ]. (12)

We now compare ΠV,n,H̃
∞ to the terminal payoff ΠV,n,H

∞ of the original simple
portfolio (V, n,H). Note that

ΠV,n,H
∞ (S)−ΠV,n,H̃

∞ (S)

=
n−1∑
j=0

Hj(S)−
Kj∑
k=1

Hj(S̃
k,j)1S

(S̃k,j ,j)
(S)

 (Sj+1 − Sj),

and, thus,

{S : ΠV,n,H
∞ (S) 6= ΠV,n,H̃

∞ (S)} ⊂
n−1⋃
j=0

S \ Kj⋃
k=1

S(S̃k,j ,j)

 .

The set on the right-hand side is a Q-null set in A, and, thus, the set on
the left-hand side is a Q-null set in ĀQ. Hence, ΠV,n,H

∞ ∈ L1(S, ĀQ, Q) and
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EQ[ΠV,n,H
∞ ] = EQ[ΠV,n,H̃

∞ ]. In view of (12), we have shown the following:
(LOP) holds, E ⊂

⋂
Q∈M0

L1(S, ĀQ, Q) and

EQ[g] = I(g), g ∈ E , Q ∈M0. (13)

By (13) and the classical Beppo-Levi theorem we obtain for every Q ∈ M0

and f : S → [−∞,+∞]

σ̄(f) = inf

{
EQ

[ ∞∑
m=0

fm

]
: f0 ∈ E , fm ∈ E+ (m ≥ 1), f ≤

∞∑
m=1

fm on S

}
≥ E∗Q[f ]

which implies (11) (up to the trivial inequality σ̄(f) ≤ ‖f‖). Choosing
f ≡ 0, we obtain σ̄(0) ≥ 0, i.e. Leinert’s condition (L) holds.

Since the inner expectation −E∗Q[−f ] is always dominated by the outer

expectation E∗Q[f ], we observe that for every Q ∈M0 and f ∈ L1(K)

E∗Q[f ] ≤ σ̄(f) = −σ̄(−f) ≤ −E∗Q[−f ] ≤ E∗Q[f ].

Hence, both the outer and the inner expectation of f under Q coincide with∫
(K) f . Therefore, f ∈ L1(S, ĀQ, Q) and

EQ[f ] =

∫
(K)

f.

The next example illustrates that the existence of a martingale measure
with finite support at finite maturities does not imply König’s condition (K)
in general.

Example 6.4. Consider the trajectory set

S = {S(u,n), S(d), S(0) : n ∈ N}

where S
(0)
i = 1 for every i ≥ 0,

S
(u,n)
0 = 1, S

(u,n)
1 = 2, S

(n)
i = 2 for i < n+ 1, and S

(n)
i = 4 for i ≥ n+ 1,

and
S
(d)
0 = 1, S

(d)
i = 0 for i ≥ 1.

The up-branch Su = {S(u,n) : n ∈ N} behaves as in Example 3.8, and
thus ‖1Su‖ = 0 by the same argument as there. If the stock price does not
increase between time zero and time one, it can either stay constant at its
initial value 1 forever (trajectory S(0)) or can decrease to the value 0 at time
1 and then stay at that value (trajectory S(d)). Clearly the point mass Q0
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on S(0) is the unique martingale measure for this trajectory set (noting that
uniqueness can be argued as in Remark 6.3), and it has finite support at
finite maturities. We are going to show that

σ̄(1{S(d)}) = 0, Ī(1{S(d)}) =
1

2
. (14)

In view of Proposition 4.1, this shows that König’s condition (K) is violated.
We now establish the first identity in (14). Since (L) is satisfied by Remark
2.3, we obtain σ̄(1{S(d)}) ≥ σ̄(0) ≥ 0. Now consider the following termi-

nal payoffs f0 ∈ E , fn ∈ E+, n ≥ 1, of simple portfolios with zero initial
endowment, which are given by

f0(S) = −(S1 − S0), fn(S) =
1

2
(Sn+1 − Sn), n ≥ 1

and satisfy
∞∑
m=0

fm = 1{S(d)}.

Hence, σ̄(1{S(d)}) ≤ 0. For the second identity in (14), suppose that (Vm, nm, Hm)m∈N
is a positive generalized portfolio with V :=

∑
m Vm <∞ such that

∞∑
m=1

ΠVm,nm,Hm
∞ (S) ≥ 1{S(d)}(S), S ∈ S.

By Lemmas 5.9 and 5.7, there is a constant G0 ∈ R such that

V +G0(S1 − S0) ≥ 1{S(d)}(S), S ∈ S,

since ΠVm,nm,Hm
∞ (S(d)) = ΠVm,nm,Hm

1 (S(d)). Inserting S = S(u,1) and S =
S(d) in the previous inequality, yields

V +G0 ≥ 0 and V −G0 ≥ 1.

Hence, V ≥ 1/2 and, consequently, Ī(1{S(d)}) ≥ 1/2. Finally, the simple
portfolio with initial endowment V = 1/2 and maturity n = 1, which short-
ens 1/2 shares of the stock (H0 = −1/2), leads to the terminal wealth

f(S) =
1

2
(1− S1 + S0) =


1, S = S(d),
1
2 , S = S(0),
0, S ∈ Su,

and, thus, superhedges 1{S(d)}. Therefore, Ī(1{S(d)}) ≤ 1/2, and the proof
of (14) is complete.

We note in passing, that the simple portfolio with terminal wealth−(S1−
S0) constitutes an arbitrage with respect to the ‖·‖-null sets in this example,
but not with respect to the null sets of the unique equivalent martingale
measure Q0.
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Despite of this counterexample, we can apply martingale arguments to
establish König’s continuity condition. The first result in this direction is
an immediate consequence of Theorems 6.2 and 5.1.

Corollary 6.5. If every shifted conditional space S(S,j) has a martingale
measure with finite support at finite maturities, then (nL) and (nK) hold.

Our final result provides simple-to-check sufficient conditions for the ex-
istence of a martingale measure with finite support at finite maturities in
every shifted conditional space, and thus for (K). It builds on the concept
of completeness of a trajectory set as introduced in [19]:

Given a sequence (Sn)n≥0 in S satisfying

Sni = Sn+1
i 0 ≤ i ≤ n, n ∈ N0, (15)

define
lim
n→∞

Sn := (Sii)i∈N0 .

We say that S is complete, if in such situation the limit limn→∞ S
n always

is a member of S.

Theorem 6.6. Suppose S is complete and has no arbitrage nodes of type
II. Then, M0 6= ∅, and (nL) and (nK) hold.

Proof. We first show that M0 6= ∅. The proof relies on a binomial tree
construction in conjunction with the Daniell-Kolmogorov extension theorem.

Let P0 be the Dirac measure on S0. Suppose Pn−1 is already constructed
as a probability measure on (Rn,B(Rn)) such that its support consists of
at most 2n−1 vectors x ∈ Rn which are initial segments of trajectories in
S. This means, for every x ∈ suppPn−1 there is an S ∈ S such that
(x1, . . . , xn) = (S0, . . . , Sn−1). The induction step from time n − 1 to time
n goes as follows: For any fixed x(k) ∈ suppPn−1 choose an S ∈ S such that
x(k) = (S0, . . . , Sn−1). If the node S(S,n−1) is an arbitrage node of type I or
flat, let

x(k,1) = (S0, . . . , Sn−1, Sn−1)

and define
pk,1 = Pn−1({x(k)}),

i.e. conditionally on reaching the node S(S,n−1), we choose the constant
continuation to time n with probability 1.

Otherwise (since there are no arbitrage nodes of type II by assumption)
we may choose Su, Sd ∈ S(S,n−1) such that Sun > Sn−1 and Sdn < Sn−1. Let

x(k,1) = (S0, . . . , Sn−1, S
u
n), x(k,2) = (S0, . . . , Sn−1, S

d
n).
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We assign the conditional probabilities in the unique way which makes the
one-period model starting at Sn−1 and moving either to Sun or to Sdn ‘fair’,
i.e. we define p̂k,ι via

p̂k,1 + p̂k,2 = 1, (Sun − Sn−1)p̂k,1 + (Sdn − Sn−1)p̂k,2 = 0, (16)

and consider
pk,ι = Pn−1({x(k)})p̂k,ι, ι = 1, 2.

Apparently, the pk,ι’s constitute a probability mass function on the at most
2n vectors x(k,ι) in Rn+1. Thus, there is a unique probability measure Pn on
(Rn+1,B(Rn+1)) satisfying Pn({x(k,ι)}) = pk,ι for all possible choices of k, ι.
This finishes the inductive construction.

The above construction enforces that the family of probability measures
(Pn)n≥0 is consistent, i.e. for every n ∈ N and B ∈ B(Rn)

Pn(B × R) = Pn−1(B).

Hence, by the Daniell-Kolmogorov extension theorem, there is a unique
probability measure P on (RN0 ,B(RN0)) such that, for every n ∈ N and
B ∈ B(Rn),

P ({S ∈ RN0 : (S0, . . . , Sn−1) ∈ B}) = Pn−1(B).

Denote
S ′ =

⋂
n∈N
{S ∈ RN0 : (S0, . . . , Sn−1) ∈ suppPn−1}

and observe that S ′ belongs to B(RN0) as a countable intersection of cylinder
sets. Moreover, the probability measure P is supported on S ′, because, for
every n ∈ N,

P ({S ∈ RN0 : (S0, . . . , Sn−1) ∈ suppPn−1}) = Pn−1(suppPn−1) = 1.

Next we apply the completeness of the trajectory set S in order to show
that S ′ is a subset of S and, thus, an element of the trace-σ-field A. In-
deed, if S ∈ S ′, then for every n ∈ N, there is an x(n) ∈ suppPn−1
such that (S0, . . . , Sn−1) = x(n). However, by the binomial tree construc-
tion, vectors in the support of Pn−1 are always initial segments of tra-
jectories in S. Hence, for every n ∈ N, there is an S(n) ∈ S such that

(S0, . . . , Sn−1) = (S
(n)
0 , . . . , S

(n)
n−1). The sequence (S(n+1))n∈N0 then satisfies

(15) and, thus, S = limn→∞ S
(n+1) belongs to S by completeness.

Recall that any set A ∈ A can be written as Ã∩S for some Ã ∈ B(RN0).
Hence, A ∩ S ′ = Ã ∩ S ′ ∈ B(RN0) and

Q : A→ [0, 1], A 7→ P (A ∩ S ′)
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defines a probability measure which is supported on S ′, and, thus, finitely
supported at finite maturities. Finally note that the martingale property
of the coordinate process (Tn)n≥0 under Q with respect to its own natural
filtration is a consequence of (16). Hence, Q ∈M0.

Obviously, each of the shifted conditional spaces S(S,j) inherits complete-
ness and absence of arbitrage nodes of type II from the original trajectory
set. Hence, by the first part of the proof, every shifted conditional space
S(S,j) has a martingale measure with finite support at finite maturities. Now
Corollary 6.5 applies.

A Appendix

We finally prove the auxiliary lemmas of Section 5.

Proof of Lemma 5.6. Suppose on the contrary that S(S,j) is an arbitrage
node of type II. Hence, for some ε ∈ {−1, 1}

ε(S̄j+1 − S̄j) > 0

holds for every S̄ ∈ S(S,j). In the shifted conditional space S(S,j) consider
the simple portfolio (0, 1, ε) with strictly positive terminal wealth

f1(S̃) = ε(S̃1 − S̃0) > 0, S̃ ∈ S(S,j).

Thus the generalized positive portfolio (0, 1, ε)m∈N superhedges +∞ with
initial endowment 0 in the shifted conditional space S(S,j). In view of Propo-
sition 2.2, we arrive at a contradiction to (nL).

We next show that N is a null set. For every m ∈ N, the function

fm(S) =
m−1∑
i=0

|Si − Si−1| 1{S(S,i) is an arbitrage node of type I}

belongs to E+ with I(fm) = 0, since it can be realised by a simple portfolio
with initial endowment 0, by buying 1 or -1 shares of the stock whenever
an arbitrage node of type I is reached up to time m − 1. If S ∈ N , then
fm(S) > 0 for every sufficiently large m (depending on S). Hence,

∞∑
m=1

fm ≥ +∞ · 1N ,

implying ‖1N ‖ = 0.

Proof of Lemma 5.7. Suppose (V, n,H) is a positive simple portfolio with
maturity n ≤ n0, S ∈ S and i < n. As the node S(S,i) is up-down or there

is an S̃ ∈ S(S,i) such that S̃i+1 = Si, we find some S(i+1) ∈ S(S,i) such that

Hi(S)(S
(i+1)
i+1 − S

(i+1)
i ) ≤ 0.
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Proceeding iteratively, there are S(j+1) ∈ S(S(j),j) satisfying

Hj(S
(j))(S

(j+1)
j+1 − S

(j)
j ) ≤ 0, j = i+ 1, . . . , n− 1.

Then, with S(i) := S, S(n) ∈ S(S(j),j) for every j = i, . . . , n− 1 and

0 ≤ ΠV,n,H
∞ (S(n)) = ΠV,n,H

i (S) +
n−1∑
j=i

Hj(S
(j))(S

(j+1)
j+1 − S

(j)
j ) ≤ ΠV,n,H

i (S).

Remark A.1. Lemma 5.7 remains valid, if the absence of type II arbitrage
nodes is replaced by the weaker condition that all nodes up to time n0 − 1
are zero-neutral in the sense of [19]. One just combines the argument above
with Lemma 1 in [19] in the same way as in the proof of their Corollary 2.

Proof of Lemma 5.8. Fix j0 ∈ N and S(0) ∈ S and consider the shifted
conditional space S̄ = S(j0,S(0)). Each shifted conditional space relative to
S̄ is of the form

S̄(S̃,j) = {(Sj+i)i∈N0 ; S ∈ S(j0,S(0)) and (S0, . . . , Sj) = (S̃0, . . . , S̃j)}
= {(Sj0+j+i)i∈N0 ; S ∈ S and

(S0, . . . , Sj0+j)) = (S
(0)
0 , . . . , S

(0)
j0−1, S̃0, . . . , S̃j)}

= S(j+j0,S′),

where
S′ = (S

(0)
0 , . . . , S

(0)
j0−1, S̃0, S̃1, . . .) ∈ S.

Since S(j+j0,S′) satisfies (L) by the nodewise Leinert condition for the original

trajectory set, then so does S̄(S̃,j), which shows that the nodewise Leinert
condition holds in the shifted conditional space S(j0,S(0)).

Proof of Lemma 5.9. Suppose (Vm, nm, Hm)m∈N0 is a generalized portfolio
such that

∑∞
m=1 Vm <∞, and fix n ∈ N. We define

Gi(S) :=

{ ∑∞
m=0Hm,i(S), if convergent with value in R

0, otherwise,
S ∈ S.

Then, (Gi)0≤i≤n−1 is nonanticipating and, for 0 ≤ i ≤ n− 1 and S ∈ S, the
identity

Gi(S)(Si+1 − Si) =

∞∑
m=0

Hm,i(S)(Si+1 − Si)

is valid, whenever the series over (Hm,i(S))m∈N0 is convergent in R or Si+1 =
Si. Now, let S ∈ S \ Nn and 0 ≤ i ≤ n− 1. By assumption, the node S(S,i)
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cannot be an arbitrage node of type II. If it is an arbitrage node of type I
or if it is flat, then Si+1 = Si. It is, thus, sufficient to prove the following
assertion by induction on i = 0, . . . , n:

For every S ∈ S \ Nn and every j < i: If S(S,j) is an up-down node then∑∞
m=0Hm,j(S) converges in R.

For i = 0, there is nothing to show. For the induction step from i to i + 1,
assume that S ∈ S \ Nn and S(S,i) is an up-down node. Then, for every
j < i, S(S,j) is an up-down node or Sj+1 = Sj . Hence, by the induction
hypothesis

∞∑
m=0

Hm,j(S)(Sj+1 − Sj)

converges in R for every j < i and, then so does

∞∑
m=0

ΠVm,nm,Hm

i (S) =

∞∑
m=0

Vm +

i−1∑
j=0

Hm,j(S)(Sj+1 − Sj)

 ,

because the series over the initial endowments converges in R by assumption.
By Lemmas 5.6 and 5.7,

∞∑
m=0

ΠVm,nm,Hm

i+1 (S̃) =
∞∑
m=0

Vm +
i∑

j=0

Hm,j(S̃)(S̃j+1 − S̃j)


converges in (−∞,+∞] for every S̃ ∈ S, and therefore the difference of both
series

∞∑
m=0

Hm,i(S)(S̃i+1 − S̃i) (17)

converges in (−∞,+∞] for every S̃ ∈ S(S,i). Since S(S,i) is an up-down node

we find an S̃ ∈ S(S,i) such that S̃i+1 < S̃i. Dividing by (S̃i+1−S̃i) < 0 in (17)
yields that

∑∞
m=0Hm,i(S) converges in [−∞,+∞). A ‘symmetric’ argument

choosing instead S̃ ∈ S(S,i) such that S̃i+1 > S̃i shows that
∑∞

m=0Hm,i(S)
converges in (−∞,+∞]. Therefore this series converges in R and the induc-
tion step is completed.
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