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We investigate a variant of the deep BSDE method introduced by E et al. [11}
13]. The key novelty is that we establish an a-posteriori convergence result for the
approximation of strongly coupled forward-backward stochastic differential equations
(FBSDEs), i.e., our result holds without any assumptions on small time horizons,
monotonicity or weak coupling that are typically imposed in the literature on the
deep BSDE method. Instead, we rely on smoothness assumptions on the coefficients
and cover FBSDEs in which the coupling of the BSDE into the SDE depends on both
the backward component Y and the control component Z. Numerical experiments
illustrate the theoretical results and demonstrate the applicability of the proposed
approach.
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1. Introduction

In this paper, we study the numerical approximation of coupled forward-backward stochastic
differential equations (FBSDESs) of the form

t t
Xt = Zo +/ b(87X87}/S7ZS) dS +/ U(S7XSJYS) dW87
0 0
T T (1)
Y = g(XT) _/ F(S,XS,}/S, Zs)ds —/ Zs dWs,
t t

given deterministic functions b: [0,7] x RY x R x (R%)* — R? ¢:[0,7] x R x R — RIx4,
F:[0,T] x R* x R x (R)* - R, g: R?” = R and an initial value zo € R, where T € Rsq
is a fixed time horizon and d € N. The equation is given on a complete filtered probability
space (2, F, (Ft)e>0,P), which carries a d-dimensional standard Brownian motion (W)¢>0, such
that (F¢)¢>0 is the natural filtration of (W;);>¢ augmented with all the P-null sets. Recall
that a solution of the FBSDE is a triple (X,Y, Z) == (X, Y, Zt)1>0 of (Ft)it>o-progressively
measurable stochastic processes with values in R? x R x (R?)*, such that X and Y are continuous,
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E[supte[O,T”Xtﬂ,]E[supte[O,T]\YH?],fOTEHZt]z] < o0, and, for any ¢ € [0,7], FBSDE holds

P-almost surely.

FBSDEs originate from the study of the Pontryagin maximum principle for stochastic control by
Bismut [6] and Bensoussan [5], see also [31]. Besides several applications to mathematical finance
[23, Chapter 8], FBSDEs are also closely connected to quasi-linear parabolic partial differential
equations (PDEs) via non-linear Feynman-Kac representations |27} 28| and the Ma-Protter-Yong
four-step scheme [20].

Well-posedness of FBSDEs can be established via fixed point iteration [2, 28] either for small
time horizons or under certain restrictions on the type of the coupling (weak coupling) of X into
(F,g) or on (Y, Z) into (b, o), or under monotonicity assumptions on the coefficients. Alterna-
tively, under sufficient smoothness and growth conditions on the coefficients, the FBSDE can be
decoupled via the solution to the associated quasi-linear PDE, leading to well-posedness via the
four-step scheme of Ma et al. [20]. The underlying idea of decoupling the equations finally led
to the unifying approach to well-posedness of FBSDEs via decoupling fields by Ma et al. [22].

The close connection between FBSDEs and parabolic PDEs can also be exploited either way
for the design of numerical schemes. E.g., by mimicking the four-step scheme, numerical tech-
niques for PDEs can be made viable for the approximation of FBSDEs [10, 21], whereas directly
approximating the FBSDEs and resorting to the Feynman-Kac representation lead to new prob-
abilistic schemes for quasi-linear parabolic PDEs [9]. For a survey on numerical methods for
BSDEs and FBSDEs, we refer to Chessari et al. [7].

In this paper, we focus on the deep BSDE method which has been introduced by E et al. [11]
13| for decoupled FBSDEs (i.e., for (b,0) independent of (Y, Z)). We note that this method
is closely related to the physics informed neural networks [29] in PDE numerics, see [26] for a
comparison. The key idea of the deep BSDE method is to re-write the BSDE for Y in forward
form as

t t
}/t:yo_"/ F(S7X57}/8728)d8+/ stW57
0 0
and to consider the control problem to choose (yp, Z) in such a way that the terminal loss
E[[Yr — g(X7)[)

becomes minimal. This idea can be traced back to Cvitani¢ and Zhang [8] who theoretically
analyze the direction of steepest descent for this minimization problem in continuous time. The
deep BSDE method [11], 13] makes this basic idea practical, by discretizing this control problem
in time, parameterizing Z by a neural network, and applying stochastic gradient descent to
minimize the terminal loss. In this approach, the terminal loss serves as a surrogate for the
unobservable L2-error between true solution and numerical approximation. Hence, in order to
justify the deep BSDE method, a-posteriori estimates for controlling the true L?-error in terms of
the terminal loss are required. For decoupled FBSDESs, such a-posteriori estimates had already
been available in the literature |3]. For coupled FBSDEs, the deep BSDE method has first been
analyzed by Han and Long [14]. They consider the special case without Z-coupling and impose
standard assumptions on a short time horizon or monotonicity or weak coupling (for brevity,
we will refer to such a set of conditions as the weak coupling case from now on). Han and
Long [14] derive suitable a-posteriori estimates for discrete-time versions of the coupled FBSDE
system, which are finally combined with bounds for the time-discretization error due to Bender
and Zhang [4]. Recently, the approach of Han and Long [14] has been extended to the case of
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Z-coupling into the drift coefficient b by Negyesi et al. [25]; see Remark for further discussion.
Several variants and extensions of the deep BSDE method can be found in the literature (e.g.,
[12, |15, |30]), which typically rely on a weak coupling assumption in one way or another. A
notable exception is the work by Jiang and Li [16], who assume sufficient smoothness conditions
for the associated parabolic PDE to be well-posed, but consider the case in which coupling of the
BSDE into the SDE is via Y and through the drift coefficient b only. Andersson et al. [1] provide
a numerical test case with strong coupling, in which the deep BSDE method empirically fails to
converge, and suggest a more robust variant of the deep BSDE method for FBSDEs arising in
stochastic control. They attribute this failure of convergence to the Z-coupling: “This is only
possible if the coupling of Z in b is strong enough, so that g(X7) can be efficiently controlled
by Z7 [1, Section 2.3, p. A232].

In this paper, we prove, to the best of our knowledge, the first a-posteriori estimates that jus-
tify the use of the deep BSDE method for FBSDEs with strong Z-coupling through the drift
coefficient (and we, additionally, allow strong Y- and X-coupling in all coefficient functions).
Similarly to Jiang and Li [16] we impose regularity and growth conditions on the coefficients
which guarantee existence of a sufficiently ‘nice’ classical solution to the associated quasi-linear
parabolic PDE. For the proof of our main result (Theorem , we identify an auxiliary decou-
pled FBSDE, to which we can apply the a-posteriori estimates of Bender and Steiner [3] and,
then, analyze the error between the solutions to the auxiliary decoupled FBSDE and the original
coupled FBSDE. Our results suggest that the failure of the deep BSDE method in the test case
in [1] may rather be attributed to the combination of the quadratic growth of the coefficient
function F' with the strong Z-coupling. We also demonstrate our results numerically for a test
case, in which the weak coupling conditions imposed in [25] are violated.

This paper is organized as follows. Section [2] introduces the framework and the standing as-
sumptions. In Section [3] we discuss the proposed deep BSDE algorithm and state the main
convergence theorem. Section [4]illustrates the method by numerical examples. The proof of the
main result is given in Section [5] Section [6] presents easy-to-verify sufficient conditions on the
coefficients ensuring the applicability of our results.

2. General Setting and Standing Assumptions

In what follows, we denote by |- | the Euclidean norm for (column and row) vectors and the
Frobenius norm for matrices. When vectors are identified with single-column or single-row
matrices, these norms coincides. Consequently, properties of the Frobenius norm, such as sub-
multiplicativity, apply without further distinction to products of vectors and matrices.

1

We impose the following assumptions on b, o, 0=, oo ', F, and g, where we formally define the

functions o~ ! and oo " as

oL 0,T] x RT x R — R (¢, 2,y) — o(t,z,y) ",

oo [0,T] xR x R = R (t,2,9) — o(t,z,y)o(t, z,y) .

Assumption 2.1. (i) The matriz inverse o~ 1(t,z,y) of o(t,x,y) exists for all (t,x,y) €
[0,T] x R x R.
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(it) There exist constants Hy, Hy, H,—1, H, v, Hp, Hy € R>q such that for any two (t,,y, z),
(', 2y, 2") € [0,T] x R x R x (R?)* it holds that

/ Hylx — 2|

Y

i. e., the functions b and F are %—Hé'lder continuous in t and Lipschitz continuous in

z,y,z) with constants Hy and Hp, the functions o, o' and oo are -Hélder continu-
2

ous in t and Lipschitz continuous in (x,y) with constants H,, H,~1 and H,,v, and the
function g is Lipschitz continuous in x with constant H,.

(iii) The functions b, o, o=, and oo are bounded by constants Ky, Ko, K -1, ooT € Ryp.

Remark 2.2. (i) Since the Frobenius norm is sub-multiplicative, the boundedness of o al-
ready implies the boundedness of oo .

(ii) In connection with the boundedness of o, it is easily seen that the -Holder continuity
in t and the Lipschitz continuity in (x,%) of ¢ are transferred to oo '. Indeed, for each
two (t,z,y), (t,2',y') € [0,T] x R? x R, applying the triangle inequality and the sub-
multiplicativity of the Frobenius norm, it follows that

(oo T)(t,2,y) = (00 " )(¢', 2", ¢)]
=lo(t,z,y)o(t,z,y)" —olt,z,y)o(t’ 2’ y)"
+o(ta,yo(t,a',y)" —o(t',a',y)o(t' 2" y)|
< |U(t7 xz, y)”()’(t, xz, y) - U(t,a .T/, y/)| + |U(ta x, y) - J(tlv xlv y,)| |U(t/7 :L',a y,)|
< 2K Hy (|t =tV + | =2/ + [y — o)

(iii) Similarly, but now relying on the boundedness of ~!, the %—Hélder continuity in ¢ and the
Lipschitz continuity in (x,%) of o also carry over to o~ !: For each two (¢, z,y), (t',2',y') €
[0,T] x R? x R, it holds that

o Mt 2,y) —o Lt 2 )| = o (2 Y ) (ot 2 y) — otz y)) o (¢t 2, y)|
< ‘Uﬁl(t,v xlv y/)H0<t/7 xlv y/) - U(t7 €, y)Hgil(u €, Z/)’
S K2 Ho ([t =) + |z =2/ + |y = /).

Remark 2.3. By standard results, it holds that the existence of o~! together with the bound-
edness of o and 0! is equivalent to the uniform ellipticity condition

Y(t,z,y) € [0,T] x R x R: vl <o(t,z,y)ot,z,y)" < ul, (2)

where v < p are some positive real constants and I = diag(1,...,1) € R4 denotes the identity
matrix. Thus, together with Remark it follows that Assumption [2.1] can be reduced to the
Holder and Lipschitz conditions on b, o, F, and g, the boundedness condition on b, and the
above uniform ellipticity condition.
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With the following additional assumption we ensure that FBSDE is uniquely solvable.
Assumption 2.4. (a) The quasi-linear parabolic PDE

u(t,z) = F(t, z,u(t,x),v(t,x)) — =tr [um(t,x)(aa—r)(t,m, u(t,x))]

t,z)), (t,z)€0,T] x R%, (3)

N | =

— uz(t, x)b(t, z,u(t,x),v
U(T7 I’) = g($)7 T e Rda

—~

where v: [0,T] x R — (RY)* is defined via
’U(t,$) = ux(t,x)a(t,:v,u(t,a:)),

admits a classical solution w: [0,T] X RY — R such that its derivatives uy and uy, are
bounded by constants K,,, € Rxg and K,,, € Rsg. Here, considering v = (z1,...,24) ",
the derivatives ug, Uz, and uz, of u are given as

ou(t, x)

ot
ou(t, ) d
ug(t, ) = (Ug,)i=1,..d = < > € (RY*,
O i=1,...,d

w(t, z) ==

€R,

0?u(t, r) d
zz (L, = (Ug;a, (1, h,j= =\ Gwoz, F Xd'
Uz (t, ) (Ug, j( ))ij=1,..d < O0x;0x; )Z]_L...,d

(b) There exist constants H,, H,,, Hy,,, € Rso and an a € (0,1] such that the functions

U, Uy and ugy from (a) fulfill the following Hélder and Lipschitz conditions: For all
(t,x),(t',2") € [0,T] x R it holds that
lu(t,z) —u(t', )| < Hy([t — Y% + |z — 2')),
|ul"(t7x) - u:r(tlvlj)‘ S Huz (|t - t/|1/2 + |‘T - :C/Da
[Uge (t, ) — um(t/an/)‘ < Hy,, (|t - t/|a/2 + |z — 33/|a)a
i.e., u and u, are %—Hé'lder continuous in t and Lipschitz continuous in x with con-

stants Hy, and H,, and ug, is §-Holder continuous in t and a-Hélder continuous in x
with constant H,

Uz *

Remark 2.5.

(a) Observe that ., (t, ) = uze(t, )" since for a classical solution u of PDE the deriva-
tive uz, is assumed to be continuous.

(b) The Lipschitz continuity of u and u, in x already follows by the boundedness of u, and wuy,,
respectively.

Assumptions [2.1 and [2.4) will be in force throughout the whole paper without further notice.
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Lemma 2.6. There exist (minimal) constants H,, K, € R>q with
Hy < KoHy, + Ko, Ho(1+ Hy)  and Ky < Ko, Ky

such that
(a) for all (t,z),(t',2") € [0,T] x R? it holds that
o(t,z) —v(t',2')| < Hy(|t — /|2 + |z — 2']),

i. e., the function v is L-Holder continuous in t and Lipschitz continuous in x with common

2
constant H,, and
(b) v is bounded by K,.
Proof. Let (t,z),(t',2') € [0,T] x R, The Hélder/Lipschitz condition follows from

lug(t, x)o(t, z,ult, z)) —u (', 2o (', 2’ u(t', 2"))|
< |uz(t,z)o(t, x,u(t,z)) — ug(t', 2o (t, x, u(t, z))|

+ |ug (', 2o (t, z,u(t, z)) — ug (¢, 2o (', 2, u(t', )|
< (KoHy, + Ky, Hy (14 Hy)) (|t — )2 + |2 — 2')).

The boundedness condition follows directly by the sub-multiplicativity of the Frobenius norm
from the boundedness of u, and o. O

Remark 2.7. Define
9:0,T] x RTx R — (RY* (¢, z,y) — us(t, 2)o(t, z,y)
Similarly to Lemma there exist constants Hy, Ky € R with
Hy < Ky Hy + K,H,, and Ky < K, K,
such that for all (¢,2,%), (t,2",y') € [0,T] x R? x R it holds that
0(t,2,y) — 9t ', y)| < Hy (It — )% + |z — 2| + |y — ¥/])

and ¥ is bounded by Ky.

Theorem 2.8. FBSDE admits a unique adapted solution (X,Y,Z). Especially, the pro-
cesses Y and Z take the following form: For any t € [0,T] it holds that

Yi=u(t,X;) and Z;=v(t,Xy).

Proof. Follows from [23, Chapter 4, Theorem 1.1]. Revisiting the proof of |23, Chapter 4,
Theorem 1.1], we observe that we do not need the uniform Lipschitz continuity in (z,y, z) of the
mapping (¢,x,y, z) — zo(t,z,y) but the uniform Lipschitz continuity of v in z (see Lemma
is already sufficient. O
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Remark 2.9. To see that Y; = u(t, Xy) and Z; = v(t, X3) = ug(t, X¢)o(t, X¢, u(t, X¢)) indeed
solve the backward stochastic differential equation for Y; of FBSDE , it suffices to apply Itd’s
formula to u(t, X;) and insert the identities for uy(s, Xs) and u(7T, X7) given by the quasi-linear
parabolic PDE (3):

T
Y; = u(T, X7) — / e, Xs) + tn(s, Xo)b(s, Xo, Y, Z)
t

1 T
+ §tr[um(s,XS)(aaT)(s,Xs, Ys)| ds — / uz(s, Xs)o(s, Xs, Ys) dWs.
t

T
=g(Xr) — /t F(s, Xq,u(s, Xs),v(s, Xs)) — ug(s, Xs)b(s, Xs, u(s, Xs),v(s, Xs))

—%tr[um(s,Xs)( T) (s, Xoy (s, Xa))] + a5 Xo)b(5, Xo, Yo, Z)

1 T
+ itr[um(s,Xs)( o ")(s, X,,Y,)] ds —/ Ug (s (s, Xs,u(s, Xs)) dWs
t

T
:g(XT)—/ F(s,XS,YS,ZS)ds—/ Zs dWs.
¢ t

3. Approximation via a Deep BSDE Method

Let m := {to,...,tn} C [0,7] be a time grid with 0 =: ¢y < ... < tiy = T. Define the function
II: [0,T] — = by I(t) :==¢; for t € [t;,tiy1), ¢ =0,...,N — 1, and II(T) := txy = T. Assume
for a moment that we already know the initial condition Yy = u(0,zg) of the process Y and
the functional relationship Z; = v(¢, X;) while the functional relationship Y; = w(t, X;) is still
unknown. In this situation, one possible strategy to approximate the processes X and Y would
be to reformulate FBSDE as a system of forward SDEs only involving the processes X and Y
and to apply the Euler-Maruyama method. Back in reality, where the necessary information
is not given, we are only able to mimic the proposed strategy by instead searching for a tuple
1 = (Yo, p) of an initial value yp € R and a candidate function p: [0,T] x R? — (R%)* such that
the initial condition Yy & yo and the functional relationship Z; ~ p(t, X;) hold approximately.
Then, on [0, T], we approximate the adapted solution (X, Y, Z) by the triple (X7 Y7 Z77) =
(XY Z ) 1eq0,1), which is determined via

X" = o, Yy = yo,
Z0 = p(t;, X)), Vi€ {0,...,N},
X7 = X (s, XD YT, Z9TVA + ot XL YT AWG, Vi€ {0, N — 1}, (4

1+1
Y=Y P, X YT 20T A+ 2T AW, Vie {0, N — 1,
X[ = X YT = VG 20T = 2, e 0.7\,

where, for 7 € {0, ., N — 1}, A; = tit1 — 1t € R<p and AW, =W, — Wti € R4,

i+1
To evaluate the quality of the approximating solution triple (X7 Y™ Z77) i e., to evaluate

how close it is to the true adapted solution (X,Y, Z) on [0, 7], we are interested in the following
L?-approximation error:

2dt|.

T
Enn = sup E[|X; — th’ﬂ|2] + maxE[|Y;, — Y;?’W|2] +E [/ Y = Y2+ |Z, — Z"
t€[0,7) ti€m 0
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We consider the following function class:

p is bounded by K, € Ry, p is %—Hélder continuous )
in the first variable and Lipschitz continuous in the
Ok,.1, =4 p: [0,T] x RY — (Rd)* second variable with common constant H, € R,
i.e., for all (t,z), (t',2') € [0,T] x R? it holds that
’p(t,ﬂ?)—p(t/,l‘/” < HP(|t_t/’1/2+|x_I/’)' /

It turns out that, if choosing p € O, u,, the L?-approximation error &yx can be bounded

solely considering the expected squared difference IE“Y;Z”r — g(Xjr'fT)|2], which measures how
N N

good the approximating processes X" and Y7 fulfill the terminal condition, and the mesh

size || = max;—o,. N—_1 ;.

Theorem 3.1. Let K,, H, € Rwg. There exists some constant C € [1,00) such that, for every
p €Ok, n, Yo €R and |7| < (C(1+ Ké))_l, it holds that

Enm < C(CRIB[IYP™ = g(XP™)] + e“EEHHD (] + || ).

This theorem shows that, on [0,7], the adapted solution (X,Y,Z) of FBSDE can be ap-
proximated arbitrarily well by (X7, Y™ Z7™) provided that the candidate function p and the
initial condition v are chosen such that the terminal condition is satisfied in an L?-optimal sense,
ie, B[[Y™ — g(X}™)|?] is minimized over all n € R X O, g,. Here, in view of Lemma 2.6 it
is natural to choose K, > K, and H, > H,, while avoiding unnecessarily large values of these
constants. Otherwise, a good approximation may not be found, as the search is restricted to an
inappropriate class of functions.

Remark 3.2. Han and Long [14] were the first to prove a-posteriori bounds of this type for
coupled FBDEs. In their setting, the drift coefficient b does not depend on Z (i.e., no Z-coupling)
and one of the following generic assumptions must be satisfied: (i) small time horizon (7" small),
(ii) Weak coupling of Y into the forward SDE (Lipschitz constants of b and o in the y-variable
small), (iii) weak coupling of X into the backward SDE (Lipschitz constants of F and g in
the x-variable small), (iv) (—F') strongly decreasing in the y-variable, (v) b strongly decreasing
in the z-variable; see |14, Theorem 1’] for a precise statement. The results of [14] have been
generalized by Negyesi et al. [25] to the case that Z couples into the forward SDE through
the drift coefficient b. They additionally require a weak coupling condition of Z (Lipschitz
constant of b in the z-variable small) in each of the cases (ii)—(v). We note that, by means of
[28, Theorem 3.3], the weak coupling condition of Z is not required for the well-posedness of the
FBSDE in cases (iv)—(v).

Remark 3.3. (a) Since we assumed g to be Lipschitz continuous with constant H, as long
as FBSDE is solvable, the following bound applies:
E[|Y/T - g(XF)P] = E[YT = Yr + 9(X7) — 9(X77)I?]
<2(E[Y7" - Yrl’] + HJE[| X7 - XF"["])
<201V H)Epx

Hence, a small terminal loss &,  also is necessary for a good L?-approximation of the true
solution.



3. Approximation via a Deep BSDE Method

(b) In the case all constants from Assumptions and are explicitly known together
with K, and H,, Equation in the proof of Theorem gives an explicit bound for
Epx in terms of E[[Y" — g(X2™)|?], |n] and |7|* whenever |7 fulfills the condition of
Theorem [5.91

Based on Theorem we propose a deep BSDE method to approximate the solution of
FBSDE (|1)). The solution is approximated by the Euler-Maruyama scheme on the equidis-
tant time grid 7y = {to,...,tn} C [0,T] defined by ¢; := %T, 1 =0,...,N, where the tuple
n = (yo, p) of the initial value yo and the control function p is learned jointly by a neural net-
work architecture 7 := (g, p) such that the terminal mismatch is minimized. More precisely, the
initial value yq is treated as trainable parameter g € R, while the function p is parameterized
by a (residual) neural subnet p: R x R — (R%)*. Let

[ = RWXW x RWXW  RWX(I4d) o RdXw o RU o RW » RY x RY
be the possible parameter space of p and
7= (W, W3, W W26y, b5, b, 0%) € T

a concrete parameter combination. Given fixed values w € N and K; € R, the neural subnet p
is defined as

prRxRT = RY(t2) = hg, (WOT‘ <a <Wi (i) - b>) - b"), (5)
with residual block
r:RY = RY, s s+ Wyo(W{o(s) + b7) + b5,
hyperbolic tangent activation function
o: RY — Rw, (Si)izl,...,w — (tanh(si))izl,m,w,
layer normalization
Si— w i1 5]

H
VB T (s — & iy k)2 4 0.001

¢: RY = RY, (8)i=1,....w

and final projection

S 1f|8| SK[,

K3 1f|$|>Kﬁ

hi, : R? — R, Sb—){
Plsl

onto the closed ball with radius K. Thus, p is chosen from the space of functions

Ok, = {p: R x R* 5 R?| j is of the form (B) with ¥ € I'}.

Since all network layers of the above defined neural subnets are Lipschitz continuous and the
projection operator preserves Lipschitz continuity, any p € © Kk, is automatically Lipschitz and
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consequently, since we ensure the boundedness by the final projection h,, also satisfies the
required Holder and Lipschitz regularity condition. In particular:

Vp € éKﬁ: EIHﬁ eRsg:p € ®KﬁvHﬁ’
i.e., any candidate control p € © K, fulfills the assumption of Theorem

Theoretically, in view of Theorem 3.1} we want to find a joint network 7 := (g, p) with param-
eters (go, ) which solves the following minimization problem:

min B[V — g(XE)) (©)
f]GRX@Kﬁ

In practice, we approximate this expectation by simulation: Given a set of K € N realizations
{AwF = (Awf,...,Awk, )} p—1. x of the Brownian increments (AWy,...,AWy_1) under
#n and taking into account the corresponding K trajectories {(x7N:F o1 7Nk zﬁer’k)}k:L__’K
of the process (XN Y17~ 717N we define the loss function

K

L 1 A ANk A7k |2

0o s { AW i) 3= 2 DUl = g TV
k=1

Then the training of the neural net 7 works as follows. Iteratively, starting from an ini-
tial neural net 7° = (9§,p") with parameters (9,4°) € R x I', the parameters are up-
dated according to the standard Adam optimizer (with 1 = 0.9, f2 = 0.999, ¢ = 1077,

mo = vo = 0) [17]. In particular, for each | = 1,...,L (where L € N), we first sim-

Lk (Awé’k,...,Awé{,k_l)}kzlwwK of the Brownian increments
(AW, ...,AWx_1). Given the neural net #~1 = (Qéfl,[)l_l) with parameters (g)éfl,ﬁl_l),

-1 4 Al—1 A~
Nk N LK
N ,ZW N )

ulate K realizations {Aw

we then compute the corresponding K trajectories {(xﬁl_l’er k oy Ye=1,..K
of the process (Xﬁlil’f”\’, Yﬁlil’f”\’, Zﬁlil’f”\’). Finally, we update the parameters according to

NS | A—1 Al—1 Ty
) = 9 _)\ l = .
(W0, ¥) = (G 4 ) ()\@JFE

where
(%

1-8Y

o my
my ==
1-5

and U =

with

my = frmy—1 + (1 - B1)Gy,

v = Bovi—y + (1 — B2)GF,

G = V(gm)f@é*lﬁl_% {AW 1K),
and, for initial learning rate A\g € R~g, decay rate k) € R~ and decay steps ny,

A {1,..., L} = Rug, 1 Agk!/™
is a learning rate schedule. We denote the minimizing neural net of minimization problem @
with
i = (95, 7) = (G5, 0"),

which has parameters (¢5,4*) = (9&,4") and depends on w, K; N, K, L, 99, 4%, Ao, ka, nx
and {Aw" 1 poge1 K

10



4. Numerical Experiments

Remark 3.4. (a) While the described algorithm controls the bound K- of the optimizer p*,

it does not explicitly enforce any bound on its Lipschitz constant H;«. Consequently, a
sequence (H ﬁ?v) of Lipschitz constants corresponding to a sequence of learned minimizers
(pi) may diverge as N — oo. Depending on the growth rate of the sequence (Hps ), this
may affect convergence as the time discretization is refined. Nevertheless, such behavior
was not observed in our numerical experiments.

Simultaneous control of both the bound Kz« and Lipschitz constant Hy« of a minimizer py
would in particular be beneficial in situations where the constants K, and H, are unknown.
In this case, in order for the neural network to approximate plausible candidate controls,
the admissible bounds K« and Hp« eventually need to exceed K, and H,. However, The-
orem shows that these constants cannot be allowed to grow arbitrarily fast as N — oo.
Hence, to guarantee convergence of the deep BSDE method, their growth must be con-
trolled appropriately. One possibility to additionally control the Lipschitz constant of p%
is, noticing that p is even differentiable, to penalize sup; ,)c(0,77xre|/5(t; ¥)|2 exceeding H,,
i.e., for some c € R, solving the minimization problem

+
min B[V - g(XE™)P +el  sup  |p(ta)a— H, |
ERX Ok ; (t,x)€[0,T)xR4

where J;(t,2) denotes the Jacobian of p evaluated at (¢,x), |-|2 denotes the spectral norm
and (-)* := max{-,0}. In the learning process of the neural net (g, ), we could adjust
the loss function accordingly as

(o, 7 {Aw* o1, k)

1 ANk Ainky (2 C a
= 2 DT = gl T+ g | D
k=1 v k=11

)

N N
>,k
ev(\Jﬁ(ti»Xti )|2*Hp) >
=0

where v € [1,00). This approximates the maximal violation of the Holder constant.

While in our approach p is approximated by a single neural network p which also takes ¢
as an input, the original deep BSDE approach uses, for each ¢ = 0,..., N, a separate
neural network p; to approximate p(t;,-). However, the use of separate neural networks
does not directly guarantee that the resulting approximation p satisfies the Holder and
Lipschitz conditions required in our framework. Moreover, deep BSDE methods in the
literature typically rely on standard feed-forward neural networks rather than residual
neural networks.

4. Numerical Experiments

Example 4.1. The following example is a modified version of |25, Example 1] such that b and o
fulfill the necessary boundedness conditions of Assumption Let 1 = (1,..., 1)—r e R T
denote the identity matrix of dimension d X d and

d
u(t,z) = e Tt Zsin(mi) +d+1.

i=1

11



4. Numerical Experiments

For r, &, ky, k. € R5g, the coefficients of FBSDE are given as

b(ta z,Y, Z) = ’{yC_’Ty(y)l + /QZTZ(Z)Tv
J(ta IE, y) = E'Ty(y)],

d
1
F(t,z,y,2)=r(y—(d+1)) — §e_T(T_t)52u (t,z)? Z sin(z;)

d
+/€y2zl—|—/{ e 2r(T— t)au t,x Z cos? (x4),
=1 =1
d
= Zsin(azi) +d+1,
i=1
where
1, y <1, _
z, 2] < &(2d + 1)V4d,
T = 1<y<2d+1, and T,(z):=
yw) =139, sysaded (2) {5(2d+ Wiz, |2l > 6(2d+ 1)V
2d+1, y>2d+1, z
Then, the solution of FBSDE is
Yi=u(t,X;) and Z; =wv(t, Xy)
with
cos(z1)
v(t,z) = e " T D5u(t, z)
cos(zq)
It is easy to see that Assumptions [2.1] and [2.4] are satisfied with o = 1.
In the following, we first consider the case d = r = 0 = ky = kK, =T = 1 and z9 = 7.

Then, the conditions of [25, Theorem 3] are not fulfilled (see also the following Remark [4.2)).
Nevertheless, the conditions of Theorem hold and thus we should see convergence. We train
neural networks 7y = (@S’N, py) for N € {8,16,32,64,128,256}. In each training, we sample §)
from Unif(0,0.1) and each component of 4° from A(0,1). We set the learning rate schedule by
choosing A\g = 0.01, k) = 0.9549926 and n) = 100. The training process stops after L = 5000
iterations. We chose Kz = 6. For each N, we repeat the training 50 times. The results are
given in the following figures.

Figure shows, for ¢ = 0.5, the fitted p}’s (blue) in comparison with the true v (black),
grouped by the number of time steps N. Additionally, a histogram of 10° realizations of X5 is
shown in each subplot. As can be seen, in the region where Xy 5 has high probability mass, the
fitted pj’s become increasingly close to the true v as the time grid is refined. The same holds
for the fitted initial values gj y: For each N, the squared differences to the true initial value

u(0,z0), that is |5 x — u(0, 70)|?, are displayed via boxplots in Figure Lastly, Figure

compares the 5% quantile, median and 95% quantile of terminal errors E [|YnN T —g(Xp N ’WN)|2]
and the L?-approximation error Eiy, 7y 10 dependence of N. Additionally, the three components
of Epr iy are given separately. All errors are calculated by averaging over the respective errors

12



v(t, x) / py(t, x)

~x

v(t, x) / py(t, x)

v(t, x) / py(t, x)

4. Numerical Experiments

N=8 N=16
2 +4— L0.25 2 +4— L0.25
[ 0.20 X
> =
Lo.1s 5 (&
g =
Lo102 3
5y
L 0.05
-3 ; ; 0.00 -3 ; ; 0.00
-2 0 2 4 6 -2 0 2 4 6
X X
N=64

v(t, x) | Py (t, x)

Density

X
N=128

2 +4— L0.25
- 0.20 X
> =
L0155 (&
g =
Lo102 3
5y

L 0.05

-3 ; ; 0.00 -3 ; ; 0.00
-2 0 2 4 6 -2 0 2 4 6

Figure 4.1: Fitted py’s vs. true v for ¢t = 0.5 grouped by the number of time steps N.
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4. Numerical Experiments

= ==

N
L
o

¥,n — u(0, xo)|?

Figure 4.2: Boxplots of the errors |gj6 ~ — u(0,20)|? grouped by the number of time steps N.

32

64

128

256

21 4
20
2—1 4
272
273
—o— e[|y} - guxfi ™2
271 o sup [x - x|
t€[0,T]
- Teaﬁ);E“Yt’_Yg&'ﬁle] +/E[I()T|Yt—th"3’ﬁ”|2dt]
275 1 T e
—o— £[[]1ze -z 2 a]
0= &y
23 24 25 26 2’ 2

Figure 4.3: Medians of the respective errors (5%-95%-quantile bands shaded) for d = 1.
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4. Numerical Experiments

24 4
22 4
20 -
2-2 \
—o— |y — g0 2]
~o— sup E“Xr _Xtr";,t.er|zJ
t€[0, T]
271 e tr,neaﬁ):,EHY[' —vin|2] g [ e vz ae]
—o— £[[]1z: -z 2 g
0= Epr iy
2'3 24 25 2’6 27 58
N

Figure 4.4: Errors for d = 10.

resulting from 25000 simulated independent paths of the Brownian motion. Overall, we nearly
obtain an empirical convergence rate of |7y|/2, that is the convergence rate from Theorem [3.1

Additionally, we consider the case d = 10, r = 1, 6 = 0.2, Ky = 0.2, kK, = 0.1, T = 1 and
ro = (%,..-, %)T. Again, the conditions of Theorem 3] are not fulfilled, but the conditions
of Theorem are. We train networks 0y, = (Jg y, A) for N € {8,16,32,64,128,256}. In each
training, we sample g from Unif(0,0.1) and each component of 4° from A(0,1). We set the
learning rate schedule by choosing A9 = 0.01, ky = 0.99 and n, = 100. The training process stops
after L = 21 iterations. We choose Ky« = 100. The terminal errors EUYTWTV’WN - g(X;TV’wN)\Q]
and the L?-approximation error s, #y including its three components are are given in Figure
Again, all errors are calculated by averaging over the respective errors resulting from 25000
simulated independent paths of the Brownian motion. The empirical convergence rate is slightly
worse than |7y|"/2.

Remark 4.2. For the given coefficients in the example above, it is a necessary condition for
the applicability of Theorem 3] that

e/\1T
inf K2d?— = k2d?Te < 1.
A1€R>0 1

This follows since, in the setting of Theorem 3], a lower bound for B is easily derived as

e)\lT
)

B > r2d? 3
1

15



5. Proof of Theorem
noting that the minimal squared Lipschitz constant of b in z equals k2, the minimal squared
Lipschitz constant of ¢ in x equals d, and b and o are independent of . Consequently, if
K2d*Te > 1,

then [25, Theorem 3| cannot be applied. In particular, this is the case for both parameter sets
considered in our example.

5. Proof of Theorem 3.1

5.1. The Auxiliary Decoupled FBSDE

In this section we will prove Theorem [3.1] To this end, we introduce an auxiliary decoupled
FBSDE where the backward part and the control of the solution triple are connected with the
forward part (and the time) solely via the same functions u, u, and o as the components of the
solution as the original coupled FBSDE. This auxiliary decoupled FBSDE is then approximated
by the same Euler-Maruyama scheme as the original FBSDE.

In what follows, let # .= (2,7)" and &’ := (2'7,7)T with 2,2/ € R? and ¢, € R, such that
Z,% € R Fix yy € R, K, H, € Ry and p € O, g,. We introduce the coefficients of the
forward SDE of the auxiliary FBSDE as

P 0,T] x R SR (4,3) o <b(tvw,y,p(t,w))>,

and

O.p: [O,T] % Rd+1 — R(d—&-l)xd? (t,j,’) s (0(t71‘)y)>’
p(t, x)

Moreover, the generator F: [0, T] x R x R x (R%)* — R of the backward SDE is given by
F(t,3,y,2) = F(t,2,y,((t,2,, 2)) + ua(t,2) [b(t, 2,7, p(t, 2)) = b(t, 2, y,¢(t, 2, y, 2))]
+ S taluealt,2) (00T )6 2,5) — (00T )(1,2.9))],
where the function ¢: [0,7] x RT x R x (RY)* — R is given as
C(t2,y,2) = h(z)o (8,2, 9o (t, 2,y)
with truncation

Z if|z|§Kp\/K19,
(Kp\/Kﬂ)i if |Z| > Kp\/Klg.

||

h: (RY* — RY*, 2z {

Obviously, the truncation h is bounded by K,V Ky. Also, the truncation h is Lipschitz continuous
with constant 1 as metric projection onto a closed convex set.

16



5. Proof of Theorem

Instead of the original FBSDE ([I]), given the initial condition #g = (2] ,0)"

the auxiliary FBSDE

, we now look at

t t
Xf:530+/ bﬂ(s,Xg)ds+/ o (s, X1 AW,
0 0
T ~ T
y;v:g(xg,)_/ F’)(s,Xg,Y;],Zg)ds—/ Z1 AW,
t t

where Y;” and Z]' do not couple into the equation for X7 = (X{)7,¥/")T.

We approximate the processes X", Y and Z" by the triple (X", Y™ Z"™) which we obtain
from the Euler-Maruyama scheme . Additionally, to approximate the process 17’7, we define
the process Y™ = Y7 Setting X" := ((X?™) T, (Y"?™)T)T, this ‘extended’ Euler-Maruyama
scheme can easily be reformulated as

Xg)m = j07
XZ’J_FI = XZ_’W + bp(ti,XZ’ﬁ)Ai + O"O(ti,XZ’Tr)AWi, Vi € {O, oy N — 1},
Z" = p(ts, XP7), Vi € {0,...,N}, (8)

K07 = Xy, 207 = 2, e 0.7\ x

Y,PT =Y vt € [0,T).

At this point it gets clear why the generator F” is defined in such a way: We can reasonably use
the ‘same’ approximation scheme to approximate the solutions of FBSDE and FBSDE ([7)).
In particular, at the grid points ¢;, ¢ =0, ..., N, it holds that

C(tiv XZ’W> Y/;f?’ﬂ—a p(ti7 XZJF)) = p(tia XtTﬂ—)'
Consequently, since ;"™ = f/t:’” and Z"" = p(t;, X;'™), we can simplify
POt X1,V Z07) = POt X090 ot X0)

= F(t, XY T (0, X))
= F(t, X7, Y™, 20, (9)
Hence, for i € {0,...,N — 1}, we can rewrite
YT = YT 4 FP (4, XYL Z0T A+ 20T AW,

tit1

i.e., the tuple (X YT ZM™) can be considered as the deep BSDE approximation for the
decoupled FBSDE with coefficients b°, 0 and F”. We now first study this decoupled FBSDE
and prove the following theorem.

Theorem 5.1. FBSDE admits a unique adapted solution (X”,Y”, ZM). Moreover, for each
t €[0,T], it holds that

Y =u(t, X)) and Z]' =9, X],Y]).

17



5. Proof of Theorem

To ensure that the FBSDE is uniquely solvable certain regularity conditions concerning b,
o” and F* are crucial, which we will establish next. For later use, it is important to keep track
of the dependence of the constants on K, and H).

Remark 5.2. In what follows, we will repeatedly use the following basic inequalities without
explicitly referring to them:

(i) Let m € N and ay,...,a, € R. It holds that
m 2 m
(Se) <w¥at
i=1 i=1

(ii) For any two & = (z",9)",3" = (2'7,7)" € R¥!, we have that

o — 2| + |5 — 7] < V2[E - .

Lemma 5.3. Let

Hy = (V2+ H,)\/H} + HZ and Hyp = \/2H2 + H2.

For any (t,7), (t',3') € [0,T] x RI*L it holds that

09 (t, &) — 0P (', &) < Hyo (|t — )2 + |7 — 7)),
0P (t, &) — o (t', &) < Hoo (It — |2 + |7 — 7]),

1. e., the functions b° and o are %—H(')'lder continuous in t and Lipschitz continuous in T with

constants Hye and Hyo.

Proof. The definition of the Euclidean norm in connection with the Holder and Lipschitz con-
ditions on b, F', and p imply

|bP (t, &) — bp(t',irl)]Q = |b(t,z, 9, p(t,x)) — b(t’,x',gj’,p(t’,w'))]Q
+ |F(t,2,§,p(t,x)) — F(t', 2, 7, p(t', 2"))?
- - 2
< (H}+ HE)([t =t + |z — 2| + |5 — 7| + |p(t, 2) — p(t,2")))
< (HE + HE)(V2+ H,)2 ([t — "% + |7 — #))%.

Taking square roots on both sides shows the first inequality. Analogously, now taking the defi-
nition of the Frobenius norm into account and applying the %-Hélder and Lipschitz continutity

of o and p, we obtain

|07 (t, &) — o (6, 7> = |o(t,2,§) — o (t', 2", §)1> + [p(t, 2) — p(t',2")?
_ N2
<H ([t ="+l —2|+ g - )" + H (|t - V2 4 e — o))

< (2HZ+ H2)(jt — ']V + |7 — &))",

2

Taking square roots on both sides shows the second inequality. O
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5. Proof of Theorem

Lemma 5.4. Define

Ly = \/12H} v (6HA(T + K2) + K7 +2F(0,0,0,0)2),
Koo = /K2 + K2.
For any (t,%) € [0,T] x R4 it holds that

(¢, @) < Lpp(L+[2%)  and |o”(t,2)]* < KZ,.

Proof. Using the Holder and Lipschitz conditions on F' as well as the boundedness of b and p,
we obtain

0(t,2)|* = |b(t, =, , p(t, ) |* + |F(t, z, 5, p(t, )|
< Kif +2|F(t, 2,5, p(t, ) = F(0,0,0,0)* + 2F(0,0,0,0)?
< KZ+2HE (82 + || + [5] + |p(t, 2)])* + 2F(0,0,0,0)?
< 12H7|Z* + 6HE (T + K7) + Ki 4+ 2F(0,0,0,0)°.

This shows the linear growth condition of ”. The boundedness of ¢” follows directly from the
boundedness of o and p, i.e.,

0P (t, D) = lo(t,z,9)* + |o(t,2)[* < KT + K. O
Lemma 5.5. Let p € O, . Define

1
Hy = (Hp + K, Hy)(1+ HY?) + K, H

C 2 Ugz Lo T
14++v2
Hy = (Hp + Ky, Hy) (1+ HE) 4 Ky, Hy(V2 o+ H,) + 2K, Ho, + Q\[KUMHMT,
H3 = KJUTHum:a
where

Hg(%Z) — Kg—l(Ka V (Kp Vi K’&)Ha’) and Hétw) — (Kp \V Kﬂ)(\/éKo—Ho.—l + Kg—ng).
(a) For all (t,%) € [0,T] x R and any two (y,2), (v, 2') € R x (RY)* it holds that
[FP(t, &y, 2) — FP(t, 2,y )| < Hi(ly — o + 12 = 2]),

i.e., FP is Lipschitz in (y, z) uniformly in (t,T) with constant H;.

(b) For all (y,z) € R x (RY)* and any two (t,%), (t',7') € [0,T] x R4 it holds that

\FP(t, &y, 2) — FP(t, &y, 2)| < Ho(|t —t'|"? + |7 — &|) + Hy (|t — |/ + |7 — &|*).

Proof. (a) Using the shorthand notation

6'71 = Uﬁl(txﬂl])? 0= O'(t,flf, y)7 U/ = O'(t,.%',:l/),
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5. Proof of Theorem

we obtain

C(t, 7y, 2) = ((t, 2.y, 2')| = |h(2)6 o — h(z')5 0|

= [(h(2) = (') 'o + h(z")5 " (0 — o)
< KoK, 1|z — 2|+ (K,V Kg)K, 1 Hy|y — ¢/

< Héy’z) (ly —'| + |z = 2]).
With this bound at hand, it easily follows that
F(t,2,y,((4,3,9,2) — Pty (4,3, ,2)| < Hp(1+ HY?) (ly — /| + |2 = '),
bt 2,9, (8, 7,9, 2)) = b(t, 2,3/, C(t, 2,0/, )| < Hy(1L+ B (Jy = o' + |2 = #/]).
Thus, using the shorthand notation
b = b(t7 x? y? C(t7 ‘%7 y7 Z))? b/ = b(t7 x? yl7C(t? j) y/7 Zl))? bp = b(t7 x? g? p(t7 z))?
we have
| (t,2) (b — b) — ua(t, 2)(by — V)| = ua(t, 2)[[t — D]
< Ko, Hy(1+ HP) (ly =y + ]2 = ).
Lastly, it holds that
1 -
itr [ul“l“(ta l‘) ((UO_T)(t’ z, y) - (UUT)(ta z, y))]
1 -
- 51]1' [sz(t, LL’) ((UUT)(t7 T, y) - (UUT)(ta z, y/))]
1
= 5 |tr[taa(t, 2) (00 ")(t, 2, 9) — (00 7)(t,2,9) ]|
1
< *Ium(t o)l|(ea ") (t,2,y) = (00 ")(t, 2, y))|

The statement now follows by applying the triangle inequality to the difference
|FP(t,Z,y,2) — FP(t,Z,y,2')| and summing up the above bounds.

Using the shorthand notation
oc=o(tz,y), o=cit 2y, l=ctz,9), H 1 =ct 2,7,

we obtain

¢t 2,y,2) = C(t, 7,y )! Ih( )o~ o—h(Z)(5‘1)’a’
@M =@ )o+ ) (0~
< (Kp vKﬁ)(\ngHfl + Ky Hy)(Jt =V + |7 — &)
= HID ([t— 12 + |7 - 7).
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5. Proof of Theorem

Then, we have
|F(t,@,y, (4, 3,9,2) — F(t,2',y, (7 y,2)| < Hp(1+ HS) (|t —1V2 + |7 - 7)),
bt 2,9, (b, 2)) — Bt @'y, G &y 2] < Hy (14 HED) (It = 01Y2 4 |7 — ).
Furthermore, it holds that

b(t, 2, §, p(t, ) = b(t', 2", 7, p(t', 2"))|
<Hy(t=t"? + |z = 2| + 5 — | + Ip(t, ) — p(t', 2")])
< Hy(V2+ H,)(jt —t']'2 + |7 — &).

Now, using the shorthand notation

(t7 'CU? g? p(t7 x))’ b = b(t7 x? y? C(t7 ‘i.? y? z))?
(t,7 x/7 gl7 p(t,7 x/))7 b, = b(t/? $/7 y? C(t/7 5’;/? y7 z))?

we obtain

[z (t,2)(by — b) — ua(t', 27) (b, — V)|
= ‘ua?(t7$)(bp - b;; + b — b) + (um(t,m) - u%(tlax/))(b;) - b,)|
< [Ku, Hy(1+ V2 + Hy + H) + 2K Hy, ) ([t =12 + |7 — 7).

Similarly, now abbreviating

oo = (o0 ")(t,z,y), o' = (oo ")(t,z,7),

(UUTY = (UUT)(t/7 .iL'/, y)? (0/:&—'—)/ = (UUT)(t/7 .%'/, g/)7
we obtain

Sl (6,2) (70" — 00 T)] — Jirfuaelt,a’) (@) ~ (007Y)]

2
< %|tr[(um(t, z) — U (t',2")) (50" — oo T)]|
+ %!tr [ua(t' ') (G0 — (55") + (00 T) — oo )]
< S la(t2) — (2|57 — 00| 4 L ugs (¢ 2|55~ (55 + (o0TY ~ 0]
< Ko Hu,, (It = %% + 12 — &) + %KUMHUUT(l +V2)(jt =t + |3 - 7).

The statement now follows by applying the triangle inequality to the difference
|FP(t,Z,y,2z) — FP(t',%,y, z)| and summing up the above bounds. O

Proof of Theorem[5.1]. Since b and o” are uniformly Lipschitz in (Lemma and fulfill linear
growth conditions in (Lemma for o” the boundedness implies the linear growth condition),
the forward part of FBSDE has a unique solution X7 [24, Theorem 3.1 of Chapter 2. In
particular, X" is continuous and (Ft)e>0-adapted and consequently also (F¢)¢>o-progressively
measurable. Moreover, by [24, Lemma 3.2 of Chapter 2] in connection with Lemma it
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5. Proof of Theorem

holds that E[supte[o’ﬂ | X7 2] < co. Thus, also the backward part admits a unique solution [23,
Theorem 4.2 of Chapter 1] since F”, considered as a function

FP[0,T] x QxR x (R - R,  FP(t,w,y,2) = F(t, X] (w),vy, 2),
is Lipschitz in (y, z) uniformly in (¢,w) by Lemma[5.5(a) and satisfies
~ T ~
BlskDE + [ 1 70,0 P ar
0
< 2HZE[|X712] + 2H29(0)* + 2T'F*(0,0,0,0)?
T
+ 8E [/ H3t 4+ H2|X)|? + H3t™ + H2| X% dt
0
< o0 (10)

by the Lipschitz continuity of g, Lemma (b) and the integrability properties of X.

Now, fix some ¢ € [0,7] and apply It6’s formula to u(t, X;'). Additionally, using the identities
for u(x, Xs) and u(T, X7) given by the parabolic PDE and noting that
(s, X{) = ua(s, X)o (s, XT,uls, XT))
(O(s, X2, Yo~ (s, X2, Yo (s, XTI, u(s, X))
(210~ (s, X1, Vo (s, X1, ¥7)
(s, X2, Y1, Z0),

u
=h
=h
=¢

since 9(s, X, YJ") is bounded by Ky < K,V Ky, it follows that
T ~
Y =T X0) ~ [ el X2 s, XDbls, X2 V2, pls, XD)
t
1 T ~ T ~
+ Etr [um(s, XN (oo ") (s, Xg,Ys”)] ds — Ug (s, XN o (s, X1, Y dWy
t

T
— g(X1) — / F(s, X7, u(s, X7), v(s, X7)
t
g (s, X7) [b(s, XT, T, p(s, X)) — b(s, X7, u(s, X7, o(s, X7))]
T

1 -
+ itr[u:ﬂx(saXg)((UUT)(San)}/;n) - (UJT)(‘S)ngu(SaX;I))] ds — / Zg dWs
t

T
:g(Xg“) _/ F(S,X?,Y?,C(S,Xg,}/sn,zg))
t
+u(s, X2)[b(s, XJ, Y], p(s, X1)) = b(s, X2, Y], ¢ (s, X2, Y], Z]))]
1 - T
+ itr[u:cx(saXg)((UO-T)(San7YZ7) - (UO’T)(S7X;]7Y;7)] ds — / Zg dW;
t

T T
oxp) - [ P LYz s [ zaw,
t t

That is Y7 and Z" fulfill the backward SDE of FBSDE . Moreover, since u and ¢ fulfill
Holder and Lipschitz conditions and are consequently continuous, the processes Y and Z"
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5. Proof of Theorem

are (JF;)i>o-progressively measurable as functions of X", Also Y is continuous. Lastly, the
necessary integrability conditions are fulfilled. Indeed, for Y, we obtain from the integrability
properties of X" that

E[ sup \Ym?} < 4AH2T + 4H3E[ sup yX,?y?} +2u(0,0)? < oco.
te[0,T] t€[0,T]

For Z" the required integrability condition follows directly from the boundedness of 9. O

Lemma 5.6. It holds that

| s K1) < (14 a0 T <o
te[0,T

Proof. Follows from [24, Lemma 3.2 of Chapter 2] in connection with Lemma [5.4] O

Lemma 5.7. Let
c11 = 2(K|n| + K2).
It holds that

sup E[|X] — Xﬁ(t)‘Q] < cnln.
te[0,7

Proof. Let t € [0,T]. Inserting the definitions of X, and X{JI( " and applying It0’s isometry we
obtain

t 2 t 2
E[| X} — X7t 2] <2E b(s, X7, Y, p(s, X7))ds| | + 2E o(s, X1, Y dW,
TI(t) i) s s s ) s s
<2t —T()2KE +2(t — TI(t)) K2
< 2(K§|7T\+KU2)\7T\. d

5.2. A-Posteriori Error of the Auxiliary FBSDE

A‘E first, we derive an upper bound for the L?-approximation error between (X' nYn, Zm) and
(X Yy ZmT)  that is

T
El= sup E[|X] — X" ] + maxE[|Y, — V"7 +E[/ Y =Y 4|20 - 2T de
te[0,T] ti€m ’ ’ 0

which will rely on the a-posteriori estimates for BSDEs in [3]. Additionally, we will use the stan-
dard result that, under the usual Lipschitz and linear growth conditions, the Euler—-Maruyama
scheme converges strongly with order %; see, e.g., [18, Theorem 10.2.2]. To be able to indicate
the dependence on K, and H, we give a self-contained proof of this result in Appendix @
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5. Proof of Theorem

Lemma 5.8. Define
c3 = 4(2T(THE + H2,) + L, |m|(1 4 cg) + Kgp)eST(Tng+ng).
It holds that

sup E[| X} — X2 < eslnl.
te[0,7

Proof. See Appendix [A]

Theorem 5.9. Define

c1:=2(2T + 1)(dy + dcr),

cy = 2dy(H7ce + g(0)?) + 2(2T + 1) (daHcs + 4ds HF (1 + ¢3)T)
+4Tdy(H7(T + 2¢6) + F(0,0,0,0)? + 4K2 Ki + K2 K2 +),

¢y = 82T + 1)ds H3(1 4 ¢§)T,

U= 4H}(T +1)(dV 2) + 16TH{ (1 +T)*(d V 2)?,

where
6
= 42+ 16(2+4(1 + T)TH?(dV 2)) )"
cr ((dv2)—1+ +16(2+ 4(1+ T)TH( )))e 7
d
dy = <44 +2> (2+d)[2+cr(1+ HIT(T + d))],
dy = 2Hy (2T +1)dy + 8(1 + HIT)e ™ 16 2eH*T (T 4 2 1+ 21T |,
ds = 2H, (2T + 1)ds + 8(1 + HIT)e T 4 (16 H71HHVT(3 4 2HT) + 8) |,
dy = (1+2(1+28:)T)e*" + 4 + 4|,
dy
ds = ——
5 4H17
- d
dy = 471—1;1 [(4 +4H} )T | g 2ot T (4 9 4 2H12T)!7T|]a
- d
ds = 47;1 [4(1 + HIT)eWHI'T 1 (8 HZe(+H*T (3 L 2HIT) 4 4) W} :
1 1
pi= B 14 ——— ST
e = (1 5 rapin!) * s

Br = (4Hy + 16 HY ) H16HD)Irl

For |w| <min{1, (8H:(1 4+ 4H;))~*,T~'} it holds that

2 dt

T
max B[V - 2 P) + 8| [ v 12 - 2
0

tiem

< clEUg(X;}’W) — Yr_ﬁ’ﬂ\z] + cq|m| + Cq|m|*.
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5. Proof of Theorem

Proof. We define the random variables
§:=g(X7) and &= g(X{") = g(X77),
as well as the random functions
fOX[0,T]xRxRY 3R and f: Qx7xRxRI—R,
with
flty,2) = flw,t,y,2) = F(t, X](w),y, 2),
fﬂ—(tiy Y, Z) = fﬂ—(wa Lis Y, Z) = Fp(tiv XZ’W(W)v Y, Z)

Since X and X" are Fr-measurable, from the measurability of g it follows that £ and ™ are
Fr-measurable. Furthermore, from the Lipschitz continuity of g we obtain

E[e]?) = E[lg(X) — 9(0) + (0[] < 2H2E[|X7?] +29(0)? < oo,
E[IE"P] = E[lg(X2™) — 9(0) + g(0)%] < 2HZE[| X" ] +29(0)% < oo,
i.e., & and €™ are square-intgrable. Since F* is measurableN(since it fulfills Holder and Lipschitz
conditions in all variables and is thus continuous) and XZ’” is Fi,-measurable for all ¢; € «
it follows that f7 is measurable and, for every ¢; € 7 and (y,2z) € R x R ™ (t;,y, 2) is
Fi,-measurable. Also, since F” is measurable and X" is (F;);>o-progressively measurable, f is
measurable and, for every (y, z) € RxR?, f(-,y, z) is F-adapted. Moreover, from Lemma a)

it directly follows that f and f7 are Lipschitz in (y,z) uniformly in (w,t) resp. (w,t;) with
Lipschitz constant H;. Lastly, as in the proof of Theorem it holds that

E [/T]f(t,O,O)\2 dt} =F UTW@,X:, 0,0) dt] 8
0 0

and, similarly,
E[|f™(t:,0,0)°] = E[|F?(t;, X;'",0,0) — F*(;,0,0,0) + F*(t;,0,0,0)?]
< SE {H%ti + H| X2 + HAY + HE X[ ﬂ +2F°(0,0,0,0)2

< Q.

Thus, we can apply [3, Theorem 3.1], which yields
T
B (V- )| [y 20— 2 Pl
A 0
T ~
§2(2T+1)(d1+dC7)5+<d2E[y§\2]+d3EU yFP(r,Xﬁ,o,O)Per\wy
0

T
+2(2T+1)d4E[[€—€7] +2(2T+1)d5/ E[|FP(tX]Y)", 2])— FP((t), XY, Z]) [P dt
0

=2(2T+1)(d1+c7)E+ (do(I1) +d3 (1I0))| 7| +2(2T +1)dy (IV) +2(2T +1)d5 (V),

where
i1 2
€ =E[|¢" — ¥;i™*] + max E ‘WZ’W YT =N (T, YT 20T A + 20T AW) ] :
<i< =
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5. Proof of Theorem

Observe that
P74 Y7, 20 = (e, X7 0T, 20 € B, X Y (e, XDTY).

Consequently, since, by the recursion of the Euler-Maruyama scheme, it holds that
Y;f?ﬂr = Y;tgﬂr + Z( t]>Xn7 Ym (thn ﬂ))A + p(t]’X”’ )AW)
the term & simplifies to
=E[|¢" - Y]
Inserting the definition £ = g(X7) and using the Lipschitz continuity of g, we get that
(I1) = E[|g(X7) — 9(0) + 9(0)P"] < 2(HZE[|X2*] +9(0)*) < 2(Hges + 9(0)?).
Similarly, now using the Hélder and Lipschitz conditions on F', it follows that

T
(II1) < 4E [/ |F(r, X",0,0) — F(0,0,0,0)|*> + F(0,0,0,0)?
0 ~
+ Jua (r, X7 [b(r, Xﬁ,mpm X)) b(r, X7, 0,0)]|”

—i—ltr[umrX )(r, X7, V) — (UT)(Tanyo))]sz

(
T
§4H%<2/ r+E[|X]? dr>
0

+
< 4HF(T2+2TE[ sup |X/| QD +4T(F(0,0,0,0)* + 4K2 K + K2 K2 )
t€[0,T]

< AT(H}(T + 2¢6) + F(0,0,0,0)* + 4K2 K7 + K2, K2 ).

AT(F(0,0,0,0)* + 4K2 K2 + K2 K2 )

Inserting the definitions & = g(X7) and {™ = g(X7'™), using the Lipschitz continuity of g, and
applying Lemma we obtain

(IV) < HIE[| X} — X37™%] < HjEUX{,Z - XITP] < H} s[lépT}IEUX" X < HZesrl.
te

From Lemma b), Lemma and Jensen’s inequality we obtain
T
v <2 ( [ (- nepe+ 157 - 27 o)
0
T = = 2
+2H] (/ E|(It - @)/ + | %] — X77[)?] dt)
0

T
< 4H? (/ E[]t—H(t)H + sup E[|)~(;7 — ~87 2] dt>
0 s€[0,7]

T
+ 4H? </ E[|t — II(t)|*] + sup E[|X7— X7 [?] dt)
0 s€[0,T)

T @
< 4HZ(1 + c3)T|w| + 4H2 (/ E[lt — II(¢)|*] + ( sup E[|X7 — X;WP]) dt)
0

s€[0,7T
< 4HZ(1+ ¢3)T|n| + 4H5 (1 + ¢§)T|m|*.

Putting the above estimates together gives the result. O
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5. Proof of Theorem

5.3. Connecting the Original FBSDE and the Auxiliary Decoupled FBSDE

In a second step, we estimate the deviation between the adapted solution (X, Y, Z) of the original
FBSDE (1)) and the adapted solution (X7, Y", Z") of the modified FBSDE ([7):

T
& = sup E[|X; — X]’] + maxE[|Y;, — Y, |’] +EU (1V: = Y> + |2, — Z)')?) dt|.
te[0,7) ti€m ’ 0

Lemma 5.10. Let
cg 1= [12H,3(1 + (14 Hy)*T)T + 10H§T} (1610,
Co = [12H§T2((Hu + H,+ HyH,)? + H2(1 + Hyp)%cr1 + (1+ H, + Hy)2cs)
+10H2T(H? + c3 + H2epy) + (12H,?(1 + (14 Hy)*T)T + 10H3T) C4} e10,
Gy = [12}13(1 + (14 Hy)*T)T + 10H§T} Ege0,
where
cro = (1 + Hy,)*T(12H; (1 + Hy)*T + 10H?).
It holds that

sglp]IE“Xt - thm < sE[|¢7 - Yg\;ﬂm + co|| + Eg|m|*.
te0,T

Proof. From the definitions of X; and X/, Holder’s inequality and Itd’s isometry in connection
with Fubini’s theorem we obtain

t ~
E[|X, - XJ] <oT / E[[b(s, Xy, Yo, Zo) — b(s, X1, 77, p(s, X7))[?] ds
0
t ~
Lo / E[lo(s, X, Ys) — o(s, X7, V)] ds.
0

Note that, using the identities of Theorem [5.1] we obtain

Vs =Y.

<Yy —u(s, XD+ [uls, X7) = w(Tl(s), X[j )| + [u(Tl(s), X} o)) = Vil | + [V = Y7

= |u(s, Xs) — u(s, XD)| + |u(s, X7) — u(H(s),Xﬁ(s))‘ + ‘Yﬁ'(s) — Yg(;r)‘ VA

< Hy|X, = XU+ Hyls = T(s)[V? + H|XT = X[ |+ [V, = ViG5| + 1 X2m = X7 (1)
Thus, together with Remark we can bound

1Zs — p(s, X7)|
< |Ze— 0. XV 4 [9(s, XITT) = p(T(s), X175 | + |o(T1(s), X27) = pls, X2)|

[0(s, X, Ys) = 9(s, XT V)| + 20 = Z27| + |p(I(s), XI7) — p(s, X))
Hy|Xs — XJ| + Hy|Ys = Y| + |20 = 27| + Hpls = T1(s)|"/ + H,| X] — X2

IN
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5. Proof of Theorem

™ 1/2
< Ho(l+ Hy)|Xs = X+ 12 = Z7| + (Hp + HoHy)|s — I1(s)|
+ (Hp+ Hy)|X] = X7 + HyH,|X] = X[} |+ Ho| Y], = YT |- (12)

Then, exploiting the %—Hélder and Lipschitz continuity of b, o, u, u; and p as well as the

boundedness of ¢ and u,, it follows that
¢
[ Bl X Y020 =05, XDl X)) s
0
t
< B [ E[(X- XTI Y- T2 p(o, X)) ds
0

@O , [
< Hj / E| (14 Hu) (4 H)| Xy = X2\ 20— 207 |+ (Hot Hyt Hy ) s =T(s) /2
0

t

_ ~ 2
(1 Hpt Hyp) | X7 = X274 Hy (14 Hy) | X7 = X1 ) |+ (L H) [V~ Y \) }ds
< 6H§(1+Hu)2(1+H19)2/E[|Xs—Xg|2]d3

0

(s)
T
+6H? (E[/ |z -z 2])
0

T
+6H5/ (Hy+H,+HyH,)*m|+H2(1+Hy)? sup IE[|X;7—XH(T)|2]
0 r€[0,T]
+(1+H,+Hy)* sup E[|X]—-X""|*]ds
r€[0,T]

2] dS-l-(l—f—Hﬂ)QTItngX]E [y, —y,»"
i T 1 1

t
< 6H§(1+Hu)2(1+H19)2/E[|Xs—Xg|2]d3
0

F6HP (1 (14 Hy)*T) (1 E[I™ =Y [2] el + |
+6H;T ((Hy+H,+ HyH,)*+HZ (1+ Hy)?e11 +(1+ Hy+ Hy)c3) |7l
To derive the last inequality we additionally made use of Theorem [5.9)and Lemmas [5.7 and [5.8]
Moreover, under the Lipschitz continuity of ¢ it holds that
¢
| Elots, X Y) - o5, X2, T2 P) s
0

t
< B2 [ B[(1X. - X2+ 1, - 7)) as
0

() t
< 5H§/ (1+ Hy)’E[| X, — XT°] + HZE[|s — IL(s)|] + HIE[|X] — X [*]
0

+E[[Yy ) — YSEZ)\Q] +E[|XP™ — X7 ds
t t
< 5H§(1+Hu)2/ E[| X, — X7°] ds+5H§/ Hi|n| + H sup E[|X]— X7 0[]
0 0

rel0,T7]

I+ sup E[|X?™ — X7)?] ds

+ maxE[|Y,! — Y7
ti€m ' ' rel0,T]

t
< 5H§(1+Hu)2/ E[|X, — X7%]
0

+ 5H2T (1B [[€7 — Y2 1] + eulm| + é4lm|*) + BHIT(H; + c3 + Hien)|wl.
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5. Proof of Theorem
Together we obtain

t
E[|1X: — XJ|°] < [12HZ (1 + H,)*(1 + Hy)*T + 10HZ(1 + H,)?] / E[|Xs — X7?] ds
0
+ [12H7 (1 + (14 Hy)*T)T + 10HT] (A E[|€" — Y27 |*] + calm| + Ealm|®)
+ [12HT*((H, + Hy + HyH,)? + HZ (1 + Hy)?c11 + (1 + H, + Hy)?c3)
+ 10H2T(HZ + c3 + Hien)]|n|.

Applying Gronwall’s lemma finishes the proof. O

Remark 5.11. From Equation it follows that

t B t B
IE[/ |YSYS77|2ds] :/ E[|Y; — Y*] ds
0 0

t
< 5/ HIE[|X, — X]|*] + HiE[|s — 1I(s)|] + HIE[|X] — X[} ]
0

+E[IY,) — Yiigl*] + E[XI7 - X]1?] ds

<5/ H? sup E |X — X/ ] + HZ|m|+ H sup E“Xn Xﬁ(r)”
T‘GOT] TE[O,T]

+maxE[|Y,! — Y™ ’] + sup E[|X?™ — X7|?] ds
tiem ’ ’ rel0,7)

< 5T(c1 + H2es)E[|€™ — V7™ 2] + 5T(4 + H2&) x|
+ 5T (c3 4+ ca + HZ (1 + co + c11)) |7l
Theorem 5.12. Define

cy=(1+HZ(1+T)+2TH(1 +5TH?))cs + 10T° Hycy,
= (1+HZ(1+T)+2TH;(1 + 5TH2))cy + 10T*Hy (s + c3 + H2(1 + c11)),
= (1+H21+T)+2TH5(1 + 5THZ))éy + 10T Hyé.

It holds that

Ey < E[IET = VI ?] + eslm| + &|m|.
Proof. Since Y; = u(t,X;) and Y}’ = u(t X;"), from the Lipschitz continuity of u(t,z) in x
uniformly in ¢ and applying Lemma [5.10] it follows that
2 2
maxB[Y;, — VII°] = g}ggE[IU(ti,Xti) —u(ti, X;))|%]

< HymaxE[|X;, — X}1|7]
i€ ¢

< HycsE[|€™ - Y17

2] + HZcy|m| + H&|m|®.

Using the same arguments as above and applying Fubini’s theorem, we also obtain

T
E [/0 Y; - Y? dt] < HiTesE[|€7 — Y™

| + H2Tco|m| + H2Té|m|".
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6. Sufficient Conditions on the Coefficient Functions

Similarly, now using the definitions Z; = v(t, X;) = 9(t, X3, Y;) and Z;' = 9(¢, X/, 17;7) as well as
the Lipschitz continuity of ¥(¢,z,y) in (z,y) uniformly in ¢ and the last remark, we get

T T
E[/ \Zt—Zf]th] _/ E[[0(t, Xi, V) — O(t, X[, Y, [P] dt
0 0
T ~
< 2H§/ E[|1X: — X]|°] + E[|Y: — Y}")?] dt
0
< 2T H3(cs + 5T (c1 + H2cs))E[|€7 — ¥, ]
+ 2T H3 (G + 5T(¢4 + H28y)) |m]®
+2THj [co + 5T (c3 + ca + Hy (1 + co + c11)) |-

Summing up the three estimates and again applying Lemma [5.10| completes the proof. ]

Proof of Theorem [3.1] It holds that
Enr < 2(E,+ &)
Thus, from Lemma [5.8, Theorem 5.9 and Theorem it follows that
Enm < 2(c1 + B[V = g(XF)IP] + 2(cs + 4 + ¢s)|m| + 2(é4 + &) |7|*, (13)

for |x| < min{1, (8H1(1 4+ 4H;))" ', T~'}. The statement now follows from some basic upper
bounding of the constants in dependence of K, and H, (see Appendix . For bounding S,
note that || < (8H;(1+4H;))~! by the assumption of Theorem [5.9} that is 3, can be bounded
by a multiple of 4H; + 16 H?. O

Remark 5.13. Carefully revisiting the proof of Theorem one notices that the |m|*-part
results from the u,,-part of FP. If o is independent of Y;, this u,,-part vanishes and thus, in
this case, the convergence in time holds up to order 1 instead of order a.

6. Sufficient Conditions on the Coefficient Functions

So far, the convergence does not fully rely on assumptions on the known functions b, o, F, g
and p, but also on assumptions on the unknown solution u of the parabolic PDE together
with its spatial derivatives u, and u;;. The goal of this section is to give additional conditions
on b, o, F' and g, such that Assumption [2.4]is fulfilled. To this end, we make use of classical
results on the well-posedness of parabolic Cauchy problems by Ladyzenskaja et al. [19].

In the following we write

x = (z1,..., xd)—l—7 b(t,z,y,z) = (bi(t,x,y,2),...,b4(t, x,y, z))T,
= (Zl) L) Zd)) G(ta Jj)?/) = (Gij(t7x7y))i,j:1,.‘.,d'

Assumption 6.1. (i) There exists an o € (0,1) such that g € H?>T%(D) for any bounded
domain D C R and g is boundedﬂ

'For a definition of H*T(D), see |19} p. 7].
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6. Sufficient Conditions on the Coefficient Functions

(ii) There exists a positive real constant Kr € Rq such that for all (t,x) € [0,T] x R? it holds
that

(iii) For alli,j, k€ {1,...,d}, the partial derivatives

% ob; Ooi; 0oy (9£ (9l
Oy’ 0z, Oxp’ Oy Oy 0Oz

exist, whereby

0o;j 0o
92 and By

fulfill Holder conditions in t, x and y with exponents 5, a and c.
Theorem 6.2. Let Assumptions [2.1] and [6.]] be fulfilled. Then Assumption[2.4] holds true.

Proof. For (t,x,y,z) € [0,T] x R? x R x (R%)*, define the functions (we set  := T'— t)
1 d d
Cli(t,l‘, Y, Z) = 5 sz Zail(t7x7y)alk(tvxay)a i = 1a ) da
d
a(taxaya Z) = szbk(ﬂ%vaU(ﬂxay)) - F(Eaxvya za(t,x,y))
d _ _
agil (tu x, y) n T aO'lk (tu Z, y)
ZZ%Z((%Z_WME%Z/) + Uil(tvxay)T
1 < d d oy (t,z,y) doy(t, x,y)
l\Uy Ly Lk\Uy 4y
+222izzkz<ayalk( y) +ou(t,x y)ay),
aij(taxayaz) ::720’51 Ulj t 7y)’ Z'mj:]-)"'ada

A(t7 :L" y’ Z) = Z Zlbl (E7 x’ y’ ZO'(t, ;E? y)) - F(E? l’? y7 ZJ(E7 :L" y))?

=1
Yo(z) = g(x).
Note that a is well-defined, since, by Assumption (iii), the involved partial derivatives exist.
By the same argument, for each i,j € {1,...,d}, all of the following partial derivatives exist:
d d - -
8%’(7573372%2) 1 anl(taCUay) T T 80lk(t7$7y)
AL A o I (i a( e d
8xj QszZ 856] Ulk( 7x7y)+0-2l( ,.'I?,y) 81'] )
k=1 =1
d d - -
8a¢(t,x,y,2) 1 aO'il(t,ZE,y) aO'lk(t,l',y)
ay - 92 s Rk lZ; ay Ulk?( ) + Uzl( y) 8y )
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6. Sufficient Conditions on the Coefficient Functions

8(11'(1(:, x,Y,z
T ZO‘ZI O'lj t y)

The above functions are defined in such a way that the identities

d
Oa;(t,x,y, z Oa;(t,x,y, z
Atz 2) = alt,y,z) - 30 P20y S0,
i=1 v i=1

aai(t7 z,Y, Z)

. d,j=1,....d,
8Zj ]

aij(tv x,Y, Z) =

hold. Therefore, we are in the setting of [19, Chapter V, Theorem 8.1], which gives us sufficient
conditions for the existence of a classical solution @ € H't% 27 ([0, T] x Rd)l of the Cauchy
problem

{ﬂt(t, x) = Zle d%iai(t, z, U(t, x), 0, (t, ) — alt, z,4(t, ), 4. (t, 7)), (t,2) €[0,T] x RY,
(0, 2) = ¢o(z), z€R%
(14)

Note that a classical solution @ € H't22t%([0,T] x RY) fulfills all boundedness, Hélder and
Lipschitz conditions of Assumption

In the following, we show that the above Cauchy problem admits a classical solution @ €
H'T2:2+2([0,T] x RY) by verifying the solvability conditions (a), (b), (c) of [19, Chapter V,
Theorem 8.1]. In a final step, from @, we construct a solution u of the parabolic PDE ({3|) which
inherits the desired boundedness, Holder and Lipschitz conditions.

Solvability condition (a) coincides vvlth Assumption[6.1[i). Solvability condition (b) follows from
the uniform ellipticity condition and the inequality
|At, 2, y,0)y| = [F(t, z,y,0)y]
= |(F(t,x,y,0) — F(t,2,0,0))y + F(t,z,0,0)y|
< Hrly* + Krly|

1 K?
< Hp+ = )y + =L
< (4 3 )P+ F,
which uses the Lipschitz condition on F', Assumption (ii) and Young’s inequality and holds
true for arbitrary (¢,x,y,2) € [0,7] x R? x R x (R9)*.
To verify solvability condition (c), first note that all functions

aO'ij 80’1']'

Oxy,’ Oy’

F7 g, bka 0ij, iajake{l’-'wd}a

are %—Hélder continuous in ¢ and Lipschitz continuous in z, y and z by Assumptions (ii)
and (iii) and consequently continuous. Since additionally the mappings

(t,z,y,2)—»t=T—t and (t,z,y,2)— 2k, ke{l,...,d},

2For a definition of H'T2:2+2([0,T] x RY), see |19} pp. 7-8].
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6. Sufficient Conditions on the Coefficient Functions

are obviously continuous, it follows that the functions

da; 0a; Oa;
dx;’ dy’ 0z’

i, €{1,...,d},

ai, a,

are continuous.
Furthermore, for |z| < K, € Ry it holds that
|bk(ﬂ x,Y, ZU(Ev x, y)) - bk(flv CL',, y,a Z,U(F’ xlv yl))|
< |b(t,z,y, 20(t, x,y)) = b(t', 2"y, 2'o (T, 2", y"))|
< Hy(1+ K.Hy + Ko) ([t = [ + o — 2| + [y —¢/| + ]2 — 2])

and

|F(£xaya ZO'({,.’E,y)) - F(Elvlj’y,7ZIU({lvx,7y,))|
< Hy(1+ K.Hy + Ko) (|t = t/['? + [z — 2| + [y — /| + |2 — 2/]),

i.e., the mappings (¢, z,y,2) — bi(t,z,y,20(t,x,y)) and (t,z,y,2) — F(t,z,y,20(t,x,y)) are
%—Hélder continuous in ¢ and Lipschitz continuous in x, y and z. The same also holds, obviously,
for the projections (¢, x,y,z) — zx, k € {1,...,d}, and, by Assumptions (ii) and (iii), for
the mappings

0oij

oz,

0oij

dy

(t,z,y,2) — 045t z,y), (t,z,y), (t,z,y), 4,4, ke{l,...,d},

noting that |t —¢'| = |t — t/|. It follows that the functions

% Oa; Oa;
oz’ Oy’ 0z

a;, a, i,j€{1,...,d},

fulfill the same Holder and Lipschitz conditions as sum and product of Holder and Lipschitz
continuous functions where in the products all functions are bounded. Now, since ¢ € [0, T, for
ly| < Ky € Ryg and |z| < K, it easily follows that these functions fulfill Hélder conditions in t,

y, and z with exponents §, a and a. From Assumptions (iii) and (ii) in connection with

|z| < K, it follows that that each f € {ai,a, gTa;, %‘;j, gg; li,7 €{1,.. .,d}} can be bounded by
some constant Ky uniformly in (¢, z), that is for all (¢,z) € [0,7] x R? it holds that

f(t,2,0,0)] < Kj.

Consequently, each function f € { a;, a, gT“j_, %‘;j, ggj li,7 €{1,... ,d}} fulfills a Holder condition

of exponent « in x:
|f(t,l‘,y, Z) - f(t,ﬂf/,?/, Z)| < (Hb v 2(HnyKZ + Kf))|l‘ - $/|a

for all (¢,y,2) € [0,T] x R x (RY)* and any two x, 2’ € R%. Lastly, from Assumptions (ii)f(iii)
and |6.1{(ii), we obtain

Z<|GZ t Ty, 2 |+ ’aai(tafzvy? Z)
dy

=1

)(1+|z|)+zdjz
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d d d

1
<> (2d2K3|zy + d2HUKU\z|> 1+ 2)+ ) d°H K, ||

i=1 i=1 j=1
+ dKy|z| + Kp + He(|y| + Ky |2|) + P Hy K| 2| + d*Hyo K, | 2|2,

i.e., for bounded y, the LHS admits a bound of the form u(1 + |z|)? for a suitable constant
1 € R<g. Together with the uniform ellipticity condition , solvability condition (c) is fulfilled.

Now, noting that

d ’it77~t7 7~It7 it77~t7 7~let7 ~
(b 0), (1) = PTG ) Sl BB
" Qai(t, x, u(t, x), g (t, )
+ Z D2 Uz, (F, T)
k=1
and a classical solution @ fulfills Gy, (t,2) = Ug,q,(t,x) for all i,k € {1,...,d}, from the

definition of a it follows that

w(t,x) = %tr[ﬂm(t,x)(oa—r)(f,x,&(t,az))] — F(t,z,a(t, z), u,(t, )0 (t, z,a(t, z)))
(14) < + 1y (t, 2)b(E, z, A(t, ), e (t, x)o (F, z, a(t, z))),  (t,z) € [0,T] x RY,
a(0,z) = g(z), =R,

w(t,x) = F(t,x,u(t, ), 4, (t, x)o(t, z, u(t,xz))) — 1tlr [ﬂm(f,x)(aa—r)(t,x,ﬂ(f, z))]
= — G (F, 2)b(t, x, U(t, ), s (L, 2)o (t, x, u(f, x))), (t,z) € [0,T] x RY,
\Q(T, z)=g(z), zeRY,

Consequently, we can define a desired solution u of the parabolic PDE via

u: [0,T] x RY R, ult,z) = a(t, x). O
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Appendix A: Proof of Lemma [5.§]

From the recursion of the Euler-Maruyama scheme , we obtain

X"”_xo+z (t5, XA + o (5, X[ T) AW

It directly follows that, for all ¢ € [0, T], we can express X;"™ as

) ) ) e )
7 = g+ / bP(TI(s), X7™) ds + / o (1(s), X7 dIW,. (15)
0 0
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A. Proof of Lemma

Let t € [0, T]. Inserting the definition of X} and Equation for X"™, we obtain

E[|X] - X7

T(¢) - ~ 2 t 2
<4(E / b (s, X7) — bP(I1(s), XP™)ds| | + E / b (s, X7)ds
0 TI(¢)
II(¢) B B 2 t B 2
+E / o (s, X)) — o (Il(s), XI™)dWs| | + E / o (s, X)) dWs
0 TI(¢)

= 4((I) + (II) + (III) + (IV)).

Using Holder’s inequality, the %—Hélder and Lipschitz continuity of b” and Fubini’s theorem, the
first term can be bounded by

II(¢) 5 -
1) < H(t)E[/ |67 (s, X7) — b (T0(s), XI™)|? ds}
0
II(t) - L
< THfﬂE[/ (s — T(s) Y2 + | X7 — X7) dS]
0
II(t) () | -
< 2T H}, <E[/ s—H(s)|ds] —|—E[/ XQ—X;“TFdsD
0 0
t N
< 2TH§,J <T|7‘r| + / E“Xg — Xgﬂr|2] d3>.
0

For (III), using It6’s isometry, the Holder and Lipschitz condition on ¢” and Fubini’s theorem,
we obtain

11(t) - -
() =& [ o5, X2) — 0#(11(9), K27 |
0
() o
<2E| [ (s - 18 - K07
0
11(t) - -
< 2H3PE[/ ‘8—H($)‘+’X§—X§’ﬂ‘2d8:|
0
t
< 2H2, <T|7r| +/ E[| X7 — X7 ] ds>.
0

Applying Holder’s inequality and noticing that b° fulfills the linear growth condition of
Lemma [5.4] we see that the second term fulfills

t
an < Ialcg | [ RE R3] < PIR (4 co)
II(t

where the last inequality follows from Lemma Similarly, now using It6’s isometry and
boundedness of ¢” from Lemma for (IV) we obtain

t
(IV) < E[/ K2, ds} < K2,|n|.
TI(t)

Putting all bounds together yields
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B. Upper constant bounds depending on K, and H,

t
E[|X)] - X" *] <8(TH + ng)/ E[| X7 — XP7™|?] ds
0
+4(2T(THE + HZ) + L |n|(1 + ¢6) + K2,)|n.

Applying Gronwall’s lemma finishes the proof.

Appendix B: Upper constant bounds depending on K, and H,

CA+Kp) [Cc+H,) | CA+EK,+H,) | Ce | CeCEtHy)
LM’ Xp=1
KUP szl

H(tvx) Xp:l

Xp:1
}fl Xp:l

F Xp:4

o
o
X X X X

For all other constants, including Hs, c19 and ci1, there exist upper bounds that do not depend
on K, or H,.
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