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We investigate a variant of the deep BSDE method introduced by E et al. [11,
13]. The key novelty is that we establish an a-posteriori convergence result for the
approximation of strongly coupled forward-backward stochastic differential equations
(FBSDEs), i.e., our result holds without any assumptions on small time horizons,
monotonicity or weak coupling that are typically imposed in the literature on the
deep BSDE method. Instead, we rely on smoothness assumptions on the coefficients
and cover FBSDEs in which the coupling of the BSDE into the SDE depends on both
the backward component Y and the control component Z. Numerical experiments
illustrate the theoretical results and demonstrate the applicability of the proposed
approach.
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1. Introduction

In this paper, we study the numerical approximation of coupled forward-backward stochastic
differential equations (FBSDEs) of the form

Xt = x0 +

∫ t

0
b(s,Xs, Ys, Zs) ds+

∫ t

0
σ(s,Xs, Ys) dWs,

Yt = g(XT )−
∫ T

t
F (s,Xs, Ys, Zs)ds−

∫ T

t
Zs dWs,

(1)

given deterministic functions b : [0, T ] × Rd × R × (Rd)∗ → Rd, σ : [0, T ] × Rd × R → Rd×d,
F : [0, T ] × Rd × R × (Rd)∗ → R, g : Rd → R and an initial value x0 ∈ Rd, where T ∈ R>0

is a fixed time horizon and d ∈ N. The equation is given on a complete filtered probability
space (Ω,F , (Ft)t≥0,P), which carries a d-dimensional standard Brownian motion (Wt)t≥0, such
that (Ft)t≥0 is the natural filtration of (Wt)t≥0 augmented with all the P-null sets. Recall
that a solution of the FBSDE (1) is a triple (X,Y, Z) := (Xt, Yt, Zt)t≥0 of (Ft)t≥0-progressively
measurable stochastic processes with values in Rd×R×(Rd)∗, such that X and Y are continuous,

1



1. Introduction

E
[
supt∈[0,T ]|Xt|2

]
,E
[
supt∈[0,T ]|Yt|2

]
,
∫ T
0 E

[
|Zt|2

]
< ∞, and, for any t ∈ [0, T ], FBSDE (1) holds

P-almost surely.

FBSDEs originate from the study of the Pontryagin maximum principle for stochastic control by
Bismut [6] and Bensoussan [5], see also [31]. Besides several applications to mathematical finance
[23, Chapter 8], FBSDEs are also closely connected to quasi-linear parabolic partial differential
equations (PDEs) via non-linear Feynman-Kac representations [27, 28] and the Ma-Protter-Yong
four-step scheme [20].

Well-posedness of FBSDEs can be established via fixed point iteration [2, 28] either for small
time horizons or under certain restrictions on the type of the coupling (weak coupling) of X into
(F, g) or on (Y, Z) into (b, σ), or under monotonicity assumptions on the coefficients. Alterna-
tively, under sufficient smoothness and growth conditions on the coefficients, the FBSDE can be
decoupled via the solution to the associated quasi-linear PDE, leading to well-posedness via the
four-step scheme of Ma et al. [20]. The underlying idea of decoupling the equations finally led
to the unifying approach to well-posedness of FBSDEs via decoupling fields by Ma et al. [22].

The close connection between FBSDEs and parabolic PDEs can also be exploited either way
for the design of numerical schemes. E. g., by mimicking the four-step scheme, numerical tech-
niques for PDEs can be made viable for the approximation of FBSDEs [10, 21], whereas directly
approximating the FBSDEs and resorting to the Feynman-Kac representation lead to new prob-
abilistic schemes for quasi-linear parabolic PDEs [9]. For a survey on numerical methods for
BSDEs and FBSDEs, we refer to Chessari et al. [7].

In this paper, we focus on the deep BSDE method which has been introduced by E et al. [11,
13] for decoupled FBSDEs (i.e., for (b, σ) independent of (Y,Z)). We note that this method
is closely related to the physics informed neural networks [29] in PDE numerics, see [26] for a
comparison. The key idea of the deep BSDE method is to re-write the BSDE for Y in forward
form as

Yt = y0 +

∫ t

0
F (s,Xs, Ys, Zs)ds+

∫ t

0
Zs dWs,

and to consider the control problem to choose (y0, Z) in such a way that the terminal loss

E[|YT − g(XT )|2]

becomes minimal. This idea can be traced back to Cvitanić and Zhang [8] who theoretically
analyze the direction of steepest descent for this minimization problem in continuous time. The
deep BSDE method [11, 13] makes this basic idea practical, by discretizing this control problem
in time, parameterizing Z by a neural network, and applying stochastic gradient descent to
minimize the terminal loss. In this approach, the terminal loss serves as a surrogate for the
unobservable L2-error between true solution and numerical approximation. Hence, in order to
justify the deep BSDE method, a-posteriori estimates for controlling the true L2-error in terms of
the terminal loss are required. For decoupled FBSDEs, such a-posteriori estimates had already
been available in the literature [3]. For coupled FBSDEs, the deep BSDE method has first been
analyzed by Han and Long [14]. They consider the special case without Z-coupling and impose
standard assumptions on a short time horizon or monotonicity or weak coupling (for brevity,
we will refer to such a set of conditions as the weak coupling case from now on). Han and
Long [14] derive suitable a-posteriori estimates for discrete-time versions of the coupled FBSDE
system, which are finally combined with bounds for the time-discretization error due to Bender
and Zhang [4]. Recently, the approach of Han and Long [14] has been extended to the case of
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Z-coupling into the drift coefficient b by Negyesi et al. [25]; see Remark 3.2 for further discussion.
Several variants and extensions of the deep BSDE method can be found in the literature (e.g.,
[12, 15, 30]), which typically rely on a weak coupling assumption in one way or another. A
notable exception is the work by Jiang and Li [16], who assume sufficient smoothness conditions
for the associated parabolic PDE to be well-posed, but consider the case in which coupling of the
BSDE into the SDE is via Y and through the drift coefficient b only. Andersson et al. [1] provide
a numerical test case with strong coupling, in which the deep BSDE method empirically fails to
converge, and suggest a more robust variant of the deep BSDE method for FBSDEs arising in
stochastic control. They attribute this failure of convergence to the Z-coupling: “This is only
possible if the coupling of Z in b is strong enough, so that g(XT ) can be efficiently controlled
by Z” [1, Section 2.3, p. A232].

In this paper, we prove, to the best of our knowledge, the first a-posteriori estimates that jus-
tify the use of the deep BSDE method for FBSDEs with strong Z-coupling through the drift
coefficient (and we, additionally, allow strong Y - and X-coupling in all coefficient functions).
Similarly to Jiang and Li [16] we impose regularity and growth conditions on the coefficients
which guarantee existence of a sufficiently ‘nice’ classical solution to the associated quasi-linear
parabolic PDE. For the proof of our main result (Theorem 3.1), we identify an auxiliary decou-
pled FBSDE, to which we can apply the a-posteriori estimates of Bender and Steiner [3] and,
then, analyze the error between the solutions to the auxiliary decoupled FBSDE and the original
coupled FBSDE. Our results suggest that the failure of the deep BSDE method in the test case
in [1] may rather be attributed to the combination of the quadratic growth of the coefficient
function F with the strong Z-coupling. We also demonstrate our results numerically for a test
case, in which the weak coupling conditions imposed in [25] are violated.

This paper is organized as follows. Section 2 introduces the framework and the standing as-
sumptions. In Section 3, we discuss the proposed deep BSDE algorithm and state the main
convergence theorem. Section 4 illustrates the method by numerical examples. The proof of the
main result is given in Section 5. Section 6 presents easy-to-verify sufficient conditions on the
coefficients ensuring the applicability of our results.

2. General Setting and Standing Assumptions

In what follows, we denote by | · | the Euclidean norm for (column and row) vectors and the
Frobenius norm for matrices. When vectors are identified with single-column or single-row
matrices, these norms coincides. Consequently, properties of the Frobenius norm, such as sub-
multiplicativity, apply without further distinction to products of vectors and matrices.

We impose the following assumptions on b, σ, σ−1, σσ⊤, F , and g, where we formally define the
functions σ−1 and σσ⊤ as

σ−1 : [0, T ]× Rd × R → Rd×d, (t, x, y) 7→ σ(t, x, y)−1,

σσ⊤ : [0, T ]× Rd × R → Rd×d, (t, x, y) 7→ σ(t, x, y)σ(t, x, y)⊤.

Assumption 2.1. (i) The matrix inverse σ−1(t, x, y) of σ(t, x, y) exists for all (t, x, y) ∈
[0, T ]× Rd × R.
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(ii) There exist constants Hb, Hσ, Hσ−1 , Hσσ⊤ , HF , Hg ∈ R>0 such that for any two (t, x, y, z),
(t′, x′, y′, z′) ∈ [0, T ]× Rd × R× (Rd)∗ it holds that

|b(t, x, y, z)− b(t′, x′, y′, z′)| ≤ Hb

(
|t− t′|1/2 + |x− x′|+ |y − y′|+ |z − z′|

)
,

|σ(t, x, y)− σ(t′, x′, y′)| ≤ Hσ

(
|t− t′|1/2 + |x− x′|+ |y − y′|

)
,

|σ−1(t, x, y)− σ−1(t′, x′, y′)| ≤ Hσ−1

(
|t− t′|1/2 + |x− x′|+ |y − y′|

)
,

|(σσ⊤)(t, x, y)− (σσ⊤)(t′, x′, y′)| ≤ Hσσ⊤
(
|t− t′|1/2 + |x− x′|+ |y − y′|

)
,

|F (t, x, y, z)− F (t′, x′, y′, z′)| ≤ HF

(
|t− t′|1/2 + |x− x′|+ |y − y′|+ |z − z′|

)
,

|g(x)− g(x′)| ≤ Hg|x− x′|,

i. e., the functions b and F are 1
2 -Hölder continuous in t and Lipschitz continuous in

(x, y, z) with constants Hb and HF , the functions σ, σ−1 and σσ⊤ are 1
2 -Hölder continu-

ous in t and Lipschitz continuous in (x, y) with constants Hσ, Hσ−1 and Hσσ⊤, and the
function g is Lipschitz continuous in x with constant Hg.

(iii) The functions b, σ, σ−1, and σσ⊤ are bounded by constants Kb,Kσ,Kσ−1 ,Kσσ⊤ ∈ R>0.

Remark 2.2. (i) Since the Frobenius norm is sub-multiplicative, the boundedness of σ al-
ready implies the boundedness of σσ⊤.

(ii) In connection with the boundedness of σ, it is easily seen that the 1
2 -Hölder continuity

in t and the Lipschitz continuity in (x, y) of σ are transferred to σσ⊤. Indeed, for each
two (t, x, y), (t′, x′, y′) ∈ [0, T ] × Rd × R, applying the triangle inequality and the sub-
multiplicativity of the Frobenius norm, it follows that

|(σσ⊤)(t, x, y)− (σσ⊤)(t′, x′, y′)|
= |σ(t, x, y)σ(t, x, y)⊤ − σ(t, x, y)σ(t′, x′, y′)⊤

+ σ(t, x, y)σ(t′, x′, y′)⊤ − σ(t′, x′, y′)σ(t′, x′, y′)⊤|
≤ |σ(t, x, y)||σ(t, x, y)− σ(t′, x′, y′)|+ |σ(t, x, y)− σ(t′, x′, y′)||σ(t′, x′, y′)|
≤ 2KσHσ

(
|t− t′|1/2 + |x− x′|+ |y − y′|

)
.

(iii) Similarly, but now relying on the boundedness of σ−1, the 1
2 -Hölder continuity in t and the

Lipschitz continuity in (x, y) of σ also carry over to σ−1: For each two (t, x, y), (t′, x′, y′) ∈
[0, T ]× Rd × R, it holds that

|σ−1(t, x, y)− σ−1(t′, x′, y′)| =
∣∣σ−1(t′, x′, y′)

(
σ(t′, x′, y′)− σ(t, x, y)

)
σ−1(t, x, y)

∣∣
≤ |σ−1(t′, x′, y′)||σ(t′, x′, y′)− σ(t, x, y)||σ−1(t, x, y)|
≤ K2

σ−1Hσ

(
|t− t′|1/2 + |x− x′|+ |y − y′|

)
.

Remark 2.3. By standard results, it holds that the existence of σ−1 together with the bound-
edness of σ and σ−1 is equivalent to the uniform ellipticity condition

∀(t, x, y) ∈ [0, T ]× Rd × R : νI ≤ σ(t, x, y)σ(t, x, y)⊤ ≤ µI, (2)

where ν ≤ µ are some positive real constants and I = diag(1, . . . , 1) ∈ Rd×d denotes the identity
matrix. Thus, together with Remark 2.2, it follows that Assumption 2.1 can be reduced to the
Hölder and Lipschitz conditions on b, σ, F , and g, the boundedness condition on b, and the
above uniform ellipticity condition.
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With the following additional assumption we ensure that FBSDE (1) is uniquely solvable.

Assumption 2.4. (a) The quasi-linear parabolic PDE
ut(t, x) = F (t, x, u(t, x), v(t, x))− 1

2
tr
[
uxx(t, x)(σσ

⊤)(t, x, u(t, x))
]

− ux(t, x)b(t, x, u(t, x), v(t, x)), (t, x) ∈ [0, T ]× Rd,

u(T, x) = g(x), x ∈ Rd,

(3)

where v : [0, T ]× Rd → (Rd)∗ is defined via

v(t, x) := ux(t, x)σ(t, x, u(t, x)),

admits a classical solution u : [0, T ] × Rd → R such that its derivatives ux and uxx are
bounded by constants Kux ∈ R>0 and Kuxx ∈ R>0. Here, considering x = (x1, . . . , xd)

⊤,
the derivatives ut, ux, and uxx of u are given as

ut(t, x) :=
∂u(t, x)

∂t
∈ R,

ux(t, x) := (uxi)i=1,...,d :=

(
∂u(t, x)

∂xi

)
i=1,...,d

∈ (Rd)∗,

uxx(t, x) := (uxixj (t, x))i,j=1,...,d :=

(
∂2u(t, x)

∂xi∂xj

)
i,j=1,...,d

∈ Rd×d.

(b) There exist constants Hu, Hux , Huxx ∈ R>0 and an α ∈ (0, 1] such that the functions
u, ux and uxx from (a) fulfill the following Hölder and Lipschitz conditions: For all
(t, x), (t′, x′) ∈ [0, T ]× Rd it holds that

|u(t, x)− u(t′, x′)| ≤ Hu

(
|t− t′|1/2 + |x− x′|

)
,

|ux(t, x)− ux(t
′, x′)| ≤ Hux

(
|t− t′|1/2 + |x− x′|

)
,

|uxx(t, x)− uxx(t
′, x′)| ≤ Huxx

(
|t− t′|α/2 + |x− x′|α

)
,

i. e., u and ux are 1
2 -Hölder continuous in t and Lipschitz continuous in x with con-

stants Hu and Hux and uxx is α
2 -Hölder continuous in t and α-Hölder continuous in x

with constant Huxx.

Remark 2.5.

(a) Observe that uxx(t, x) = uxx(t, x)
⊤ since for a classical solution u of PDE (3) the deriva-

tive uxx is assumed to be continuous.

(b) The Lipschitz continuity of u and ux in x already follows by the boundedness of ux and uxx,
respectively.

Assumptions 2.1 and 2.4 will be in force throughout the whole paper without further notice.
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Lemma 2.6. There exist (minimal) constants Hv,Kv ∈ R≥0 with

Hv ≤ KσHux +KuxHσ(1 +Hu) and Kv ≤ KuxKσ

such that

(a) for all (t, x), (t′, x′) ∈ [0, T ]× Rd it holds that

|v(t, x)− v(t′, x′)| ≤ Hv

(
|t− t′|1/2 + |x− x′|

)
,

i. e., the function v is 1
2 -Hölder continuous in t and Lipschitz continuous in x with common

constant Hv, and

(b) v is bounded by Kv.

Proof. Let (t, x), (t′, x′) ∈ [0, T ]× Rd. The Hölder/Lipschitz condition follows from

|ux(t, x)σ(t, x, u(t, x))− ux(t
′, x′)σ(t′, x′, u(t′, x′))|

≤ |ux(t, x)σ(t, x, u(t, x))− ux(t
′, x′)σ(t, x, u(t, x))|

+ |ux(t′, x′)σ(t, x, u(t, x))− ux(t
′, x′)σ(t′, x′, u(t′, x′))|

≤ (KσHux +KuxHσ(1 +Hu))
(
|t− t′|1/2 + |x− x′|

)
.

The boundedness condition follows directly by the sub-multiplicativity of the Frobenius norm
from the boundedness of ux and σ.

Remark 2.7. Define

ϑ : [0, T ]× Rd × R → (Rd)∗ (t, x, y) 7→ ux(t, x)σ(t, x, y)

Similarly to Lemma 2.6, there exist constants Hϑ,Kϑ ∈ R>0 with

Hϑ ≤ KuxHσ +KσHux and Kϑ ≤ KuxKσ

such that for all (t, x, y), (t′, x′, y′) ∈ [0, T ]× Rd × R it holds that

|ϑ(t, x, y)− ϑ(t′, x′, y′)| ≤ Hϑ

(
|t− t′|1/2 + |x− x′|+ |y − y′|

)
and ϑ is bounded by Kϑ.

Theorem 2.8. FBSDE (1) admits a unique adapted solution (X,Y, Z). Especially, the pro-
cesses Y and Z take the following form: For any t ∈ [0, T ] it holds that

Yt = u(t,Xt) and Zt = v(t,Xt).

Proof. Follows from [23, Chapter 4, Theorem 1.1]. Revisiting the proof of [23, Chapter 4,
Theorem 1.1], we observe that we do not need the uniform Lipschitz continuity in (x, y, z) of the
mapping (t, x, y, z) 7→ zσ(t, x, y) but the uniform Lipschitz continuity of v in x (see Lemma 2.6)
is already sufficient.
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3. Approximation via a Deep BSDE Method

Remark 2.9. To see that Yt = u(t,Xt) and Zt = v(t,Xt) = ux(t,Xt)σ(t,Xt, u(t,Xt)) indeed
solve the backward stochastic differential equation for Yt of FBSDE (1), it suffices to apply Itô’s
formula to u(t,Xt) and insert the identities for ut(s,Xs) and u(T,XT ) given by the quasi-linear
parabolic PDE (3):

Yt = u(T,XT )−
∫ T

t
ut(s,Xs) + ux(s,Xs)b(s,Xs, Ys, Zs)

+
1

2
tr
[
uxx(s,Xs)(σσ

⊤)(s,Xs, Ys)
]
ds−

∫ T

t
ux(s,Xs)σ(s,Xs, Ys) dWs.

= g(XT )−
∫ T

t
F (s,Xs, u(s,Xs), v(s,Xs))− ux(s,Xs)b(s,Xs, u(s,Xs), v(s,Xs))

− 1

2
tr
[
uxx(s,Xs)(σσ

⊤)(s,Xs, u(s,Xs))
]
+ ux(s,Xs)b(s,Xs, Ys, Zs)

+
1

2
tr
[
uxx(s,Xs)(σσ

⊤)(s,Xs, Ys)
]
ds−

∫ T

t
ux(s,Xs)σ(s,Xs, u(s,Xs)) dWs

= g(XT )−
∫ T

t
F (s,Xs, Ys, Zs) ds−

∫ T

t
Zs dWs.

3. Approximation via a Deep BSDE Method

Let π := {t0, . . . , tN} ⊆ [0, T ] be a time grid with 0 =: t0 < . . . < tN := T . Define the function
Π: [0, T ] → π by Π(t) := ti for t ∈ [ti, ti+1), i = 0, . . . , N − 1, and Π(T ) := tN = T . Assume
for a moment that we already know the initial condition Y0 = u(0, x0) of the process Y and
the functional relationship Zt = v(t,Xt) while the functional relationship Yt = u(t,Xt) is still
unknown. In this situation, one possible strategy to approximate the processes X and Y would
be to reformulate FBSDE (1) as a system of forward SDEs only involving the processes X and Y
and to apply the Euler-Maruyama method. Back in reality, where the necessary information
is not given, we are only able to mimic the proposed strategy by instead searching for a tuple
η := (y0, ρ) of an initial value y0 ∈ R and a candidate function ρ : [0, T ]×Rd → (Rd)∗ such that
the initial condition Y0 ≈ y0 and the functional relationship Zt ≈ ρ(t,Xt) hold approximately.
Then, on [0, T ], we approximate the adapted solution (X,Y, Z) by the triple (Xη,π, Y η,π, Zη,π) :=
(Xη,π

t , Y η,π
t , Zη,π

t )t∈[0,T ], which is determined via

Xη,π
t0

:= x0, Y
η,π
t0

:= y0,

Zη,π
ti

:= ρ(ti, X
η,π
ti

), ∀i ∈ {0, . . . , N},
Xη,π

ti+1
:= Xη,π

ti
+ b(ti, X

η,π
ti
, Y η,π

ti
, Zη,π

ti
)∆i + σ(ti, X

η,π
ti
, Y η,π

ti
)∆Wi, ∀i ∈ {0, . . . , N − 1},

Y η,π
ti+1

:= Y η,π
ti

+ F (ti, X
η,π
ti
, Y η,π

ti
, Zη,π

ti
)∆i + Zη,π

ti
∆Wi, ∀i ∈ {0, . . . , N − 1},

Xη,π
t := Xη,π

Π(t), Y
η,π
t := Y η,π

Π(t), Z
η,π
t := Zη,π

Π(t), ∀t ∈ [0, T ] \ π,

(4)

where, for i ∈ {0, . . . , N − 1}, ∆i := ti+1 − ti ∈ R>0 and ∆Wi :=Wti+1 −Wti ∈ Rd.

To evaluate the quality of the approximating solution triple (Xη,π, Y η,π, Zη,π), i. e., to evaluate
how close it is to the true adapted solution (X,Y, Z) on [0, T ], we are interested in the following
L2-approximation error:

Eη,π := sup
t∈[0,T ]

E
[
|Xt −Xη,π

t |2
]
+max

ti∈π
E
[
|Yti − Y η,π

ti
|2
]
+ E

[∫ T

0
|Yt − Y η,π

t |2 + |Zt − Zη,π
t |2 dt

]
.
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3. Approximation via a Deep BSDE Method

We consider the following function class:

ΘKρ,Hρ
:=


ρ : [0, T ]× Rd → (Rd)∗

∣∣∣∣∣∣∣∣∣∣∣∣

ρ is bounded by Kρ ∈ R>0, ρ is 1
2 -Hölder continuous

in the first variable and Lipschitz continuous in the

second variable with common constant Hρ ∈ R>0,

i. e., for all (t, x), (t′, x′) ∈ [0, T ]× Rd it holds that

|ρ(t, x)− ρ(t′, x′)| ≤ Hρ

(
|t− t′|1/2 + |x− x′|

)
.


.

It turns out that, if choosing ρ ∈ ΘKρ,Hρ , the L2-approximation error Eη,π can be bounded
solely considering the expected squared difference E

[
|Y η,π

TN
− g(Xη,π

TN
)|2
]
, which measures how

good the approximating processes Xη,π
TN

and Y η,π
TN

fulfill the terminal condition, and the mesh
size |π| := maxi=0,...,N−1∆i.

Theorem 3.1. Let Kρ, Hρ ∈ R>0. There exists some constant C ∈ [1,∞) such that, for every
ρ ∈ ΘKρ,Hρ, y0 ∈ R and |π| ≤ (C(1 +K4

ρ))
−1, it holds that

Eη,π ≤ C
(
eCK4

ρE
[
|Y η,π

T − g(Xη,π
T )|2

]
+ eC(K2

ρ+H2
ρ)(|π|+ |π|α)

)
.

This theorem shows that, on [0, T ], the adapted solution (X,Y, Z) of FBSDE (1) can be ap-
proximated arbitrarily well by (Xη,π, Y η,π, Zη,π), provided that the candidate function ρ and the
initial condition y0 are chosen such that the terminal condition is satisfied in an L2-optimal sense,
i. e., E

[
|Y η,π

T − g(Xη,π
T )|2

]
is minimized over all η ∈ R×ΘKρ,Hρ . Here, in view of Lemma 2.6, it

is natural to choose Kρ ≥ Kv and Hρ ≥ Hv, while avoiding unnecessarily large values of these
constants. Otherwise, a good approximation may not be found, as the search is restricted to an
inappropriate class of functions.

Remark 3.2. Han and Long [14] were the first to prove a-posteriori bounds of this type for
coupled FBDEs. In their setting, the drift coefficient b does not depend on Z (i.e., no Z-coupling)
and one of the following generic assumptions must be satisfied: (i) small time horizon (T small),
(ii) Weak coupling of Y into the forward SDE (Lipschitz constants of b and σ in the y-variable
small), (iii) weak coupling of X into the backward SDE (Lipschitz constants of F and g in
the x-variable small), (iv) (−F ) strongly decreasing in the y-variable, (v) b strongly decreasing
in the x-variable; see [14, Theorem 1’] for a precise statement. The results of [14] have been
generalized by Negyesi et al. [25] to the case that Z couples into the forward SDE through
the drift coefficient b. They additionally require a weak coupling condition of Z (Lipschitz
constant of b in the z-variable small) in each of the cases (ii)–(v). We note that, by means of
[28, Theorem 3.3], the weak coupling condition of Z is not required for the well-posedness of the
FBSDE in cases (iv)–(v).

Remark 3.3. (a) Since we assumed g to be Lipschitz continuous with constant Hg, as long
as FBSDE (1) is solvable, the following bound applies:

E
[
|Y η,π

T − g(Xη,π
T )|2

]
= E

[
|Y η,π

T − YT + g(XT )− g(Xη,π
T )|2

]
≤ 2
(
E
[
|Y η,π

T − YT |2
]
+H2

gE
[
|XT −Xη,π

T |2
])

≤ 2(1 ∨H2
g )Eη,π.

Hence, a small terminal loss Eη,π also is necessary for a good L2-approximation of the true
solution.

8



3. Approximation via a Deep BSDE Method

(b) In the case all constants from Assumptions 2.1 and 2.4 are explicitly known together
with Kρ and Hρ, Equation (13) in the proof of Theorem 3.1 gives an explicit bound for
Eη,π in terms of E

[
|Y η,π

T − g(Xη,π
T )|2

]
, |π| and |π|α whenever |π| fulfills the condition of

Theorem 5.9.

Based on Theorem 3.1, we propose a deep BSDE method to approximate the solution of
FBSDE (1). The solution is approximated by the Euler-Maruyama scheme (4) on the equidis-
tant time grid π̂N := {t0, . . . , tN} ⊆ [0, T ] defined by ti :=

i
N T , i = 0, . . . , N , where the tuple

η = (y0, ρ) of the initial value y0 and the control function ρ is learned jointly by a neural net-
work architecture η̂ := (ŷ0, ρ̂) such that the terminal mismatch is minimized. More precisely, the
initial value y0 is treated as trainable parameter ŷ0 ∈ R, while the function ρ is parameterized
by a (residual) neural subnet ρ̂ : R× Rd → (Rd)∗. Let

Γ̂ := Rw×w × Rw×w × Rw×(1+d) × Rd×w × Rw × Rw × Rw × Rd

be the possible parameter space of ρ̂ and

γ̂ := (W r
1 ,W

r
2 ,W

i,W o, br1, b
r
2, b

i, bo) ∈ Γ̂

a concrete parameter combination. Given fixed values w ∈ N and Kρ̂ ∈ R>0, the neural subnet ρ̂
is defined as

ρ̂ : R× Rd → Rd, (t, x) 7→ hKρ̂

(
W or

(
σ

(
W i

(
t
x

)
+ bi

))
+ bo

)
, (5)

with residual block

r : Rw → Rw, s 7→ s+W r
2σ(W

r
1ϕ(s) + br1) + br2,

hyperbolic tangent activation function

σ : Rw → Rw, (si)i=1,...,w 7→ (tanh(si))i=1,...,w,

layer normalization

ϕ : Rw → Rw, (si)i=1,...,w 7→

 si − 1
w

∑w
j=1 sj√

1
w

∑w
j=1(sj −

1
w

∑w
k=1 sk)

2 + 0.001


i=1,...,w

,

and final projection

hKρ̂
: Rd → Rd, s 7→

{
s if |s| ≤ Kρ̂

Kρ̂
s
|s| if |s| > Kρ̂.

onto the closed ball with radius Kρ̂. Thus, ρ̂ is chosen from the space of functions

Θ̂Kρ̂
:=
{
ρ̂ : R× Rd → Rd | ρ̂ is of the form (5) with γ̂ ∈ Γ̂

}
.

Since all network layers of the above defined neural subnets are Lipschitz continuous and the
projection operator preserves Lipschitz continuity, any ρ̂ ∈ Θ̂Kρ̂

is automatically Lipschitz and

9



3. Approximation via a Deep BSDE Method

consequently, since we ensure the boundedness by the final projection hKρ̂
, also satisfies the

required Hölder and Lipschitz regularity condition. In particular:

∀ρ̂ ∈ Θ̂Kρ̂
: ∃Hρ̂ ∈ R>0 : ρ̂ ∈ ΘKρ̂,Hρ̂

,

i. e., any candidate control ρ̂ ∈ Θ̂Kρ̂
fulfills the assumption of Theorem 3.1.

Theoretically, in view of Theorem 3.1, we want to find a joint network η̂ := (ŷ0, ρ̂) with param-
eters (ŷ0, γ̂) which solves the following minimization problem:

min
η̂∈R×Θ̂Kρ̂

E
[
|Y η̂,π̂N

T − g(X η̂,π̂N
T )|2

]
. (6)

In practice, we approximate this expectation by simulation: Given a set of K ∈ N realizations
{∆wk := (∆wk

0 , . . . ,∆w
k
N−1)}k=1,...,K of the Brownian increments (∆W0, . . . ,∆WN−1) under

π̂N and taking into account the corresponding K trajectories {(xη̂,π̂N ,k, yη̂,π̂N ,k, zη̂,π̂N ,k)}k=1,...,K

of the process (X η̂,π̂N , Y η̂,π̂N , Z η̂,π̂N ), we define the loss function

ℓ(ŷ0, γ̂; {∆wk}k=1,...,K) :=
1

K

K∑
k=1

∣∣yη̂,π̂N ,k
tN

− g(xη̂,π̂N ,k
tN

)
∣∣2.

Then the training of the neural net η̂ works as follows. Iteratively, starting from an ini-
tial neural net η̂0 := (ŷ00, ρ̂

0) with parameters (ŷ00, γ̂
0) ∈ R × Γ̂, the parameters are up-

dated according to the standard Adam optimizer (with β1 = 0.9, β2 = 0.999, ε = 10−7,
m0 = v0 = 0) [17]. In particular, for each l = 1, . . . , L (where L ∈ N), we first sim-

ulate K realizations {∆wl,k := (∆wl,k
0 , . . . ,∆wl,k

N−1)}k=1,...,K of the Brownian increments

(∆W0, . . . ,∆WN−1). Given the neural net η̂l−1 := (ŷl−1
0 , ρ̂l−1) with parameters (ŷl−1

0 , γ̂l−1),

we then compute the corresponding K trajectories {(xη̂l−1,π̂N ,k, Y η̂l−1,π̂N ,k, Z η̂l−1,π̂N ,k)}k=1,...,K

of the process (X η̂l−1,π̂N , Y η̂l−1,π̂N , Z η̂l−1,π̂N ). Finally, we update the parameters according to

(ŷl0, γ̂
l) := (ŷl−1

0 , γ̂l−1)− λ(l)
m̂l√
v̂l + ε

,

where

m̂l :=
ml

1− βl1
and v̂l :=

vl

1− βl2
,

with

ml := β1ml−1 + (1− β1)Gl,

vl := β2vl−1 + (1− β2)G
2
l ,

Gl := ∇(ŷ0,γ̂)ℓ(ŷ
l−1
0 , γ̂l−1; {∆wl,k}k=1,...,K),

and, for initial learning rate λ0 ∈ R>0, decay rate kλ ∈ R>0 and decay steps nλ,

λ : {1, . . . , L} → R>0, l 7→ λ0k
l/nλ

λ

is a learning rate schedule. We denote the minimizing neural net of minimization problem (6)
with

η̂∗ := (ŷ∗0, ρ̂
∗) := (ŷL0 , ρ̂

L),

which has parameters (ŷ∗0, γ̂
∗) := (ŷL0 , γ̂

L) and depends on w, Kρ̂, N , K, L, ŷ00, γ̂
0, λ0, kλ, nλ

and {∆wl,k}l=1,...,L; k=1,...,K .

10



4. Numerical Experiments

Remark 3.4. (a) While the described algorithm controls the bound Kρ̂∗ of the optimizer ρ̂∗,
it does not explicitly enforce any bound on its Lipschitz constant Hρ̂∗ . Consequently, a
sequence (Hρ̂∗N

) of Lipschitz constants corresponding to a sequence of learned minimizers
(ρ̂∗N ) may diverge as N → ∞. Depending on the growth rate of the sequence (Hρ̂∗N

), this
may affect convergence as the time discretization is refined. Nevertheless, such behavior
was not observed in our numerical experiments.

(b) Simultaneous control of both the boundKρ̂∗N
and Lipschitz constantHρ̂∗N

of a minimizer ρ̂∗N
would in particular be beneficial in situations where the constantsKv andHv are unknown.
In this case, in order for the neural network to approximate plausible candidate controls,
the admissible bounds Kρ̂∗N

and Hρ̂∗N
eventually need to exceed Kv and Hv. However, The-

orem 3.1 shows that these constants cannot be allowed to grow arbitrarily fast as N → ∞.
Hence, to guarantee convergence of the deep BSDE method, their growth must be con-
trolled appropriately. One possibility to additionally control the Lipschitz constant of ρ̂∗N
is, noticing that ρ̂ is even differentiable, to penalize sup(t,x)∈[0,T ]×Rd |Jρ̂(t, x)|2 exceedingHρ,
i.e., for some c ∈ R≥0, solving the minimization problem

min
η̂∈R×Θ̂Kρ̂

E
[
|Y η̂,π̂N

T − g(X η̂,π̂N
T )|2

]
+ c

(
sup

(t,x)∈[0,T ]×Rd

|Jρ̂(t, x)|2 −Hρ

)+

,

where Jρ̂(t, x) denotes the Jacobian of ρ̂ evaluated at (t, x), |·|2 denotes the spectral norm
and (·)+ := max{·, 0}. In the learning process of the neural net (ŷ0, ρ̂), we could adjust
the loss function accordingly as

ℓ(ŷ0, γ̂; {∆wk}k=1,...,K)

:=
1

K

K∑
k=1

∣∣yη̂,π̂N ,k
tN

− g(xη̂,π̂N ,k
tN

)
∣∣2 + c

γ
log

(
K∑
k=1

N∑
i=0

eγ
(
|Jρ̂(ti,X̂l,k

ti
)|2−Hρ

)+)
,

where γ ∈ [1,∞). This approximates the maximal violation of the Hölder constant.

(c) While in our approach ρ is approximated by a single neural network ρ̂ which also takes t
as an input, the original deep BSDE approach uses, for each i = 0, . . . , N , a separate
neural network ρ̂i to approximate ρ(ti, ·). However, the use of separate neural networks
does not directly guarantee that the resulting approximation ρ̂ satisfies the Hölder and
Lipschitz conditions required in our framework. Moreover, deep BSDE methods in the
literature typically rely on standard feed-forward neural networks rather than residual
neural networks.

4. Numerical Experiments

Example 4.1. The following example is a modified version of [25, Example 1] such that b and σ
fulfill the necessary boundedness conditions of Assumption 2.1. Let 1 := (1, . . . , 1)⊤ ∈ Rd, I
denote the identity matrix of dimension d× d and

u(t, x) = e−r(T−t)
d∑

i=1

sin(xi) + d+ 1.

11



4. Numerical Experiments

For r, σ̄, κy, κz ∈ R>0, the coefficients of FBSDE (1) are given as

b(t, x, y, z) = κyσ̄Ty(y)1+ κzTz(z)
⊤,

σ(t, x, y) = σ̄Ty(y)I,

F (t, x, y, z) = r(y − (d+ 1))− 1

2
e−r(T−t)σ̄2u(t, x)2

d∑
i=1

sin(xi)

+ κy

d∑
i=1

zi + κze
−2r(T−t)σ̄u(t, x)

d∑
i=1

cos2(xi),

g(x) =

d∑
i=1

sin(xi) + d+ 1,

where

Ty(y) :=


1, y < 1,

y, 1 ≤ y ≤ 2d+ 1,

2d+ 1, y > 2d+ 1,

and Tz(z) :=

{
z, |z| ≤ σ̄(2d+ 1)

√
d,

σ̄(2d+ 1)
√
d z
|z| , |z| > σ̄(2d+ 1)

√
d.

Then, the solution of FBSDE (1) is

Yt = u(t,Xt) and Zt = v(t,Xt)

with

v(t, x) = e−r(T−t)σ̄u(t, x)

cos(x1)
...

cos(xd)

.
It is easy to see that Assumptions 2.1 and 2.4 are satisfied with α = 1.

In the following, we first consider the case d = r = σ̄ = κy = κz = T = 1 and x0 = π
4 .

Then, the conditions of [25, Theorem 3] are not fulfilled (see also the following Remark 4.2).
Nevertheless, the conditions of Theorem 3.1 hold and thus we should see convergence. We train
neural networks η∗N = (ŷ∗0,N , ρ̂

∗
N ) for N ∈ {8, 16, 32, 64, 128, 256}. In each training, we sample ŷ00

from Unif(0, 0.1) and each component of γ̂0 from N (0, 1). We set the learning rate schedule by
choosing λ0 = 0.01, kλ = 0.9549926 and nλ = 100. The training process stops after L = 5000
iterations. We chose Kρ̂∗N

= 6. For each N , we repeat the training 50 times. The results are
given in the following figures.

Figure 4.1 shows, for t = 0.5, the fitted ρ∗N ’s (blue) in comparison with the true v (black),
grouped by the number of time steps N . Additionally, a histogram of 105 realizations of X0.5 is
shown in each subplot. As can be seen, in the region where X0.5 has high probability mass, the
fitted ρ̂∗N ’s become increasingly close to the true v as the time grid is refined. The same holds
for the fitted initial values ŷ∗0,N : For each N , the squared differences to the true initial value

u(0, x0), that is |ŷ∗0,N − u(0, x0)|2, are displayed via boxplots in Figure 4.2. Lastly, Figure 4.3

compares the 5% quantile, median and 95% quantile of terminal errors E
[
|Y η̂∗N ,π̂N

T −g(X η̂∗N ,π̂N

T )|2
]

and the L2-approximation error Eη̂∗N ,π̂N
in dependence of N . Additionally, the three components

of Eη̂∗N ,π̂N
are given separately. All errors are calculated by averaging over the respective errors

12



4. Numerical Experiments
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Figure 4.1: Fitted ρ̂∗N ’s vs. true v for t = 0.5 grouped by the number of time steps N .
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4. Numerical Experiments
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Figure 4.2: Boxplots of the errors |ŷ∗0,N − u(0, x0)|2 grouped by the number of time steps N .
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Figure 4.3: Medians of the respective errors (5%-95%-quantile bands shaded) for d = 1.
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Figure 4.4: Errors for d = 10.

resulting from 25000 simulated independent paths of the Brownian motion. Overall, we nearly
obtain an empirical convergence rate of |π̂N |1/2, that is the convergence rate from Theorem 3.1.

Additionally, we consider the case d = 10, r = 1, σ̄ = 0.2, κy = 0.2, κz = 0.1, T = 1 and
x0 = (π4 , . . . ,

π
4 )

⊤. Again, the conditions of [25, Theorem 3] are not fulfilled, but the conditions
of Theorem 3.1 are. We train networks η∗N = (ŷ∗0,N , ρ̂

∗
N ) for N ∈ {8, 16, 32, 64, 128, 256}. In each

training, we sample ŷ00 from Unif(0, 0.1) and each component of γ̂0 from N (0, 1). We set the
learning rate schedule by choosing λ0 = 0.01, kλ = 0.99 and nλ = 100. The training process stops

after L = 216 iterations. We choose Kρ̂∗N
= 100. The terminal errors E

[
|Y η̂∗N ,π̂N

T − g(X
η̂∗N ,π̂N

T )|2
]

and the L2-approximation error Eη̂∗N ,π̂N
including its three components are are given in Figure 4.4.

Again, all errors are calculated by averaging over the respective errors resulting from 25000
simulated independent paths of the Brownian motion. The empirical convergence rate is slightly
worse than |π̂N |1/2.

Remark 4.2. For the given coefficients in the example above, it is a necessary condition for
the applicability of [25, Theorem 3] that

inf
λ1∈R>0

κ2zd
2 e

λ1T

λ1
= κ2zd

2T e < 1.

This follows since, in the setting of [25, Theorem 3], a lower bound for B̄ is easily derived as

B̄ > κ2zd
2 e

λ1T

λ1
,
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5. Proof of Theorem 3.1

noting that the minimal squared Lipschitz constant of b in z equals κ2z, the minimal squared
Lipschitz constant of g in x equals d, and b and σ are independent of x. Consequently, if

κ2zd
2T e ≥ 1,

then [25, Theorem 3] cannot be applied. In particular, this is the case for both parameter sets
considered in our example.

5. Proof of Theorem 3.1

5.1. The Auxiliary Decoupled FBSDE

In this section we will prove Theorem 3.1. To this end, we introduce an auxiliary decoupled
FBSDE where the backward part and the control of the solution triple are connected with the
forward part (and the time) solely via the same functions u, ux and σ as the components of the
solution as the original coupled FBSDE. This auxiliary decoupled FBSDE is then approximated
by the same Euler-Maruyama scheme as the original FBSDE.

In what follows, let x̃ := (x⊤, ỹ)⊤ and x̃′ := (x′⊤, ỹ′)⊤ with x, x′ ∈ Rd and ỹ, ỹ′ ∈ R, such that
x̃, x̃′ ∈ Rd+1. Fix y0 ∈ R, Kρ, Hρ ∈ R>0 and ρ ∈ ΘKρ,Hρ . We introduce the coefficients of the
forward SDE of the auxiliary FBSDE as

bρ : [0, T ]× Rd+1 → Rd+1, (t, x̃) 7→
(
b(t, x, ỹ, ρ(t, x))
F (t, x, ỹ, ρ(t, x))

)
,

and

σρ : [0, T ]× Rd+1 → R(d+1)×d, (t, x̃) 7→
(
σ(t, x, ỹ)
ρ(t, x)

)
,

Moreover, the generator F ρ : [0, T ]×Rd+1 ×R× (Rd)∗ → R of the backward SDE is given by

F ρ(t, x̃, y, z) := F (t, x, y, ζ(t, x̃, y, z)) + ux(t, x)
[
b(t, x, ỹ, ρ(t, x))− b(t, x, y, ζ(t, x̃, y, z))

]
+

1

2
tr
[
uxx(t, x)

(
(σσ⊤)(t, x, ỹ)− (σσ⊤)(t, x, y)

)]
,

where the function ζ : [0, T ]× Rd+1 × R× (Rd)∗ → R is given as

ζ(t, x̃, y, z) := h(z)σ−1(t, x, ỹ)σ(t, x, y)

with truncation

h : (Rd)∗ → (Rd)∗, z 7→

{
z if |z| ≤ Kρ ∨Kϑ,

(Kρ ∨Kϑ)
z
|z| if |z| > Kρ ∨Kϑ.

Obviously, the truncation h is bounded byKρ∨Kϑ. Also, the truncation h is Lipschitz continuous
with constant 1 as metric projection onto a closed convex set.
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5. Proof of Theorem 3.1

Instead of the original FBSDE (1), given the initial condition x̃0 := (x⊤0 , y0)
⊤, we now look at

the auxiliary FBSDE
X̃η

t = x̃0 +

∫ t

0
bρ(s, X̃η

s ) ds+

∫ t

0
σρ(s, X̃η

s ) dWs,

Y η
t = g(Xη

T )−
∫ T

t
F ρ(s, X̃η

s , Y
η
s , Z

η
s )ds−

∫ T

t
Zη
s dWs,

(7)

where Y η
t and Zη

t do not couple into the equation for X̃η
t := ((Xη

t )
⊤, Ỹ η

t )
⊤.

We approximate the processes Xη, Y η and Zη by the triple (Xη,π, Y η,π, Zη,π), which we obtain
from the Euler-Maruyama scheme (4). Additionally, to approximate the process Ỹ η, we define
the process Ỹ η,π ≡ Y η,π. Setting X̃η,π := ((Xη,π)⊤, (Ỹ η,π)⊤)⊤, this ‘extended’ Euler-Maruyama
scheme can easily be reformulated as

X̃η,π
t0

= x̃0,

X̃η,π
ti+1

= X̃η,π
ti

+ bρ(ti, X̃
η,π
ti

)∆i + σρ(ti, X̃
η,π
ti

)∆Wi, ∀i ∈ {0, . . . , N − 1},
Zη,π
ti

= ρ(ti, X
η,π
ti

), ∀i ∈ {0, . . . , N},
X̃η,π

t = X̃η,π
Π(t), Z

η,π
t = Zη,π

Π(t), ∀t ∈ [0, T ] \ π,

Y η,π
t = Ỹ η,π

t , ∀t ∈ [0, T ].

(8)

At this point it gets clear why the generator F ρ is defined in such a way: We can reasonably use
the ‘same’ approximation scheme to approximate the solutions of FBSDE (1) and FBSDE (7).
In particular, at the grid points ti, i = 0, . . . , N , it holds that

ζ(ti, X̃
η,π
ti
, Ỹ η,π

ti
, ρ(ti, X

η,π
ti

)) = ρ(ti, X
η,π
ti

).

Consequently, since Y η,π
ti

= Ỹ η,π
ti

and Zη,π
ti

= ρ(ti, X
η,π
ti

), we can simplify

F ρ(ti, X̃
η,π
ti
, Y η,π

ti
, Zη,π

ti
) = F ρ(ti, X̃

η,π
ti
, Ỹ η,π

ti
, ρ(ti, X

η,π
ti

))

= F (ti, X
η,π
ti
, Ỹ η,π

ti
, ρ(ti, X

η,π
ti

))

= F (ti, X
η,π
ti
, Y η,π

ti
, Zη,π

ti
). (9)

Hence, for i ∈ {0, . . . , N − 1}, we can rewrite

Y η,π
ti+1

= Y η,π
ti

+ F ρ(ti, X̃
η,π
ti
, Y η,π

ti
, Zη,π

ti
)∆i + Zη,π

ti
∆Wi,

i. e., the tuple (X̃η,π, Y η,π, Zη,π) can be considered as the deep BSDE approximation for the
decoupled FBSDE with coefficients bρ, σρ and F ρ. We now first study this decoupled FBSDE
and prove the following theorem.

Theorem 5.1. FBSDE (7) admits a unique adapted solution (X̃η, Y η, Zη). Moreover, for each
t ∈ [0, T ], it holds that

Y η
t = u(t,Xη

t ) and Zη
t = ϑ(t,Xη

t , Ỹ
η
t ).
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5. Proof of Theorem 3.1

To ensure that the FBSDE (7) is uniquely solvable certain regularity conditions concerning bρ,
σρ and F ρ are crucial, which we will establish next. For later use, it is important to keep track
of the dependence of the constants on Kρ and Hρ.

Remark 5.2. In what follows, we will repeatedly use the following basic inequalities without
explicitly referring to them:

(i) Let m ∈ N and a1, . . . , am ∈ R. It holds that(
m∑
i=1

ai

)2

≤ m
m∑
i=1

a2i .

(ii) For any two x̃ = (x⊤, ỹ)⊤, x̃′ = (x′⊤, ỹ′)⊤ ∈ Rd+1, we have that

|x− x′|+ |ỹ − ỹ′| ≤
√
2|x̃− x̃′|.

Lemma 5.3. Let

Hbρ := (
√
2 +Hρ)

√
H2

b +H2
F and Hσρ :=

√
2H2

σ +H2
ρ .

For any (t, x̃), (t′, x̃′) ∈ [0, T ]× Rd+1 it holds that

|bρ(t, x̃)− bρ(t′, x̃′)| ≤ Hbρ
(
|t− t′|1/2 + |x̃− x̃′|

)
,

|σρ(t, x̃)− σρ(t′, x̃′)| ≤ Hσρ

(
|t− t′|1/2 + |x̃− x̃′|

)
,

i. e., the functions bρ and σρ are 1
2 -Hölder continuous in t and Lipschitz continuous in x̃ with

constants Hbρ and Hσρ.

Proof. The definition of the Euclidean norm in connection with the Hölder and Lipschitz con-
ditions on b, F , and ρ imply

|bρ(t, x̃)− bρ(t′, x̃′)|2 = |b(t, x, ỹ, ρ(t, x))− b(t′, x′, ỹ′, ρ(t′, x′))|2

+ |F (t, x, ỹ, ρ(t, x))− F (t′, x′, ỹ′, ρ(t′, x′))|2

≤ (H2
b +H2

F )
(
|t− t′|1/2 + |x− x′|+ |ỹ − ỹ′|+ |ρ(t, x)− ρ(t′, x′)|

)2
≤ (H2

b +H2
F )(

√
2 +Hρ)

2
(
|t− t′|1/2 + |x̃− x̃′|

)2
.

Taking square roots on both sides shows the first inequality. Analogously, now taking the defi-
nition of the Frobenius norm into account and applying the 1

2 -Hölder and Lipschitz continutity
of σ and ρ, we obtain

|σρ(t, x̃)− σρ(t, x̃′)|2 = |σ(t, x, ỹ)− σ(t′, x′, ỹ′)|2 + |ρ(t, x)− ρ(t′, x′)|2

≤ H2
σ

(
|t− t′|1/2 + |x− x′|+ |ỹ − ỹ′|

)2
+H2

ρ

(
|t− t′|1/2 + |x− x′|

)2
≤ (2H2

σ +H2
ρ )
(
|t− t′|1/2 + |x̃− x̃′|

)2
.

Taking square roots on both sides shows the second inequality.
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5. Proof of Theorem 3.1

Lemma 5.4. Define

Lbρ :=
√

12H2
F ∨

(
6H2

F (T +K2
ρ) +K2

b + 2F (0, 0, 0, 0)2
)
,

Kσρ :=
√
K2

σ +K2
ρ .

For any (t, x̃) ∈ [0, T ]× Rd+1 it holds that

|bρ(t, x̃)|2 ≤ L2
bρ(1 + |x̃|2) and |σρ(t, x̃)|2 ≤ K2

σρ .

Proof. Using the Hölder and Lipschitz conditions on F as well as the boundedness of b and ρ,
we obtain

|bρ(t, x̃)|2 = |b(t, x, ỹ, ρ(t, x))|2 + |F (t, x, ỹ, ρ(t, x))|2

≤ K2
b + 2|F (t, x, ỹ, ρ(t, x))− F (0, 0, 0, 0)|2 + 2F (0, 0, 0, 0)2

≤ K2
b + 2H2

F

(
t1/2 + |x|+ |ỹ|+ |ρ(t, x)|

)2
+ 2F (0, 0, 0, 0)2

≤ 12H2
F |x̃|2 + 6H2

F (T +K2
ρ) +K2

b + 2F (0, 0, 0, 0)2.

This shows the linear growth condition of bρ. The boundedness of σρ follows directly from the
boundedness of σ and ρ, i. e.,

|σρ(t, x̃)|2 = |σ(t, x, ỹ)|2 + |ρ(t, x)|2 ≤ K2
σ +K2

ρ .

Lemma 5.5. Let ρ ∈ ΘKρ,Hρ. Define

H1 := (HF +KuxHb)
(
1 +H

(y,z)
ζ

)
+

1

2
KuxxHσσ⊤ ,

H2 := (HF +KuxHb)
(
1 +H

(t,x)
ζ

)
+KuxHb(

√
2 +Hρ) + 2KbHux +

1 +
√
2

2
KuxxHσσ⊤ ,

H3 := Kσσ⊤Huxx ,

where

H
(y,z)
ζ := Kσ−1(Kσ ∨ (Kρ ∨Kϑ)Hσ) and H

(t,x)
ζ := (Kρ ∨Kϑ)(

√
2KσHσ−1 +Kσ−1Hσ).

(a) For all (t, x̃) ∈ [0, T ]× Rd+1 and any two (y, z), (y′, z′) ∈ R× (Rd)∗ it holds that

|F ρ(t, x̃, y, z)− F ρ(t, x̃, y′, z′)| ≤ H1

(
|y − y′|+ |z − z′|

)
,

i. e., F ρ is Lipschitz in (y, z) uniformly in (t, x̃) with constant H1.

(b) For all (y, z) ∈ R× (Rd)∗ and any two (t, x̃), (t′, x̃′) ∈ [0, T ]× Rd+1 it holds that

|F ρ(t, x̃, y, z)− F ρ(t′, x̃′, y, z)| ≤ H2

(
|t− t′|1/2 + |x̃− x̃′|

)
+H3

(
|t− t′|α/2 + |x̃− x̃′|α

)
.

Proof. (a) Using the shorthand notation

σ̃−1 := σ−1(t, x, ỹ), σ := σ(t, x, y), σ′ := σ(t, x, y′),
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5. Proof of Theorem 3.1

we obtain

|ζ(t, x̃, y, z)− ζ(t, x̃, y′, z′)| = |h(z)σ̃−1σ − h(z′)σ̃−1σ′|
= |(h(z)− h(z′))σ̃−1σ + h(z′)σ̃−1(σ − σ′)|
≤ KσKσ−1 |z − z′|+ (Kρ ∨Kϑ)Kσ−1Hσ|y − y′|

≤ H
(y,z)
ζ

(
|y − y′|+ |z − z′|

)
.

With this bound at hand, it easily follows that

|F (t, x, y, ζ(t, x̃, y, z))− F (t, x, y′, ζ(t, x̃, y′, z′))| ≤ HF

(
1 +H

(y,z)
ζ

)(
|y − y′|+ |z − z′|

)
,

|b(t, x, y, ζ(t, x̃, y, z))− b(t, x, y′, ζ(t, x̃, y′, z′))| ≤ Hb

(
1 +H

(y,z)
ζ

)(
|y − y′|+ |z − z′|

)
.

Thus, using the shorthand notation

b := b(t, x, y, ζ(t, x̃, y, z)), b′ := b(t, x, y′, ζ(t, x̃, y′, z′)), bρ := b(t, x, ỹ, ρ(t, x)),

we have

|ux(t, x)(bρ − b)− ux(t, x)(bρ − b′)| = |ux(t, x)||b′ − b|

≤ KuxHb

(
1 +H

(y,z)
ζ

)(
|y − y′|+ |z − z′|

)
.

Lastly, it holds that∣∣∣∣12tr[uxx(t, x)((σσ⊤)(t, x, ỹ)− (σσ⊤)(t, x, y)
)]

− 1

2
tr
[
uxx(t, x)

(
(σσ⊤)(t, x, ỹ)− (σσ⊤)(t, x, y′)

)]∣∣∣∣
=

1

2

∣∣tr[uxx(t, x)((σσ⊤)(t, x, y′)− (σσ⊤)(t, x, y)
)]∣∣

≤ 1

2
|uxx(t, x)|

∣∣(σσ⊤)(t, x, y′)− (σσ⊤)(t, x, y)
∣∣

≤ 1

2
KuxxHσσ⊤ |y − y′|.

The statement now follows by applying the triangle inequality to the difference
|F ρ(t, x̃, y, z)− F ρ(t, x̃, y′, z′)| and summing up the above bounds.

(b) Using the shorthand notation

σ := σ(t, x, y), σ′ := σ(t′, x′, y), σ̃−1 := σ−1(t, x, ỹ), (σ̃−1)′ := σ−1(t′, x′, ỹ′),

we obtain

|ζ(t, x̃, y, z)− ζ(t′, x̃′, y, z)| = |h(z)σ̃−1σ − h(z)(σ̃−1)′σ′|
= |h(z)|

∣∣(σ̃−1 − (σ̃−1)′
)
σ + (σ̃−1)′(σ − σ′)

∣∣
≤ (Kρ ∨Kϑ)(

√
2KσHσ−1 +Kσ−1Hσ)

(
|t− t′|1/2 + |x̃− x̃′|

)
= H

(t,x)
ζ

(
|t− t′|1/2 + |x̃− x̃′|

)
.
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5. Proof of Theorem 3.1

Then, we have

|F (t, x, y, ζ(t, x̃, y, z))− F (t′, x′, y, ζ(t′, x̃′, y, z))| ≤ HF

(
1 +H

(t,x)
ζ

)(
|t− t′|1/2 + |x̃− x̃′|

)
,

|b(t, x, y, ζ(t, x̃, y, z))− b(t′, x′, y, ζ(t′, x̃′, y, z))| ≤ Hb

(
1 +H

(t,x)
ζ

)(
|t− t′|1/2 + |x̃− x̃′|

)
.

Furthermore, it holds that

|b(t, x, ỹ, ρ(t, x))− b(t′, x′, ỹ′, ρ(t′, x′))|
≤ Hb

(
|t− t′|1/2 + |x− x′|+ |ỹ − ỹ′|+ |ρ(t, x)− ρ(t′, x′)|

)
≤ Hb(

√
2 +Hρ)

(
|t− t′|1/2 + |x̃− x̃′|

)
.

Now, using the shorthand notation

bρ := b(t, x, ỹ, ρ(t, x)), b := b(t, x, y, ζ(t, x̃, y, z)),

b′ρ := b(t′, x′, ỹ′, ρ(t′, x′)), b′ := b(t′, x′, y, ζ(t′, x̃′, y, z)),

we obtain

|ux(t, x)(bρ − b)− ux(t
′, x′)(b′ρ − b′)|

= |ux(t, x)(bρ − b′ρ + b′ − b) + (ux(t, x)− ux(t
′, x′))(b′ρ − b′)|

≤
[
KuxHb

(
1 +

√
2 +Hρ +H

(t,x)
ζ

)
+ 2KbHux

](
|t− t′|1/2 + |x̃− x̃′|

)
.

Similarly, now abbreviating

σσ⊤ := (σσ⊤)(t, x, y), σ̃σ⊤ := (σσ⊤)(t, x, ỹ),

(σσ⊤)′ := (σσ⊤)(t′, x′, y), (σ̃σ⊤)′ := (σσ⊤)(t′, x′, ỹ′),

we obtain∣∣∣∣12tr[uxx(t, x)(σ̃σ⊤ − σσ⊤
)]

− 1

2
tr
[
uxx(t

′, x′)
(
(σ̃σ⊤)′ − (σσ⊤)′

)]∣∣∣∣
≤ 1

2

∣∣tr[(uxx(t, x)− uxx(t
′, x′)

)(
σ̃σ⊤ − σσ⊤

)]∣∣
+

1

2

∣∣tr[uxx(t′, x′)(σ̃σ⊤ − (σ̃σ⊤)′ + (σσ⊤)′ − σσ⊤
)]∣∣

≤ 1

2
|uxx(t, x)− uxx(t

′, x′)||σ̃σ⊤ − σσ⊤|+ 1

2
|uxx(t′, x′)||σ̃σ⊤ − (σ̃σ⊤)′ + (σσ⊤)′ − σσ⊤|

≤ Kσσ⊤Huxx

(
|t− t′|α/2 + |x̃− x̃′|α

)
+

1

2
KuxxHσσ⊤(1 +

√
2)
(
|t− t′|1/2 + |x̃− x̃′|

)
.

The statement now follows by applying the triangle inequality to the difference
|F ρ(t, x̃, y, z)− F ρ(t′, x̃′, y, z)| and summing up the above bounds.

Proof of Theorem 5.1. Since bρ and σρ are uniformly Lipschitz in x̃ (Lemma 5.3) and fulfill linear
growth conditions in x̃ (Lemma 5.4, for σρ the boundedness implies the linear growth condition),
the forward part of FBSDE (7) has a unique solution X̃η [24, Theorem 3.1 of Chapter 2]. In
particular, X̃η is continuous and (Ft)t≥0-adapted and consequently also (Ft)t≥0-progressively
measurable. Moreover, by [24, Lemma 3.2 of Chapter 2] in connection with Lemma 5.4, it
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5. Proof of Theorem 3.1

holds that E
[
supt∈[0,T ]|X̃

η
t |2
]
<∞. Thus, also the backward part admits a unique solution [23,

Theorem 4.2 of Chapter 1] since F ρ, considered as a function

F ρ : [0, T ]× Ω× R× (Rd)∗ → R, F ρ(t, ω, y, z) = F ρ(t, X̃η
t (ω), y, z),

is Lipschitz in (y, z) uniformly in (t, ω) by Lemma 5.5(a) and satisfies

E
[
|g(X̃η

T )|
2 +

∫ T

0
|F ρ(t, X̃η

t , 0, 0)|2 dt
]

≤ 2H2
gE
[
|X̃η

T |
2
]
+ 2H2

g g(0)
2 + 2TF ρ(0, 0, 0, 0)2

+ 8E
[∫ T

0
H2

2 t+H2
2 |X̃

η
t |2 +H2

3 t
α +H2

3 |X̃
η
t |2α dt

]
<∞ (10)

by the Lipschitz continuity of g, Lemma 5.5(b) and the integrability properties of X̃η.

Now, fix some t ∈ [0, T ] and apply Itô’s formula to u(t,Xη
t ). Additionally, using the identities

for ut(x,Xs) and u(T,XT ) given by the parabolic PDE (3) and noting that

v(s,Xη
s ) = ux(s,X

η
s )σ(s,X

η
s , u(s,X

η
s ))

= h(ϑ(s,Xη
s , Ỹ

η
s ))σ

−1(s,Xη
s , Ỹ

η
s )σ(s,X

η
s , u(s,X

η
s ))

= h(Zη
s )σ

−1(s,Xη
s , Ỹ

η
s )σ(s,X

η
s , Y

η
s )

= ζ(s, X̃η
s , Y

η
s , Z

η
s ),

since ϑ(s,Xη
s , Ỹ

η
s ) is bounded by Kϑ ≤ Kρ ∨Kϑ, it follows that

Y η
t = u(T,Xη

T )−
∫ T

t
us(s,X

η
s ) + ux(s,X

η
s )b(s,X

η
s , Ỹ

η
s , ρ(s,X

η
s ))

+
1

2
tr
[
uxx(s,X

η
s )(σσ

⊤)(s,Xη
s , Ỹ

η
s )
]
ds−

∫ T

t
ux(s,X

η
s )σ(s,X

η
s , Ỹ

η
s ) dWs

= g(Xη
T )−

∫ T

t
F (s,Xη

s , u(s,X
η
s ), v(s,X

η
s ))

+ ux(s,X
η
s )
[
b(s,Xη

s , Ỹ
η
s , ρ(s,X

η
s ))− b(s,Xη

s , u(s,X
η
s ), v(s,X

η
s ))
]

+
1

2
tr
[
uxx(s,X

η
s )
(
(σσ⊤)(s,Xη

s , Ỹ
η
s )− (σσ⊤)(s,Xη

s , u(s,X
η
s )
)]

ds−
∫ T

t
Zη
s dWs

= g(Xη
T )−

∫ T

t
F (s,Xη

s , Y
η
s , ζ(s, X̃

η
s , Y

η
s , Z

η
s ))

+ u(s,Xη
s )
[
b(s,Xη

s , Ỹ
η
s , ρ(s,X

η
s ))− b(s,Xη

s , Y
η
s , ζ(s, X̃

η
s , Y

η
s , Z

η
s ))
]

+
1

2
tr
[
uxx(s,X

η
s )
(
(σσ⊤)(s,Xη

s , Ỹ
η
s )− (σσ⊤)(s,Xη

s , Y
η
s

)]
ds−

∫ T

t
Zη
s dWs

= g(Xη
T )−

∫ T

t
F ρ(s, X̃η

s , Y
η
s , Z

η
s ) ds−

∫ T

t
Zη
s dWs.

That is Y η and Zη fulfill the backward SDE of FBSDE (7). Moreover, since u and ϑ fulfill
Hölder and Lipschitz conditions and are consequently continuous, the processes Y η and Zη
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5. Proof of Theorem 3.1

are (Ft)t≥0-progressively measurable as functions of X̃η. Also Y η is continuous. Lastly, the
necessary integrability conditions are fulfilled. Indeed, for Y η, we obtain from the integrability
properties of X̃η that

E
[
sup

t∈[0,T ]
|Y η

t |2
]
≤ 4H2

uT + 4H2
uE
[
sup

t∈[0,T ]
|Xη

t |2
]
+ 2u(0, 0)2 <∞.

For Zη, the required integrability condition follows directly from the boundedness of ϑ.

Lemma 5.6. It holds that

E
[
sup

t∈[0,T ]
|X̃η

t |2
]
≤ (1 + 3|x̃0|2)e3(L

2
bρ

∨K2
σρ )T (T+4) =: c6.

Proof. Follows from [24, Lemma 3.2 of Chapter 2] in connection with Lemma 5.4.

Lemma 5.7. Let

c11 := 2(K2
b |π|+K2

σ).

It holds that

sup
t∈[0,T ]

E
[
|Xη

t −Xη
Π(t)|

2
]
≤ c11|π|.

Proof. Let t ∈ [0, T ]. Inserting the definitions of Xη
t and Xη

Π(t) and applying Itô’s isometry we
obtain

E
[
|Xη

t −Xη
Π(t)|

2
]
≤ 2E

[∣∣∣∣∫ t

Π(t)
b(s,Xη

s , Ỹ
η
s , ρ(s,X

η
s )) ds

∣∣∣∣2
]
+ 2E

[∣∣∣∣∫ t

Π(t)
σ(s,Xη

s , Ỹ
η
s ) dWs

∣∣∣∣2
]

≤ 2(t−Π(t))2K2
b + 2(t−Π(t))K2

σ

≤ 2(K2
b |π|+K2

σ)|π|.

5.2. A-Posteriori Error of the Auxiliary FBSDE

At first, we derive an upper bound for the L2-approximation error between (X̃η, Y η, Zη) and
(X̃η,π, Y η,π, Zη,π), that is

Eη
π := sup

t∈[0,T ]
E
[
|X̃η

t − X̃η,π
t |2

]
+max

ti∈π
E
[
|Y η

ti
− Y η,π

ti
|2
]
+ E

[∫ T

0
|Y η

t − Y η,π
t |2 + |Zη

t − Zη,π
t |2 dt

]
,

which will rely on the a-posteriori estimates for BSDEs in [3]. Additionally, we will use the stan-
dard result that, under the usual Lipschitz and linear growth conditions, the Euler–Maruyama
scheme converges strongly with order 1

2 ; see, e.g., [18, Theorem 10.2.2]. To be able to indicate
the dependence on Kρ and Hρ we give a self-contained proof of this result in Appendix A.
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Lemma 5.8. Define

c3 := 4
(
2T (TH2

bρ +H2
σρ) + L2

bρ |π|(1 + c6) +K2
σρ

)
e8T (TH2

bρ
+H2

σρ ).

It holds that

sup
t∈[0,T ]

E
[
|X̃η

t − X̃η,π
t |2

]
≤ c3|π|.

Proof. See Appendix A.

Theorem 5.9. Define

c1 := 2(2T + 1)(d1 + dc7),

c4 := 2d2
(
H2

g c6 + g(0)2
)
+ 2(2T + 1)

(
d4H

2
g c3 + 4d5H

2
2 (1 + c3)T

)
+ 4Td3

(
H2

F (T + 2c6) + F (0, 0, 0, 0)2 + 4K2
ux
K2

b +K2
uxx

K2
σσ⊤

)
,

c̃4 := 8(2T + 1)d5H
2
3 (1 + cα3 )T,

Γ := 4H2
1 (T + 1)(d ∨ 2) + 16TH4

1 (1 + T )2(d ∨ 2)2,

where

c7 :=

(
6

(d ∨ 2)− 1
+ 2 + 16

(
2 + 4(1 + T )TH2

1 (d ∨ 2)
))

eΓT ,

d1 :=

(
d4
4

+ 2

)
(2 + d)

[
2 + c7

(
1 +H2

1T (T + d)
)]
,

d2 := 2H1(2T + 1)d̃2 + 8(1 +H2
1T )e

(1+H1)2T + 16H2
1e

(1+H1)2T (T + 2 + 2H2
1T )|π|,

d3 := 2H1(2T + 1)d̃3 + 8(1 +H2
1T )e

(1+H1)2T +
(
16H2

1e
(1+H1)2T (3 + 2H2

1T ) + 8
)
|π|,

d4 := (1 + 2(1 + 2βπ)T )e
απT + 4 + 4βπ|π|,

d5 :=
d4
4H1

,

d̃2 :=
d4
4H1

[
(4 + 4H2

1 )e
(1+H1)2T + 8H2

1e
(1+H1)2T (T + 2 + 2H2

1T )|π|
]
,

d̃3 :=
d4
4H1

[
4(1 +H2

1T )e
(1+H1)2T +

(
8H2

1e
(1+H1)2T (3 + 2H2

1T ) + 4
)
|π|
]
,

απ := βπ

(
1 +

1

2(1− |π|/2)2
|π|
)
+

1

2(1− |π|/2)2
,

βπ := (4H1 + 16H2
1 )e

(4H1+16H2
1 )|π|.

For |π| ≤ min
{
1, (8H1(1 + 4H1))

−1,Γ−1
}
it holds that

max
ti∈π

E
[
|Y η

ti
− Y η,π

ti
|2
]
+ E

[∫ T

0
|Y η

t − Y η,π
t |2 + |Zη

t − Zη,π
t |2 dt

]
≤ c1E

[
|g(Xη,π

T )− Y η,π
T |2

]
+ c4|π|+ c̃4|π|α.
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5. Proof of Theorem 3.1

Proof. We define the random variables

ξ := g(Xη
T ) and ξπ := g(Xη,π

tN
) = g(Xη,π

T ),

as well as the random functions

f : Ω× [0, T ]× R× Rd → R and fπ : Ω× π × R× Rd → R,

with

f(t, y, z) := f(ω, t, y, z) := F ρ(t, X̃η
t (ω), y, z),

fπ(ti, y, z) := fπ(ω, ti, y, z) := F ρ(ti, X̃
η,π
ti

(ω), y, z).

Since Xη
T and Xη,π

T are FT -measurable, from the measurability of g it follows that ξ and ξπ are
FT -measurable. Furthermore, from the Lipschitz continuity of g we obtain

E
[
|ξ|2
]
= E

[
|g(Xη

T )− g(0) + g(0)|2
]
≤ 2H2

gE
[
|Xη

T |
2
]
+ 2g(0)2 <∞,

E
[
|ξπ|2

]
= E

[
|g(Xη,π

T )− g(0) + g(0)|2
]
≤ 2H2

gE
[
|Xη,π

T |2
]
+ 2g(0)2 <∞,

i. e., ξ and ξπ are square-intgrable. Since F ρ is measurable (since it fulfills Hölder and Lipschitz
conditions in all variables and is thus continuous) and X̃η,π

ti
is Fti-measurable for all ti ∈ π

it follows that fπ is measurable and, for every ti ∈ π and (y, z) ∈ R × Rd, fπ(ti, y, z) is
Fti-measurable. Also, since F ρ is measurable and X̃η is (Ft)t≥0-progressively measurable, f is
measurable and, for every (y, z) ∈ R×Rd, f(·, y, z) is Ft-adapted. Moreover, from Lemma 5.5(a)
it directly follows that f and fπ are Lipschitz in (y, z) uniformly in (ω, t) resp. (ω, ti) with
Lipschitz constant H1. Lastly, as in the proof of Theorem 5.1, it holds that

E
[∫ T

0
|f(t, 0, 0)|2 dt

]
= E

[∫ T

0
|F ρ(t, X̃η

t , 0, 0) dt

]
(10)
< ∞,

and, similarly,

E
[
|fπ(ti, 0, 0)|2

]
= E

[
|F ρ(ti, X̃

η,π
ti
, 0, 0)− F ρ(ti, 0, 0, 0) + F ρ(ti, 0, 0, 0)|2

]
≤ 8E

[
H2

2 ti +H2
2 |X̃

η,π
ti

|2 +H2
3 t

α
i +H2

3 |X̃
η,π
ti

|2α
]
+ 2F ρ(0, 0, 0, 0)2

<∞.

Thus, we can apply [3, Theorem 3.1], which yields

max
ti∈π

E
[
|Y η

ti
−Y η,π

ti
|2
]
+E
[∫ T

0
|Y η

t −Y η,π
t |2+|Zη

t −Z
η,π
t |2dt

]
≤2(2T+1)(d1+dc7)E+

(
d2E

[
|ξ|2
]
+d3E

[∫ T

0
|F ρ(r,X̃η

r ,0,0)|2dr
])

|π|

+2(2T+1)d4E
[
|ξ−ξπ|2

]
+2(2T+1)d5

∫ T

0
E
[
|F ρ(t,X̃η

t ,Y
η
t ,Z

η
t )−F ρ(Π(t),X̃η,π

t ,Y η
t ,Z

η
t )|2

]
dt

=2(2T+1)(d1+c7)E+(d2(II)+d3(III))|π|+2(2T+1)d4(IV)+2(2T+1)d5(V),

where

E := E
[
|ξπ − Y η,π

tN
|2
]
+ max

1≤i≤N
E

[∣∣∣∣Y η,π
ti

− Y η,π
t0

−
i−1∑
j=0

(
fπ(tj , Y

η,π
tj

, Zη,π
tj

)∆j + Zη,π
tj

∆Wj

)∣∣∣∣2
]
.
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5. Proof of Theorem 3.1

Observe that

fπ(ti, Y
η,π
ti

, Zη,π
ti

) = F ρ(ti, X̃
η,π
ti
, Y η,π

ti
, Zη,π

ti
)
(9)
= F (ti, X

η,π
ti
, Y η,π

ti
, ρ(ti, X

η,π
ti

)).

Consequently, since, by the recursion of the Euler-Maruyama scheme, it holds that

Y η,π
ti

= Y η,π
t0

+

i−1∑
j=0

(
F (tj , X

η,π
tj
, Y η,π

tj
, ρ(tj , X

η,π
tj

))∆j + ρ(tj , X
η,π
tj

)∆Wj

)
,

the term E simplifies to

E = E
[
|ξπ − Y η,π

tN
|2
]
.

Inserting the definition ξ = g(Xη
T ) and using the Lipschitz continuity of g, we get that

(II) = E
[
|g(Xη

T )− g(0) + g(0)|2
]
≤ 2
(
H2

gE
[
|Xη

T |
2
]
+ g(0)2

)
≤ 2
(
H2

g c6 + g(0)2
)
.

Similarly, now using the Hölder and Lipschitz conditions on F , it follows that

(III) ≤ 4E
[∫ T

0
|F (r,Xη

r , 0, 0)− F (0, 0, 0, 0)|2 + F (0, 0, 0, 0)2

+
∣∣ux(r,Xη

r )
[
b(r,Xη

r , Ỹ
η
r , ρ(r,X

η
r ))− b(r,Xη

r , 0, 0)
]∣∣2

+
1

4
tr
[
uxx(r,X

η
r )
(
(σσ⊤)(r,Xη

r , Ỹ
η
r )− (σσ⊤)(r,Xη

r , 0)
)]2

dr

]
≤ 4H2

F

(
2

∫ T

0
r + E

[
|Xη

r |2
]
dr

)
+ 4T

(
F (0, 0, 0, 0)2 + 4K2

ux
K2

b +K2
uxx

K2
σσ⊤

)
≤ 4H2

F

(
T 2 + 2TE

[
sup

t∈[0,T ]
|Xη

t |2
])

+ 4T
(
F (0, 0, 0, 0)2 + 4K2

ux
K2

b +K2
uxx

K2
σσ⊤

)
≤ 4T

(
H2

F (T + 2c6) + F (0, 0, 0, 0)2 + 4K2
ux
K2

b +K2
uxx

K2
σσ⊤

)
.

Inserting the definitions ξ = g(Xη
T ) and ξ

π = g(Xη,π
T ), using the Lipschitz continuity of g, and

applying Lemma 5.8, we obtain

(IV) ≤ H2
gE
[
|Xη

T −Xη,π
T |2

]
≤ H2

gE
[
|X̃η

T − X̃η,π
T |2

]
≤ H2

g sup
t∈[0,T ]

E
[
|X̃η

t − X̃η,π
t |2

]
≤ H2

g c3|π|.

From Lemma 5.5(b), Lemma 5.8 and Jensen’s inequality we obtain

(V) ≤ 2H2
2

(∫ T

0
E
[(
|t−Π(t)|1/2 + |X̃η

t − X̃η,π
t |
)2]

dt

)
+ 2H2

3

(∫ T

0
E
[(
|t−Π(t)|α/2 + |X̃η

t − X̃η,π
t |α

)2]
dt

)
≤ 4H2

2

(∫ T

0
E
[
|t−Π(t)|

]
+ sup

s∈[0,T ]
E
[
|X̃η

s − X̃η,π
s |2

]
dt

)
+ 4H2

3

(∫ T

0
E
[
|t−Π(t)|α

]
+ sup

s∈[0,T ]
E
[
|X̃η

s − X̃η,π
s |2α

]
dt

)
≤ 4H2

2 (1 + c3)T |π|+ 4H2
3

(∫ T

0
E
[
|t−Π(t)|α

]
+

(
sup

s∈[0,T ]
E
[
|X̃η

s − X̃η,π
s |2

])α

dt

)
≤ 4H2

2 (1 + c3)T |π|+ 4H2
3 (1 + cα3 )T |π|α.

Putting the above estimates together gives the result.
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5. Proof of Theorem 3.1

5.3. Connecting the Original FBSDE and the Auxiliary Decoupled FBSDE

In a second step, we estimate the deviation between the adapted solution (X,Y, Z) of the original
FBSDE (1) and the adapted solution (Xη, Y η, Zη) of the modified FBSDE (7):

Eη := sup
t∈[0,T ]

E
[
|Xt −Xη

t |2
]
+max

ti∈π
E
[
|Yti − Y η

ti
|2
]
+ E

[∫ T

0

(
|Yt − Y η

t |2 + |Zt − Zη
t |2
)
dt

]
.

Lemma 5.10. Let

c8 :=
[
12H2

b

(
1 + (1 +Hϑ)

2T
)
T + 10H2

σT
]
c1e

c10 ,

c9 :=
[
12H2

b T
2
(
(Hu +Hρ +HϑHu)

2 +H2
u(1 +Hϑ)

2c11 + (1 +Hρ +Hϑ)
2c3
)

+ 10H2
σT (H

2
u + c3 +H2

uc11) +
(
12H2

b

(
1 + (1 +Hϑ)

2T
)
T + 10H2

σT
)
c4

]
ec10 ,

c̃9 :=
[
12H2

b

(
1 + (1 +Hϑ)

2T
)
T + 10H2

σT
]
c̃4e

c10 ,

where

c10 := (1 +Hu)
2T
(
12H2

b (1 +Hϑ)
2T + 10H2

σ

)
.

It holds that

sup
t∈[0,T ]

E
[
|Xt −Xη

t |2
]
≤ c8E

[
|ξπ − Y η,π

tN
|2
]
+ c9|π|+ c̃9|π|α.

Proof. From the definitions of Xt and X
η
t , Hölder’s inequality and Itô’s isometry in connection

with Fubini’s theorem we obtain

E
[
|Xt −Xη

t |2
]
≤ 2T

∫ t

0
E
[
|b(s,Xs, Ys, Zs)− b(s,Xη

s , Ỹ
η
s , ρ(s,X

η
s ))|2

]
ds

+ 2

∫ t

0
E
[
|σ(s,Xs, Ys)− σ(s,Xη

s , Ỹ
η
s )|2

]
ds.

Note that, using the identities of Theorem 5.1, we obtain

|Ys − Ỹ η
s |

≤ |Ys − u(s,Xη
s )|+

∣∣u(s,Xη
s )− u

(
Π(s), Xη

Π(s)

)∣∣+ ∣∣u(Π(s), Xη
Π(s)

)
− Y η,π

Π(s)

∣∣+ ∣∣Y η,π
Π(s) − Ỹ η

s

∣∣
= |u(s,Xs)− u(s,Xη

s )|+
∣∣u(s,Xη

s )− u
(
Π(s), Xη

Π(s)

)∣∣+ ∣∣Y η
Π(s) − Y η,π

Π(s)

∣∣+ |Ỹ η,π
s − Ỹ η

s |

≤ Hu|Xs −Xη
s |+Hu|s−Π(s)|1/2 +Hu

∣∣Xη
s −Xη

Π(s)

∣∣+ ∣∣Y η
Π(s) − Y η,π

Π(s)

∣∣+ |X̃η,π
s − X̃η

s |. (11)

Thus, together with Remark 2.7, we can bound

|Zs − ρ(s,Xη
s )|

≤ |Zs − ϑ(s,Xη
s , Ỹ

η
s )|+

∣∣ϑ(s,Xη
s , Ỹ

η
s )− ρ

(
Π(s), Xη,π

Π(s)

)∣∣+ ∣∣ρ(Π(s), Xη,π
Π(s)

)
− ρ(s,Xη

s )
∣∣

= |ϑ(s,Xs, Ys)− ϑ(s,Xη
s , Ỹ

η
s )|+ |Zη

s − Zη,π
s |+ |ρ(Π(s), Xη,π

s )− ρ(s,Xη
s )|

≤ Hϑ|Xs −Xη
s |+Hϑ|Ys − Ỹ η

s |+ |Zη
s − Zη,π

s |+Hρ|s−Π(s)|1/2 +Hρ|Xη
s −Xη,π

s |
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5. Proof of Theorem 3.1

(11)

≤ Hϑ(1 +Hu)|Xs −Xη
s |+ |Zη

s − Zη,π
s |+ (Hρ +HϑHu)|s−Π(s)|1/2

+ (Hρ +Hϑ)|X̃η
s − X̃η,π

s |+HϑHu

∣∣Xη
s −Xη

Π(s)

∣∣+Hϑ

∣∣Y η
Π(s) − Y η,π

Π(s)

∣∣. (12)

Then, exploiting the 1
2 -Hölder and Lipschitz continuity of b, σ, u, ux and ρ as well as the

boundedness of σ and ux, it follows that∫ t

0
E
[
|b(s,Xs,Ys,Zs)−b(s,Xη

s ,Ỹ
η
s ,ρ(s,X

η
s ))|2

]
ds

≤ H2
b

∫ t

0
E
[(
|Xs−Xη

s |+|Ys−Ỹ η
s |+|Zs−ρ(s,Xη

s )|
)2]

ds

(11),(12)

≤ H2
b

∫ t

0
E
[(

(1+Hu)(1+Hϑ)|Xs−Xη
s |+|Zη

s −Zη,π
s |+(Hu+Hρ+HϑHu)|s−Π(s)|1/2

+(1+Hρ+Hϑ)|X̃η
s −X̃η,π

s |+Hu(1+Hϑ)
∣∣Xη

s −X
η
Π(s)

∣∣+(1+Hϑ)
∣∣Y η

Π(s)−Y
η,π
Π(s)

∣∣)2]ds
≤ 6H2

b (1+Hu)
2(1+Hϑ)

2

∫ t

0
E
[
|Xs−Xη

s |2
]
ds

+6H2
b

(
E
[∫ T

0
|Zη

s −Zη,π
s |2

]
ds+(1+Hϑ)

2Tmax
ti∈π

E
[
|Y η

ti
−Y η,π

ti
|2
])

+6H2
b

∫ T

0
(Hu+Hρ+HϑHu)

2|π|+H2
u(1+Hϑ)

2 sup
r∈[0,T ]

E
[
|Xη

r −X
η
Π(r)|

2
]

+(1+Hρ+Hϑ)
2 sup
r∈[0,T ]

E
[
|X̃η

r −X̃η,π
r |2

]
ds

≤ 6H2
b (1+Hu)

2(1+Hϑ)
2

∫ t

0
E
[
|Xs−Xη

s |2
]
ds

+6H2
b (1+(1+Hϑ)

2T )
(
c1E
[
|ξπ−Y η,π

tN
|2
]
+c4|π|+c̃4|π|α

)
+6H2

b T
(
(Hu+Hρ+HϑHu)

2+H2
u(1+Hϑ)

2c11+(1+Hρ+Hϑ)
2c3
)
|π|.

To derive the last inequality we additionally made use of Theorem 5.9 and Lemmas 5.7 and 5.8.
Moreover, under the Lipschitz continuity of σ it holds that∫ t

0
E
[
|σ(s,Xs, Ys)− σ(s,Xη

s , Ỹ
η
s )|2

]
ds

≤ H2
σ

∫ t

0
E
[(
|Xs −Xη

s |+ |Ys − Ỹ η
s |
)2]

ds

(11)

≤ 5H2
σ

∫ t

0
(1 +Hu)

2E
[
|Xs −Xη

s |2
]
+H2

uE[|s−Π(s)|] +H2
uE
[
|Xη

s −Xη
Π(s)|

2
]

+ E
[
|Y η

Π(s) − Y η,π
Π(s)|

2
]
+ E

[
|X̃η,π

s − X̃η
s |2
]
ds

≤ 5H2
σ(1 +Hu)

2

∫ t

0
E
[
|Xs −Xη

s |2
]
ds+ 5H2

σ

∫ t

0
H2

u|π|+H2
u sup
r∈[0,T ]

E
[
|Xη

r −Xη
Π(r)|

2
]

+max
ti∈π

E
[
|Y η

ti
− Y η,π

ti
|2
]
+ sup

r∈[0,T ]
E
[
|X̃η,π

r − X̃η
r |2
]
ds

≤ 5H2
σ(1 +Hu)

2

∫ t

0
E
[
|Xs −Xη

s |2
]

+ 5H2
σT
(
c1E
[
|ξπ − Y η,π

tN
|2
]
+ c4|π|+ c̃4|π|α

)
+ 5H2

σT (H
2
u + c3 +H2

uc11)|π|.
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Together we obtain

E
[
|Xt −Xη

t |2
]
≤
[
12H2

b (1 +Hu)
2(1 +Hϑ)

2T + 10H2
σ(1 +Hu)

2
] ∫ t

0
E
[
|Xs −Xη

s |2
]
ds

+
[
12H2

b

(
1 + (1 +Hϑ)

2T
)
T + 10H2

σT
](
c1E
[
|ξπ − Y η,π

tN
|2
]
+ c4|π|+ c̃4|π|α

)
+
[
12H2

b T
2
(
(Hu +Hρ +HϑHu)

2 +H2
u(1 +Hϑ)

2c11 + (1 +Hρ +Hϑ)
2c3
)

+ 10H2
σT (H

2
u + c3 +H2

uc11)
]
|π|.

Applying Gronwall’s lemma finishes the proof.

Remark 5.11. From Equation (11) it follows that

E
[∫ t

0
|Ys − Ỹ η

s |2 ds
]
=

∫ t

0
E
[
|Ys − Ỹ η

s |2
]
ds

≤ 5

∫ t

0
H2

uE
[
|Xs −Xη

s |2
]
+H2

uE
[
|s−Π(s)|

]
+H2

uE
[
|Xη

s −Xη
Π(s)|

2
]

+ E
[
|Y η

Π(s) − Y η,π
Π(s)|

2
]
+ E

[
|X̃η,π

s − X̃η
s |2
]
ds

≤ 5

∫ t

0
H2

u sup
r∈[0,T ]

E
[
|Xr −Xη

r |2
]
+H2

u|π|+H2
u sup
r∈[0,T ]

E
[
|Xη

r −Xη
Π(r)|

2
]

+max
ti∈π

E
[
|Y η

ti
− Y η,π

ti
|2
]
+ sup

r∈[0,T ]
E
[
|X̃η,π

r − X̃η
r |2
]
ds

≤ 5T (c1 +H2
uc8)E

[
|ξπ − Y η,π

tN
|2
]
+ 5T (c̃4 +H2

u c̃9)|π|α

+ 5T
(
c3 + c4 +H2

u(1 + c9 + c11)
)
|π|.

Theorem 5.12. Define

c2 :=
(
1 +H2

u(1 + T ) + 2TH2
ϑ(1 + 5TH2

u)
)
c8 + 10T 2Hϑc1,

c5 :=
(
1 +H2

u(1 + T ) + 2TH2
ϑ(1 + 5TH2

u)
)
c9 + 10T 2Hϑ

(
c4 + c3 +H2

u(1 + c11)
)
,

c̃5 :=
(
1 +H2

u(1 + T ) + 2TH2
ϑ(1 + 5TH2

u)
)
c̃9 + 10T 2Hϑc̃4.

It holds that

Eη ≤ c2E
[
|ξπ − Y η,π

tN
|2
]
+ c5|π|+ c̃5|π|α.

Proof. Since Yt = u(t,Xt) and Y η
t = u(t,Xη

t ), from the Lipschitz continuity of u(t, x) in x
uniformly in t and applying Lemma 5.10 it follows that

max
ti∈π

E
[
|Yti − Y η

ti
|2
]
= max

ti∈π
E
[
|u(ti, Xti)− u(ti, X

η
ti
)|2
]

≤ H2
u max

ti∈π
E
[
|Xti −Xη

ti
|2
]

≤ H2
uc8E

[
|ξπ − Y η,π

tN
|2
]
+H2

uc9|π|+H2
u c̃9|π|α.

Using the same arguments as above and applying Fubini’s theorem, we also obtain

E
[∫ T

0
|Yt − Y η

t |2 dt
]
≤ H2

uTc8E
[
|ξπ − Y η,π

tN
|2
]
+H2

uTc9|π|+H2
uT c̃9|π|α.
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Similarly, now using the definitions Zt = v(t,Xt) = ϑ(t,Xt, Yt) and Z
η
t = ϑ(t,Xη

t , Ỹ
η
t ) as well as

the Lipschitz continuity of ϑ(t, x, y) in (x, y) uniformly in t and the last remark, we get

E
[∫ T

0
|Zt − Zη

t |2 dt
]
=

∫ T

0
E
[
|ϑ(t,Xt, Yt)− ϑ(t,Xη

t , Ỹ
η
t )|2

]
dt

≤ 2H2
ϑ

∫ T

0
E
[
|Xt −Xη

t |2
]
+ E

[
|Yt − Ỹ η

t |2
]
dt

≤ 2TH2
ϑ

(
c8 + 5T (c1 +H2

uc8)
)
E
[
|ξπ − Y η,π

tN
|2
]

+ 2TH2
ϑ

(
c̃9 + 5T (c̃4 +H2

u c̃9)
)
|π|α

+ 2TH2
ϑ

[
c9 + 5T

(
c3 + c4 +H2

u(1 + c9 + c11)
)]
|π|.

Summing up the three estimates and again applying Lemma 5.10 completes the proof.

Proof of Theorem 3.1. It holds that

Eη,π ≤ 2(Eη + Eη
π).

Thus, from Lemma 5.8, Theorem 5.9 and Theorem 5.12, it follows that

Eη,π ≤ 2(c1 + c2)E
[
|Y η,π

T − g(Xη,π
T )|2

]
+ 2(c3 + c4 + c5)|π|+ 2(c̃4 + c̃5)|π|α, (13)

for |π| ≤ min
{
1, (8H1(1 + 4H1))

−1,Γ−1
}
. The statement now follows from some basic upper

bounding of the constants in dependence of Kρ and Hρ (see Appendix B). For bounding βπ,
note that |π| ≤ (8H1(1+4H1))

−1 by the assumption of Theorem 5.9, that is βπ can be bounded
by a multiple of 4H1 + 16H2

1 .

Remark 5.13. Carefully revisiting the proof of Theorem 3.1 one notices that the |π|α-part
results from the uxx-part of F ρ. If σ is independent of Yt, this uxx-part vanishes and thus, in
this case, the convergence in time holds up to order 1 instead of order α.

6. Sufficient Conditions on the Coefficient Functions

So far, the convergence does not fully rely on assumptions on the known functions b, σ, F , g
and ρ, but also on assumptions on the unknown solution u of the parabolic PDE (3) together
with its spatial derivatives ux and uxx. The goal of this section is to give additional conditions
on b, σ, F and g, such that Assumption 2.4 is fulfilled. To this end, we make use of classical
results on the well-posedness of parabolic Cauchy problems by Ladyženskaja et al. [19].

In the following we write

x = (x1, . . . , xd)
⊤, b(t, x, y, z) = (b1(t, x, y, z), . . . , bd(t, x, y, z))

⊤,

z = (z1, . . . , zd), σ(t, x, y) = (σij(t, x, y))i,j=1,...,d.

Assumption 6.1. (i) There exists an α ∈ (0, 1) such that g ∈ H2+α(D) for any bounded
domain D ⊂ Rd and g is bounded.1

1For a definition of H2+α(D), see [19, p. 7].

30



6. Sufficient Conditions on the Coefficient Functions

(ii) There exists a positive real constant KF ∈ R>0 such that for all (t, x) ∈ [0, T ]×Rd it holds
that

|F (t, x, 0, 0)| ≤ KF .

(iii) For all i, j, k ∈ {1, . . . , d}, the partial derivatives

∂bi
∂y

,
∂bi
∂zk

,
∂σij
∂xk

,
∂σij
∂y

,
∂F

∂y
,
∂F

∂zk

exist, whereby

∂σij
∂xk

and
∂σij
∂y

fulfill Hölder conditions in t, x and y with exponents α
2 , α and α.

Theorem 6.2. Let Assumptions 2.1 and 6.1 be fulfilled. Then Assumption 2.4 holds true.

Proof. For (t, x, y, z) ∈ [0, T ]× Rd × R× (Rd)∗, define the functions (we set t̄ := T − t)

ai(t, x, y, z) :=
1

2

d∑
k=1

zk

d∑
l=1

σil(t̄, x, y)σlk(t̄, x, y), i = 1, . . . , d,

a(t, x, y, z) :=
d∑

k=1

zkbk(t̄, x, y, zσ(t̄, x, y))− F (t̄, x, y, zσ(t̄, x, y))

+
1

2

d∑
i=1

d∑
k=1

zk

d∑
l=1

(
∂σil(t̄, x, y)

∂xi
σlk(t̄, x, y) + σil(t̄, x, y)

∂σlk(t̄, x, y)

∂xi

)

+
1

2

d∑
i=1

zi

d∑
k=1

zk

d∑
l=1

(
∂σil(t̄, x, y)

∂y
σlk(t̄, x, y) + σil(t̄, x, y)

∂σlk(t̄, x, y)

∂y

)
,

aij(t, x, y, z) :=
1

2

d∑
l=1

σil(t̄, x, y)σlj(t̄, x, y), i, j = 1, . . . , d,

A(t, x, y, z) :=
d∑

l=1

zlbl(t̄, x, y, zσ(t, x, y))− F (t̄, x, y, zσ(t̄, x, y)),

ψ0(x) := g(x).

Note that a is well-defined, since, by Assumption 6.1(iii), the involved partial derivatives exist.
By the same argument, for each i, j ∈ {1, . . . , d}, all of the following partial derivatives exist:

∂ai(t, x, y, z)

∂xj
=

1

2

d∑
k=1

zk

d∑
l=1

(
∂σil(t̄, x, y)

∂xj
σlk(t̄, x, y) + σil(t̄, x, y)

∂σlk(t̄, x, y)

∂xj

)
,

∂ai(t, x, y, z)

∂y
=

1

2

d∑
k=1

zk

d∑
l=1

(
∂σil(t̄, x, y)

∂y
σlk(t̄, x, y) + σil(t̄, x, y)

∂σlk(t̄, x, y)

∂y

)
,
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∂ai(t, x, y, z)

∂zj
=

1

2

d∑
l=1

σil(t̄, x, y)σlj(t̄, x, y).

The above functions are defined in such a way that the identities

A(t, x, y, z) = a(t, x, y, z)−
d∑

i=1

∂ai(t, x, y, z)

∂xi
−

d∑
i=1

∂ai(t, x, y, z)

∂y
zi,

aij(t, x, y, z) =
∂ai(t, x, y, z)

∂zj
, i, j = 1, . . . , d,

hold. Therefore, we are in the setting of [19, Chapter V, Theorem 8.1], which gives us sufficient
conditions for the existence of a classical solution ũ ∈ H1+α

2
,2+α([0, T ] × Rd)2 of the Cauchy

problem{
ũt(t, x) =

∑d
i=1

d
dxi
ai(t, x, ũ(t, x), ũx(t, x))− a(t, x, ũ(t, x), ũx(t, x)), (t, x) ∈ [0, T ]× Rd,

ũ(0, x) = ψ0(x), x ∈ Rd.

(14)

Note that a classical solution ũ ∈ H1+α
2
,2+α([0, T ] × Rd) fulfills all boundedness, Hölder and

Lipschitz conditions of Assumption 2.4.

In the following, we show that the above Cauchy problem (14) admits a classical solution ũ ∈
H1+α

2
,2+α([0, T ] × Rd) by verifying the solvability conditions (a), (b), (c) of [19, Chapter V,

Theorem 8.1]. In a final step, from ũ, we construct a solution u of the parabolic PDE (3) which
inherits the desired boundedness, Hölder and Lipschitz conditions.

Solvability condition (a) coincides with Assumption 6.1(i). Solvability condition (b) follows from
the uniform ellipticity condition (2) and the inequality

|A(t, x, y, 0)y| = |F (t, x, y, 0)y|
= |(F (t, x, y, 0)− F (t, x, 0, 0))y + F (t, x, 0, 0)y|
≤ HF |y|2 +KF |y|

≤
(
HF +

1

2

)
|y|2 +

K2
F

2
,

which uses the Lipschitz condition on F , Assumption 6.1(ii) and Young’s inequality and holds
true for arbitrary (t, x, y, z) ∈ [0, T ]× Rd × R× (Rd)∗.

To verify solvability condition (c), first note that all functions

F, σ, bk, σij ,
∂σij
∂xk

,
∂σij
∂y

, i, j, k ∈ {1, . . . , d},

are 1
2 -Hölder continuous in t and Lipschitz continuous in x, y and z by Assumptions 2.1(ii)

and 6.1(iii) and consequently continuous. Since additionally the mappings

(t, x, y, z) 7→ t̄ = T − t and (t, x, y, z) 7→ zk, k ∈ {1, . . . , d},

2For a definition of H1+α
2
,2+α([0, T ]× Rd), see [19, pp. 7–8].
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are obviously continuous, it follows that the functions

ai, a,
∂ai
∂xj

,
∂ai
∂y

,
∂ai
∂zj

, i, j ∈ {1, . . . , d},

are continuous.

Furthermore, for |z| ≤ Kz ∈ R>0 it holds that

|bk(t̄, x, y, zσ(t̄, x, y))− bk(t̄
′, x′, y′, z′σ(t̄′, x′, y′))|

≤ |b(t̄, x, y, zσ(t̄, x, y))− b(t̄′, x′, y′, z′σ(t̄′, x′, y′))|
≤ Hb(1 +KzHσ +Kσ)

(
|t− t′|1/2 + |x− x′|+ |y − y′|+ |z − z′|

)
and

|F (t̄, x, y, zσ(t̄, x, y))− F (t̄′, x′, y′, z′σ(t̄′, x′, y′))|
≤ Hb(1 +KzHσ +Kσ)

(
|t− t′|1/2 + |x− x′|+ |y − y′|+ |z − z′|

)
,

i. e., the mappings (t, x, y, z) 7→ bk(t̄, x, y, zσ(t̄, x, y)) and (t, x, y, z) 7→ F (t̄, x, y, zσ(t̄, x, y)) are
1
2 -Hölder continuous in t and Lipschitz continuous in x, y and z. The same also holds, obviously,
for the projections (t, x, y, z) 7→ zk, k ∈ {1, . . . , d}, and, by Assumptions 2.1(ii) and 6.1(iii), for
the mappings

(t, x, y, z) 7→ σij(t̄, x, y),
∂σij
∂xk

(t̄, x, y),
∂σij
∂y

(t̄, x, y), i, j, k ∈ {1, . . . , d},

noting that |t̄− t̄′| = |t− t′|. It follows that the functions

ai, a,
∂ai
∂xj

,
∂ai
∂y

,
∂ai
∂zj

, i, j ∈ {1, . . . , d},

fulfill the same Hölder and Lipschitz conditions as sum and product of Hölder and Lipschitz
continuous functions where in the products all functions are bounded. Now, since t ∈ [0, T ], for
|y| ≤ Ky ∈ R>0 and |z| ≤ Kz it easily follows that these functions fulfill Hölder conditions in t,
y, and z with exponents α

2 , α and α. From Assumptions 2.1(iii) and 6.1(ii) in connection with

|z| ≤ Kz it follows that that each f ∈
{
ai, a,

∂ai
∂xj

, ∂ai∂y ,
∂ai
∂zj

| i, j ∈ {1, . . . , d}
}
can be bounded by

some constant Kf uniformly in (t, x), that is for all (t, x) ∈ [0, T ]× Rd it holds that

|f(t, x, 0, 0)| ≤ Kf .

Consequently, each function f ∈
{
ai, a,

∂ai
∂xj

, ∂ai∂y ,
∂ai
∂zj

| i, j ∈ {1, . . . , d}
}
fulfills a Hölder condition

of exponent α in x:

|f(t, x, y, z)− f(t, x′, y, z)| ≤ (Hb ∨ 2(HfKyKz +Kf ))|x− x′|α

for all (t, y, z) ∈ [0, T ]×R× (Rd)∗ and any two x, x′ ∈ Rd. Lastly, from Assumptions 2.1(ii)–(iii)
and 6.1(ii), we obtain

d∑
i=1

(
|ai(t, x, y, z)|+

∣∣∣∣∂ai(t, x, y, z)∂y

∣∣∣∣)(1 + |z|) +
d∑

i=1

d∑
j=1

∣∣∣∣∂ai(t, x, y, z)∂xj

∣∣∣∣+ |a(t, x, y, z)|
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≤
d∑

i=1

(
1

2
d2K2

σ|z|+ d2HσKσ|z|
)
(1 + |z|) +

d∑
i=1

d∑
j=1

d2HσKσ|z|

+ dKb|z|+KF +HF (|y|+Kσ|z|) + d3HσKσ|z|+ d3HσKσ|z|2,

i. e., for bounded y, the LHS admits a bound of the form µ(1 + |z|)2 for a suitable constant
µ ∈ R>0. Together with the uniform ellipticity condition (2), solvability condition (c) is fulfilled.

Now, noting that

d

dxi
ai(t, x, ũ(t, x), ũx(t, x)) =

∂ai(t, x, ũ(t, x), ũx(t, x))

∂xi
+
∂ai(t, x, ũ(t, x), ũx(t, x))

∂y
ũxi(t, x)

+

n∑
k=1

∂ai(t, x, ũ(t, x), ũx(t, x))

∂zk
ũxixk

(t, x)

and a classical solution ũ fulfills ũxixk
(t, x) = ũxkxi(t, x) for all i, k ∈ {1, . . . , d}, from the

definition of a it follows that

(14) ⇔


ũt(t, x) =

1

2
tr
[
ũxx(t, x)(σσ

⊤)(t̄, x, ũ(t, x))
]
− F (t̄, x, ũ(t, x), ũx(t, x)σ(t̄, x, ũ(t, x)))

+ ũx(t, x)b(t̄, x, ũ(t, x), ũx(t, x)σ(t̄, x, ũ(t, x))), (t, x) ∈ [0, T ]× Rd,

ũ(0, x) = g(x), x ∈ Rd,

⇔


ũt(t̄, x) = F (t, x, ũ(t̄, x), ũx(t̄, x)σ(t, x, ũ(t̄, x)))−

1

2
tr
[
ũxx(t̄, x)(σσ

⊤)(t, x, ũ(t̄, x))
]

− ũx(t̄, x)b(t, x, ũ(t̄, x), ũx(t̄, x)σ(t, x, ũ(t̄, x))), (t, x) ∈ [0, T ]× Rd,

ũ(T̄ , x) = g(x), x ∈ Rd,

Consequently, we can define a desired solution u of the parabolic PDE (3) via

u : [0, T ]× Rd → R, u(t, x) := ũ(t̄, x).
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Appendix A: Proof of Lemma 5.8

From the recursion of the Euler-Maruyama scheme (8), we obtain

X̃η,π
ti

= x̃0 +
i−1∑
j=0

[
bρ(tj , X̃

η,π
tj

)∆j + σρ(tj , X̃
η,π
tj

)∆Wj

]
.

It directly follows that, for all t ∈ [0, T ], we can express X̃η,π
t as

X̃η,π
t = x̃0 +

∫ Π(t)

0
bρ(Π(s), X̃η,π

s ) ds+

∫ Π(t)

0
σρ(Π(s), X̃η,π

s ) dWs. (15)
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A. Proof of Lemma 5.8

Let t ∈ [0, T ]. Inserting the definition of X̃η
t and Equation (15) for X̃η,π

t , we obtain

E
[
|X̃η

t − X̃η,π
t |2

]
≤ 4

(
E

[∣∣∣∣∫ Π(t)

0
bρ(s, X̃η

s )− bρ(Π(s), X̃η,π
s ) ds

∣∣∣∣2
]
+ E

[∣∣∣∣∫ t

Π(t)
bρ(s, X̃η

s ) ds

∣∣∣∣2
]

+ E

[∣∣∣∣∫ Π(t)

0
σρ(s, X̃η

s )− σρ(Π(s), X̃η,π
s ) dWs

∣∣∣∣2
]
+ E

[∣∣∣∣∫ t

Π(t)
σρ(s, X̃η

s ) dWs

∣∣∣∣2
])

=: 4
(
(I) + (II) + (III) + (IV)

)
.

Using Hölder’s inequality, the 1
2 -Hölder and Lipschitz continuity of bρ and Fubini’s theorem, the

first term can be bounded by

(I) ≤ Π(t)E
[∫ Π(t)

0
|bρ(s, X̃η

s )− bρ(Π(s), X̃η,π
s )|2 ds

]
≤ TH2

bρE
[∫ Π(t)

0

(
|s−Π(s)|1/2 + |X̃η

s − X̃η,π
s |
)2

ds

]
≤ 2TH2

bρ

(
E
[∫ Π(t)

0
|s−Π(s)| ds

]
+ E

[∫ Π(t)

0
|X̃η

s − X̃η,π
s |2 ds

])
≤ 2TH2

bρ

(
T |π|+

∫ t

0
E
[
|X̃η

s − X̃η,π
s |2

]
ds

)
.

For (III), using Itô’s isometry, the Hölder and Lipschitz condition on σρ and Fubini’s theorem,
we obtain

(III) = E
[∫ Π(t)

0
|σρ(s, X̃η

s )− σρ(Π(s), X̃η,π
s )|2 ds

]
≤ H2

σρE
[∫ Π(t)

0

(
|s−Π(s)|1/2 + |X̃η

s − X̃η,π
s |
)2

ds

]
≤ 2H2

σρE
[∫ Π(t)

0
|s−Π(s)|+ |X̃η

s − X̃η,π
s |2 ds

]
≤ 2H2

σρ

(
T |π|+

∫ t

0
E
[
|X̃η

s − X̃η,π
s |2

]
ds

)
.

Applying Hölder’s inequality and noticing that bρ fulfills the linear growth condition of
Lemma 5.4, we see that the second term fulfills

(II) ≤ |π|L2
bρE
[∫ t

Π(t)
1 + |X̃η

s |2 ds
]
≤ |π|2L2

bρ(1 + c6),

where the last inequality follows from Lemma 5.6. Similarly, now using Itô’s isometry and
boundedness of σρ from Lemma 5.4, for (IV) we obtain

(IV) ≤ E
[∫ t

Π(t)
K2

σρ ds

]
≤ K2

σρ |π|.

Putting all bounds together yields
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B. Upper constant bounds depending on Kρ and Hρ

E
[
|X̃η

t − X̃η,π
t |2

]
≤ 8(TH2

bρ +H2
σρ)

∫ t

0
E
[
|X̃η

s − X̃η,π
s |2

]
ds

+ 4
(
2T (TH2

bρ +H2
σρ) + L2

bρ |π|(1 + c6) +K2
σρ

)
|π|.

Applying Gronwall’s lemma finishes the proof.

Appendix B: Upper constant bounds depending on Kρ and Hρ

C(1 +Kp
ρ) C(1 +Hρ) C(1 +Kρ +Hρ) CeCKp

ρ CeC(K2
ρ+H2

ρ)

Lbρ ×p=1

Kσρ ×p=1

Hbρ ×
Hσρ ×
H

(t,x)
ζ ×p=1

H
(y,z)
ζ ×p=1

H1 ×p=1

H2 ×
απ ×p=2

βπ ×p=2

Γ ×p=4

d1 ×p=4

d2 ×p=2

d3 ×p=2

d4 ×p=2

d5 ×p=2

d̃2 ×p=2

d̃3 ×p=2

c1 ×p=4

c2 ×p=4

c3 ×
c4 ×
c5 ×
c6 ×p=2

c7 ×p=4

c8 ×p=4

c9 ×
c̃4 ×
c̃5 ×
c̃9 ×

For all other constants, including H3, c10 and c11, there exist upper bounds that do not depend
on Kρ or Hρ.
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