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Abstract

We introduce and analyze a family of linear least-squares Monte Carlo schemes for back-
ward SDEs, which interpolate between the one-step dynamic programming scheme of Lemor,
Warin, and Gobet (Bernoulli, 2006) and the multi-step dynamic programming scheme of
Gobet and Turkedjiev (Mathematics of Computation, 2016). Our algorithm approximates
conditional expectations over segments of the time grid. We discuss the optimal choice of
the segment length depending on the ‘smoothness’ of the problem and show that, in typical
situations, the complexity can be reduced compared to the state-of-the-art multi-step dynamic
programming scheme.
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1 Introduction

In this paper, we propose a family of regression-based algorithms for decoupled forward backward
stochastic differential equations (FBSDEs) of the form

dX; = b(t, Xt)dt + O'(t, Xt)th, Xo = xo,
_d}/t = f(ta Xta Y;ﬁv Zt)dt - thWta YT = E(XT) (1)

driven by a (multidimensional) Brownian motion W. Recall that the solution is a triplet (X, Y, Z)
of adapted processes, wherein X and Y describe the dynamics of the forward and backward SDE
(BSDE), respectively, and Z steers the backward SDE into the terminal condition without making
use of future information. Among the numerous applications of BSDEs we mention (nonlinear)
derivative pricing problems, drift control problems, and stochastic representation formulas of
Feynman-Kac type for semilinear parabolic partial differential equations, see, e.g., Guyon and
Henry-Labordere (2014); El Karoui et al. (1997); Pardoux and Peng (1992). Loosely speaking, in
these applications, the Y-part of the solution corresponds to the price process of the option, the
value of the control problem, or the solution of the PDE, respectively, while the Z-part is required
to represent the hedging portfolio, an optimal control, or the derivative of the PDE solution.
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Motivated by these and other applications, the literature on numerical schemes for BSDEs
has tremendously increased over the last two decades, and we refer to Chessari et al. (2023) for a
comprehensive survey. Let us emphasize that the practical choice of a numerical scheme for the
FBSDE (1) crucially depends on the dimension D of the state space of the diffusion process X.
If X takes values in a low dimensional space, the connection to PDEs via the four-step scheme
(Ma et al., 1994) can be exploited and the application of fast PDE solvers leads to highly efficient
schemes for the FBSDE, see, e.g., Douglas et al. (1996); Milstein and Tretyakov (2006); Ma et al.
(2008). For moderate dimensions (up to about D = 10), simulation based regression methods are
among the most popular methods (Gobet et al., 2005; Lemor et al., 2006; Gobet and Turkedjiev,
2016), while the recent multilevel Picard approach can tackle very high-dimensional problems (E
et al., 2021; Hutzenthaler et al., 2023).

In the present paper, we contribute to the theory of simulation-based regression schemes.
More precisely, we design a family of schemes which interpolate between the one-step-dynamic
programming approach (ODP) of Lemor et al. (2006) and the multi-step dynamic programming
approach (MDP) of Gobet and Turkedjiev (2016). Both dynamic programming schemes rely on
a backward recursion for the time discretization with nested conditional expectations which are
approximated by empirical least-squares regression. The key difference is that the ODP computes
the numerical solution of the BSDE at a time grid point ¢; by regressing a nonlinear function
of the numerical solution at the previous time grid point ¢;11 only, while the MDP applies the
numerical solutions at all grid points t;4+1,%;12,... up to terminal time 7. As argued in Gobet
and Turkedjiev (2016) (see also Bender and Denk, 2007, for related considerations), the error
propagation over time for the approximation of the Y-part of the solution can be significantly
reduced in the MDP making it superior to the ODP in typical situations. A closer look at both
schemes reveals, however, that the approximation of the Y-part is the dominating cost in the
ODP, while the cost for approximating the Z-part dominates the complexity of the MDP. In
order to balance the cost for approximating Y-part and Z-part, we suggest a family of schemes,
which iterates between a single ODP step and an MDP step on time segments containing [ N%]
grid points — here N is the total number of grid points and « € [0,1]. We call this approach
‘segmentwise dynamic programming’ (SDP) and analyze it in detail in this paper. In particular,
we discuss how to optimize the choice of the segment length parameter « in dependence on the
state space dimension D and on the smoothness of the PDE representation to the BSDE. It turns
out that, in generic situations, the optimal choice of « is in the open interval (0, 1), demonstrating
that neither the ODP (o = 0) nor the MDP (o = 1) are optimal. For the theoretical analysis,
we assume that the forward diffusion X can be perfectly simulated on the discrete time grids.
One can, however, apply a higher order scheme for X on the coarser grid to implement the SDP
scheme, when this assumption is not satisfied.

The paper is structured as follows: In Section 2 we introduce the setting and motivate the SDP
algorithm, which is spelled out in detail in Section 3. The theoretical main results on convergence
of the SDP scheme are presented in Section 4 along with a complexity analysis. The convergence
behavior of the SDP scheme is illustrated and compared to the MDP scheme by a numerical
experiment in Section 5. Finally, the detailed error analysis (combining ideas from Gobet and
Turkedjiev, 2016, Lemor et al., 2006, and Bender and Denk, 2007) is carried out in Section 6.
Some proofs, which follow standard arguments, are provided in the online supplement.



2 Setup and motivation

Let (Q,F,F, P) be a filtered probability where the filtration is the augmentation of the one
generated by a D-dimensional Brownian motion W. We consider a decoupled forward backward
stochastic differential equation of the form

dX; = b(t, Xt)dt + O'(t, Xt)th, Xo = xg,
_d}/t = f(t7 Xta }/b Zt)dt - thWt7 YT = f(XT)

with deterministic initial value 2o € R” and the terminal time 7' > 0 under the following standing
assumptions.

Assumptions 2.1.
(A¢) The function £ : RP — R is bounded by some constant C.

(Ar) The functions b : [0, T]xRP — RP ¢ : [0, T]xRP — RP*P and f: [0, T]xRP xRxR? — R
are measurable, %—Hblder—continuous in the first variable and Lipschitz-continuous in the
other variables, i.e., there exist constants Lx and Ly such that

b(t, 2) = b(t',2)| + | (t,2) — o(¢',2")] < L (jt = ¥)% + |2 — 2]
’f(t7$7y7z) - f(t,awlvylaz/)’ < Lf <‘t - t/|% + ‘.’I} - .’L'/‘ + ‘y - y/| + ‘Z - Zl‘)

for all 2,2/ € RP t,¢' € [0,T], 4,y € R, 2,2’ € R”.

(Af) The function f is uniformly bounded by a constant Cy, i.e.,
f(t7$7y7 Z) S C'f

forall t € [0,7], 2 € RP, y € R, z € R?.

Assumption (Ar) is standard for FBSDEs and yields important characteristics of the processes
X, Y and Z. For once, the assumption on b and o ensures the existence of a unique strong
solution X of the SDE and that this solution satisfies Efsup;c(om | X¢|%] < oo (see e.g. Karatzas
and Shreve, 2012). Then, paired with the assumptions on f and ¢ the solution of the BSDE
can be expressed by deterministic functions of the SDE solution X, i.e., there exist deterministic
functions 7 : [0,T] x RP — R and Z : [0, T] x RP — R? such that 7(t, X;) = Y; and Z(t, X;) = Z,
(see e.g. El Karoui et al., 1997). The boundedness conditions on f and £ are posed for convenience
only and could be relaxed with minor changes in the error analysis.

We now define the equidistant time grid

WZ:{ti:iA; iZO,...,N}

with step width A = T/N for a fixed N € N. We denote the increments of the Brownian motion
W on this time grid with AW;, ie., AW; := W;, — Wy, |, and define the functions

qi\f(x) =F [}/%i+l‘Xti = 1'] )
AWiiq

A

i Yti+1

ZV(z) = E [

th. = ZE:|



for all i € {0,...,N — 1}. Then, under the standing assumptions, it holds that

tz+1
. 2 —
. (mN Bl (%) Z TARGERE dD "

where the rate of convergence depends on the regularity of Z, see e.g. Zhang (2004). The functions
@N and Efv can, therefore, be interpreted as time-discretized versions of the BSDE solution (Y, Z).
To obtain an implementable approximation scheme for QZN and EZN , fix any function

7:{0,...,N=2} = {1,...,N -1}

satisfying 7(i) > i + 1 for all ¢ € {0,..., N — 2}. Then the tower property of the conditional
expectation and the Markov property of X yield for any ¢ € {0,..., N — 2}

qu(w) - E[Y;fi-u ’Xti - x]

tr(iy1 tr(i)+1
—E Y.t / £t X0, Yo Z,)dt / ZdWi| X, =
L tir1 tit1
[ N t3+1
L Jj= H—l 2
I 7(4)
~ E qr(z)(X Z f t]7XtJ7qj (Xt )7 J (Xt )) A Xti =
L Jj=t+1
and similarly
AW,
Eiv(m) =F MA/+1 }/;fi-H Xy, = x]
_AWZ' tr(i)+1 tr(i)+1
—E A“ (thm +/ f(t,Xt,Yt,Zt)dt/ thWt>|Xti :x]
L ti+1 ti+1
AW; i+1
= B | 25 (8, (X.0) s / £ X0 Y Zdt | | X, =
L Jj=i+1
AWii [ _n i N N
~ B A qT(i)(XT(i)) + Z f (tj’th’qj (th)azj (th)) AlXy =z
i j=i+1




This motivates the time discretization scheme

Q%—l =F [g(XtNM?thl]

[AW
Z%fl =F TNf(XtN) EFtNI:|

I 7(i)

QN =E |QNy+ D f(t, X, Q) Z))AlF, |, i=N-2,...0 (2)
i j=i+1
'AW‘H 7(i)

ZN .= F A‘ QMo+ D F(t. X, QY. ZN)A||F, |, i=N-2,...,0.
I j=i+1

By the tower property of the conditional expectation, this definition of QY and Z» does not
depend on the choice of 7 and is nothing but a reformulation of the backward Euler scheme by
Zhang (2004); Bouchard and Touzi (2004). However, the conditional expectations cannot be cal-
culated in closed form in general. Hence, when attempting to solve the BSDE, one has to replace
the conditional expectations with some approximation operator resulting in different schemes de-
pending on the choice of 7. As our results will show, the choice of 7 then influences both, the
computational costs as well as the convergence properties.

The most natural choices for 7 would be for once setting 7(i) = ¢+ 1 or 7(i) = N — 1 for all
i € {0,...,N —2}. The first results in the classical one-step scheme of Lemor et al. (2006) (to
which we further refer to as ODP), the latter in the multi-step forward scheme (MDP for short) by
Gobet and Turkedjiev (2016). To understand the idea of the segment-wise dynamic programming
algorithm that will be introduced in the next section, it is worth reviewing these two schemes
and comparing the resulting algorithms.

Both algorithms work recursively backward in time by constructing estimates of the functions @N
and ZZN through approximating the conditional expectations in the corresponding time discretiza-
tion scheme via empirical (i.e., simulation-based) orthogonal projections on finite-dimensional
function spaces, where the components Qév A jN with j > i on the right-hand side of the discretiza-
tion scheme are replaced by the approximations found in the previous steps of the recursion. As
a result of the different schemes, the approximation of the ODP algorithm depends at each time
point ¢; only on the approximations at the time ¢;41 while in the MDP scheme, the approximation
at each step t; depends on all the previously constructed ones, i.e., those at the time points from
ti+1 up to ty—1. Since the approximations of ﬁfv and ElN have to be evaluated, one has to simulate
in each step of the MDP algorithm segments of the form (X, X, ,,..., Xy, ) while it suffices in
the ODP algorithm to simulate values of X at just the current and the following time point. This
obviously leads to higher simulation costs in the MDP scheme. However, since the algorithms
recursively reuse the obtained approximations of QZN and EZN an error propagation between the
time steps occurs. The error analysis in Gobet and Turkedjiev (2016) reveals that, from this
perspective, the MDP scheme features improved convergence properties compared to the ODP.
The idea of the segment-wise approach, which will be introduced in the next chapter, is to in-
terpolate between the two cases of the ODP and the MDP scheme in order to balance these two
aspects, the computational costs and convergence properties.



3 Segment-wise dynamic programming algorithm

In this section, we present the segment-wise dynamic programming algorithm (SDP, for short)
in detail. We first specify a family of functions 7, to obtain the time discretization scheme that
interpolates between the ones from the ODP scheme and the MDP scheme via (2). Then the
algorithm is described in detail based on this discretization scheme.

For any « € [0, 1], consider the time grid

Ta := {(An[N*]) A (T — A);n € N}

with step width [N®] (up to a possibly smaller size in the last step), that consists of [N17¢]
time points at most. Based on these time grids define the functions

To :{0,1,...,N =2} > {1,...,N — 1}
as
To(1) :=min{j > i : jA € T, }.

For a fixed «, the choice 7 = 7, in (2) then defines a discretization scheme where the time grid
7 is separated in segments consisting of [N®] points by the coarser time grid 7,. The resulting
discretization scheme corresponds to an MDP scheme on each of these segments paired with a
single step of an ODP scheme between consecutive segments connecting them. Moreover choosing
a =0 or o =1 results in the classical ODP or MDP scheme respectively.

Now for a fixed « € [0, 1] the SDP algorithm works as follows.

Algorithm 3.1.

e Choose basis functions

i RP SR, k=1,..., Ky
pg,i:RD%RDJ kzlaaKZZ

)

for each i € {0,..., N — 1} such that

N-1Kqg,; N-1K.;

SN B WP+ 33 B [k i(xi)P] < .

i=0 k=1 =0 k=1
Here the number of basis functions K,;, K.; € N may depend on the time point ¢;. We
denote the function spaces spanned by these basis functions with X, ; and X ; respectively,
ie.,

— 1 Koqi
Kqi == span (pqﬂ-, . ,pqﬂ.“)

._ 1 LR
K. = span (pz,i, ... ,pzj l) .

The algorithm will approximate qﬁv by empirical orthogonal projections on the subspaces
Kyq,i and EZN by projections on X ;.



e Initialize the algorithm by setting

=N (@n) = E(an)

for all zy € RP. Then, assuming El]-V’M is already constructed, perform the following

backward recursion for i =N —1,N —2,...,0:

1*) If i = N — 1: Choose My_; € N, then simulate My_; independent copies

(X[N—l,m,N] : Xt[g—l,m,N]’ AW][\[N—Lm,N])

tN_
N-1 m=1,...Mn_1

of the segment (X¢,_,, X¢y, AWx) and set

x[N-1m.N] . _ Xt[N—l,m,N]_
N

1) If i < N —1: Choose a M; € N, then simulate M; independent copies

[i7m7N] [i’m’N} [Z‘7m7N]
(Xti L ’Xt"'a(i) ’AWH_l )m:l wens M

of the segment (Xy,,..., X, (), AW;y1) and set

xlimN] (Xt“””’N] Xt[i’m’N]) .

i+1 rrr 7o (1)

2) Find solutions to the linear least-squares regression problems

M.
N,M . 1 : iym,N ~N,M i 2
s (4 o (1) - (o)
m=

¢€5<q,i
and
Mi [va7N] 2
8y [ 1 imNY AW N (e mN]
@? = argmin | — Y (Xti’ ’ )— — F" (X T )
’ d’eg{z,i M ’n’LZZI A !
3) Define approximations qu M and zZN M of the functions qf\’ and Efv via
N,M N, M N,M N,M
g =To.00 . oz =T 09

where Cy; := C¢ + (T — ti11)Cy and C.; := Cg’i are positive constants and 7. is the
truncation function defined as

Te(x) = sign(z) min{|z|, ¢}

).

. . N,M
for any constant ¢ > 0 (acting componentwise on ¢*



4) Ifi > 1, set

Ta(i—
=N, M . NM N,M N,M
=i—1 (xia ce 7377-&(1'71)) T qra(i—l) Lro(i— 1 Z (thjv q] (x]) Zg (QU])>

as preparation for the next iteration.

The solutions to the empirical least squares problems can be computed numerically using a
singular value decomposition. Hence, the algorithm is fully implementable as long as the segments
(Xt Xt (i)) can be simulated. Then, in the typical situation, for example X = W, the
average costs for the simulation of one segment (Xi,,...,X¢_ ) are of order O(N?). For a <1
this leads to smaller computation costs through simulations as the MDP scheme, where the
average costs for simulating one set (Xy,,..., X, ) are of order O(N). When X can not be
sampled perfectly, it would, in principle, be possible to replace X with some approximation
scheme with minor changes in the error analysis. The problem is, however, to approximate X in
a way that sustains the gain in computation costs compared to the MDP scheme, which would not
be the case in the simplest approach when approximating X with a naive Euler scheme starting
at the time 0. In theory, one could approximate X;, with some high-order approximation scheme
(Kloeden and Platen, 1992) and use an Euler scheme inside the segment (Xt;,..., Xz (i)) and
preserve at least some gain in computation costs. However, we restrict the theoretical analysis to
the assumption that the values of X can be sampled directly on the time grid .

4 Convergence rates and analysis of the complexity

In this section, we state error bounds for the quadratic error of the SDP algorithm We then
analyze how to optimally calibrate the parameters of the algorithm to the smoothness of the
problem. The results show that the optimal choice of the segment length parameter « is always
in the open interval (0,1), and hence the SDP algorithm presented in Section 3 is advantageous
when compared to the MDP and ODP schemes.

Our first bound for the mean-squared error of the SDP scheme is given in the following
theorem:

Theorem 4.1. Under the standing assumptions,

NM =N 2
0<IEN- Bl [' ) —a( } Z AE[ (X)) =z (X4,)] ]
Ky K, ilog(M;
= ene (Nl " B 0(X) g (X)) + NP 4 N2 Mg<>>

e, nax <¢gjl<fqu [W(Xe) = (Xe,) ] +of E(Xe) - zZ (X))

Kq, Kz,@ Kq,i log(M;) K log(M;)
+ cNRN



where J:={i : t; € To}, ¢ is a positive constant not depending on N and

N-1
RN = Z F <
i=1

As usual, we can think of this bound as a composition of terms due to three different error
sources. The first source of error is due to the projection on the finite-dimensional subspaces.
This projection error can be controlled by the choice of basis functions. The term RV only depends
on the continuous-time BSDE solution and the finer time grid (through the discretized functions
QZN and ?fv ), but not on the approximation obtained by the algorithm. It can be interpreted as
part of the time discretization error. The remaining terms are statistical error terms depending on
the sample size. Those can be controlled by increasing the number of simulations in dependence
of the number of basis functions.

tit1 2
/ K [f (SvavyrsaZS) - f (tlathvqu(th)aziv(th))‘thfl] d5> ] .
t;

The bound shows the influence of the parameter «, as the projection and statistical error
terms regarding gV appear once at all time steps and once on the time steps of the coarser time
grid 7™ with different factors that are decreasing in «. Although larger values for o appear to be
favorable from this perspective, increasing the parameter « also results in higher computational
costs as paths then have to be simulated on larger segments. Hence, when optimizing « a trade-off
between convergence properties and computational costs has to be taken into account.

For a = 1 the terms in the first bracket are dominated by the remaining terms, and we
essentially reproduce the error analysis of the MDP scheme in Gobet and Turkedjiev (2016) with
some minor differences: In particular, the projection error in Theorem 4.1 is formulated in terms
of the true continuous time solution (Y, Z) of the BSDE via the functions gV and z¥ while it is
stated in terms of the backward Euler discretization scheme for BSDEs in Gobet and Turkedjiev
(2016). When choosing o« = 0, one ends up with an error analysis for the ODP scheme with
independent re-simulation at every time point. This differs from the error analysis in Lemor
et al. (2006), as they only apply one cloud of simulations, which is re-used at any time point,
resulting in an additional (and dominating) interdependency error. Hence, the bound obtained
with Theorem 4.1 for o = 0 also allows for a comparison of the ODP and MDP algorithms in a
unified setting.

Typical bounds for the term RY in dependence of N are of order N=2 or N3, depending on
regularity assumptions as illustrated by the following theorems. These theorems can be derived
from Theorem 4.1 by applying standard techniques to bound the expected quadratic difference
between the functions ¢V and zV and their continuous time counterparts 7 and Z depending on
the regularity of the BSDE, see Zhang (2004); Gobet and Labart (2007). Detailed proofs are
provided in an online supplement!.

Theorem 4.2. Under the standing assumptions, suppose that Z is %—H()'lder continuous in t and
Lipschitz continuous in x. Then,

N-1 tis1
N,M _ 2 N,M _ 2
s B |lg <Xti>—y<ti,xti>|}+Z§_O:E[/ti 20 () = 2(s, X)) ds]

o - _ —oaKqi oo Kq.ilog(M;)
< Nl o f E X,) — t: X, 2 N2 20 71 G50 N2 200 71 G52 ?
< cmax (N1 int B ([0(0X,) ~ 906, X)) N30t pva-ie Rus S0

'available at: https://www.uni-saarland.de/fakultaet-mi/stochastik/prof-dr-christian-bender /publications.html



2 . — 2
re e (e B[00 <3 X0)P] + inf B0 - 20 X))

K K., Kg;log(M;) +NKz,z' 10g(Mi)>

q: N
+ M; + M; * M; M;

+CN_17

where J:={i : t; € T} and c is a positive constant not depending on N.

Theorem 4.2 provides, in the context of Theorem 4.1, the standard error bound of order N—1/2

for the time discretization within the backward Euler scheme (Zhang, 2004; Bouchard and Touzi,
2004). Note that the projection errors are measured with respect to the continuous time PDE
representation of the BSDE (1). Hence the choice of the basis functions can be adapted to known
regularity results for the corresponding semilinear parabolic Cauchy problem, see, e.g., Crisan
and Delarue (2012).

Under additional regularity assumptions, it is known from Gobet and Labart (2007) that a
time discretization error of order N~! can be achieved. In the context of the SDP, the following
result can be derived in this respect.

Theorem 4.3. Additionally to the standing assumptions, suppose that X = W, and that f and
are twice, resp. s+ 1 times continuously differentiable (s > 2) with bounded derivatives. Then,

ma B [[g" (W) = 5(t, W) }+ZAE[NMWt> (13, W)

0<i<N—1
Ky K, ;log(M;)
< N inf B W) — W) 2] + N2—2 4 N2 20200 POV
cnggx( zpénqz [W}( tl) qz( tz)” Mz M;

+c max ( inf E [|[p(Ws,) =g (Wy,)|?] +ngl<f E[[o(Wr,) =z (Wy,)|?]

0<i<N—1 \ W€K,
qu' Kzi qulog(Mz) KZlIOg(MZ)
9 N 9 9 N )
+ M, + 7 + M + M,
+eN~2

where J := {i : t; € T} and c is a positive constant not depending on N. Furthermore, gV and
zZN are bounded and s + 1 times, respectively, s times continuously differentiable with bounded

derivatives.

Before we prove the theorems presented above in Section 6, we analyze how to optimally
choose a and derive the resulting complexity of the algorithm. To this end, we first calibrate the
algorithm in dependence of « to achieve a squared error of the order N 2% with § € {1/2,1} with
local polynomials as basis functions, cp. Lemor et al. (2006); Gobet and Turkedjiev (2016).

For simplicity we use the same approximation space X, for the approximation of ZV in each
time step. Due to the additional projection error on the coarser time grid 7, we distinguish
between the time points inside and outside 7, for the approximation of g%¥. We assume that
the same approximation space Kq is used for all time points t; € 7, while we use a possibly
different approximation space X, at the other time points. Analogously we assume that we use
M; = M simulations at each time point ¢; outside the coarser time grid 7 and M; = M simulations

10



otherwise. As already mentioned, we assume that one segment (X;,..., X, ;) of a path of X
can be simulated at the cost of N®. Under these assumptions, assuming we can evaluate the
driver and the basis functions at cost 1, the performed simulations and evaluations during the
algorithm lead to costs of order

NNYM + N1 N*M.

As basis functions we take local polynomials on cubes which we choose disjoint such that their
union contains the set {x € R” : |z| < C,} for a constant Cj, > 0. We suppose that the edge
length of the cubes is Eq for the approximation of ¢V on the time grid 7o, d4 for the approximation
of gV at all other time points and 6, for the approximation of V. Assuming that 7 and Z are
s + 1 times, respectively, s times continuously differentiable with bounded derivatives we set the
degree of the polynomials as s for the approximation of g% and s — 1 for ZV. We denote the set
of polynomials of degree less than or equal to [ by P;. Then, the projection error in the context
of Theorem 4.2 can be estimated by a Taylor expansion on each cube:

Jnf B [he(Xe) =3t X)) < B {70t Xe)Phix, 1o,
q

+ Z wlglf; E [W(th) _y(tivXti)P]lXtieH}
HeH, s

< gt 2P (1Xe| > Co) +ellyts, ) VG (3)

where H,; denotes the collection of cubes applied for the approximation of gV at all time points
outside 7. Under the assumption that supg<;<«y £ [ew|Xfi|] < oo for some w > 0, it follows by the
Markov inequality that the choice Cj, = 20w~ 'log(N + 1) ensures that the first term in (3) is of
order N2, The same bound holds for the second term when choosing the edge length of the

0 %)
hypercubes as §; = cN~s+1. Therefore it suffices to choose K, of the order N Dt 1ogP (N +1)
to ensure that

inf E[[0(X:) — 5t Xi,)%] € O(N—).
heKq

Following the same argumentation, we set

1—a

— D9+72 D De D
Ky=cN" 1 log"(N+1), K,=cN"7slog”(N+1)
for a positive constant ¢ to ensure

N inf E[|9(X;) —§(t:, Xi,)[?] € ON™), inf E[|9(X;) — Z(t:, X¢,)[*] € O(N~2)
heKy PeX,

where the change from s + 1 to s in the number of basis functions in the approximation of ZV
occurs due to the lower smoothness of ZV and Fq and K, denote the number of basis functions
of the space iq and X, respectively. The same argument applies in the context of Theorem 4.3,
replacing 7 and Z by their discrete counterparts g% and zV.

11



Given the size of the approximation spaces we hence have to choose M of the order
N max{K,, NK,} = N'""¥K,
and M of the order
N max{N?"%K, NK,}

in order to bound the statistical error terms asymptotically by a multiple of N~2¢ (assuming that
the driver f is not independent of Z and ignoring log-factors from now on). Then, in dependence
of a, the computation costs of the algorithm grows as

€ = max{N'M, NM} =: max{C,, Cx}.

Here €, is increasing in « and Gz is decreasing in a. The optimal choice of « is, thus, obtained
by equating both terms, leading to

1_6 +1
Qopt = 2 53?—?-
1 s+
2T 7D
It always lies in the open interval (0,1), provided 9 = %, s>1or¢=1,s > 2. The resulting
computational costs are of the order
1845t 94 2(s+1)
2+20+D%+2 §< 3+29+D——§T£1>
C=NN%M =N PA =N 2+ .

In comparison, choosing o = 1 (the MDP case), the computational costs are of the order

_ 3+20+DY
C=cN s,

as already shown in Gobet and Turkedjiev (2016). Hence, the suggested SDP algorithm with the
optimal choice of the segment length reduces the complexity by a factor of the order
6/s+2(s+1)/D

Nl-qopt — N1/293G+1)/D

depending on the smoothness s of the problems and the dimension D of the state space of X.

5 Numerical example

In this section, we compare the SDP and MDP approach in a numerical test case in order to
illustrate our theoretical results.
For this purpose, we define for each x € R and all ¢ € [0,0.2] the function

D
©(t,r) := exp ( Z |z — t|0'3> Z (x(d) - t>2

d=1
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and ford=1,...,D

D D 9
— _ (d) _ 03 (d) _ —0.3|2@ _ 403 (d) _
¢a(t,z) := exp < ; |z T| > (x t) <2 0.3]x t| ) e_%;#d <ac t)

We then consider the BSDE driven by a Brownian motion X = W with terminal time T = 0.2,
the terminal condition

EWr) = (T, Wr)
and driver
F(t,2,9,2) = min{l=], ¢} - [Vo(t,2)] — (@0 + 5 )6 (t,2)

for ¢ 1= sup(; z)co,r)xr0 [V(t, )|, noting that ¢ is bounded and twice continuously differentiable
with bounded derivatives. It can be easily checked by It6’s formula that the analytic solution to
this BSDE is given by

Y, = @(t> Wt)

2D = ot W) = 6a(t, W) d=1,...,D,

0
9z
and that the standing assumptions are satisfied.

For a comparison between the MDP algorithm and the SDP algorithm, we calibrate the func-
tion basis and the number of sample paths as functions of the number of time steps N in line
with the complexity analysis of the previous section with ¥ = 1/2 and s = 1. We increase the
number of time steps N and re-run each algorithm 40 times in dimension D = 2. Below we report
the mean-squared errors and the average run times of both algorithms across the 40 repetitions.
More precisely, we proceed in the following way:

Calibration:

We use piecewise linear functions for the approximation of ﬁfv and piecewise constant functions
for the one of EfV in both algorithms. At each time, we set the outer bound of the hypercubes as a
multiple of the standard deviation of the Brownian motion at that time. More precisely, we choose
Cp;i = (2log(N) + 2)/t; at the time ¢;. As edge length of the cubes we choose ¢, = \/T/N%
and 6, = \/T/Ni for the MDP algorithm leading to K.,; € O([R;/5,]P) = O(Nlog?(N)) and
K, € O([Ri/6,]°) = O(NY21og?(N)) at time t;. We re-simulate the sample paths for the
approximation of each conditional expectation and use M, ; = 10NK,; € O(N3/?1og?(N)) simu-
lations for Q at time t; and M, ; = 5N2K,; € O(N3log?(N)) simulations for Z.

We may choose 6, K.; and M, ; for the SDP algorithm in the same way as in the MDP al-
gorithm as well as 6, and K,; and M,;, if t; ¢ 7. The optimal value of the segment length
parameter is qop = % For the time points in 7 we choose (Tq = 1.5\/T/N7%+% leading to
K, € O(N'™"Y710g?(N)). As number of simulations for the approximation of @ at these time
points we choose M, ; = N3720K,; € O(N3+2/T1og?(N)).

Measuring the errors:
We measure the mean-squared error (MSE) of both algorithms for the approximation of g’ and
EZN separately and consider the average error over all the time steps. Additionally, we report the

13



approximation error of Y at time zero, which is a relevant quantity in many applications such as
nonlinear option pricing. Precisely, we consider the average over the 40 repetitions of the three
indicators

N—-1
1
=52 > o ®n) ~3(t;,0m)|*P(Xy, € H)

ey,afu
i=1 HeH,;
Cyo = |ay"N (0) = 5(0,0)
1 ¥ 2
Co = S>3 5N On) - (i, o) P(Xy, € H)

i=0 HeMH, ;

where O is the center of the cube H, and H,; and }(, ; are the sets of cubes used at time ¢; for
the approximation of ﬁfv and Eﬁv , respectively. We refer to the arithmetic mean of €, 4, and C, 4,
over the 40 repetitions as average mean-squared error in time and analogously to the arithmetic
mean of €, o over the 40 repetitions as mean-squared error at time 0.

Y-error (average in time)
0.2

04

06

-0.8

log MSE

0.7 0.8 09 1 11 1.2 1.3 1.4 1.5
log number of time steps

average mean-squared error in time for Y.

Y-error (at time 0)
-5

0.7 08 0.9 1 11 1.2 13 14 15
log number of time steps

(¢) mean-squared error for Y at 0.

log MSE

log run time

01

0.2

03

04

05

06

02

2Z-error (average in time)

0.1

slope -1.0
SDP

N @ slope 0.9
“ "

MDP

35

08 0.9 1 11 1.2 13 1.4 15
log number of time steps

average mean-squared error in time for Z.

3

25

slope 4.29
o sDP
slope 5.00
o MDP

0.8 0.9 1 1.4 12 13 14 15
log number of time steps

(d) average run time.

Figure 1: Numerical results in dimension D = 2.

Numerical results:
Figure 1 depicts log;-log;-plots of the mean-squared errors (as introduced above) and the average
run times of both algorithms as the number N of time discretization points increases from N = 6
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to N = 30. In view of the results in Theorem 4.2 and the calibration of the algorithms we expect
that the mean-squared errors decrease at the order N~!. The numerical values of the three error
indicators in Figures la—1c (blue circles) for the MDP scheme are largely in accordance with this
expected convergence behavior. The numerical results for the SDP scheme (red circles) feature a
convergence rate of N ! for the average mean-squared error of the Z-component (Figure 1b) but a
faster convergence rate of about N2 for the mean-squared errors of the Y -components (Figures 1a
and 1c). A possible explanation of this excellent empirical convergence rate are potential variance
benefits when running empirical regressions on shorter time segments. Figures la and 1c also
illustrate a higher variance of the Y-approximations of the MDP scheme across the repetitions
compared to the SDP scheme. Finally, the average run time over the repetitions are plotted
against the number of time discretization points in Figure 1d. As before, the blue circles and red
circles mark the numerical results for the MDP algorithm and the SDP algorithm, respectively.
The solid lines correspond to the expected run time behavior of N® for the MDP scheme and
N*4+2/7 for the SDP scheme derived from the complexity analysis at the end of Section 4. Taking
into account that log-factors, which have been neglected throughout the complexity analysis,
play a role for small values of N in both algorithms, Figure 1d confirms the theoretical run time
benefits of the SDP scheme in the practical implementation.

Note that this example is only supposed to serve as a proof of concept of the improved
complexity of the SDP scheme compared to the MDP scheme. Parallelization and variance re-
duction techniques can be incorporated analogously to the MDP case and are of prime importance
when implementing regression on local polynomials for higher dimensional problems (of around
D = 10), see, e.g., Gobet et al. (2016).

6 Error analysis

In this section, we present a complete and detailed error analysis of the SDP algorithm. In the
first subsection, we introduce additional notation used in the proofs and present some key tools
for the error analysis. The following subsections are then dedicated to the derivation of error
bounds for the approximation of gV and ZV respectively. We will establish a sort of recursion
formula for both parts, allowing us to bound the quadratic error at the time ¢; by the one at time
ti+1 plus an additional driver-dependent term. This illustrates the error propagation between the
time steps. We will then derive global bounds for the quadratic error for both approximations
before we analyze the driver-dependent terms appearing in both recursions further in Subsection
6.5. Finally, in the last subsection, we combine the obtained bounds to derive the result presented
in Theorem 4.1.

6.1 Preliminaries and key tools

In this section, we discuss some ramifications for the error analysis by introducing additional
objects and presenting key tools for the analysis.
First, recall the definition of the functions ¥ and zV¥. By setting

=N

En_1(zy_1) =E&(zN)

—N _N tToc(i)+1 i . .
Ei' (z;) = qra(i)(xTa(’i)) +/ f(s,xs,Y(s,xs5),2(s,25))ds 1 €{0,...,N—2}

tit1
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for any z; := (z4)i,<s< € (RP)ET1 it holds
7' (2) = B [E)Y (X)tzszr)| Xe, = 2]

and

AW
A B (X))

EN(a:) =F

Xti = .%‘:| .

Note that =V differs from EﬁV’M in two ways: in the functions :NM the true solution (Y, Z) of

the BSDE is replaced by approximations of the algorithm and the integral is discretized. In order
to make use of properties of the least squares projection, we need the analogs of the least squares
solutions goqN’M and goZN’M based on the functions ZV. Since those depend on the whole path of
X rather than just the values on the time grid = additional fictitious simulations are required for
the theoretical error analysis which motivates the following definition:

Definition 6.1. For i € {0,...,N — 1}, let §; : {AW[Zm] XEmom =1,..., M} be a cloud of
independent random variables defined on the probability space (QM ,FM pM ) with X [im] —
(Xy’m])tigng such that X is distributed like a segment of the SDE solution X. Fur-
thermore, we assume that these simulations match the ones used in the SDP algorithm on
the time grid 7, ie., AW = AW and x[7 = X}ij] for all i € {0,...,N —
1}, 7 > i and m € {1, M} Then, for every w € QM let vM(w,.) be the measure on
(RP)IET] x RP, B ((RD)[tlvT] x R?)) defined by

M;
VZ‘]V[ = Z AW[Z m] (w), X lim] (w)) (B)

where d.(.) is the Dirac-measure on c.

The following calculations are done on the probability space (QM,FM PM) where we suppose
that there exists a D-dimensional Brownian motion W on (QM ,FM pM ), which is independent
of all simulations and hence also a copy X of the SDE solution independent of the simulations.
Given these additional random variables, we denote with @?N and @Z-EN the solutions of the least-
squares problems

o7 .~ argmin (1 % ‘1/, (X[i,m}) =N (X[Z m])‘ )
Z M L [P

wej{q,i
and
M; [i,m] 2
_ AW,
gpr := argmin ( [l m]) =il —|N (X[z m])
d)Esz,i m: A

N,M

Remark 6.2. Recall the functions ¢! = and cpr’M from the SDP algorithm. Since it holds by
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definition of the ghost sample that xlml (Xt[?m])ti<tj€ﬂ' = X[mN] e have

o a5 3 o (1) -2 (52 )

and

M 2

2N M .
©; = argmin

( yli m]) AW[-?T] g (X[’ m1>
YEK i

A

m

. N,M

i.e., for any fixed outcomes of the simulations X ™ both pairs of functions oF and gofN’M
=N —

and ¢ and (pr solve a least squares problem with respect to the same measure VZM (

)

w,.).

This allows us to utilize the following lemma, which is a key tool in the error analysis. It matches
essentially Proposition 4.12 in Gobet and Turkedjiev (2016) where the domain of the function =
is generalized in order to cover our setting. The proof presented in Gobet and Turkedjiev (2016)
still holds for this setting.

Lemma 6.3. For each w € QM | let (A, A,v(w,.)) be a measurable space with

1 M
=27 2 i)
m=1

for i.i.d random variables M ... xIMI . QM — A. Furthermore, let K be a linear function space
spanned by R'-valued basis functions {p*(.),1 < k < K} with 25:1 E [|pk(x[m])|2] < oo for all
m. For any M @ A-measurable, R'-valued random variable = with Z(w,.) € L? (A,v(w,.)) for
PM_g.e. w, set

2
o(w,.) = argmf— ‘w [m] = (w, x™ w) ‘ .
)= gt 3 [ (310 - = o)
Then:

(i) The mapping = — ¢ is linear.

(ii) It holds

lell 2w,y < NENL2amw,))
where we denote with ||.|| 24w, )) the L?-norm with respect to the measure v(w,.).

(iii) Suppose G is a sub-o-field of FM such that (pk(x[l]), e ,pk(X[M])) s G-measurable for each
k=1,...,K. Then

2

Elpl9] . )—argrgtmﬂz\@z)( w)) =5 (" w))]
where Zg(z) := E [Z(x)|9].
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(iv) In the situation of (iii), suppose that G is given by o(g(x"™)m=1.. n) for a A-measurable
function

g:A—)Rl/.

Furthermore, assume that there is a sub-o-field 3 independent of U((X[m})mzl...,M) such
that = is H ® A-measurable and that the conditional variance

£ [l () - oo

is PM-almost surely uniformly bounded by some constant o® for allm € {1,...,M}. Then

9\/9{]

K
E [l = Ell9V 3] 2240, V 5] < 025

While Lemma 6.3 and the objects defined so far help us to utilize projection properties, we still
need tools to handle the dependency on the different sets of simulations used in the algorithm.
For this purpose, we first consider the following norms allowing us to distinguish between the
dependence on simulations or the actual law of the true SDE solution X more clearly:

Definition 6.4. Let ¢ : QM x RP — R! be FM x B(RP)-measurable. For each i =0,...,N —1,
define the random norms ||.||;,. and ||.|[; as via

M
1 ]\ |2
2 2 2 [i,m]
IlI? oo ._/RDso(x)l Py, (dx), !sollz-,M-—MmEJw(Xti )\

where Py, denotes the distribution of Xj,.

Note that we are interested in the error with respect to the law of the SDE solution X, i.e., in the
difference between the approximations qiN M and le ’M, and the functions va and Z{V respectively
in the |[.||;,co-norm. The following lemma allows us to lead this difference back to the one in
the ||.||; a-norm that appears naturally in the error analysis due to the use of simulations. It
is a straightforward adaptation of Proposition 4.10 in Gobet and Turkedjiev (2016) where the

analogous result is shown for € = 1 instead of € € (0, 1].

Lemma 6.5. [t holds for alli=0,...,N —1 and any € € (0,1] that

NM NM C1Ky,ilog(Ca M;)
B (1 — N3] < (L 0B [l — g2, ] + Sl o
(A
DCL K, ; log(CyM;)
NM _ NM_ = 12 OB\
B[z =2 2] < L+ 9B |20 =2V 2y | + 50
7

for positive constants Cy,Cs independent of €, A, and M;.

Finally, the following lemma allows us to reduce the dependency on a sampled path of X to only
the value of the sample at one time point ¢;. A proof can be found in Chapter 5 of Kallenberg
(1997).

Lemma 6.6. Let § and H be independent sub-o-fields of FM. For 1> 1 let F : QM x RP — R!
be bounded and G x B(RP)-measurable and U : QM — RP be H-measurable. Then E[F(U)|H] =
§(U) where j(z) = E[F(z)] for all z € RP.
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To see how we can utilize this lemma, note that each sample X[ satisfies
; . ti+s ti+s '
Xty = X"y / b(l, X;)dl + / o (1, X)) dw"
t; t;

for a Brownian motion WU, Substituting the time variable and setting W,, = Wz[erTZ] - Wt[j’m}
leads to

. . S t—s
Xt[:ﬂ] = Xg’m] + /0 b(u + t;, Xyte,)du + /0 o(u+ti, Xyge,)dW,

which shows that the sample X[#™ is the solution to a forward SDE starting in t; with ini-

tial value Xt[:"m] with respect to the Brownian motion W,. Hence, we can express the path
Xml as a deterministic function h of Xt[:’m} and (W,)s,<u<r only, i.e., we can write Xﬁz’m] =

h(s,Xg’m],(Wu)ogugs_ti) for any s > t;. Since the Brownian motion W is independent of

U(Xt[j’m]), we can then use Lemma 6.6 on the function

tr(i)+1 -
F('rtz) = / f <S7 h(87 xtia (Wu)oguﬁs—ti)7 }/:97 ZS) dS

tit1
7(1) R N 3
- A Z f (tja h(tjv xtiu (Wu)OSugtj—ti)a qj ’ (h(t]7 xt“ (Wu)ogugt]——ti)) )
Jj=t+1

M (h(tys 0, (Wadosust, 1)) )
and get
B [ (x07) -2 (Xt v ()
_ [Efv (x,)—=MM (Li)(a(sj rj>i), Xy, = Xt[f’m]} (4)

where we set X, = (Xs)sep, 71 Completely analogously, it holds

el (mN(xlmly _ gNMxlim] g . [i,m]
E A (‘—"L (X)) =55 (X )) o(8;j:j>i)Vao (Xti )]
=F A’H-l (EfV(th) - Efv’M(Xti)) o(8;:j>1),Xy, = Xt[iv ]] ' (5)

Hence, Lemma 6.6 allows us to reduce the dependency on a sample path to a conditional expec-
tation according to the actual law of X given the value of the sample path at the current time.

We close this section with some abbreviations for the notation: Throughout the rest of this chap-
ter, we denote with FM = (S, : k > i)V O'(Xt[:’m} :m = 1,...,M;) the o-field generated by
the simulations used up to the time k (backwards starting from N) for a fixed N € N. With
Fi == o((Ws)o<s<t;) we denote the o-field generated by the Brownian motion which is indepen-
dent of the simulations. The conditional expectations given those o-fields we denote with EM[.] =
E[|FM] and E;[] := E[.|F;]. Additionally, we shorten the notation of the driver f by drop-
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ping clearly 1ndlcated function arguments through the notation f(¢,x,g,¢') := f(t,z, g(z), ¢ (z))
for any functions g,¢' : RP? — R! and f(t,z,g: 9)) := f(t,x,(g(t,x),d (t,x)) for any functions
9,9 [0, T] x RP — Rl.

After these considerations we are ready for the derivation of the error bounds.

6.2 Error of the Q approximation

In this section, we analyze the expected quadratic error of the approximation of gV in the form
of the terms

E|lg"" ~a |}
We first establish a bound on the error propagation between the time steps, allowing us to express
the expected difference of this term by the one in the next time step. Afterwards, we derive a
local error bound for the term as well as a bound for the global error by bounding the maximum
of the quadratic error terms over all time points ¢; € w. The first part of the proof, in which we
establish the error propagation, is inspired by the error analysis of the MDP scheme in Gobet
and Turkedjiev (2016).
Error propagation: First, note that

@ () [ (s b, 2) ds]
t

i+l

EM [Eﬁv (X[’Vm])} EM

7

_N Ta(1)+1
=F q’T‘a(i) (Xt‘ra(i)) +/ f(S’XSa}/SaZ )dS
tit1
=g (x™).

=N
Hence, it holds by Lemma 6.3 (iii) that EM[p? ] is the least squares projection of g¥ on the
subspace K, ; with respect to the measure I/i]\/[ , i.e., it holds

o2 7] - g (135 (1) - () )

: coetione mN M2V M ,a"
Therefore, by the properties of least square projections, g;' —E;" [¢;] | is orthogonal on E;" [¢ |

Xt _ X[z m}]

wa’M with respect to v . Additionally, note that, since £ and f are bounded due to the assump-
tions (A¢) and (Ay), it follows by a simple backward recursion that

7Y (@)] < Cpa = Ce + (T — 1i1)Cy < Cy 1= C + TCy

for all z € RP. We conclude that T¢, , (7 (z)) = g¥ () and obtain:

2
M

'O - B [l O] + BN [ 0] -0

B 10 - ™ O] = £ [[70,, @¥0) - 7, (o7 0)

SEU
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)
i
|
=

g
©
<59

] e E 0] - e o))

oM
2
oM

2

i M
N,M

B | [E o0 - 0]
WO =0

2
iM

where & is an arbitrary positive constant. We handle the terms separately:
As argued before, it holds

BM [o1 ()] = arginf 7 () = v() |2
ISV o

Hence,

|

¥ () - BN [ ()] HjM] =B [winf 2o - wc)H?,M]
<o ZE[’N( i) = (X P
7l

This term describes the best approximation error due to the projection on the subspace X, ; and
is part of the final error representation.

For the next term, note that :fVM is bounded by Cj; under assumptions (A¢) and (Ay), since

N,M

Zwég{wa[\qz (Xt,) — (Xy,)

the approximations g; are (due to the truncation in the algorithm). Additionally, for each i,
the function EfV’M is built using only the simulations in the sets 8 for & > i. Hence, it follows

directly by Lemma 6.3 (iv) with H = o(8y, k > i) and g(Xl7]) = Xt[f’m] that
: : 2 K, ;
Bl [ 0] - O] | < cah

oM @i M; .
Since, as argued before, the functions g¥ are bounded by C,; as well, we can apply a similar
argument to the functions EZN . Those are again built using only the simulations in 8§ for k& > 1.
Setting ¢/(z) == BENY(X,) — EN(X,))| Xy, = 2, F31], we have by (4) that

Then Lemma 6.3 (i) and (iii) imply that

B [ ()~ ¢l ()] = argint (;4 S~ o () - () \2) -
=1

zbEqu,i
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Hence, by Lemma 6.3 (ii) it holds

BB o0 = el O) ] < B IO ] = £ |6 (7]

Plugging in the estimates derived so far we have:

Ellla¥0) = g™ O] < it 8@ (%) - 9(X0)]

(6)

+(1+sHC, "i + (14 /)E [¢](X2)?].
To further estimate E[¢!(Xy,)?], we have to distinguish between the time points. If the time points
t; and t;11 are in the same segment defined by 7, i.e., at time points t; such that t;11 &€ Tn, it
holds 74(¢) = 74(¢ + 1) by our choice of 7, and hence:

Ta(7)
=M (X)) = a0 (X)) + S0 AF (X, g M )
Jj=t+1

—=N,M N,M _N,M
= '_"L-‘rl (Xt,H,l) + Af ( Z+]-7th+17 ql+1 7Z’L+1 )

and

Ta(i)+1
E’fv (th) = qf—\i(z) (Xtra(i)) +/ f(t)Xh}/t)Zt) dt

tit1

tit2
- ‘_"f\—[‘rl (Kti+1) + / f (t7 Xt) Y;f) Zt) dt

tit1

This allows us to estimate E[¢!(Xy,)?] as:

=F [E [qﬁi(i) (th@')) B qu(f‘g (Xtm“))

@) a+1
+ Z / S XSvytssz)_f(t]7Xt]7 jNMa ]JVM) ds’?éM7Xt] :|
Jj=t+1
2
< (HPA)E[E[E[ Na(X,) - ENX, [T X X ] 500 X }
1 tit2 9
+(1+—)E E[/ f(s,XS,Y;,ZS)—f(Z+1,th+1,qﬁ{v[,zﬁ{w) ds‘ﬁfy,xti}
TA s
2
< (1+TA)E | (€1 (X1,)) ]
1 tit2
+(1+7>E E[/ f(S7X87Y9725)_f(z—‘rlthl_;'_l’qui{w, 74]:/;{\4) ds‘?M,Xt} .
TA s

Here we first used Young’s inequality with some constant I' > 0 that will be specified later and
the tower property of the conditional expectation in the first inequality. Then in the second step,
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we used Jensen’s inequality, the Markov property of X and once more the tower property of
the conditional expectation. The calculation shows that the expected error term E[¢f(X;)?] is
bounded by the one in the next time step and a driver-dependent term.

At time points at the end of a segment, i.e., for time points ¢; such that ¢;,11 € 7, the function
EZJ-V’M and :i\_fd\/l are defined on different segments and hence the first inequality in the calculations
above does not hold true in this case. However, to get a similar bound, we can once more use

Young’s inequality and a zero addition to get
B [(6(X2))"]
_ =N N,M
=E [E [qra(i) (tha(i)> N0 (Xtm(i)>

tit2
+/ f(S7X87}{97ZS)_f(Z+17Xt,+17qzjiiw7 ﬁ{w) ds‘g:(]]waXt} :l

tit1

<(1+TAE [quﬂ qz+1 Hz—l—loo}

1 tz+2
+<1+m)E{E[/t £ 5 X0 Y 20) = f (tin Koo gt 251" ds| 397, 0 ]
141
2
< (1 —|—FA)(1 + K;)(l + G)E [(§l+1(th+1)) }
1 tivo
+(1+M>E[E[/t F (5 X0, Vs Z6) = f (tisn X a1 200 ) ds| 53, X ]
i1

+(1+TA) (B[l - a2 ] - O+ 0+ 0F [(€Z+1(th+1))2])+

with positive constants x and e, which we will specify later. Again we have bounded the error
term E[¢](Xy,)?] by the one at the next time point and a driver-dependent term, but now with
an additional error term that depends on the approximation of gV at the time point ¢;;1. This
additional error term could be expected since the SDP algorithm works on the segment con-
taining ¢; like the MDP scheme where the correct terminal condition of the BSDE restricted to
the corresponding time segment has been replaced by the approximation qu (i) at the time point
Ta( ) = tH—l

Local and global bounds:

Iterating this step leads to the following local and global bounds for the quadratic error of the ap-
proximation of gV, that are stated in terms of the expectations E[¢](X;)?] for later use. To obtain
a corresponding bound for the terms F[||g)¥ — qu MH? ), one can simply follow the arguments
that lead to (6) and apply the lemma afterwards.

Lemma 6.7. For a positive constant T, set \; := (1 + TA)}(1 + No—)2AUSiterall for 4§ €
{0,...,N}. It then holds under the standing assumptions that
2
B [(€/(x2,))’]
<NE [(53()@))2}

(FE)
N,M NM
/ f(SaX&}/s;ZS) - f ( ]+17th+17qj+1 P j+1 )dS

tj1

2
1+— Z)\E E ?M,th]
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+ [Nl‘“MNSjlél;( [ P R (R 2 [(55‘1(th)>2})+

for alli e {0,...,N — 2} and

max B (6](X,))’]

0<i<N-1
= 1 ti+2 N.M NM i
S (1 + E)AJE E /t f (87X87 }/s; ZS) - f (tj—i-la th+17q]+1 ) ]+1 ) dS 9: 7th
=0 1

C? K, ;
l—« a—1 2 11—« q,77 %7
+ [Ny max <(1 + Nl <wénquE [\qj (X1,) — (X)) } +(1+N )7j )

M;

+Nlia01Kq?j 10g(02M3)>
where J:={i : t; € T }.

Proof. Tterating the previous calculations where we choose k = € = N®! yields

E [(5?()%))2] <\NE [(fg(Xti))Q]

<Ain FE [(514-1 (Xti11)) 2}

1
+MN(l+-—)E |E

tit2
AF / f(s’XS7YS7ZS) - f <t1+17th+1aqrf\i]]_W; ﬁ]{w) ds

tit1

+ Ait1 (E [Hqﬁl qu Hm Oo} — (14+ N H2E [( M(Xtm))?DJr]lj(i +1)

< AN E |:(£?\[,1(XtN—l)) }

2
3‘ 7Xti]

N-2 ts 2
1 j+2
(1 + AF) E )‘]E E /t f(87X87Y97ZS) - f < ]+17th+1)qj\_7|_]1w7 ;\_1_11\4> dS §M7th]
j=i j+1

w v (£ [Ja) - g - 0+ v (g0e) )

+

Then we have by definition E[¢%, | (X;y_,)?] = 0 since H%J‘{ = ZN_, and the recursion termi-
nates. This already proves the first statement of Lemma 6.7. Additionally, using Lemma 6.5 with
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e = N°~! and the inequality (6) for k = N®~! we have for any j:

(2 [l =] = 0 vy o))

Nl_aCqu,j IOg(CQMj)

< ((1 FNE g M, ¢

M;
—(1+N“H2E [(S?(th)ﬂ >
! C? K, "
0 +Na*1)E [<§?(th)>2]> N Nl—aCJiqj,\Zog(C'gMj) (4 Noafl)ZE. {(%(th))g]>+

Nl_aC’quJ lOg(CgMj) ‘

PeKy,; Mj Mj

2
) 2 O Ky
< (1+N¢”>< inf B |[g) (X;,) = (X;,)[*] + (1 + N1 =22 ) +
The second statement of Lemma 6.7 then follows by plugging in the estimate above in the first
statement and taking the maximum over all time points. O

6.3 Error of the Z approximation

Analogously to the previous section, we now analyze the quadratic error of the approximation of
ZV via the terms E[|[zN — ZZN MH? - Again, we first establish a bound on the error propagation
between the time steps before der7iving global bounds.

Error propagation: While the later steps require changes, we can get an analog of the inequality

(6) by applying the same arguments as before. It holds that

B

AWELT] =N (X[i,m}>] — N <Xt[:_}m]>

and therefore, we have by by Lemma 6.3 (iii)

E}M [@?N} = arginf (AZ % ‘1& (Xt[””]) - szmzfv (Xt[””]) ‘2) : (8)
i=1

wej{z,i

We conclude that zV¥ — EZN[[QOZEN] is orthogonal on ElM[ngEN] - cpr’M with respect to ||.||i -
Additionally, since || < C; due to assumptions (A¢) and (Ay), it holds

Cq,i

zZ; )(x)] <C,;= A

for each component ZZ].V’(d), d=1,...,D of va, r € RP and i € {0,...,N — 1}. With that, we
obtain for an arbitrary « > 0 that

AE[|l2N = =YY 2] = AR [[76., EYO) = Tew, (97 0) 124]
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< AE [Hz{-v()—EZM o7 ()}+EM [sal (.)] o HzM}
—a (BN O - BY [ O] 0] + B 18 [0 O] = ™ O]
gA(E[H?{V()—Ey o7 () }Hi,M]

+(1+r Y+ E |:HE1']M [@fN’M(-) —SOfN’M(')H?,M}

B [IEY [0~ O] i)

Once more we handle the appearing terms separately:
First, analogously to the corresponding term in the previous section, it follows due to equation
(8) that

E[HzﬁV(.)—Ef”[wa(.)}rr%,M]< inf Blle(Xe) =2 (X0,

which describes the best approximation error of ZVV using the basis functions and is part of the

final error representation.
For the next term, note again that EﬁV’M is bounded by C,; for all ¢ € {0,...,N —1}. We

conclude that

Awfem . Awfem ’ Al
B || S clondy — | ST (xlonly || < || 2L N (xlom
< @CqZ’z‘
=7A

Then, since EZN’M is built using only simulations of the clouds 8 for k > 4, it follows by Lemma

6.3 (iv) that E[HEZ‘M[QDZZN | — gplNMH ) is bounded by CgZDAI](\}Z
For the last term, we have by (5) that

EM

)

AWI[Z 7 - i - i i,m
A (BN =) <X“7ml>)] = (™)

with
(3

AW; — -
i) = B | ST (2, - 2N X = 5

Then, by Lemma 6.3 (i) and (iii), it follows that

N,M =N 1 M ; 2
EM [cpf () — e ()} = arginf <MZ ‘¢ (Xlz,m]) ¢ ( zm]) ‘ > .
i=1

1/J€3<z,z‘

Hence, by Lemma 6.3 (ii) we have

BB [ =] ] < B 1617 0] = B [ x)] -
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Plugging in the estimates obtained so far we have

AB[Ja -2 ) <o (Jn B [lo () -3 060 ]
LR R+ 149 [ )] ).

Now using the tower property and a zero addition, we get

7

AB[(€ )] = ap |2 | A0 (=M (x, ) -2V (x,)

2
?%,Xti] ]

[AWiyq
| A

2
?MaXt¢:| ]
AWt [ T )
A+ (E |:.: ’ (Ktl) _:iv(ztl)‘:}i(])w7:}dtl+l:|

—AE|E EB[EMM(X,) =N (X,)| 5 50

1

(2

X >E?(XQ\?M,XM])\ff%xti]z}
<pE[B[(E[EM(X,) -2V (X,)[5 T
N

]

K3 —ls

VMXL) _EZN(X“)‘%VQX“]Y

2
<8 || [2(X,) - 2|5, 51

9j(J)Mv Xti:|
2
- DB [, - 25 x|

For the next step we have to distinguish between the time points again. If ¢; and ;1 are in the
same segment, i.e., at all time points ¢; such that t;11 & T4, it holds 7,(i) = 7, (¢ + 1) and we get
for a I' > 0 which will be specified later that

AB [(6(X0,))?]
N,M @ i
SDE | B |Tro (i) (Xetry i) _qn;(i)(Xtra(i)) T Z / fls, X5, Y5, Z)
j=i+17t

—-f (tj,tiqN’M ZN’M> ds‘?(j)warftmr] -DE [E [EN’M(X‘) -5 (X))

[ % )

H’M,Xti} 2}
< (14+TA)DE [(5?+1(Xti+1))2}

1 lita
+ D(l + E)E E / f(sa XS7}/?97 ZS) - f(ti+17Xti+17q£\_::iw7 szv_ﬁiw)ds

tit1

2
3:(])\/[7Xti]

- DE [(!(x,))"].
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Like in the derivation of the error of the approximation of g%V, the last inequality in the calculations
above does not hold true when considering E[¢7(Xy,)?] at time points ¢; at the end of a segment,
i.e., t; such that ;1 € To. However, by adding and subtracting a multiple of E[(¢], (X, ,))%,
we again get the similar bound

B [(¢7(X))’]
<DA+TA)1+r)(1+e)E [(€f+1(Xti+1))2]

2
1 tit2
+D(1+E)E E /t f(S,XS,Y;,ZS) _f( z+17th+17qij|_{V[7 rﬁ_{w)ds ?MaXti]
i+1
- DE |(/(X:,))’]

+(1+T8) (B [lads - a1 2] - @+ R+ 0B (X)),

for these time points, with an additional error term that depends on the approximation of gV at
the next time point ¢;1. As argued in the analysis of the approximation of %, this term results
from the single use of an ODP step in the discretization scheme that is used to connect two time
segments.

Next we want to derive a global error bound for the approximation of ZV. Since ZV appears in
the discretization scheme only as argument of the driver, we state this term as an averaged sum
over the time steps rather than the maximum.

Lemma 6.8. Let I' be a positive constants and set \; := (1 + TA) (1 + No—1)2Hisit€xall for
i€{0,...,N —1}. Then

N-1
> AME (&7 (x2))?]

N— tit2 2
S Z 1+7 E E / f(S7X87}/&ZS) _f( 2+17Xt1+17qrf§7|_{w7 rfi{w)d‘s ?M7Xti]
tit1
+ANDIN " max [ 1+ NV [ inf E W aN(Xt.)\Q] 1+ Nl—a)%
jed YeEK,. 5 ! J M;

+N1—acqu7j lOg(CQMj)
M; '

Proof. First, note that E[(ffV_I(XtN_l))2] = 0 by definition since _% A{ = =X _|. Then, by
plugging in the estimate for AFE[(¢7(Xy,))?] from the analysis of the error propagation where we
choose € = k = N~ ! for all 4 and summing up we get

N-2
> ANE[( (X))
= N—-2
<D ( z+1E[ 1+1(th+1))2]
i=0
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2
1 tita
+)\i(1+E)E E /t f(stSal/;aZS) _f(ti+17Xti+17q£V+’{V[7z1{I{M)ds 3:(])‘4’Xti]
i1
— A [(€0(X)°]

A1) (B |3 - e [ ] - (0 N (6 (Xe)?]) Mol + 1))

N-2 t: 2
1 i+2
S D Z >\z(]—+ E)E E /t f(S’XS7}/S7ZS) _f(ti+1aXti+1aq5V_|:{wasz']V_l,j:{w)d8 f}'(])Ma)(tz]
=0 i+1
+ DAN[N*Tsup ( inf E W(Xt. - qN(Xt.)ﬂ — (1+ N°1y2E (59(Xt.))2
j€d wexq,j ! J ! J ! +

Plugging in the estimate for E[||g)¥ — quMHfoo] from (7) derived in the proof of Lemma 6.7
finishes the proof. O

6.4 Bounds for the driver-dependent terms

In this section, we derive a bound for the sum of the terms

tita
E|E / f(SaX&Ys,ZS) - f (ti+17Xti+1’q’fVﬁ:iw’Z7{Yi:{w> ds

tit1

2
:}‘M7Xti]

over the time steps that appears in the bounds of Lemma 6.7 and 6.8. For this purpose, note
that for any ¢ € {0,..., N — 1}, it holds by Fubini’s theorem

2
E|E 9M7Xn]

tit2
N,M _N,M
/ f(S7XS7Y9728) - f (ti-‘rluXtiJquz‘_A,:l )Zi_t,_,l ) ds

tit1

<FE

tiyo N N
</ E; [f (Ssta}/m Zs) - f (ti—&—laXti_g.qu'-i—lvzi—&-l)]
tit1

2
_ _ N,M _N,M
+E [f (ti+17 th'+1 ’ Qﬁ,-lv Zi\—fi-l) - f (ti—l-h Xti+1 s qurl y Zi+1 ) ‘?(])V[, th] d8> ]

tit1

2
tit2
< 2F ( Ez [f (Svau Yt?a Zs) - f (ti+1aXti+1vq£\j-hzz]'\j—1)] dS)

+2A2E [E [f (tivr, Xo,o @0 250) = f (tiH,XtiH,qﬁ’{w, zﬁ%) ‘SM,Xtiﬂ .
Then, by the Lipschitz assumption on f we get
E [E {f (tHl’th‘H’qﬁ-l’Eﬁl) —f (tiJrl’XtHl’qu—ir’i\/[’ZzN—s—’i\/l)‘?(])w?Xtir]
S 2L?”E [E |:|ql]'\4[>1(Xti+1) _qﬁy(XtiH)”?(])MaXtir
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oo -

<213 (E [Hqﬁl qz+1 HH—I oo:| +E [Hfﬁl Z+1 H%+1 OOD '

Hence it holds

= bit2 NM _N.M ’
Z)\ E / f(SaXSa}/SaZS)if<Z+1)th+1aqz+1 9 1+1 >d83’~ aXti
—0 tit1
N—2 tiso 2
Z Ai2E / E;i [f (5, X5, Y5, Zs) — f (tiv1, Xtopr Qopr, Zivr )] ds
=0 it1

[\.D

T Z ANANZLG (E [H@ﬁl 4 HH—I oo} +E |:HZZ+1 Ziy1 Hz+1 ooD

1=0

N—2 tiso 2
S )\7,2E (/ El [f (SaXsa Ysa ZS) - f (ti+17Xt¢+1’6ﬁ—172£\—[‘,—1):| ds)
i=0 tit1
N-1
FAALST max N |78 — a7 ] 4828 30 nAB ([ - 201 )
i=1
N-1
< 2ANRY + 4AL?T0S%%<_1 NE [Haf\fﬂ q2+1 Hlﬂ Oo} +4AL} z; AiAE [Hzﬁl H—l HHI oo]
1=
with
N-2 lit2 2
:RN = Z E </ E’L [f (87X87Y97 ZS) - f (ti+1;Xt7;+176£Yf-17§£\-]-1>] dS)
i=0 tit1

as defined in Theorem 4.1. The term RY does not depend on our approximation of the BSDE but
only on the real solution Y, Z, the semi-continuous versions g, Z"V and the solution of the forward
SDE X. It can be bounded in different ways depending on the regularity of these functions, which
leads to the different bounds of the total quadratic error in Theorem 4.2 and 4.3.

6.5 Final error bounds
Using the bounds derived throughout this section, we are now ready to proof Theorem 4.1.

Proof. Proof of Theorem 4.1:

In the following calculations, ¢ denotes a positive constant that does not depend on N and may
change from line to line. First, we can write the quadratic error as

N-1
2 _N N,M 2
0<iSN— W qu (Xe) = (Xe) } M Zo ar [‘Z (Xt;) =2 (Xny) }
1=

30



< max MNE [|§Z]~V(Xti) — qiN’M( ;

T 0<i<N-1 par
= s M [[la - | ]+NZ_:1A>\-E [z - =2 ]
0<i<N—1 " i — 4% i,00 v i i i iool

We can now estimate this term by Lemma 6.5 with e =1 as

N-1
I —a] + 3 v [t =2,
=0

max MNE
0<i<N—1
- 7 C1 Ky log(CaM;)
< Juax (2/\iE [quv—qZNMHiM} + A M, : )
N—2
B M2 C1 K ;log(CaM;)
+ ; 2ANE [Hz’fv - ZZNMHZM] + AN AM,; —

By the inequalities (6) and (9) we then get with the choice k =1

max ME

N-—1
vl LA N DSVl AR
== i=0

2} i Cqu,i ].Og(CQMZ'))

C. K. .
< g, q,0 . =N N 4
SN e | <4 M; +2wgsl<fq,¢E Uql (Kei) = 9 (&) M;
N-1 2
Cy iRz 21 C1K, ;log(CoM;)
. q,? ’ : 7]‘\[ o 18 z5 g LoVl
+ZZ;MZ (4 AN +2ngl<§iE “zl (X)) — (Xy,) ]+ N7
N—-1
. q 2 ) z 2
+4 <0§%<1sz (€ (xe)?] + > ANE [(67(x2,)) }) .
Now the bounds in Lemma 6.7 and Lemma 6.8 yield
N—-1
. q 2 . z 2
S NI (61(X))°] + > ANE (&7 (x2))?]
= 1 bita NM _N.M :
<Y+ xpINE |E / F (5, X0, e Z) = f (tisns XKoo gt 250" ds Ey,xti]
1=0

+ [N\ max

jed

tit1
2 02' q]
a—1 : —N _ 11—« q,t >
((1 + N?T) (wégé,E qu (X)) — (Xy,) ] +(1+N )7Mj )

Nl_o‘CquJ log(C'QMj)
M;

tit2
N,M _N,M
/ f(S7X87Y5728) - f (t’i+17Xti+17Qi_|_71 7Zi_t,:1 ) ds

tit1

1
+DZA,~(1+E)E E
0
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ot qu (X)) — ¥(Xy,)

+ AND[N*] max ((1+Na1)< inf F

C2%.K,;
2 1—ay ~gt”"4J
1+ N —
j€d } +( + ) Mj )
n Nl—acquJ, lOg(CgMj)
M;
= 1 bit2 NM _NM i
= Z(l_'_@)(l"i_ﬁ))‘iE E /t f(5>XSa}/;7ZS)_f(tz+1ath+1vq@+1 ) z+1 )ds ? 7Xti
=0 i+1
1-a a—1 2 l—a Cr?qu,j
+ (14 D)N v max [ (1+ N [ inf B (g () - 0(X,)[T] + (14 N1y 22t
jed YEKXq,i M;
n Nl_O‘C’quJ log(C'gMj)
M; ’
By plugging in the bounds derived in Section 6.4, we can estimate this term further as
N-1
S M (61(X))%] + DR (&7 (x2))?]
N—2 tiso 2
N,M _N,M
< <1+D)( A ))\E E / f(S7X87Y;728)_f(’L+17th+17qz+1 %41 )dSEF 7Xti]
=0 1+1

+ (1 +D)[NI )\Nmax (1+ Ne™h ( inf E[‘qZ (Xy,) — (X))
zpeg{qz

C? K, ;

2 11—« q,i" "]
1+ N —r =
}+( + ) M, )

N- O‘Cqujlog (Co M) )

< [(A—i—%)(l—l—@)] AT V1)L <O<ﬁ%<1A,E (g = ™17 .| + ZAAE{H*N M2 D

+ [(A + %)(1 + D)} ATIANRY

X X
ed =T [‘ql t) — ¥(Xe)

C? K,
+ [N AN (1 + D) max ((1 + No1 < inf E 2} + (1 + Nl‘“)”q’j>

M;

n leacqu’j log(CQMj) .
M;

Now, assuming that N and I' are sufficiently large such that [(A + %)(1 + D)]16L*(T V 1) <
we have

1
29
) N-1
N,M — NM
0<rzlg\}/{ 1E[HQZ — H“"’])\ +Z;AE[H z - Hzoo}A
K3
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N-1
1 - e
<3 (mNE 172 = a0 ot o 12 = A)

C? K
-« a—1 : —N o 2 1—ay 74q,0°"9J
+ A [N h;;g;c<<1+zv >(w£<fq’iE[\qi () = 07| + (14 ey S )

Nliacqu,j log(CgMj)
M;

2} 4 Kq,i Kq,i log(Ml)

+cAy  max < inf F [\@N(Xti) —(Xy,) U, i

0<i<N—1 \ peXy

inf E|[Z)(Xy,) — 0(Xe,
+ it B[N0 - e(x)

+ CA_l)\NfRN.

2i| 1 Kzﬂ' n Kzﬂ' IOg(MZ)
AM; AM;

Considering that Ay is bounded by a constant independent of IV, since

N —x
= (14 57) ey

-1 l—« a—1
< TTNTIN 2[NTZOIN! [ TT+4

this implies

N-2
| + ; AB[[2V(X:,) - 2 (Xy,)

_N _ NM
OS%%AEU% (Xe) =" (Xe)

1

P _ o Ky _on Kq.ilog(CaM;)
< Nl it E[ X —aN(x, 2] N2-20tai | ar2-2aftei
< cniaeajx< dzg?qu,i W( t)—q ( tl)‘ + M, + M,

!

+c¢ max ( inf FE |:}¢(th) _qu(th) 2:| +¢gﬂl<fz7iE [W}(th) —ng(Xti)

0<i<N—1 \ €Ky
in Kzi qulog(Cng) KZlIOg(CQMZ)
) N ) ) N 3
* M; * M; * M; * M;
+ cNRN
and finishes the proof. O
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