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1 Proof of Theorem 4.2

We first show that

max
0≤i≤N−1

E
[
|qN,Mi (Xti)− y(ti, Xti)|2

]
+

N−1∑
i=0

E

[∫ ti+1

ti

|zN,Mi (Xti)− z(s,Xs)|2ds
]

≤ cmax
i∈I

(
N1−α inf

ψ∈Kq,i

E
[
|ψ(Xti)− qNi (Xti)|2

]
+N2−2αKq,i

Mi
+N2−2αKq,i log(Mi)

Mi

)
+ c max

0≤i≤N−1

(
inf

ψ∈Kq,i

E
[
|ψ(Xti)− qNi (Xti)|2

]
+ inf
ψ∈Kz,i

E
[
|ψ(Xti)− zNi (Xti)|2

]
+
Kq,i

Mi
+N

Kz,i

Mi
+
Kq,i log(Mi)

Mi
+N

Kz,i log(Mi)

Mi

)
+ cN−1

under the standing assumptions. Since

max
0≤i≤N−1

E
[∣∣qN,Mi (Xti)− y(ti, Xti)

∣∣2]+ N−1∑
i=0

E

[∫ ti+1

ti

∣∣zN,Mi (Xti)− z(s,Xs)
∣∣2ds]

≤ 2

(
max

0≤i≤N−1
E
[∣∣qN,Mi (Xti)− qNi (Xti)

∣∣2]+ max
0≤i≤N−1

E
[∣∣qNi (Xti)− y(ti, Xti)

∣∣2]
+
N−1∑
i=0

∆E
[∣∣zN,Mi (Xti)− zNi (Xti)

∣∣2ds]+ N−1∑
i=0

E

[∫ ti+1

ti

∣∣zNi (Xti)− z(s,Xs)
∣∣2ds]),

this follows directly from Theorem 4.1 if we can prove the bounds

max
0≤i≤N−1

E
[∣∣qNi (Xti)− y(ti, Xti)

∣∣2]+ N−1∑
i=0

E

[∫ ti+1

ti

∣∣zNi (Xti)− z(s,Xs)
∣∣2ds] ≤ c∆
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and RN ≤ c∆2. We start with the bound for RN and use Hölder’s inequality to get

RN =
N−2∑
i=0

E

(∫ ti+2

ti+1

Ei
[
f (s,Xs, Ys, Zs)− f

(
ti+1, Xti+1 , q

N
i+1, z

N
i+1

)]
ds

)2


≤
N−2∑
i=0

∆E

[∫ ti+2

ti+1

Ei

[(
f (s,Xs, Ys, Zs)− f

(
ti+1, Xti+1 , q

N
i+1, z

N
i+1

))2]
ds

]
.

Then, due to the Lipschitz continuity (respectively Hölder continuity in t) of f , it holds

RN ≤
N−2∑
i=0

∆E

[∫ ti+2

ti+1

Ei

[(
f (s,Xs, Ys, Zs)− f

(
ti+1, Xti+1 , q

N
i+1, z

N
i+1

))2]
ds

]

≤
N−2∑
i=0

∆E

[∫ ti+2

ti+1

Ei

[
L2
f

(
|s− ti+1|

1
2 + |Xs −Xti+1 |+ |Ys − qNi+1(Xti+1)|

+ |Zs − zNi+1(Xti+1)|
)2]

ds

]

≤
N−2∑
i=0

4L2
f∆E

[∫ ti+2

ti+1

|s− ti+1|+ Ei
[
(Xs −Xti+1)

2
]
+ Ei

[
(Ys − qNi+1(Xti+1))

2
]

+ Ei
[
(Zs − zNi+1(Xti+1))

2
]
ds

]

and we consider the terms in the integrand separately for an arbitrary s ∈ [ti+1, ti+2]:
By choice of the time grid, it obviously holds that |s− ti+1| ≤ ∆ and, under the assumptions on
b and σ, it follows that Ei[(Xs−Xti+1)

2] ≤ c(s− ti+1) ≤ c∆ (see e.g. Kloeden and Platen, 1992).
Then, by the definition of qNi+1 and a zero addition, we get:

Ei

[(
Ys − qNi+1(Xi+1)

)2]
= Ei

[(
Ys − Yti+1 + Yti+1 + Ei+1

[
Yti+2

])2]
≤ 4 max

0≤i≤N−1
sup

s∈[ti+1,ti+2]
Ei

[(
Ys − Yti+1

)2]
.

(1)

To estimate the difference Zs − zNi+1(Xti+1), we define for each i ∈ {0, . . . , N − 1} the random
variable

Z̃i :=
1

∆
Ei

[∫ ti+1

ti

Zsds

]
,
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which can be used to express the quadratic difference as

Ei

[(
Zs − zNi+1(Xti+1)

)2]
= Ei

[(
Zs − Ei+1

[
∆Wi+2

∆
Yti+2

])2
]

= Ei

(Zs − Ei+1

[
∆Wi+2

∆

(
Yti+1 −

∫ ti+2

ti+1

f(l,Xl, Yl, Zl)dl +

∫ ti+2

ti+1

ZldWl

)])2


= Ei

(Zs − 1

∆
Ei+1

[∫ ti+2

ti+1

Zldl

]
+

1

∆
Ei

[
∆Wi+2

∫ ti+2

ti+1

f(l,Xl, Yl, Zl)dl

])2


≤ 2Ei

[∣∣Zs − Z̃i+1

∣∣2]+ 2Ei

[(
1

∆
Ei+1

[
∆W 2

i+2

] 1
2 Ei+1

[
(Cf∆)2

] 1
2

)2
]

≤ 2Ei

[∣∣Zs − Z̃i+1

∣∣2]+ c∆.

(2)

Here, the second equality follows by the Itô-isometry and the measurablility of Yti+1 , the following
inequality due to the boundedness of f and Hölder’s inequality. Plugging in the obtained bounds
we have

RN ≤
N−2∑
i=0

4L2
f∆E

[∫ ti+2

ti+1

|s− ti+1|+ Ei

[(
Xs −Xti+1

)2]
+ Ei

[(
Ys − qNi+1(Xti+1)

)2]
+ Ei

[(
Zs − zi+1(Xti+1)

)2]
ds

]

≤
N−2∑
i=0

4L2
f∆E

[∫ ti+2

ti+1

∆+ c∆+ 4 max
0≤j≤N−1

sup
l∈[tj+1,tj+2]

E
[(
Yl − Ytj+1

)2]
+ 2Ei

[(
Zs − Z̃i+1

)2]
+ c∆ds

]

≤
N−2∑
i=0

4L2
f∆E

[
∆

(
c∆+ 4 max

0≤j≤N−1
sup

l∈[tj+1,tj+2]
E
[(
Yl − Ytj+1

)2])

+ 2

∫ ti+2

ti+1

Ei

[(
Zs − Z̃i+1

)2]
ds

]

≤ T4L2
f

(
c∆2 +∆4 max

0≤j≤N−1
sup

l∈[tj+1,tj+2]
E
[(
Yl − Ytj+1

)2])

+ 8L2
f∆

N−2∑
i=0

∫ ti+2

ti+1

E

[(
Zs − Z̃i+1

)2]
ds.
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Then, using the the L2-regularity of BSDEs (see Zhang, 2001), which states

max
0≤i≤N

sup
ti≤s≤ti+1

E
[∣∣Ys − Yti

∣∣2]+ N−1∑
i=0

E

[∫ ti+1

ti

∣∣Zs − Z̃i
∣∣2ds] ≤ c∆,

it follows

RN ≤ T4L2
f

(
c∆2 + 4∆ max

0≤j≤N−1
sup

l∈[tj+1,tj+2]
E
[(
Yl − Ytj+1

)2])

+ 8L2
f∆

N−2∑
i=0

∫ ti+2

ti+1

E

[(
Zs − Z̃i+1

)2]
ds

≤ c∆2,

what proves the bound for RN . Note that the inequalities (2) and (1) together with the L2

regularity of BSDEs (see Zhang, 2001) in particular also imply that

max
0≤i≤N−1

E
[∣∣qNi (Xti)− Yti

∣∣2]+ N−1∑
i=0

E

[∫ ti+1

ti

∣∣zNi (Xti)− Zs
∣∣2ds]

≤ 4 max
0≤i≤N−1

sup
l∈[tj+1,tj+2]

E
[∣∣Yl − Yti

∣∣2]
+

N−1∑
i=0

2E

[∫ ti+1

ti

∣∣Zs − Z̃i(Xti)
∣∣2 + c∆ds

]
≤ c∆,

which shows the other bound.
The final step of the proof of Theorem 4.2 is to obtain the modified representation of the

regression error. To this end note that

N1−αE
[
|ψ(Xti)− qNi (Xti)|2

]
≤ 2N1−α (E [|ψ(Xti)− y(ti, Xti)|2

]
+ E

[
|y(ti, Xti)− qNi (Xti)|2

])
and analogously

E
[
|ψ(Xti)− zNi (Xti)|2

]
≤ 2

(
E
[
|ψ(Xti)− z(ti, Xti)|2

]
+ E

[
|z(ti, Xti)− zNi (Xti)|2

])
for all ψ ∈ Kq,i or ψ ∈ Kz,i respectively. Hence it suffices to show that the bounds

E
[
|qNi (Xti)− y(ti, Xti)|2

]
≤ ∆2, E

[
|zNi (Xti)− z(ti, Xti)|2

]
≤ ∆

hold true for each i ∈ {0, . . . , N − 1}, whenever z is Lipschitz continuous in x and 1
2 -Hölder

continuous in t. For the bound regarding y, we directly get by the definition of qNi and the
boundedness assumption on f that

E
[∣∣qNi (Xti)− y(ti, Xti)

∣∣2]
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= E

[∣∣∣∣Ei [y(ti, Xti)−
∫ ti+1

ti

f(t,Xt, Yt, Zt)dt+

∫ ti+1

ti

ZtdWt

]
− y(ti, Xti)

∣∣∣∣2
]

≤ E

[∣∣∣∣∫ ti+1

ti

Cfdt

∣∣∣∣2
]

≤ c∆2.

For the bound concerning z, we get by inequality (2)

E
[∣∣zNi (Xti)− z(ti, Xti)

∣∣2] ≤ 2E

[∣∣∣z(ti, Xti)− Z̃i+1

∣∣∣2]+ c∆

= 2E

[∣∣∣∣ 1∆Ei

[∫ ti+1

ti

z(ti, Xti)− z(l,Xl)dl

]∣∣∣∣2
]
+ c∆

≤ 2

∆2
E

[
Ei

[∫ ti+1

ti

|z(ti, Xti)− z(l,Xl)| dl
]2]

+ c∆

≤ 2

∆

∫ ti+1

ti

E

[
Ei

[
Lz(|ti − l|

1
2 + |Xti −Xl|)dl

]2]
+ c∆

≤ 2

∆

∫ ti+1

ti

E
[
c∆

1
2dl
]2

+ c∆

≤ c∆

where we used Hölder’s inequality in the first step, the continuity assumptions on z along with
Fubini’s theorem in the second inequality and denote the Lipschitz constant of z with Lz.

2 Proof of Theorem 4.3

Similarly to the proof of Theorem 4.2, we have

max
0≤i≤N−1

E
[∣∣qN,Mi (Wti)− y(ti,Wti)

∣∣2]+ N−1∑
i=0

∆E
[∣∣z(ti,Wti)− zN,Mi (Wti)

∣∣2ds]
≤ 2

(
max

0≤i≤N−1
E
[∣∣qN,Mi (Wti)− qNi (Wti)

∣∣2]+ max
0≤i≤N−1

E
[∣∣qNi (Wti)− y(ti,Wti)

∣∣2]
+
N−1∑
i=0

∆E
[∣∣z(ti,Wti)− zNi (Wti)

∣∣2ds]+ N−1∑
i=0

∆E
[∣∣zN,Mi (Ws)− zNi (Wti)

∣∣2ds])

and it suffices to prove the bounds

max
0≤i≤N−1

E
[∣∣qNi (Wti)− y(ti,Wti)

∣∣2]+ N−1∑
i=0

∆E
[∣∣z(ti,Wti)− zNi (Wti)

∣∣2] ≤ c∆2 (3)
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and RN ≤ c∆3 for the first statement of Theorem 4.3. We focus on the bound on RN and derive
the bounds in (3) along the way. It suffices to show that∣∣∣Ei [f (s,Ws, Ys, Zs)− f

(
ti,Wti , q

N
i , z

N
i

)] ∣∣∣ ≤ c∆ (4)

for any ti ∈ π and s ∈ [ti, ti+1], since then

RN =

N−1∑
i=0

E

[(∫ ti+1

ti

Ei
[
f (s,Ws, Ys, Zs)− f

(
ti,Wti , q

N
i , z

N
i

)]
ds

)2
]

≤
N−1∑
i=0

E

[(∫ ti+1

ti

c∆ds

)2
]

≤ c∆3.

In order to prove (4), we set for arbitrary but fixed ti ∈ π and s ∈ [ti, ti+1]

a :=
(
ti,W

(1)
ti
, . . . ,W

(D)
ti

, qNi (Wti), z
N,(1)
i (Wti), . . . , z

N,(D)
i (Wti)

)T
ã :=

(
s,W (1)

s , . . . ,W (D)
s , Ys, Z

(1)
s , . . . , Z(D)

s

)T
.

Then, a Taylor expansion of f yields

Ei
[
f (s,Ws, Ys, Zs)− f

(
ti,Wti , q

N
i , z

N
i

)]
= Ei

[
∇f(a)T (a− ã) +

1

2

∫ 1

0
(1−Θ)(a− ã)T Hessf (a+Θ(ã− a))(a− ã)dΘ

]
,

where ∇f denotes the gradient and Hessf the Hessian matrix of f . Using that f has bounded
derivatives and a is Fi-measurable we obtain

Ei
[
f (s,Ws, Ys, Zs)− f

(
ti,Wti , q

N
i , z

N
i

)]
≤ ∇f(a)TEi [(a− ã)] +

1

2
sup

Θ∈[0,1]

∣∣Ei [(a− ã)THf (a+Θ(ã− a))(a− ã)
]∣∣

≤ Cf

2D+2∑
l=1

∣∣Ei [a(l) − ã(l)
] ∣∣+ 1

2
CfEi

2D+2∑
l,k=1

∣∣a(l) − ã(l)
∣∣∣∣a(k) − ã(k)

∣∣
≤ Cf

2D+2∑
l=1

∣∣Ei [a(l) − ã(l)
] ∣∣+ 1

2
Cf

2D+2∑
l,k=1

Ei

[∣∣a(l) − ã(l)
∣∣2] 1

2
Ei

[∣∣a(k) − ã(k)
∣∣2] 1

2

and it suffices to show that it holds |Ei[(a(l)− ã(l))p]| ≤ c∆ for l ∈ {1, . . . , 2D+2} and p ∈ {1, 2}.
This is trivial for l = 1, . . . ,D + 1, since W is a Brownian motion and the step width of the
time grid is ∆. For the remaining values of l, we either have a(l) − ã(l) = y(s,Ws) − qNi (Wti)

or a(l) − ã(l) = z(d)(s,Ws) − z
N,(d)
i (Wti) for a d ∈ {1, . . . ,D}. We first consider the terms

y(s,Ws)− qNi (Wti).
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By the definition of qNi , we get for p ∈ {1, 2} with Hölder’s inequality that

Ei

[(
y(s,Ws)− qNi (Wti)

)p]
= Ei

[(
y(s,Ws)− Ei

[
y(ti+1,Wti+1)

])p]
= Ei

[(
y(s,Ws)− Ei

[
y(ti,Wti)−

∫ ti+1

ti

f(l,Wl, Yl, Zl)dl +

∫ ti+1

ti

ZldWl

])p]
= Ei

[(
y(s,Ws)− Ei

[
y(ti,Wti)−

∫ ti+1

ti

f(l,Wl, Yl, Zl)dl

])p]
= pEi [(y(s,Ws)− y(ti,Wti))

p] + pEi

[(∫ ti+1

ti

f(l,Wl, Yl, Zl)dl

)p]
≤ pEi [(y(s,Ws)− y(ti,Wti))

p] + p∆pCpf

where we used that f is uniformly bounded by Cf in the last step. Note that for s = ti, this
shows in particular that

Ei

[(
y(s,Wti)− qNi (Wti)

)2] ≤ c∆2

which is the first part of the bound in (3). We now set ãy := (s,W
(1)
s , . . . ,W

(D)
s )T and ay :=

(ti,W
(1)
ti
, . . . ,W

(D)
ti

)T . Then, for p = 2, a Taylor expansion on y yields

Ei

[
(y(s,Ws)− y(ti,Wti))

2
]
= Ei

[(∫ 1

0
(1−Θ)∇y(ay +Θ(ãy − ay))(ay − ãy)dΘ

)2
]

≤ Ei

( sup
Θ∈[0,1]

∇y(ay +Θ(ãy − ay))(ay − ãy)

)2


≤ C2
yEi

[
|ay − ãy|2

]
≤ c∆.

Here we used that the derivatives of y are bounded by a constant Cy and that it holds for the
entries of ay − ãy

Ei

[
|a(d)y − ã(d)y |2

]
=

{
Ei
[
|s− ti|2

]
d = 1

Ei

[
W

(d−1)
s −W

(d−1)
ti

|2
]

d > 1

≤
{

∆2 d = 1
∆ d > 1

,

since W is a Brownian motion. In the case p = 1, we have to continue the Taylor expansion an
additional step and get similarly:

Ei [(y(s,Ws)− y(ti,Wti))]

= Ei

[
∇y(ay)T (ay − ãy) +

1

2

∫ 1

0
(1−Θ)(ay − ãy)

T Hessy(ay +Θ(ãy − ay))(ay − ãy)dΘ

]
≤ Ei

[
∇y(ay)T (ay − ãy)

]
+

1

2
Ei

[
sup

Θ∈[0,1]
(ay − ãy)

T Hessy(ay +Θ(ãy − ay))(ay − ãy)

]
.
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Now ∇y(ay) is Fi-measurable and Ei[(ay− ãy)] = (s−ti, 0, . . . , 0)T , sinceWs−Wti is independent
of Fti and has expectation 0. Additionally, using that y has bounded derivatives, we conclude

Ei [(y(s,Ws)− y(ti,Wti))] ≤ Cy∆+
1

2

1+D∑
d,l=1

CfEi

[
|(a(d)y − ã(d)y )|2

] 1
2
Ei

[
|(a(l)y − ã(l)y )|2

] 1
2

≤ c∆.

It remains to show that Ei[
(
z(d)(s,Ws)− zNi (Wti)

(d)
)p
] is bounded by a multiple of ∆ for p ∈

{0, 1}. For this, we first rewrite the d− th component of zNi by a Taylor expansion on y as

z
N,(d)
i = Ei

[
∆W

(d)
i+1

∆
y(ti+1,Wti+1)

]

= Ei

[
∆W

(d)
i+1

∆

(
y(ti,Wti) +

D∑
e=1

∂

∂x(e)
y(ti,Wti)(∆W

(e)
i+1) +

∂

∂t
y(ti,Wti)∆

+
1

2

D∑
e,l=1

∂2

∂x(e)∂x(l)
y(ti,Wti)(∆W

(e)
i+1)(∆W

(l)
i+1) +

1

2

D∑
e=1

∂2

∂t∂x(e)
y(ti,Wti)(∆W

(e)
i+1)∆

+
1

2

∂2

∂2t
y(ti,Wti)∆

2 +
1

6

∫ 1

0
(1−Θ)

(
∂3

∂3t
y(ti +Θ∆,Wti +Θ∆Wi+1)∆

3

+

D∑
e,l,k=1

∂3

∂x(e)∂x(l)∂x(k)
y(ti +Θ∆,Wti +Θ∆Wi+1)(∆W

(e)
i+1)(∆W

(l)
i+1)(∆W

(k)
i+1)

+
D∑

e,l=1

∂3

∂t∂x(e)∂x(l)
y(ti +Θ∆,Wti +Θ∆Wi+1)(∆W

(e)
i+1)(∆W

(l)
i+1)∆

+
D∑
e=1

∂3

∂2t∂x(e)
y(ti +Θ∆,Wti +Θ∆Wi+1)(∆W

(e)
i+1)∆

2

)
dΘ

)]
.

Since the derivatives of y are Fi-measurable when evaluated in (ti,Wti) and the components of
Wti+1 −Wti are independent with mean 0 each, most terms in the right hand side of the equality
above vanish and we get

z
N,(d)
i = Ei

[
∆W

(d)
i+1

∆

∂

∂x(d)
y(ti,Wti)∆W

(d)
i+1

]

+
1

2
Ei

[
∆W

(d)
i+1

∆

∂2

∂t∂x(d)
y(ti,Wti)∆W

(d)
i+1∆

]

+
1

6
Ei

[
∆W

(d)
i+1

∆

∫ 1

0
(1−Θ)

(
∂3

∂3t
y(ti +Θ∆,Wti +Θ∆Wi+1)∆

3

+

D∑
e,l,k=1

∂3

∂x(e)∂x(l)∂x(k)
y(ti +Θ∆,Wti +Θ∆Wi+1)(∆W

(e)
i+1)(∆W

(l)
i+1)(∆W

(k)
i+1)
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+

D∑
e,l=1

∂3

∂t∂x(e)∂x(l)
y(ti +Θ∆,Wti +Θ∆Wi+1)(∆W

(e)
i+1)(∆W

(l)
i+1)∆

+

D∑
e=1

∂3

∂2t∂x(e)
y(ti +Θ∆,Wti +Θ∆Wi+1)(∆W

(e)
i+1)∆

2

)
dΘ

]

= Ei

[
∆W

(d)
i+1

∆

∂

∂x(d)
y(ti,Wti)∆W

(d)
i+1

]
+RT

=
∂

∂x(d)
y(ti,Wti) +RT .

It is straightforward to check that |RT | ≤ c∆. Then, since z(s,Ws) = ∇xy(s,Ws), where ∇xy
denotes the vector of first degree partial derivatives of y with respect to x(1), . . . , x(D), it follows

Ei

[(
z(d)(s,Ws)− z

N,(d)
i

)p]
= Ei

[(
∂

∂x(d)
y(s,Ws)−

∂

∂x(d)
y(ti,Wti)−RT

)p]
≤ pEi

[(
∂

∂x(d)
y(s,Ws)−

∂

∂x(d)
y(ti,Wti)

)p]
+ pEi [|R|p]

≤ pEi

[(
∂

∂x(d)
y(s,Ws)−

∂

∂x(d)
y(ti,Wti)

)p]
+ c∆p.

(5)

The term Ei[
∂

∂x(d)
y(s,Ws) − ∂

∂x(d)
y(ti,Wti))

p] is for p ∈ {1, 2} bounded by c∆ for a constant c
not depending on ∆, which follows by the same calculations used for the term Ei[(y(s,Ws) −
y(ti,Wti))

p] where we have to replace y by its first partial derivative ∂
∂x(d)

y. Note that the Taylor
expansion than uses the derivatives of y up to degree 3, which still all exist are bounded by
assumption. This finishes the proof of (4) and hence the bound on RNi . Also, note that (5) for
s = ti shows in particular that

Ei

[(
z(d)(ti,Wti)− z

N,(d)
i

)p]
≤ c∆

which completes the proof of the bound in (3).
It remains to show that, whenever y bounded and s+1 times differentiable with bounded deriva-
tives, the functions qNi and zNi are bounded as well and are respectively s + 1 and s times
differentiable with bounded derivatives. For this, we can simply use that the components of
∆Wi+1 are independent and Gaussian-distributed with mean 0 and variance ∆ each. Hence we
have

qNi (x) = Ei
[
y(ti+1,Wti+1)

∣∣Wti = x
]
= Ei [y(ti+1,∆Wi+1 +Wti)|Wti = x]

=

∫
RD

y(ti+1, x̃+ x)
1

(
√
2π∆)D

e−
1
2

∑D
d=1

(x̃i)
2

∆ dx̃.
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Then, since y is differentiable in x with bounded derivative, we can partial differentiate under the
integral and get

∂

∂x(d)
qNi (x) =

∫
RD

∂

∂x(d)
y(ti+1, x̃+ x)

1

(
√
2π∆)D

e−
1
2

∑D
d=1

(x̃i)
2

∆ dx̃

= E

[
∂

∂x(d)
y(ti,Wti+1)

∣∣∣∣Wti = x

]
for each d ∈ {1, . . . ,D}, which shows that qNi is continuous differentiable with bounded derivative.
The same argumentation can be applied for the higher order derivatives.
Next, we consider the first coordinate of zNi as the derivatives of the others follow analogously.
By the definition of zNi and Fubini’s theorem, we have

z
N,(1)
i (x) = Ei

[
∆W

(1)
i+1

∆
y(ti+1,Wti+1)

∣∣∣∣∣Wti = x

]

=

∫
R
. . .

∫
R

D∏
d=2

1√
2π∆

e−
(x̃(d))

2

2∆

∫
R

x̃(1)

∆

1√
2π∆

e−
(x̃(1))

2

2∆ y(ti+1, x+ x̃)dx̃(1)dx̃(2) . . . dx̃(D).

Since y is bounded by assumption, integration by parts leads to

z
N,(1)
i (x) =

∫
R
. . .

∫
R

D∏
d=2

1√
2π∆

e−
(x̃(d))

2

2∆

∫
R

1√
2π∆

e−
(x̃(1))

2

2∆
∂

∂x(1)
y(ti+1, x+ x̃)dx̃(1)dx̃(2) . . . dx̃(D)

= Ei

[
∂

∂x(1)
y(ti+1, x+ x̃)

∣∣∣∣Wti = x

]
=

∂

∂x(1)
qN (x).

Hence the statement for zNi follows by the one for qNi .
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