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ABSTRACT. Motivated by the trade-off between exploitation and exploration in reinforcement learning,
we study a continuous-time entropy-regularized mean-variance portfolio selection problem in the presence
of jumps. We propose an exploratory SDE for the wealth process associated with multiple risky assets
which exhibit Lévy jumps. In contrast to the existing literature, we study the limiting behavior of the
natural discrete-time formulation of the wealth process associated with a randomized control in order
to derive the continuous-time dynamics. We then show that an optimal distributional control of the
continuous-time entropy-regularized exploratory mean-variance problem is still Gaussian despite being in
jump models. Moreover, the respective optimal wealth process solves a linear SDE whose representation
is explicitly obtained.
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1. INTRODUCTION

1.1. The problem. The mean-variance (MV) portfolio optimization problem pioneered by Markowitz
[23] is one of the most popular criteria in the portfolio selection theory due to its simple and natural
formulation in dealing with the two important aspects of investment, namely, risk and return. In the MV
model, investors aim to minimize the variance, which quantifies the risk, of the terminal wealth of their
portfolios while targeting a prespecified expected value of the terminal wealth. This criterion therefore
effectively reflects a trade-off between the risk and expected return in an intuitive way. After Markowitz’s
foundational works, the MV approach has attracted considerable attention with numerous extensions and
applications. For example, among other works in the continuous-time setting when the financial market
is driven by a multidimensional Brownian motion, Zhou and Li [31] investigate the MV problem in terms
of stochastic linear-quadratic (LQ) optimization using an embedding method. After that, Li et al. [20]
introduce the Lagrange multiplier method to transform the MV problem to an unconstrained stochastic
LQ control problem so that standard techniques are applicable. As the literature on the MV criterion is
vast, we refer the reader to [30] for a review on this topic.

The classical model-based MV problem, where model assumptions are predescribed, has been fairly
well investigated and quite completely solved in various settings with analytical solutions. To apply
these results in practice, one usually needs to estimate model parameters based on historical data of the
underlying asset prices accumulated during trading. Nevertheless, it is widely acknowledged that it is
difficult to estimate those parameters with an applicable accuracy, and furthermore, classical optimal MV
strategies frequently exhibit high sensitivity to those parameters which then might become practically
sub-optimal due to estimation error.

In recent years, reinforcement learning (RL) methods, which have increasingly attracted more atten-
tion in quantitative finance, become a promising approach to overcome those practical difficulties. By
and large, RL algorithms iteratively execute randomized controls for some period (or, episode) and apply
the data which has been collected over the previous periods to update the unknown model parameters
and the randomized control, see, e.g., [17, 26] for RL algorithms in a continuous-time stochastic con-
trol setting. The randomization of the controls reflects the trade-off between exploration (learning the
unknown investment environment) and exploitation (optimizing adaptively to the updated model pa-
rameters). Thus, RL algorithms can produce (nearly) optimal solutions without the need of statistically
estimating the model parameters beforehand. The reader is referred to [12] for an overview to recent
developments and applications of RL in finance.
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The iterative construction of the randomized controls in the algorithms mentioned above relies on
an entropy-regularized formulation of the stochastic control problem. Here, the entropy regularization
rewards exploration and leads to the optimality of distribution-valued (or, relaxed) controls. Recently,
Wang and Zhou [27] introduced such an entropy-regularized exploratory SDE framework for the MV
problem in a Black—Scholes environment. To be more precise and for easier explanation, let us introduce
some notations. Let 7" > 0 be a fixed finite time horizon and W = (W}),¢c[0,7) a standard 1-dimensional
Brownian motion. The exploratory SDE for the wealth process X™ = (X[ )¢cjo,7] under an admissible
control m = (7¢)se[0,), Which is a distribution-valued stochastic process and where m; is the probability
density function of the exploration law at time ¢, is heuristically derived and has the following form

dX] = pbdt + 1/ p? + o2 adW;. (1.1)

Here, the drift b € R and volatility a > 0 are unknown constants, ji; := [, um(u)du represents the mean
and o7 := [p u?m(u)du — pf the variance of the distribution of exploration at time ¢. We refer to [27, 28]
for the motivation and derivation of (1.1). To encourage and quantify the exploration process, Wang and
Zhou [27] incorporate a differential entropy term to the objective function and the classical MV problem
then becomes an entropy-reqularized exploration MV problem. The authors then prove that the optimal
feedback distributional control is Gaussian with time-decaying variance. Moreover, via a simulation study
it is also illustrated in [27] that the RL approach for solving the MV problem significantly improves some
other methods such as the traditional maximum likelihood estimate (MLE) and the deep deterministic
policy gradient (DDPG). The approach as in [27, 28] has been extended in various contexts, see, e.g.,
[7, 10, 29].

It is, however, widely acknowledged that models with jumps are more appropriate to describe the
fluctuation of asset prices, see, e.g., [1, 5]. Following this direction, many researchers have extensively
studied the classical MV problem and its variants in several jump models, see, e.g., [16, 21, 24] and the
references therein. Then a question naturally arises: How would the continuous-time entropy-reqularized
exploratory MV problem and its solutions be like if the asset prices exhibit jumps? To address this
question, one first needs to describe the exploratory SDE with jumps for the respective wealth process.

In contrast to the models built upon the Brownian framework by Wang and Zhou [27] and by Wang et
al. [28], where the exploratory SDE for the wealth/controlled process can be heuristically inferred from
knowing its first two conditional moments only, models with jumps are quite involved as, in general, one
has to test against various other functions rather than the linear and quadratic functions to detect the
distributional behavior of jumps. In fact, these test functions essentially depend on the jump activities
of the underlying asset price process. Hence, the derivation for the exploratory SDE based on first two
moments in [27, 28] is seemingly not applicable for jump models, at least in a straightforward way. To
deal with this problem, we exploit the linear dependence on controls of the wealth process and propose
a different argument to derive the exploratory SDE.

1.2. Our contributions and discussions. Let D € N and assume that the log-price process of D risky
assets is a weak solution of an SDE driven by a D-dimensional Lévy process L. Here L includes, but not
necessarily simultaneously, a Brownian motion W and an independent pure-jump Lévy process J, both
are D-dimensional. Except the square integrability, there are no additional assumptions imposed on the
Lévy measure.

1.2.1. Continuous-time exploratory SDE with Lévy jumps. To derive an exploratory SDE for the wealth
process, we begin with a discrete-time dynamic of the wealth under an exploration procedure, see Sec-
tion 3.2.1. In [27, 28], the authors first average out realizations of distributional controls on each discrete-
time sub-interval using a law of large numbers, and then combine them all together to infer the dynamic
on entire [0,7]. Here, unlike the argument in [27, 28], we first explicitly model randomized controls
on discrete-time partitions of [0, 7] and identify a family of discrete-time integrators which incorporate
the additional “exploration noise”. To do that, we need to handle the additional randomness caused by
exploration differently for the Brownian and for the jump component which can be roughly described as
follows:
e For the Brownian part, thanks to the linear structure with respect to the control, one can (par-
tially) separate the original randomness caused by the asset prices and the randomness caused
by exploration in an appropriate way, see Section 3.2.3.
o For the jump component, we employ a suitable D?-dimensional random measure to simultaneously
capture both sources of randomness, see Section 3.2.4.
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Then, by refining the discrete time points, we show in Theorem 3.5 below that the stochastic integrators of
our discrete-time scheme converge in distribution to a multidimensional Lévy process. This limit theorem
gives rise to a natural continuous-time formulation of the exploratory control problem with entropy
regularization. Note that randomized controls on discrete-time grids have recently been considered in
[8, 26] for diffusion models. However, [26, Theorem 2.2] investigates the limiting behavior of the cost of
such controls and [8, Lemma 4] describes the convergence of the optimal control density, while we apply
this discretization to infer the structure of the continuous-time “exploration noise”.

We also remark that the heuristic passage to the limit in the existing literature [27, 28] only yields
information about the conditional mean and covariance of the continuous-time controlled system. It,
thus, allows for many different SDE representations, even in the case of no jumps, as discussed below.
In contrast, our derivation identifies a specific SDE formulation, which we consider a natural choice for
modeling exploration in the continuous-time framework.

1.2.2. Problem formulation in multidimensional setting. We consider D risky assets with jumps and derive
the continuous-time dynamics of the wealth process with exploration, see SDE (3.5) and Remark 3.6 for
further discussion.

Let us compare our exploratory SDE with other works in the case of no jumps. Since we use a different
argument, our exploratory SDE unsurprisingly takes a different form from (1.1) in [27]. If D = 1, then
the dynamic of wealth under a distributional control 7 in our setting particularly becomes

dX] = pubdt + pradWy + oradWy, (1.2)

where W is a 1-dimensional Brownian motion independent of W. We notice that X™ in (1.1) and in
(1.2) have the same distribution. However, differently from (1.1), in our SDE (1.2) the exploration
randomness represented by W is separated from the noise W caused by asset prices. One also remarks
that the SDE in form of (1.2) has been recently considered in [7, 29]. Nevertheless, when D > 1, the
authors in [7, 29] use an additional 1-dimensional Brownian motion to model the exploration (i.e. W is
1-dimensional), while, according to our analysis, it suggests to use a D?-dimensional Brownian motion
(i.e. W is D2-dimensional).

1.2.3. Optimal distributional control and wealth process. Following [27], we first use the Lagrange multi-
plier method to transform the exploratory MV problem to an entropy-regularized quadratic-loss control
problem and then apply the dynamic programing principle to find its solutions.

We show in Theorem 4.10 that, among admissible distributional controls which are not necessarily in
the feedback form, an optimal solution is Gaussian which is still obtained in a feedback form. As a feature
of our approach, the respective optimal wealth process satisfies a linear SDE (see (4.23)) which allows us
to find its expression in a closed-form (see (4.27) and (C.1)). As a consequence, the Lagrange multiplier
is also explicitly obtained (see (4.28) and (C.4)). Moreover, the value function has a quadratic form with
respect to the wealth variable whose coeflicients are solutions to a system of partial integro-differential
equations (PIDEs). In particular, in the case of no jumps and D = 1 and with constant coefficients, our
value function coincides with that in [27], see Example 4.16.

1.3. Structure of the article. In Section 2, we introduce the notation and recall the classical MV prob-
lem. The derivation of the continuous-time exploratory SDE with Lévy jumps is presented in Section 3.
In Section 4, we study the entropy-regularized exploratory MV problem, investigate its closed-form solu-
tions, and discuss the Lagrange multipliers. Section 5 is devoted to present the proof of weak convergence
of the discrete-time integrators (Theorem 3.5).

2. PRELIMINARIES

2.1. Notations. Let D € N:= {1,2,...}. For a,b € R, we use the usual notations a Ab := min{a, b} and
aVb:=max{a,b}. For a < b, let f: = f(a 0 Notation log indicates the natural logarithm. Sub-indexing
a symbol by a label means the place where that symbol appears. We also use the conventions inf () := oo

and Y, o = [, :=0.

2.1.1. Vector spaces and matrices. Let || - || be the usual Euclidean norm and (e;)?_, the natural basis
in RP. For r > 0, we set Bp(r) := {x € R : ||z|| < r} and B%(r) := RP\Bp(r).

All vectors are written in the column form. For a vector z we use the notation 2 or [z]() to denote
its i-th component. For a matrix A,

e A9 or [A](9) is the element in the i-th row and j-th column of A;
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e if Ais a D x D matrix, then tr[A], det(A), A~! denote the trace, determinant and inverse of A
respectively. Let diag(A) := diag(A™Y, ..., AP-P)) denote the diagonal matrix with diagonal
entries ALY ADD).

e the usual Euclidean/Frobenius norm of A is also denoted by [|Al], i.e. || Al := \/tr[ATA].

Notation Ip means the D x D identity matrix. We also use the following classes of matrices:

o RP*D" denotes the family of all real matrices with size D x D';
o SP (resp. SE , SP.) is the family of all symmetric (resp. positive semidefinite, positive definite)
A e RPXP For A € SE, denote by Az € SE the unique square root of A, i.e. AzA = A If
A €SP, then we let A3 = (A2)7 L
e Op consists of all orthonormal O € RP*P ie. OTO = Ip.
For A € RP*D’" denote by vec(A) the vectorization of A defined as an element of R D’ by stacking the
columns of A on top of one another, i.e.

vec(A) := (ALY ADPD A2 AD2) ALDY) A DD,

For (column) vectors x1,...,x, with possibly different sizes, vec(z1,...,z,) means the vector obtained
by stacking x; on top of z;11, 1 <i < n—1. To shorten notation at some places we also use the Kronecker
product ®: RP x RP" — RPP’ defined by

r @y = vec(zWy, ... xPy).
One notices that the operator ® is bilinear and ||z ® y|| = ||z||||y]|-

2.1.2. Function spaces. For a function f: RP? — R, we use the following notations:

[flloo := sup,ero [ f(2)];
e Of and 92 f denote usual partial derivatives of f with respect to scalar components;
e Df and D?f denote the gradient and the Hessian of f respectively, and ||Df]|2, := ZdDzl 10afll%,

D . o
D212, = Dddi=1 ||3§,d,f||§o, where partial derivatives 0yf := 0, f and 8§’d,f = 8i(d)x(d/)f;
o When f has several (multivariate) components, we use D, f and Diy f to indicate the gradient
and Hessian of f with respect to component y. If x is a scalar component and y is a multivariate
; 2 ._ (92 2 T
component, then we write D3, := (8zy(1), cee Qﬂy(D)) .
e supp(f) stands for the support of f, i.e. the closure of {x € R : f(x) # 0}.

For k = 1,2,..., denote by C*(RP) the family of all k times continuously differentiable functions on
RP. CE(RP) consists of all bounded f € C*(RP) with bounded derivatives (up to the k-th order) and
CP(RP) := My>1CF(RP). CF(RP) denotes the family of all f € C*(RP) with compact support. We let
f e Ch2([0,T] x RP) if f is (resp. twice) continuously differentiable with respect to t € [0,7] (resp. to
y € RP) and its partial derivatives are jointly continuous.

2.2. Stochastic basis. Let us fix a time horizon T € (0,00). Assume that (2, F,P; (F;)ec(o,1)) satisfies
the usual conditions, which means that (Q, F,P) is a compete probability space, the filtration (]:t)te[(],T]
is right-continuous and Fy contains all P-null sets. This allows us to assume that every (]—})te[O’T]—adapted
local martingale has cddlag (right-continuous with finite left limits) paths. For a random variable £, the
expectation, variance, and conditional expectation given a sub-c-algebra G C F, if it exists under P, is
respectively denoted by E[¢], V[¢], and E[¢|G]. We also use L, (P) := L, (Q, F,P).

For a cadlag process X = (X¢)ie[0,1], we denote AX; := X; — X;_ for t € [0,7T], where Xo_ := Xj

and X;_ = limys 14 X for ¢t € (0,7]. For a time index set I C [0,00) and for processes X = (X;)ser,
Y = (Yi)ien, we write X =Y to indicate that X; = Y; for all ¢ € I a.s., and the same meaning applied
when the relation “=" is replaced by some other standard relations such as “<”, “>” etc.

We refer to [25] for unexplained notions such as semimartingales, (optional) quadratic covariation
[X,Y] and conditional quadratic covariation (X,Y) of semimartingales X, Y.

2.3. Multidimensional Lévy process. An RP-valued process L = (Lt)tejo, 1) is called a Lévy process
if it has independent and stationary increments, has caglag paths with Ly = 0 a.s. The distributional
property of L is characterized by the Lévy—Khintchine formula (see, e.g., [2, Theorem 1.2.14]), for ¢ € [0, T
and v € RP,

E[eiUTLt] _ e—tn(u)
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where the characteristic exponent r is given, for u € R, by

T

TA X
k() = —iuTb+ " —/ (e —1—iu' 21, <1y)v(d2).
z#0

2

The characteristic triplet (b, A, ) associated with the canonical truncation function h(z) := 21, <1y is
deterministic and consists of the drift coefficient b € RP, the Gaussian covariance matriz A € Sﬂ and
the Lévy measure v, i.e. a measure on B(RP\{0}) with fz;éo(”ZHQ A1)v(dz) < co. We call L a Gaussian
Lévy process if v =0, and call L a purely non-Gaussian Lévy process if A = 0.

2.4. Classical continuous-time MYV portfolio selection. Assume that the price process of a risk-less
asset S0 = (St(o))te[o,T] and D risky assets S = (S;)se[o,1) are governed by the following SDEs

s = rs®ar, SV =1,
ds{” = V4R, S =5 >0, d=1,...,D.

where the interest rate r > 0 is given and the log-price process R is described by (2.1) and (2.2) below.
For financial interpretation, we might furthermore assume AR® > —1 so that S(? > 0, however, this
condition is not necessarily imposed to obtain the main results.

An investment strategy in D risky assets is expressed by a predictable RP-valued process H where
Ht(d) is the discounted dollar amount invested in the d-th risky asset at time t—, i.e instantly before time
t. The resulting discounted wealth process X# = (XH )telo, 1) associated with H can be written as

D
dx/ =3 HP@R” — rdt) = H] Y, (2.1)
d=1

where XT = x5 € R is the given initial wealth. From now we will work with the driving process Y and
the discounted wealth X as in (2.1).

Assume that the log-price of D underlying (discounted) risky assets is represented by a cadlag and
adapted process Y = (Y;)¢c[o,7) which is Markovian whose infinitesimal generator is given, for sufficiently
smooth f, by

(Ly /)(y) =by) " Df(y) + %tr[A(y)Wf(y)] + /7&0 (f(y +(y)z) — fly) — Df(y)Tv(y)Z) v(dz). (2.2)

Here v is a square integrable Lévy measure and the coefficients b: R? — R”, A € SP and v: RP — RP*P
satisfy standard assumptions which will be specified later in Section 3.1.

The classical Markowitz MV portfolio selection problem, parameterized by 2 € R, is then formulated
as

(2.3)

mingy V[XH]
subject to X given in (2.1) and E[XH] = 2,

where the minimum is taken over admissible H which will be specified in our setting later. To deal with
the constraint E[XH] = 2 in (2.3), we follow [31, 27] to consider the objective function parameterized by
w e R,

VX7 - 2w(E[X7] - 2),
which is equal to

E[(X7 —w)?] = (2 —w)*
Then, to solve (2.3), we consider the following unconstrained quadratic-loss minimization problem pa-
rameterized by w,

(2.4)

ming E[(XH — w)?]
subject to X given in (2.1).

Once (2.4) is solved with a minimizer H*(w), which depends on w, we let @ be the value such that the

constraint ]E[Xﬁ*(w)] = % is satisfied. Then such an H*(w) solves the original problem (2.3), and w is
called the Lagrange multiplier®.

IThe Lagrange multiplier actually is 2w, but we use w to slightly simplify the presentation.
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3. EXPLORATORY SDE wITH LEVY JUMPS

3.1. Setting. Let us fix D € N and set E := RP\{0}. Let ¢p be a probability density of & ~ N(0,1Ip)
where N(0,Ip) is the D-dimensional Gaussian distribution with zero mean and covariance Ip.
For b, A,~v and v appearing in (2.2) we assume throughout this article the following;:

Assumption 3.1. The Lévy measure v and coefficients b: R? — RP a,~v: RP — RP*XP A :=qa' € SE
satisfy:
(a) (Square integrability) v is square integrable on E, i.e. [, |le|*v(de) < oo;
(b) (Growth condition) ||b(z)|| + [la(z)|| + ||v(z)|] < C1(1 + ||z||) for all z € RP;
(c) (Lipschitz condition) [[b(z) — b(y)| + [la(z) — a(y)]| + [v(z) = y(y)I| < Collz —y|| for all 2,y € RP;
(d) (Non-degeneration) X(y) := A(y) +7(y) [, ee v(de)y(y)T € ST, for all y € RP.
3.2. Continuous-time dynamic of the wealth process with exploration: A heuristic approach.

Let W = (W})¢ejo,r) be a D-dimensional standard Brownian motion, and J = (J¢)ejo,7) € L2(P) a purely
non-Gaussian Lévy process which is independent of W and has the following Lévy—It6 decomposition (see,

e.g., [2, Theorem 2.4.26])
t
J ::// eN(ds,de).
0/E

Here N is the compensated Poisson random measure of J associated with Lévy measure v. Since b, a,y in
Assumption 3.1 are sufficiently regular, it is known that the following SDE has a unique (strong) solution
in Ly (P) (see, e.g., [19, Theorem 3.1]),

AY; = b(Y;_)dt + a(Y;_)dW; +y(Yi_)dJ,, Yo = yo € R,
which admits £y provided in (2.2) as the Markov generator.

Let {IL, },,>1 be a sequence of partitions of [0, T], where II,, = {0 =: t§ <t} < ... <] :=T}. Denote
At? =t —t? | and assume that |IL,| := max;<;<n, At} — 0 as n — oo. To shorten the presentation at
some places, for a process (P)¢cjo, 7], We also use the notations

Pn,i = Pf:r and AnﬂP = Pn,i — Pn,i—l-
With the convention sup () := 0, we define
of ==sup{i > 1:t <t}, t€]0,7T).

Then, for each n, we obtain a process Y, which approximates Y along the partition IL,, given by
thn = YO —+ Z (b(Yn,zfl)At? —+ G(Ynﬁifl)Anin —+ ’Y(Ynyifl)An’iJ), t e [0, T]
i=1

3.2.1. Ezxploration procedure. Our main idea is as follows: For ¢ = 1,...,n, we draw the control at time
t7 , from some distribution, which is chosen with the accumulative information available at time ¢} ;.
Once the distribution is fixed, the realization is independent of the rest. In addition, since any distribution
on RP can be represented as F(¢) for some measurable F': RP — RP and ¢ ~ N(0, Ip), determining a
distribution boils down to find such an F.
Let us specify this idea.
(i) Let = := {&,.i}n>1,1<i<n be a collection of i.i.d. random vectors in R” with common distribution
N(0,Ip) and probability density ¢p. Assume that Z is independent of (W, J). Family = represents
a new source of randomness caused from the exploration along with the randomness generated by
(W, J). To capture the information flow, we define the filtration F''» = (F,, ;)7 as follows

Fni=0{(Ws,J5) : 0<s<t’}VG,;, where G,;:= U{fn’j 1j < i},gn,o ={0,Q}.
(ii) H:1I, x @ x RP? — RP is admissible in the following sense (here H, ;_1 stands for Hyn )
(a) For each i = 1,...,n, the map (w,u) — H, ;_1(w;u) is Fpi—1 ® B(RP)-measurable;
(b) One has E[ [p [[Hn,i—1(w)]]?¢p(u)du] < oo;
(¢) As proposed in [27], the exploration cost can be represented in terms of differential entropy

which is assumed to be finite to encourage the exploration. Following this idea, we in addition
assume that for each i =1,...,n and w € Q, H,, ;_1(w; ¢) has a probability density pfii_l(w; s
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where ¢ ~ N(0,Ip), such that [, pf, | (u)logpf; |(u)du is an integrable random variable.
Then the expected accumulative differential entropy

B - o0 - [t st (wau
i=1 RP

is finite.
(iii) The controlled wealth process X* = (X/!);c0,7 associated with H along time points of II,, is

X=X+ Hyio1(80) T AY", i=1,...n, X{T=z0€R.

Proposition 3.2. Forn > 1,1 < i <mn, there exist (uniquely up to a P-null set) a random vector ufii_l
and a random matriz ﬁnH’Fl € Ser, both are F, ;—1-measurable and square integrable, and a square
integrable random vector 77,1;1, with

E[n5i|fn,i—l] =0 and E[ngi(ngi)T“Fn,i—l] =Ip as. (3.1)
such that

Hﬂ,ifl(gﬂ,l) :u’n i—1 T ﬁn i— 17771 i @S (32)
Proof. Condition E[ [5p [[Hp,i—1(w)|[*¢p(u)du] < oo allows us to define

Mg,i_l = / Hyi1(w)ep(u)du, Hyioi(u) = Hyio1(u) — Uﬁi—lv
RD

o, | = i Hyio1(w)Hy i1 (w)Top(u)du.
R

Obviously uf) i—1 € La(P). In addition, the finiteness of accumulative entropy implies that det(@n io1) >0
a.s. for all n,i. Since @n i1 € S++, we apply the spectral theorem for Symmetrlc matrices to obtain a
real diagonal matrix Af, | = diag(\ (0], 1),..., Ap(©F, ) with Ay (©f,_|) > --- > Ap(©f, 1) >0
and a Uu 1 € Op, such that

n,i—1 n,i—1

@ 1 — UH7, 1A7I7—,Iz I(Unz I)T'

’fl’L n

One remarks that Ufiq and A,ﬁ{ ;1 are matrices whose entries are F,, ;_;-measurable random variables.
Now, by adjusting on a P-null set, we define

7‘951 1= (95,171)% = UTIL_I (Afz 1) (Unz 1)T7
N . 1 ~
7751 = vai—lnil,ia where ani( )= ?(Um 1€d) Hyi1(6ni), d=1,...,D.
n,i—1

Then it is easy to check that 197511‘—1 € Ly(P). Moreover, for d =1,..., D, one has, a.s.,

H,(d,k) / AH k H,(d,k)yrH,(l,k l
[ﬁnz 1nnz(d) Z nz(l 671;[1 1 () Z Unz(l )Unz(l)Hr(z)z 1(5 7)

k= k=1

1
Z n,i nz—l) }(dl)Hr(Ll,)zfl(f ) H’r(LdZ l(fnz)

D
=1

~

which shows 9}/, 9l = Hyi1(€n) as. Forany d=1,...,D, we let T, Z( )( ) be the random variable

obtained by adding € > 0 to /\d(G)H ) in the definition of nn’i(d). Then one has, a.s.,

n,i—1
L) B 1 TRlF . N Nurw H_
E{n | ‘]:T” 1} - (@71;11 1) 6 (Unz 1) E Hn,z—l(fn,Z)(Hn,z—l(fn,z)) ‘]:n,z—l}Unﬂ_led
1 elAH. e,
U T(__)H UH- d**n,i—1
Ad(@nz 1)+E ( n,i— 1) n,i—1 n,zfled Ad(@nz 1)+E
/\d(enz 1)

/\d(@n i) te
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Letting € | 0 yields E[|9,,. l(d)| | Fn,i—1] = 1 a.s. by the monotone convergence theorem, and thus, |77, €

L (P) as a by-product. Analogously, we can show that E[1j, 1(d)77n z(d )\.7-'" i—1] = I{4—a'y a.s., which means
that E[n),(7)T|Fni-1] = Ip. Then we get E[nf;(nf)T|Fn 1] = Ip a.s., and hence, (3.2) follows.
The uniqueness is straightforward. (I

We decompose the process X with the initial wealth X' = 25 € R as

o)

X _$0+2Hn1 1€n1) (nz I)At?

n
T

t
+ Z Hn,ifl(Sn,i)Ta(Yn,ifl)An,iW + Z Hn,ifl(gn,i)T’y(Yn,ifl)An,iJ
i=1 i=1
=1 + I(3.3) + (3.3 + I3 .3). (3.3)

3.2.2. The drift part I3 3y. According to the decomposition (3.2), we express, a.s.,

1(3.3) :Z(Nﬁ{ifl) ( n,i— 1 Atn"‘z n,i— 1777” Tb( n,i— 1)Atn
=1
D of
_Z:u’nz ) Yoo 1) Atn—l—zzt Z'ﬂnzkld b(k) Yoio 1) {ni;(d)At;L}
d=11i=1 =

For the discrete-time integrator in the second term, we have the following law of large numbers

i

Ly (P
an;(d)At? 200 asn— oo
i=1

foralld =1,..., D. Indeed, due to the orthogonality and E[|n,, ; =1 it holds that

d
i=1

3.2.3. The Brownian part I3 3). By the same arguments as for the drift part, we decompose II(; 3) as

I35 = Z(MnH,i—l)Ta(Yn,i—l)An,iW + Z Z lZﬂn ) kld) (k,d") )y, i)

i=1 d,d'=1,...,D i=1

2 o)
D Ay } => |Ag)P < t max AL — 0.

[nfz(d An,iW(dl)} .

Define the interpolated process W" = (W}");c[o,r] and the RP”_valued process M"™ = (M{")¢ecio,m by

i=1
M =N DA W dd =1, D,
i=1
n n,(1,1 n,(1,D n,(2,1 n,(2,D n,(D,1 n,(D,D
M= (MY P @D D) e (DD e (PPIYT
so that A, ;W™ = A, ;W and M = Zz 10 © AW Then we get
TR ST AR NINP LR Sl 3 A NS
i=1 d,d'=1,...,D i=1

Here W™, M™ can be respectively regarded as a discrete-time integrator of the first and the second term
in the decomposition of 113 3.
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3.2.4. The jump part Il (3 3). From now on, let us fix a ¢ € C?(RP) which satisfy
[Dloo + |D?*P]|oc <00, % >0 and (z) =0z =0.

A prototype example in our context is that, for a given constant ¢ > 0,

(@) =Vlzl*+ —c

Define the random measure mY, on B([0,T] x E x RP) by setting

n

m? (dt, de, du) := Z S(en, A id, (A D)En.) (dE, de, du),

i=1
where ¢ denotes the Dirac measure. Intuitively, in the limit we would like to create independent Gaussian
jumps at each jump time of L as additional source of noise. The “damping factor” (A, ;J) in front of
&n,i in the third coordinate of mY must be introduced in the infinite activity case to ensure that these
new jumps have square summable jump sizes in the limit. The smoothness condition for v is merely
convenient for applying It6’s formula later on. Then the third term Il (3 3) is expressed as

n
u

.
Il 5 5 = Hyiq| — Yoi_)e|lgn  n ¥ (ds, de, du).
(3.3) /(OJ]XEXRD;[ , 1<¢(6)> Y(Ya, 1)6} (tn,n1(s)my, (ds, de, du)

Note that the random measure m? is characterized by the induced martingale L™% = (L?’w)te[o,T] with
LY =0 and

LMY = / (e,u)'my (ds,de,du) = > (Ap i, (A id)én )T Z A L™V
(0,t]x EXRP i—1

3.2.5. Distributional limit of discrete-time integrators. Set D := D? + 3D. We collect all discrete-time
integrators of the Brownian and the jump parts to obtain the triangular array of D-dimensional random
vectors Z" = (Z{)ie[0,r] With

Z" = vec(W™, M™, L™Y).

Our purpose is to investigate the distributional limit of (Z™),>1. To this end, we introduce the Borel
measure l/L defined on R2P by setting

d
V%(de,du) = ]].{He”>0}<pD (1;@)) ﬁy(de), e,uc RP.

Then, by a change of variables, one has

R2D

provided that f > 0 or [p.p |f(e, u)|v} (de,du) < co. In particular, choosing f(e,u) = |le||? + [l we
find that V% is a square integrable Lévy measure on R2P\{0} with V%({O} x RP) =0 as

Lo Il + e = [l 406 P wde)n (e
(& 2 6 6 u 2 ujau 2 e 2V e (0¢]
/H Potde)+ [ wievide) [ lulPeptudu < 1+ DIDuIZ) [ felfoae) <

We need the following condition to obtain the desired weak convergence.

Assumption 3.3. {ﬁn7i_1(§nz) (©F,

P 1ﬁn,i—1(§n,i)}1§i§n,n21 is uniformly integrable.

Remark 3.4. Let us briefly comment on Assumption 3.3.

(1) By the construction of n,ll"{i in the proof of Proposition 3.2, one has, a.s.,
Hy i1 (6n) (O ) Hypi1(6ni)
- tr[(gn i— 1)75 n,i—l(fn,i)((en i— 1)72 n,i— 1(571 l))T]
= [l

In other words, Assumption 3.3 is equivalent to the uniform integrability of {||n 2

M<i<nn>1-
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(2) Assume, for all n, that H: II,, x Q x RP — R has the form
Hm_l(w; u) = mnﬂ'_l(w) + vmi_l(w)u, 1=1,...,n, (34)

where m,, ;_1 and v, ;_; are respectively RP-valued and SE ,-valued random variables, both are
Fn.i—1-measurable and square integrable with log(det(vy;—1)) € L1(P). Then H is linear with
respect to the exploration variable and is admissible in the sense given in Section 3.2.1. Moreover,
in the notation of Proposition 3.2, one has /’(’713,1'—1 =My i1, 195,1‘—1 = Vp,i—1,and r]fzi = & i, which
obviously implies that Assumption 3.3 holds.

(3) We will see in Theorem 4.10 below that the time discretization of the optimal control process for
the associated continuous-time control problem has the form (3.4).

Under the setting of Section 3.2.1, we have the following result whose proof is postponed to Section 5.

Theorem 3.5. Assume that W is a D?-dimensional standard Brownian motion independent of W, and
that LY is a square integrable martingale null at O which is a 2D-dimensional purely non-Gaussian Lévy
process with Lévy measure 1/2". Assume that processes W, W, LY are defined on the same probability space.
Then LY is independent of (W, W), and under Assumption 3.3, the following convergence in distribution’
holds as n — oo,

Z" — vec(W, W, Lw).

By rearranging components of YW, we may consider W as an RP*P-valued process. Then Theorem 3.5
suggests that the exploratory SDE in the continuous-time setting for the controlled wealth process X
with an admissible H is as follows

dX/T = () To(Y,-)dt + (uf)Ta(Y,_)dW, + tr[(©fT) 2 a(Y, )dW]]

.
+/ Ht<“> (Y )e NP (dt,de,du), X& =o€ R, (3.5)
ExRD w(e)

where Kfip is the compensated Poisson random measure of LY and the underlying process Y is given by

AY; = b(Y,_)dt + a(V;_)dW; + 7(14_)/ eNY (dt,de,du), Yy =yo € RP.
EXRP

One notices that such a Y also admits Ly in (2.2) as the generator.

Remark 3.6. Let us briefly comment on SDE (3.5). For the Brownian component, the noise caused by
exploration, i.e. W, is completely separated from the original noise, i.e. W. While for the jump part, both
noises are simultaneously captured by the Poisson random measure generated by a D?-dimensional Lévy
process. Interestingly, for the optimal control H obtained in (4.22), it turns out that one can completely
separate these two sources of randomness due to the linearity with respect to the exploration variable.

Remark 3.7. If the control enters in the drift part only, then the reasoning in Section 3.2.2 shows that
there is no extra exploration noise in the continuous-time formulation. This is the case, e.g., in [9] where
the authors add jumps as uncontrolled Lévy noise.

4. ENTROPY-REGULARIZED EXPLORATORY MV PROBLEM WITH LEVY JUMPS

We work on a fixed complete probability space (2, F,P) carrying the triplet (W, W, L¥) aforementioned
in Theorem 3.5. Let sz denote the associated Poisson random measure of L¥ with the compensation
J\N/"Lp = Nz’ - ® Vzp, where A; is the 1-dimensional Lebesgue measure. For 0 < ¢t < s < T, we denote
Ft = o{W, = Wi, W, =W, LY — LY : t <r < s} augmented by all P-null sets. Set Fy := FP.

For € ~ N(0,1p) we define the family of deterministic admissible functions as

a={r

Admissible controls in the discrete-time setting are adapted to the continuous-time setting as follows.

Definition 4.1 (Admissible control). For (t,y) € [0,7)xRP, denote by A(t, y) the family of all admissible
controls H for which the following conditions hold:

(H1) (Admissibility) H: [t,T] x Q x RP — RP satisfies that

F:RP - RP Borel, / | F(u)||*¢p(u)du < oo, F(£) has a probability density pF}.
RD

2in the sense of [15, Ch.VI, Definition 3.7].
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(a) H is P([t,T]) ® B(RP)-measurable, where P([t, T]) is the predictable o-algebra on [t, T] x ;
(b) Hy(:) := Hs(w;-) € A for all (s,w) € [t,T] x Q.
(H2) (Integrability) It holds that

P( / T/R ) Pon(u)du < oo) —1, (4.1)

and that processes pf! = () e ), ©F = (0F) ¢t 1) defined on [¢,T] x Q by

S

Mf = H; (’U,)QDD(U)d’U,, ﬁs(u) = Hs(u) - va 65 = ﬁs(u)Hs(u>T@D(u)du7
RD RD

satisfy that

| | ' (Tt + a0 + [ LT (E)ePride)on ) )|

xRDP

T 2
|| [ 10| | <o (1.2
t
where Y'Y = (YY) cp. ) is a unique (cadlag) strong solution to the following SDE on [t, T]
AY Y = b(Y2)ds + a(Y ) AW, + (YY) / eNp(ds,de,du), ¥/" =y. (4.3)
EXRP

(H3) (Finite accumulative differential entropy) There is a kernel p: [t,T] x  x RP — R such that
pH (w;-) is a probability density function of H,(w; () for any (s,w) € [t, T]x €, where ¢ ~ N(0, Ip),
and that (s,w) — [pp pZ (u) log pk (w)du is (FL)sep,r)-predictable with

|

For a given control H € A(t,y) and = € R, the dynamic of the controlled wealth process X* ¥ —
(X;»z’y%H)se[nT], which is assumed to has cadlag paths, is described by the exploratory SDE on [¢t,T] as

/ pH () log p! (u)du
]RD

ds] < 00. (4.4)

dX e = () Th(Y)ds + () Ta(YEY) AW, + tr[(©1) Za (Y )dW]]

;
+/ H(”) V(YIY)e NY(ds,de,du), XP7vH =g, (4.5)
ExXRP 1/)(6)
where Y'Y solves the SDE (4.3).

Remark 4.2. (1) Processes uff and ©F are predictable by (H1) and Fubini’s theorem.

(2) As a consequence of [4, Theorem X.1.1], there exists a ¢cp > 0 such that |42 —B2|| < ¢p||A—B|
for any A, B € S?. Hence SP 5 A — Az is (Hélder) continuous which then ensures that (©#)
is also a predictable SE -valued process.

1
2
1
2

3) Due to the integrability condition (4.2), X*®¥%H in (4.5) is a square integrable process satisfying
g

E| sup |XP™¥H 2] < oo (4.6)
t<s<T
4.1. Problem formulation. We are now in a position to formulate the entropy-regularized exploratory
MYV problem. Remark that, due to the time inconsistency of the MV problem, we just examine solutions
among precommitted strategies which are optimal at ¢ = 0 only.
Let us fix a 2 € R which represents the targeted expected terminal wealth. For an initial wealth o € R
and 79 € R, we consider the problem

2 T
: E (Xoafﬂoyy();H _]E[Xoyrmyo;H}) + )\/ / H log pH (w)dud
Her,ftl(ltl)l,yo) { T T o Jan ps (u)logpy (u)duds

(4.7)
subject to X %% given in (4.5) and E[X%IOWO?H} = 2.

Here the exploration weight A > 0, which is fixed from now on, describes the trade-off between exploitation
and exploration and it is also known as the temperature parameter in the RL literature.
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We follow [27] to apply the Lagrange multiplier method to solve (4.7) (see Section 2.4 for a similar argu-
ment in the setting without exploration). In the first step, we examine the following entropy-regularized
quadratic-loss minimization problem, parameterized by w € R,

2 T
min [E (XO’IO’yO;H —111) —I—)\/ / f u) lo f u)duds
HG.A(O,yo) |: T 0 RDp ( ) &P ( )

subject to X %%0:¥0:H given in (4.5).

(4.8)

We solve (4.8) to obtain a solution H* := H*(w) depending on . This task is presented in Section 4.2.
In the next step, we find the Lagrange multiplier @ by using the constraint E[X# *] = 2. Then H*(w)
is a solution to problem (4.7) where w is the obtained Lagrange multiplier. The latter task is done in
Section 4.3.

4.2. The entropy-regularized quadratic-loss optimization problem. Let us fix @ € R. Problem
(4.8) is an unconstrained control problem and we will find its solutions via the dynamic programing
approach. Define the function V¥ (-|&0) associated with a control H € A(t,y) and = € R by setting

2 T
VHE(t 2z, yli) =K [(X%zyH — u?) + )\/ / pH (u)log pH (u)duds|.
t JrD
We consider the following system of problems which particularly yields to (4.8) when (¢, z,y) = (0, 2o, yo)-

Problem 4.3. For given (t,z,y) € [0,T) x R x R, find an H* € A(t,y) such that

V*(t, z,yw) = VI (¢, 2, y|w) = in VA, z,ylw 4.9
(t, 2, ylw) (t, z,ylw) plun (t, z,y[w) (4.9)

subject to the state equation (4.5).

Definition 4.4. For a given initial triple (¢, z,y), any H* € A(t,y) satisfying (4.9) is called an optimal
control, the corresponding controlled state process Xt%¥* := Xt@¥iH" i called an optimal state /wealth
process, and V*(-|w) satisfying the terminal condition V*(T', z, y|w) = (z—)? is called the value function.

4.2.1. Entropy-regularized Hamilton—Jacobi—Bellman (HJB) equation. As we use the dynamic program-
ming approach to solve Problem 4.3, it is useful to investigate the associated HJB equation. Let us first
introduce some notations. For F € A, we define m? € RP and 6 ¢ SE by

mF = / _ Flugp(u)dn

oF / () = m)(F () = m)Tep(du = | F)F)Tep()du —m" ()T,

and the differential entropy of F is denoted by
Ent(F) := —/ p¥ (u) log p¥ (u)du.
RD

Using the classical Bellman'’s principle of optimality and a standard verification argument (see the proof
of Theorem 4.10 below) we find that the HJB type formula in our setting is stated in form of a (possibly
degenerate) second-order PIDE as follows:

1
0 = dyv(t, 2, y) + b(y) Dyuv(t, z,y) + S tr[A(y) Dy, v(t, z,y)]

+ min {;aiwvu, 2,9)(m")T AWM + tr[A@)07]) + ()T (A@W)D2,v(t,2,9) + Davt 2, 9)b(y))

+ / (v(t’ z+ F(u) y(y)e,y +(y)e) — v(t, z,y)
ExRP
= 0,0(t, 2,y F(u) A (y)e = Dyu(t,,y) Ty (y)e |v(de)pp(u)du
— )\Ent(F)}, (t,z,y) € [0,T) x R x RP, (4.10)

with the terminal condition v(T,z,y) = (z — )? for (z,y) € R x R,

Remark 4.5. According to [6, Theorem 8.6.5], one has Ent(F) = —co if det(6¥) = 0. Hence, it suffices
to consider the above minimization over F € A with det(6¥) > 0, i.e. over F' € A with " € S .
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Remark 4.6. In the case of no jumps, i.e. v =0, (4.10) simplifies to

1
0 = Byo(t, 2,9) + b(y) Dyl 2, y) + 5tr{Ay) D3, v(t, 2, )]

+ min {182 (t, z,y) (mTA(y)m + tr[A(y)G]) +m' (A(y)Diyv(t, x,y) + 0zv(t, x, y)b(y))

meRP pesP, |27
— Amax{Ent(F)|F € A; m" =m and 8" = 0}}, (t,z,y) €[0,T) x R x RP.

By the entropy-maximizing property of the Gaussian distribution, the maximum over F' is achieved at
the linear function F(u) = m+ 02w and the HJB-equation becomes a second-order PDE for the unknown
value function v. This PDE can the be solved by a quadratic ansatz as done e.g. in [27] for the case
D =1 and constant coefficients. In the presence of jumps, this “separation argument” (solving first for
F given its first two moments) a priori does not work anymore, because F explicitly enters the integral
term of the HIB-PIDE (4.10). As we will show in the next section, (4.10) can nonetheless be solved by a
quadratic ansatz, and, then, the separation step can be performed a posteriori, leading to the Gaussianity
of the optimal control law.

4.2.2. Quadratic ansatz. We first introduce the following function classes in relation to the coefficient ~y
and Lévy measure v.

Definition 4.7. For a Borel function g: [0,7] x RP — R we let g € T(0) (resp. g € (1), g € T(2)) if
there exists a (jointly) continuous function Téo) (resp. Tgl), T§2)): [0,T] x RP — [0,00) such that

[E 9ty +7@)e) [lelPr(de) < YO, 1),
resp. / 9ty + 1()e) — gt )] lellv(de) < YO (t,y),
E

resp. /E ‘g(lz y+(y)e) — glt,y) — Dyglt, y)Tv(y)e‘V(de) <TP(t,y),

for all (¢,y) € [0,7] x RP, where we additionally assume that D, g exists and measurable for g € Y(2).
Then Ték) is called an Y-dominating function of g € Y (k).

Remark 4.8. A standard calculation shows that g € T(0) N T(1) N Y(2) if [, [le]|*v(de) < co and one
of the following holds:

(a) g is twice continuously differentiable with respect to y with

sup  (lg(t,y)| + | Dyg(t,y)|l + D3, 9(t, y)ll) < oo.
(t,y)€[0,T)xRP

(b) sup y)efo,r1xre [9(t,y)| < 00, Dyg is jointly continuous on [0, T x RP and v(E) < co.
For o € Y(0)NY(1), @ > 0 on [0,7] x RP, and Dy« exists, we define the functions M, : [0, 7] x RP —
RP and 8,: [0,T] x RP — SP_ as

Ma(t,y) = alt,y)b(y) + A(y)Dyalt,y) +v(y) /E(oz(t, y+7(y)e) — alt,y))ev(de), (4.11)

Saltyy) = alt,y)Aly) + v(y)< [ atty+ v(y)e)eeTV(de)>v(y)T~ (4.12)

In particular, if « = 1 on [0,7] x RP then M,, = b and 8, = X. One also remarks that the mapping 8,
is well-defined. Indeed, for any (¢,%) € [0,7] x R and u € RP\{0}, one has u'8,(t,y)u > 0 because of
a > 0 and the non-degenerate condition (see Section 3.1). As a consequence, the inverse 87 (¢, y) exists
and also belongs to Sf + which can be easily derived from the spectral decomposition of 8,(t,¥).

Proposition 4.9 (Quadratic value function). Let o, 3 € C12([0,T] x RP) N Y (2). Assume that o €
Y(0)NY(1) and o > 0, and that o, B solve the following system of PIDEs pointwise on [0,T) x RP,

da(t,y) + Lya(t,y) — (MIS, ' Ma)(t,y) =0,

T D
OBt y) + Ly B(t,y) — %bg (da&vzt(y))) =0, (4.13)

a(T,)=1 and B(T,) =0,
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where Ly ¢(t,y) == (Ly¢(t,))(y) for ¢ € {a, B}. Then, for (t,x,y) € [0,T] x R x RP,
VP (@, y) = alt,y) (@ — ) + B(t,y) (4.14)
solves the HIB equation (4.10). Moreover, a minimizer F°P* = FoP'(t, z,y; \;-) € A is
FOPU (t, 5 A u) = mOPY(t, 2, y) + 0P (¢, y; A2, (4.15)
where

meP(t,z,y) == —(x — W)(S, ' Ma)(t,y) and 0P (t,y; \) == 78 Lt y). (4.16)

Proof. One first notices that Ly a(t,-) and Ly B(t, ) are well-defined functions for ¢ € [0,7]. To simplify
the presentation, we omit the argument y of coefficient functions b, A, , and for fixed (¢,y), we formally
use the following notations for o (and analogously for 3),

a:=alt,y), ale) :=alt,y+yye), Lya:=Lyalt,y).

Plugging the ansatz (4.14) into the HJB equation (4.10) and rearranging terms we get the following which
holds pointwise on [0,7) x R x R,

0= (z—w)*(0x + Lya) + (8,8 + Ly B)

i T AME + tr[A0F 2(x — MT(AD b
+F€Afrelan€S£+{a((m )T AmP + 44071 + 2@ — w)(m")T(AD, 0 + ab)

+ /E (d(e)eTvT(QF +mF (m")ve + 2(x — w)(ale) — a)(mF)T'ye>V(de) = )\Ent(F)}7 (4.17)

where the minimization is taken over F € A with 8F ¢ SE . due to Remark 4.5. Remark that given any
m € RP, 6 € ST, there always exists an F € A such that m* = m and §¥ = 6, for example, one might
take F(u) = m~+62u. Then the minimum over F € A with ¥ e SP. in (4.17) can be separated into two
individual minimization problems, one is over m! € RP and the other is over #¥ € SE . Specifically, let
\I/f";‘l 7y denote the expression inside the minimum in (4.17), then one has

min V2 = mln am" Am + 2(z — w)ym"(AD,« + ab
pomn, Wi = iy, { (o — w)mT(ADy + ab)

+ /E (d(e)(mTve>2 +2(z — w)(a(e) — a>mTve)V<de>}

+ min {atr[AQ]—I—/Ed(e)eTvTH'yeu(de)—)\ max Ent(F)}

0esb, Fed,6F =0
=: min + min 0). 4.18
aRD f(4 18)( ) goth 9(4.18)( ) ( )

T+

It is known that the differential entropy is translation invariant and it is maximized over all distributions
with a given covariance matrix by Gaussian distribution, see, e.g., [6, Theorem 8.6.5]. Hence, J(4.18) can
be expressed as

G(1.18)(0) = atr[Af] + /Ed(e)eTvTH'ye v(de) — %log(det(H)) - % log(2me).

Combining (4.17) with (4.18) yields the equation
— )} (O + L IB+L in f. in geiis)(0) =0. 4.19
(x —w)* (O + Lya) + (0:B+ Ly B) + mnéﬁlD fraasy(m) + erenslg 9e1.1%)(0) ( )

++
We first consider the minimization problem

min g, 0).
pes?, 9(1418)( )

By vectorization, Sf 4 can be regarded as an open subset of RP(P+1)/2 where the openness (under the
Euclidean norm) can be inferred from Sylvester’s criterion, so that g(, 1) becomes a function defined on
SP, c RP(P+D/2 Since 6 — — log(det(d)) is a convex and differentiable function on SP , it implies that
g(s.18) is also convex and differentiable. Hence, solutions of Dg(, 1s) globally minimize g(4.1s) on SE 4 To
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find its solutions, we represent § = (A1) .. 90D 922)  gD.2)  p(D.DNT ¢ RP(D+1)/2 - Then,
for 1 < j <4 < D, according to [13, p.311, Eq. (8.12)] one has
Odlog det(0)

o = 207" — diag(07 )]

so that the partial derivatives of g(4.15) are computed by

99(1.15) : (i.9)
5007 (0) = a2A — diag(A)]") + /E

Solving Dg(4.15)(8) = 0 we get the solution § = #P(¢,y; A) as provided in (4.16). Hence, 03P (t,y; A) is a
global minimizer of g 15y on Sf 1. We next investigation the problem

ale)[2vee™y T — diag(vee y")] v (de) — %[2071 — diag(#~1)] @),

mné}lgj f(més) (m).

Solving D f(4.15)(m) = 0 yields the solution m = mZP*(t, x,y) which is provided in (4.16). Moreover, since

sz(MS) =20A + 2’7(/ d(e)eeTV(de)>7T =28,
E

and 8, € Sf + as claimed above, we infer that mP*(t, z,y) is a global minimizer of f(s 1) on RP. Plugging
these minimizers back into (4.19) and noticing that

tr[aAS, ] = tr {ID —/ d(e)veeTwTS(zlu(de)] =D —/ ale)e™y T8 1yev(de)
E E

we eventually arrive at the equation

D
0= (z— )2 (87504 + Lya — Jvtgs;lﬂvta) + (@B + Ly B — %bg (éjtg )>>

which holds true according to assumption (4.13). As a consequence, the function provided in (4.15) is an
optimal solution of (4.17). O

4.2.3. Verification argument. In the following result, the coeflicients K € {b,a,~, A, X} are conveniently
extended to be defined on [0,7] x R” by setting K (t,y) := K(y). We recall M,, and §,, from (4.11) and
(4.12) respectively.

Theorem 4.10. Let o, 3 satisfy the assumptions of Proposition /.9. Let (t,z,y) € [0,T) x R x RP and
recall Y4V in (4.3). Assume furthermore that {B(1, YY) |1: Q — [t,T] is a stopping time} is uniformly
integrable and that o is bounded on [0, T] x RP and satisfies

T
1068186, i) s + sup |G 8 M) (5, V)| S azoy s (420
t se(t,

]EUtTtr[(zsj)(s,ij)]ds} -HE[/tT‘log(det(Sa(s,Y:’y)))‘ds} < o0, (4.21)

for some non-random constant c(4 20y > 0. Then a solution for Problem 4.5 is
. el A1
HETY* (0) = — (X5 — ) (85 M) (s, YY) + \/QSQ 2(s5, Y, se(t,T),ueRP, (4.22)

with HY™Y* (1) == —(x— ) (85 M) (t, y) + \/gsgi (t,y)u, and the corresponding optimal wealth process
XE2Yr = (XDWY*) ) is a unique cadlag (strong) solution to the SDE on [t,T),

. . A o
AXEoVE = (XY - p)dZb + \Esz’y, X = (4.23)

Here ZMY = (Z0Y)seem), MYY = (MLY) e ) are cadlag with ZHY =0, M"Y =0 given by
azey = (T8, (s, YNy,

) S—

1 1 T ~
AMEY = tr[(8a 2 a)(s, YY)AW]] + / (sgz(s,yjy) - ) Y(Y¥)e N} (ds, de, du).
ExRD ¥(e)

opt

The value function is V*(-|w) = v°P*, where v°P* is provided in (4.14).
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Remark 4.11. Formula (4.22) shows that an optimal exploration law has (conditional) Gaussian dis-
tribution with mean —(X"™¥"* —)(8;'M,)(-, Y*¥) and covariance matrix 38;1(-,Y*"¥). One remarks
that the mean linearly depends on the associated optimal state X%¥*,

Proof of Theorem 4.10. Let us fix (t,2,y) € [0,T) x R x RP. For the sake of notational simplicity, in the
presentation below we omit the super-scripts (¢,y) and (¢, z,y) in relevant processes such as Y*¥ in (4.3),
Xteyi iy (4.5), and MY, Z4Y. Since IEU;T tr[(38,1)(s, Ys—)]ds| < oo by (4.21), it implies that M is a
uniformly square integrable martingale with E[max;<s<7 |M;|?] < oo due to Doob’s maximal inequality.
By assumption (4.20), we apply Lemma B.1 to infer that the SDE (4.23) has a unique cadlag solution
X* with

IE{ sup |X:|2] < 00. (4.24)
t<s<T
Step 1. Take H € A(t,y) arbitrarily. For v°P' given in (4.14), one has

T
VH(t,a:,y|zf}) = E[v"pt(T, XQ@,YT) + )\/ /pf(u) logpf(u)duds}.
t JR

Applying It6’s formula (see, e.g., [19, Theorem 2.5]) for v°P* € C12([0, 7] x R**P) and X Y we obtain,
as.,fort<r<T,

vom(r XH v,y — 0Pt x,y)

avopt (s, X7y, )ds + a P (s, XH |V, )Th(Ys_)ds + @ 0P (s, X2 v, )Tb(Y,_)ds
i)

/ 00 (s, X1 Y, )((Ms) a(Y_ )W, + tr[(0)2a(Y, dwT / Dyv™ (s, X1, Yao) (Yo )dW,

/ 0Pt (s, XH Yg_)((usH VTA(Y,_ ) + tr[A(Y,_)0H })ds

1
+Z ((Ms )TA( ).DZ Opt(s’XSI{,}/S_) + itr[ﬂjyvopt(57X£,}/S_)A(}/s_)DdS

]
+f [ ( X 4 H, (“) WYy )e, Yo + v(Ys)e> P (s, X1 1@)} Ny (ds, de, du)
(t,r]x EXRP '(/J(e)

)
+f {v (s, XH 4 H, (“) Y )e Yo + 7<Y5>e) P (s, X V)
(t,r]x EXRD P(e)

-
1;@) Y(Ys—)e — DyvPt(s, XSI{’ Y‘S—)T’Y(Ys—)e} V%(de, du)ds. (4.25)

We let z := 55 and denote by P(s,e, z) the integrand against V%(de,du)ds in (4.25). It follows from

- GIUOPt(s,XSH,YS_)HS<

the explicit form of v°Pt that
P(s,e,2) = a(s, Yo +7(Yi)e) (XL + Hy(2) 'y (Vi )e — 0)* — als, Yo ) (XL — )

+B(s, Ysm +7(Yso)e) = B(s, Vi) — 2a(s, Yo ) (XL — @) Hy(2) (Vi e
— Dya(s, Vo) (XL —d)*y(Yio)e — Dy B(s, Yoo ) (Vi e
= (X — @) [a(s, Yo +1(Ya)e) — als, Yo ) — Dyals, Yo ) Tr(Ya)e
+2(X1 — ) [a(s, Yoo +7(Yeo)e) — als, Yoo ) Ho(2) (Y e

2)e)(Hy(2) 'y (Ys-)e)?

_)e) = B(s,Ys—) = DyB(s, Yoo ) '1(Yso e

Let T&O), T((ll), Tg) and T(ﬁz respectively be (continuous) Y-dominating functions of o and S in the sense
of Definition 4.7. Then, for some constant cp > 0 depending only on D, we get, a.s,

T T
/ / |P(s,e,z)|lff(de,du)ds = / / |P(s,e,u)|lv(de)pp(u)duds
t JExRD t JExRD

+a(s,Yso +v

(Ys
+ B(s, Yoo + (Y5
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T T
< / (XH TR (s, Ya_)ds + 2ep / X" - w|( / |Hs<u>soD<u>du) Iy (Va0 (5, Yo )ds
t t RD

T T
ven [ ||fy<n>||2rg°><s,n>( / |Hs<u>|%p<u>du)ds+ | v
t RP t
< 00,

where we use the cadlag property of XY and assumption (4.1) to deduce the finiteness.
Let Q(s, e, z) denote the integrand against Nﬁ’ in (4.25) and define

R(s.e.2) = [20(s, Yoo (X @) Hy(2) + Dyals, Yir) (X — )2 + D, B(s. Yao)| AV )e

— R(s,2)T(Ye)e
so that
Q(s,e,z) = P(s,e,2) + R(s, e, 2).

Then, there is a constant ¢/, > 0 such that, a.s.,

T T
/ / |R(s,e,z)|2yf(de,du)ds = / / |R(s,e,u)*v(de)pp (u)duds
t JExXRP t JExRP

<o [1evtan)) ] Wil Pentauas
< 00.

On the other hand, by rearranging terms we get a predictable process ¢ and a local martingale U null
at t such that

PP XY — o ) = [ ottas Ul
t
Since v°P! solve the HIB equation (4.17) and any H € A(t,y) is sub-optimal in general, we arrive at, a.s,
P XY~ oty = 3 [t ogp! (w)duds + U, (4.26)
t JrD
To deal with U, we define the localizing sequence (Tn)n>1 as follows
Tn =T Ainf {r e (t,T) :/ (/ (|P(s,e,u)| + |R(s,e,u)|*)v(de)pp(u)du
t EXRDP
+ Dy v (s, X1, Y, ) TA(Yo) Do (s, X1, Y, )
100 (o X Vo) ((uT Al + AV, )62]) Jas 2 n ).

Since the integrand against ds in the definition of 7, is integrable on [t,T] a.s., the integral f;( - )ds
is finite and non-decreasing in r a.s., and hence (7,),>1 is a non-decreasing sequence of stopping times
converging a.s. to T as n — oo. We note that the local martingale U on the right-hand side of (4.26) is
an integrable martingale null at ¢ when stopping at 7,,, and hence, vanishes when taking the expectation.
Therefore,

VPt xz,y) <E |:rU0Pt(Tn, Xfl,YTn) + /\/ / pf(u) logpf(u)du}
t JRP

= 8 a(rm Vo)X 0+ 800 ¥) A [ [l togs!(w)a
t JRD

By assumption, « is continuous and bounded, £ is continuous and {3(7,, Y7, ) }n>1 is uniformly integrable,
and the entropy term is also uniform integrable for H € A(t,y), we exploit (4.6) and use the dominated
convergence theorem with keeping in mind that (7,,),>1 is a.s. eventually constant T to get

T
VP (2,2, ) <E[v°Pt<T,X¥,YT>+A /] pf<u>logpf<u>du} —VH (1,2, yl).
t RD

Since H € A(t,y) is arbitrary, it implies that v°P(¢,z,y) < V* (¢, x,y|w).



18 CHRISTIAN BENDER AND NGUYEN TRAN THUAN

Step 2. As suggested by (4.15), H* provided in (4.22) is a candidate for optimal controls. If H*
is admissible, then we can apply the arguments in Step 1 for H*, where inequality (4.26) becomes an
equality, to obtain

VPt ) = VI (2, yld).

Hence v°P*(t, z,y) = V*(t, z,y|w). It remains to show that H* is admissible by verifying the requirements
in Definition 4.1. Condition (H1) is obvious from the definition of H*. For (H2), one has

« « A
p = (X )5, Ma)(s Ve ) and O = 2515, v,),
Condition (4.1) is straightforward due to the cadlag property of X*,Y and the continuity of M,, §,* on

[0,7] x RP. For (4.2), expanding the square and using [, uep(u)du =0 and [, uu'¢p(u)du = Ip in
the jump part we get

(T AY )t 4 AV T+ [ )T (Ve )ePrde)en udu
ExRP

= (X — @) (M7 AT M) (s, Yoo )+ br{(A87Y) (s, Yoo )

+ (X —w)? (MIS;W/EeeTu(de)'ynglMa) (s,Ys) + ;\tr[<7/EeeTu(de) TS, )(s YS)}
= (X1 — @) O3 158, M) (5, Yo ) + S trl(557) (s, Vel

In addition, using Holder’s inequality yields

t < (f T - aras)( | ' (OCT8, ) (s, Veo )Pl ).

Hence (4.2) is satisfied by using (4.20), (4.21) and (4.24). To verify (H3), we might take pS “(-) to be the
continuous density function of the Gaussian distribution N'(u", ©H") with mean pu!" and covariance
matrix ©F" and then (4.4) follows from (4.21). O

T
(") To(s, Yo )|ds

4.3. Explicit solutions of optimal exploratory SDEs and Lagrange multipliers. As an advantage
of our approach, the optimal exploratory dynamic (4.23) is a linear SDE with jumps which enables us
to find its solutions in a closed-form. As a consequence, we can also explicitly determine the Lagrange
multiplier « using the constraint E[X# "] = 2, where H* is given in (4.22).

We consider Problem 4.3 and assume the assumptions of Theorem 4.10 for (¢,z,y) = (0, o, yo), and
omit super-scripts (0, o) and (0, 2o, yo) in relevant processes.

Proposition 4.12. Under the assumptions of Theorem 4.10, if AZ # 1 on [0,T) then the optimal wealth
process X* = (X)) cpo,r] in (4.23) is given by

X::w+[x0 \/></ . /5 )}5( Z)p, rel0,T] (4.27)

where E(—Z) = (£(—=Z)r)rejo,1) denotes the Doléans-Dade eazponentml3 of —=Z, i.e.

E(-Z)=1, E(-Z),=exp <— Z, — ;/OTd[Z, Z}g) I[ a-Aaz)er?, re(o,1).

0<s<r

Here the quadratic covariation terms are explicitly expressed as follows

d[M7Z]S:/ ! eT['ynglMa(Sgéu)T'y} (s,Ys_)e NY(ds, de, du),
Bxrp Y(e)

4[2, 7]% = (M8 AS 1M ) (5, Yo )ds.
Moreover, if E[E(—Z)r]| # 1 then the Lagrange multiplier w (such that E[X3] = 2) is given by

3See, e.g., [25, Ch.II, Section 8].
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Proof. For Z given in Theorem 4.10, we write
—(X: —w)dZ, = (X;_ —w)d(—Z,).

Since AZ # 1 by assumption, it implies that inf{s € (0,7] : 1 — AZ; = 0} = oo a.s. We then apply [25
Ch.V, Exercise 27] to obtain the explicit representation for X* as in (4.27).
For the Lagrange multiplier @, we first notice that £(—Z2) satisfies the following SDE on [0, T']

*Z)r =1+ /T 5(7Z)s—d(7zs)'
0

Since the conditional quadratic variation* of the integrator —Z7 is
T
(-2.-Z) = [ (V8185 Ma) (5, Yoo s < caanT.
0

it follows from condition (4.20) and Lemma B.1 that £(—Z2) is square integrable. Since X* is also square
integrable by (4.24), letting r = T and taking the expectation both sides of (4.27) we rearrange terms
and use the constraint E[X 5] = 2 to obtain (4.28). O

Remark 4.13. (1) If v is absolutely continuous with respect to the D-dimensional Lebesgue measure
Ap, then AZ # 1 on [0,T)]. Indeed, by letting J; := fg S5 yro eN}f’(d&de,du) so that J admits v
as its Lévy measure we get

E[#{s € (0,T]: AZy = 1}] = E[#{s € (0,T] : (M8 (s, Ysu)AJ, = 1}]
_E{// (VT8 y)(5,YsmJe=1}V v(de)ds

where we combine Fubini’s theorem with the fact that hyperplanes have Lebesgue measure zero to
obtain the last equality. Hence, #{s € (0,T]: AZ; =1} =0 a.s.

(2) If the condition “AZ # 1 on [0,T]” in Proposition 4.12 is not satisfied, then we can still obtain
explicit representations of X* and w. However, as these expressions are rather technical, we refer
the interested readers to Appendix C for more details.

4.4. Tllustrative examples. Let us consider some situations in which assumptions of Proposition 4.9
and Theorem 4.10 are validated. For matrices P,Q € SP we write P<Qor Q = Pif Q — P ¢ SE.

Example 4.14 (Proportional coefficients). Let b,a,~ in Section 3.1 satisfy (), a(#7) (43 € Cp°(RP)
for all i,j = 1,...,D. Assume that there are constants K > 0 and € > 0 such that, for all y € R?,

{A(y) t EID,

(bTS1)(y) = K. (4.29)

For example, if there exist U: RP — SP, with U € C°(RP), 4,5 = 1,...,D, and a constant § > 0
such that U(y) = §Ip for all y € RP and that, for some constant beRP 4,5 e RP*D with b # 0 and
det(a) # 0,

b(y) = U, aly) =Uya, ~(y)="U(y)3,

then condition (4.29) holds true with K = b'(aa™ + ¥ [ eeTv(de)7T)"'b and & = §2%¢, where & > 0 is
sufficiently small such that aa' = &Ip.

Now, under (4.29), Assumption 3.1 is obviously satisfied. Moreover, since X(y) = A(y), it follows from
the ellipticity condition A(y) = eIp that X(y) > elp. Hence, Lemma A.1 gives

1
Y i(y) = =Ip, VyeRP.
&

Consequently, one has sup,cgo X7 (y)]| < oc.
We first find solution « of the PIDEs (4.13) which does not depend on y. For a(t, ) = a(t), we get

Salt,y) = a(t)X(y), Malt,y) = a(t)b(y)

4See, e.g., [25, Chapter I1I, p.124].
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so that (MI81M,)(t,y) = a(t)K. Then the PIDE for a in (4.13) boils down to the following ordinary
differential equation (ODE)

dt)—alt)K =0, tel0,T),
{a(T) =1,
whose solution is given by
at) =e T=DE 40,7
It is easy to check that the assumptions of Proposition 4.9 and Theorem 4.10 are satisfied for «. Next,
plugging this a into the PIDE for § in (4.13) we obtain

7.‘.D
045 t.0) + £ 8(t.9) ~ 5 108 (o .1,

eamzwn>za
BT, ) =0.

We apply [22, Theorem 1] to conclude that the PIDE (4.30) has a unique classical solution 8 € C*2([0, T]x
RP). Moreover, 3 and its partial derivatives d; 43, Dy, Dgy 3 are uniformly bounded on [0, 7] x RP. Then
B also satisfies the assumptions of Pl()posi ion 4.9 and Theorem 4.10. The Feynman—Kac representation
for B (see, e.g., [3, Theorems 3.4 and 3.5])

[/ f(s,YE¥)d } (t,y) € [0,T] x RY,

(4.30)

where f(t,y) == —3 log(#&y») and Y'Y is given in (4.3). The value function is

Vi (tayld) = e” T8 (@ — ) + B(t,y).
The associated exploratory SDE for X* = (X[),¢[o,7] is given by X¢ = x¢ and

dX = — (X' — ) (Kdr + (") (Y, )dW, + (TS 1y)(Y,) / eNY (dr, de, du)>

xRP

UT 1 ~
+\/§e%<TT>K <tr[(z%a)(m_)dwf ] + /E o w(e)(E27)(Yr_)eNf(dr,de,du)), (4.31)

whose explicit expression can be derived either from (C.1) or from (4.27) provided that AZ # 1 on [0, T].

Regarding the Lagrange multiplier 1, due to the condition (b"X71b)(y) = K in (4.29), we can simply
calculate its value by taking the expectation of X* with noting that the martingale terms in the expression
(4.31) of X ¥ are square integrable null at 0, and then using Fubini’s theorem to get

EWﬂ:m—K[@WQﬂWM

E[X ] =W+ (zo —w)e X7, r€[0,T].

which then gives

By the constraint E[X}] = 2, we arrive at
2eBT — x4

T _1°
Example 4.15 (Constant coefficients). Let b, a,v be constants on R” with b # 0 and ¥ € S++7 where
a might be degenerate. In this situation we can find solutions «, 5 of the PIDEs (4.13) which do not
depend on y. Namely, by letting «(t,-) = «(t), 5(t,-) = B(t) and plugging them into (4.13) we obtain a
system of ODEs for a, 8 which possesses the following solutions on [0, T,

Oz(t) — ef(Tft)K7

22D

W =

B(t) = ~(T— 1)

—(T- t)% log <c(1:e\:()ED)>

where K :=b"S71b > 0. It is also easy to check that the assumptions of Proposition 4.9 and Theorem 4.10
are fulfilled for a, 5. Then the value function is explicitly given by

VE(t, x,yl) = VH(t, x|w) = e T 0K (z — )2 — (T — 1)

(MP)

3 K- t)% log (det(Z)

4
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The SDE for the optimal wealth X* and the Lagrange multiplier w are respectively the same as those in
Example 4.14 where one notices here that coefficients b, a,~, ¥ are constant®.
In the following we continue to specialize Example 4.15 to the case of no jumps.

Example 4.16 (Constant coefficients, ¥ = 0 and D = 1). This is the setting considered by Wang and
Zhou [27]. For a > 0, b # 0, letting o := a and p := g we get the value function
A ([ p? A
Vit zli) = e TV (z —w)? — 2 (2T — 12+ (T —t)log | 22
2\ 2 o2
which coincides with that in [27, Theorem 3.1]. The associated SDE for the optimal wealth X* in our
setting is

A p?
AX? = —p?(XF —)ds — p(XF — w)dW, + \/;ez(T_t)dWs, X = o, (4.32)
whose explicit representation is given, according to Proposition 4.12, by
X =w+ [xo —+ \/5/ epWSJrSPQSeé’F(T_S)dWS} e_pW'f_%p%, r € [0,T].
0

We emphasize that the optimal exploratory SDE (4.32) is different from that in [27, Eq. (27)] which is
formulated in our notation as

~ ~ ~ A ~
AX?* = —p2(X* —w)ds + \/ (X =) + S TaW,, Xf = . (4.33)

However, solutions X* of (4.32) and X* of (4.33) have the same (finite-dimensional) distribution because
of the uniqueness in law of (4.33).

5. WEAK CONVERGENCE OF DISCRETE-TIME INTEGRATORS

This section provides the proof of Theorem 3.5. Throughout this part, let ¢p denote a positive constant
depending only on D, and its value might vary in each appearance. To cover necessary test functions for
the proof of Theorem 3.5, we use the following function space.

Definition 5.1. For D = D? + 3D, we let g € C?(RP) if the following conditions hold:

(G1): g € C%(RP) with g(0) = 0 and || D?¢g| s < oo;

(G2): for 1 <dVd < D?+ D, the function 837(1/9 takes value 0 in a neighborhood of 0;
(G3): ¢(a3)y = maxi<q<p21p [|0ag(0p24 D, *)|[ec < 00, Where Op2 p is the vector 0 in RD2+D;
(G4):

G4): ¢(qa) == maxp24 pi1<a<p [|0agllee < 00 and 94g(0) = 0 for any D* + D +1<d < D.

Proposition 5.2. For any t € (0,7T] and g € C?(RP), one has when n — oo that
o

Z E[g(A, i Z2™)| Fn,ica] — (EF — t;ﬂl)/ 9(0, e,u)ulf(de,du) L@, 0, (5.1)
i=1 R2D

where Z™ is given in Section 3.2.5.
Proof. Let us fix t € (0,7]. With a slight abuse of notation, in the sequel we use symbols n, ¢ without

any sub-indices to denote deterministic vectors in R”, while nfi ; and &, ; are random vectors introduced
in Section 3.2.1. Recall that

A’mizn = vec(An7iWn7 AmiMn’ An,iL”’“/’) = VeC(An’iW, 7771;1,1 X AWI/V, Anﬂ'J, w(An,i'])gn,i)~
Step 1. Since g(0) = 0 by (G1) and 949(0) = 0 for D> + D +1 < d < D by (G4), an argument using
Taylor expansion shows
19(0,¢,0)| < ep|D3glloo(llel® + [[u]?), e ueRP. (5.2)
Since l/% is a square integrable Lévy measure, it ensures that [, [g(0, €, u)|1/% (de,du) < oo. Moreover,
for any n, ¢, since
E[|Ani Z7(1P] = E[|An WP + 5 @ An W2 4+ 1A i T |1 + 9 (AniT)? €, 11%)

5If v({e € E: b7~ 1ye = 1}) = 0, then applying the same argument as in Remark 4.13(1) yields AZ # 1 on [0, T], and
hence, (4.27) is usable.
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<<t?—t?1>(D+D2+ / le2v(de) + DDy, / ||e||2u<de>) < 50,
E E

together with the fact that g has at most quadratic growth at infinity as ||D?g||ec < oo by (G1), it implies
that E[|g(A,,:2™)]] < oc.
Step 2. To shorten the notation, for each 7, £ € RP, we define the function Gn.: R2P 5 R by
gne(w,j) = g(w,n@w,j,¥(5)E), w,jeR”.

Then, g, ¢ € C*(R?P). Furthermore, for any d,d’ = 1,..., D, the partial derivatives of g, ¢ are given,
with the convention n(o) :=1and z := (w,n @ w, j,¥(j )5) RD by

D
Dagn.¢(w, j) ZU( 004k09(2), O wgne(w,5) =Y 1V0% 1p 4 ripa(2), (5.3)
k=0 k=0
Op+d9n.e(w,j) = Op24pyag(z) + 0av(j Zf( )0p2ap419(2), (5.4)

k=1

D
3%+d',D+d9n,£(waj) = 6%2+D+d/,D2+D+dg( + 8d' P Zf 8D2+2D+kg(z)
k=1

D D
+ 0a(j Z gk {812)2+D+d/,D2+2D+k9(2) + 0a(j) Z f(l)a%2+2D+l,D2+2D+kg(z) .
k=1 =1

Hence, there exists a constant c(s 5) := ¢(D, | DYoo, [[D?¥||o0, [ D?gll00s ¢(c1)) > 0 such that

’ < 1 2 . )
8% 10b 0 pragnelloo < e (1 +IIEN) (5.5)

We also define the function RY, which represents the remainder term in a Taylor expansion of g, ¢, by
D

RY(w,jin, & €)= gne(w,j+e) = gne(w,j) =Y e Dpiagye(w,j)
d=1

for w, j,1,&, e € RP. Due to condition (G3), Taylor expansion implies for any a € RD2+D, a’ € R?P that
l9(a,a") = g(0,a")| < epleasllall + [ D3glloollal®) < ¢y (llall + [lall?) (5.6)
for some constant c(s g) := c(5.6)(D, H'DQg||oo,c(G3)) > 0. Hence,
|R§(wﬂjvnvfae) - R!{(wa]7oagve)|
< lglw,n@w,j+e,¥(j+e)§) —g(0,j + e, v(j + €)S)|
+lg(w, 0,5 + e, 0 (j + €)§) — 9(0,5 + e, (j + €)¢)]
+lg(w,n @ w, j,¢¥(5)€) — 9(0, 4, ¥ ()E)| + [g9(w, 0, 5,¥(5)§) — 9(0, 4, (5)E)]

D
+) |l HaD2+D+dg(wa n®@w, j,(j)§) = Op24pyag(w, 0, j, w(j)ﬁ))
d=1

D
F10a6 () D €91 |0p2 420 11901 @ W, . B()E) — Ip2rap ag(w, 0,4, 0()E)|

k=1
< 2¢(5.0) (| (w, 7 @ W) | + [[(w,n @ w)|[* + Jw|| + w]|*) + cs.7) el (L + €)1 © w] (5.7)
< e o) (lwll + [wl® + In @ w]| + [In ® w]|*) + ¢ 7 llell (1 + 1€ @ w]),
where c(5.7) 1= ¢(D, || DV]so, | D?gl|se) > 0. Moreover, the Taylor remainder RY can be estimated by
(5.7) 9 1

sup R (w,jin,Ge)l S ep | max N10Drapragnellollell” < e+ 117 e, (5.8)
(w,j)ER2D v=p

where c¢(5.8) '= cpc(s.5)-
Step 8. Forn > 1 and 1 < ¢ < n, since nﬁi is Fp,i—1 V 0{&,,;}-measurable and (A, W, A, ;J) is
independent of F,, ;_1 V 0{&,:}, we get, a.s.,

Elg(An,iZ")|Fn,i-1] = E[E[g(An,M/, 0l @ D iW, A i J, (A i J)ni) [Frie1 V 0{§n,z‘}] ’Fn,i—l}
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= E[Gn.i(n}s &ni) | Fical,
where G, ; is a non-random and measurable function defined as
Gri(0,€) = Elg(AniW,n ® ApiW, A i, (Anid)E)], 1,6 €RP.
Given 1, ¢ € RP, applying It6’s formula for g, ¢ € C?(R?P) yields, a.s.,
(An Won @ An W, A i J,0(An i J)E) = gne(Wip = Win | Jen — Jin )
D i

i 1 i
_ Z i 8dg,7 eWy = Wen oo = Jpp )AW D + Z i O3 argne(Ws = Wyn_ Jo — Jen)ds
=1 -1 d,d'=1" "i—1

+ / ’ / (gn,ﬁ(WS - Wt?fla Js— - Jt?,l + 6) - 9177§(Ws - Wt;’;lv Js— - Jt?fl))j\v](deads)
t JE

&
+ / / R£11<Ws - Wt;ll ) JS— - Jt?,l;ﬁa f, e)u(de)ds. (59)
th | JE

For d = 1,...,D, we derive from (5.3) that (w,j) + Ougn.e(w, ) has at most linear growth at infin-
ity which hence implies that the stochastic integrals with respect to the Brownian motions are square
integrable martingales. Moreover, for any w, 7,7’ € RP, due to (5.4) and (G4) one has

\9n.&(w; 5) = gn.e(w, 7)< ep max [|8agy.e(w,-)lloolli = 7'l < epeGay(+ [1DY o €D = Il

Then, due to the assumption [, [[e]|*v(de) < oo, the stochastic integral with respect to the compensated

Poisson random measure N in (5.9) is also a square integrable martingale which then vanishes after taking
the expectation. Hence,

Gn,i (77’ €) - G'rVL[,/z (nv f) + Gg,i(nv E)v

where the integrability condition is satisfied so that Fubini’s theorem enables us to define

Gfﬂ(n,ﬁ) =5 Z / add’gn e(Ws — Wip o Js— = Jin. J}dsv
dd’ 178

Gl (1,€) ::/7' /E{R‘{(WS—Wt?_l,JS,—Jt;L_l;n,g;e)}u(de)ds.
th  JE

Since tgn T t, to derive (5.1) it suffices to prove that the following three convergences hold:

G(J 10) = ZE |G nn z?gn Z)” 0, (510)
=1
(5.11) = Z]E |Gy (s €ni) = G i(0,60)[] = 0, (5.11)

)u)—ZEH 060~ @ —t0) [ g0.evfeudepotd

} 0. (5.12)

Step 4. We show G{; ) — 0. For 1 < d,d" < D, by (5.3) one has
i (1 E)

1 Z Z )y ® / E (03 kp.ar g (We = W n @ (Wy = Wap ), Joe = i (s = Jip )6)]ds.
d,d'=1k,l1=0

Let (W,.J) be an independent copy of (W, .J) with the corresponding expectation E. Applying Fubini’s
theorem we get

D

” 1
S S o

H.(0), B (0
( M, W \/ ’5d+w a9 Ws = Wizl @ (We = Wi ),
did'=1k,1=0 i=1
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js— - jt?flaw(js— - jt?,l)gn,i)

Jo

D D t oy
1 H,(k l
5 Z Z /0 . lzl |nn,i( )nn l( )|‘ad+kD d/+ng(W th 1’ 77” i (W Wt" 1)’

Jo— — Jt?713¢(JS* - Jt" )En Z)

Lign 4 n](s)] ds

D D :
> Z/O]E[ (ns(t;S)}dS- (5.13)

d,d'=1k,1=0
In order to derive (5.10), we prove for any 1 < d,d’ < D, 0 < k,l < D that

t
/0 E[G&'lg)(t; s)} ds =0 asn— oo.
By the dominated convergence theorem, it is sufficient to show that

t
lim E[G; 5)(t;s)] =0 forallse (0,¢), and / sup E[G(; 15)(t; s)]ds < oo, (5.14)
0

n—00 n>1

Indeed, for each fixed s € (0,¢) one has

o Wy =W ) 2850 and w(Je — S e 22550

when n — oo because of the independence, ' ; — s, and

Ellnas @ (We = Wer_ )] = Elllng PV E[Ws = W, |IP] = D*(s = £}"1),

E[l¢(Js— = Jip_ en,ill*] < DIDPIZE[Ts— — Tz 7] = (5 —t?_l)DHDl/JHio/E el *v(de).
Since 8§+kD7d/+ng is continuous and is equal to 0 in a neighborhood of 0 by (G2), we get

Gl (ts) B0 asn— o,

where the convergence in probability can be asserted by showing that any subsequence has a further
subsequence converging a.s. to 0. Moreover, since g has bounded second-order partial derivatives by
(G1) and {||n,|>}1<i<n.n>1 is uniformly integrable by Assumption 3.3, it implies that {Gl5 15t 8) fn>1
is also unlformly integrable. Hence, the dominated convergence theorem is applicable to obtain the first
assertion in (5.14). The integrability condition in (5.14) is easily verified by noticing that

n (k) H,(1
S EGT, 13 (t:5)] < D%l _sup Bl O
) 1 o k (u
< SID%lle _sup  Ellgyi PP + P = D%
1<i<n,n>

Hence, (5.10) is proved.
Step 5. We prove G 511y = 0. By the independence and Fubini’s theorem we obtain

G = [ [ |2

W th 10 o — Jt?_l;nrl;{ia fn,i; e)

—R{(Ws = Win Joo = Jim 50,604 e)lﬂ(tiﬂl,t?](s)} dsv(de)

/ / \(t: 51 e)}dsu(de). (5.15)

By dominated convergence, it suffices to show that
V(s,e) € (0,t) x E lim IE[G?S‘B) (t;s;€)] =0, (5.16)

and / /0 sup E[G(; 15)(t; s;€)]dsv(de) < oo. (5.17)

n>1
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Indeed, for each (s,e) € (0,t) x E, using (5.7) yields

t
Gy (t51€) < 3 ey (IWs = W 14+ W = Wag 12 + Infls @ (W = W )|
i=1

0t @ (W = War )I2) + e llell(1+ naDlins @ (W = Wap )] T, 1 (5)-

Then, by Hoélder’s inequality we get

E[GE 15 (i s5e)] <) {40(5.@ (\/5, Js =1 | +D(s—t' )+ D\/s—t& | + D*(s— t?_l))
=1

+ e lelly BT+ Nenall[2] /Bl © (W, = W )12 | 1, 1 (5)

111

—0 asn— oo,
which then verifies (5.16). To show (5.17), we use the estimate (5.8) to get
SUPE|G(s. 15 (8 530)] < 205.5) _ sup  E[(1+ [1€n,ilI*)lel®] = 2¢(5.8) (D + 1) le]|*.

n>1,1<i<n
Since [, |le]|*v(de) < oo by assumption, (5.17) follows.
Step 6. We show G” )~ 0. By the independence and Fubini’s theorem one has

Toaz <Z -, / HRQW W e = J 30.6050) = [ 000, ecv@ulep (| s

S

/]R i / / G( 1 (tisie u)]dsy(de)goD( )du. (5.18)

For any (s,e,u) € (0,t] x E x RP| since the first two arguments in RY converge to 0 a.s. as n — 0o, we
obtain that G?{).]S)(t; s;e,u) — 0 a.s. Moreover, one has

Rg W Wt" 10 Js— - Jt?;l;oau; 6) - Q(O»Baﬂ}(e)u)

Lign (5)] dsv(de)pp(u)du

B[ sup G, tseoo)l] <Bsup (RO, = Wer T = gy 0,60 + 900,606

n>1,1<i<n

< ¢y (1 [[ull®)llell* + 19(0, e, v(e)u)].-

Since, by (5.2),

L (@ 1aPlel® + 1900, e, e Joide)en(udu < o
RP JE

the dominated convergence theorem implies that G?s‘ 12) = 0 asn — oo. ]

We first deal with the jump part of the limit of (£™),>1. To do this, we recall from [15, p.395] the
function space Co(RP), which consists of all continuous bounded functions g: RP — R with 0 ¢ supp(g).

Lemma 5.3. The assertion (5.1) holds true for g € Co(RP). Consequently, for any t € (0,T] one has
when n — oo that

S Elg(AniZ") | Frioa] =t / (0, e, u)v¥ (de, du).
i—1 R2D

Proof. Let g € Co(RP) and assume that supp(g) N Bp(ry) = 0 for some r, > 0. Let € > 0 be arbitrarily
small and K > r, a sufficiently large constant which is specified later. Since g is continuous and bounded,
there is a continuous function g. x with compact support such that ||g: xllco < ||gllcc and g- xk = g on
Bp(K). Moreover, by convolution approximation, there is a function g. € Co(RP)NC2(RP) such that
supp(9e,k — Ge,x) N Bap(rg/2) = 0 and ||ge,k — e K ||oc < €. For t € (0,T], we denote
oi
B0y = D [BI0(80i 2 Fasa] = 67~ 1) [ a0, (desdu) (5.19)

=1
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and then get by the triangle inequality that

9—Ge, ge, K —Je, Je K
Il 10y S 500y 1505y 5% + 150y

Since g i € Co(RP) N C2(RP) c C%(RP), according to Proposition 5.2 one has

ge.x Ln(P)
I ff)) —=0.
For the stochastic term in I (g lg(j)K we have, a.s.,
ZE 9= 9e.5)(Ani 2" | Fni-1] < llg — ge, K||OOZ]E Lgja, . zr >k} 1 Fnio1]
=1 i=1

2[[gl o0
< T D Bl A2 P Fa ]

i=1
2]lgllo <
= ST S E[IAn W IR + 0 @ AuaW I + 1A i 2 + (A i) il | Fica
i=1
< Z (t7 =7 1)(D + D?) + (1 + DDy 2) (17 — 17 1) || [v(de)
2T 9| so
- LQH{D+D2+(1+D||D1/)||§O)/ ||e||21/(de)}
For the stochastic term in I{qs ]I;) Ge.x¢ , we use the same arguments as for Ig gE)K to obtain, a.s.,

A

t n
> B9 — o) (BniZ") | Frica] S Nlgek — Geiclloe D E[Lgja, 20 )zry 2} 1 Frizi]
! =1

4T
< Lo s Divui) [ et
g
Then, by the triangle inequality,
9—9ge, K QTHQHOO 2 2 2 p
I10)" < —= [P+ D"+ 1+ DIDY[Z,) [ llell*v(de)| + 2T g o vy (de, du)
K E ¢ (K)

which can be made arbitrarily small as long as we choose a sufficiently large K > 0. Analogously,

4
If’jf@ﬂ“‘@{r <D+D2 + (1 + D||Dy|%) /||e|\2 de)>+T/ u;”(de,du)].
g (rg/2)

Li(P)

Eventually, since € > 0 is arbitrarily small, it implies that I?. — 0. |

(5.19)

We continue to investigate the continuous and the drift components of the limit of (Z™),>1. To this
end, let us fix a truncation function h: RP — RP in the sense of [15, Ch.II, Definition 2.3], i.e. h is
bounded and h(z) = z in a neighborhood of 0. As we will see later that the limit of (Z”)n>1 does not
depend on the particular form of truncation function, we assume that h = (h(®)2_ with A9 € CZ(RP).

Lemma 5.4. For any t € (0,T], one has when n — oo that

sup Ll—m)> 0,

s<t

Z]E (A i Z™)|Frniz1] — Bs

where B := B(h) given by
B, = t/ (h(0,e,u) — (07e,u)T)1/g(de,du).
R2D

Proof. Let t € (0,T). Tt is sufficient to prove that for any d =1,...,D one has

19 STERD (A 2| Fpioa] - sBY
=1

_ L, (P)
(5.20) _S:ip ’

0, (5.20)
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Define h(D(z) := D (2) 2@ for z = (V... 2(P)) € RP. Tt follows from the fact E[A,, ;Z2"|Fyi_1] =0
a.s. that

ER D (A, ZM) Fric1] = E[AD (A i 2| Frio1]  aus. (5.21)

Hence we now prove (5.20) for h(D in place of h(?. We remark that there is no problem regarding P-null
sets for that replacement as only countably many random variables are considered in (5.20). On the other
hand, since A¥ € CZ(RP) and h(?(z) = 2(? in a neighborhood of 0, it is straightforward to check that
h(@ e C2(RP). By the triangle inequality, a.s.,

I, < sup S ERD (A i 2| Fpia] — o B +sup tn, B — sB{"
ERN i—1 ERN
- 7 n n n d n n d
<> [ERO @0z Faioa] = (6 = 620 B + max 17 - 6)|B).
i=1 -

According to Proposition 5.2, the first term on the right-hand side converges to 0 in L (P). The second

term maxy<;<n (] — t?_1)|B§d)| obviously tends to 0 as n — co. Hence, (5.20) follows. O

We now investigate the continuous part of the limit of (£™),>1. For ¢ € (0,7, we define the matrices
C,= (Ct(k’l)) € RP x RP and its modification C; = (Ct(k’l)) € RP x RP by

t if1<k=1<D?>+D
o e (5.22)
0 otherwise,
and
(k1 k.l
Gl s 0t [ (WOO) (0., (e, )
Lemma 5.5. For anyt € (0,7] and 1 < k,I <D, one has when n — oo that
Tios) = S ER® (i 2| Fri | BB (A i 27| Fria] s 0, (5.23)
i=1
o
1(5.24) = Z]E[(h(k)h(l))(An,iZn)|-7:n,¢—1] L1_@P’)> Ct(kylx (5.24)
i=1

Proof. Let us fix t € (0,T] and 1 < k,I <D. We first prove that I(5 o3 Ll—m)> 0 as n — oo. In the sequel

we employ the notation as in the proof of Lemma 5.4. According to (5.21) one has, a.s.,

n

I5.03) = Z]EVL(’“)(AMZ") -t = ty;l)ng)‘]:n,ifl]E[h(l)(Amizn)‘fn,ifl]

=1
+ B Y — e B[RO (A2 — (1 — ) BO|Fica ] + BPBY Y — )2
=1 i=1

Then, a.s.,

: T n n n k
29| < 10D o0 D [B[RO (A0 2") = (8 = ) B | Foaa |
i=1
oy
(k) n _4n 7 () LZnY _ (4n _ 4n @
1B max (1 t“)g\ﬂz[h (AniZ") = (t — 1)) B}

fn,ifl:H
(k) (1) n_ 4n
+tBy" By |1I£Z?1§Xn(ti ti 1)

Since maxy<;<n(tf — ¢ ;) — 0, applying Proposition 5.2 yields (5.23).

%



28 CHRISTIAN BENDER AND NGUYEN TRAN THUAN

We next show that I(5 4) Ll—P)> C(kl

RP by setting

k)7 (1 k.l : 2
gFD(2) = 20 and hD(5) = (h(k)h(l>)(2) —q®D(z) if1< kvi<D?+D
(R RD)(2) otherwise.

Define the functions ¢*) and (D for z = (2(M,...,2(P)) e

We now verify that A(%1) € C2(RP) for any k,l=1,...,D:

o WD obviously satisfies (G1).

o Let 1 <dvd < D?+D. If kvl < D?4 D, then h*) and thus 837,1,]3(1“’”, are 0 in a neighborhood
of 0. If kVI > D*4+ D+1, then 83 gD = =93 4 (™ h(l)—q(’“’l)), which also shows that ag’d,iL(k’D
is 0 around 0. Hence, (G2) is satisfied.

e Ford=1,... D2+D and for any j € R?P, one has

. Aa(h®R1)(0,7) — daq®D(0,7) f1<kVI<D?>+D _
dah®D (0, 5) = ’ ’ = 9a(h®hW)(0, 7).
¢ 0.5) = a(h™n1)(0, 7) otherwise al )(0.)

Hence, max;<q<p24p [[02hFD(0p21p, )| < [|D(RFRD)|o < oo, which verifies (G3).

e Ford=D2+4+D+1,...,D, since dgq*D = 0if kI < D2+ D we infer that dghD = §5(hF) p 1)
and 9zh*V(0) = (D (0)9,h%) (0) + R*)(0)94hM (0) = 0. Thus, (G4) is satisfied.
Applying Proposition 5.2 and noticing that, for any 1 < k,1 < D,

/ R0, e, upvy (de, du) = / (AP RD)(0, e, u)v (de, du)
R2D R2D

we obtain
N BRSO (A 27| Frima] — (87— 12,) / (R®PRO)(0, e, uv) (de, du)| =T 0. (5.25)
i=1 R2D

On the other hand, for 1 < kV I < D? + D, a direct calculation exploiting the independence and (3.1)
gives the following convergence as n — 0o, particularly in Ly (P),

oy

Z E q(k l A Z |fn 11— 1 Z E An Zzn An,izn’(l)|fn,i71]
i=1
th, f1<k=1<D*+D
= It ! - . - + — tcfk)l)
0 otherwise
Therefore, (5.24) follows from (5.25), and the proof is completed. O

Proof of Theorem 3.5. We combine [15, Ch.VIII, Theorem 2.29] with Lemmas 5.3 to 5.5 to obtain
that

Z"™ — Z in distribution,

where Z is a semimartingale with the predictable characteristic® (B, C, mz) associated with the truncation
function A, where

Zy=0as Zy =0 for all n;

h is taken as in the paragraph right before Lemma 5.4;

B is provided in Lemma 5.4;

C is defined in (5.22);

mz(dt, dz) = vz(dz)dt, where vz is a Lévy measure on RY := RP\ {0} with support on {0} xR2P
ie. I/Z(RD +D  R2P) = 0, and such that vz ({0} x B) = v} (B) for B € B(R2P).

However, (W, W) and LY are independent due to Lemma D.2. Then a standard calculation using Lévy—
Khintchine formula shows that vec(W, W, L¥) = vec(W,W,0) + vec(0,0,L¥) is a Lévy process with

characteristic triplet (B, C,mz) with respect to the truncation function h. Hence, we derive from [15,
Ch.VIIIL, Theorem 2.29] that Z" — vec(W, W, L¥) in distribution. O

6in the sense of [15, Ch.II, Definition 2.6].
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APPENDIX A. SOME FACTS FOR POSITIVE SEMIDEFINITE MATRICES
For matrices A, B € SP we write A< Bif B— A€ Sf.
Lemma A.1 ([11], Sec.82, Exercises 12 and 13).
(1) For A, B € S with A < B one has det(A) < det(B).
(2) Let A,B € S?, with A=< B. Then B~' < A~ and tr[AC] < tr[BC] for any C € S
APPENDIX B. INTEGRABILITY FOR SOLUTIONS OF SDES WITH JUMPS

Although the following fact can be easily extended to a multidimensional setting, however, we formulate
it in the one-dimensional case for the sake of simplicity.

Lemma B.1. Let § = (&)iep0,) be cadlag and adapted with ||§||‘2§2([07T]) = Elsupg<;<p &] < 00. Assume
that dZy = ¢ydt + dK;, where K = (Ky)iepo,1) s a cadlag Ly(P)-martingale satisfying d (K, K), = ndt,

where n and ¢ are progressively measurable with supy ;7 n? + fOT ¢?dt < C a.s. for some (non-random,)
constant C' > 0. Then, for a Lipschitz function o: R — R, the SDE

t
Y=+ [ o(X)dZe Xo=& =z e R (B.1)
0

has a unique cadlag strong solution X = (Xi)iepo,r satisfying Elsupyc,cr X7] < C' < oo for some
constant C" = C"(||¢]|s,(0,17), T, 0, C) > 0.

Proof. Due to [25, Ch.V, Sec.3, Theorem 7], the SDE (B.1) has a unique cadlag and adapted solution X.
For n > 1 we define 7, := inf{t > 0: |X;| > n} AT. Then 7, is a stopping time with |X,)—| < n for
t € [0,T]. Tt is known that, see, e.g., [25, Ch.II, Sec.5, Theorem 12], a.s.,

tATh t t
Xt/\‘r" = gt/\‘rn + / U(Xuf)dZu = Et/\ﬂ'n + / ]]-(O,Tn](u)o-(Xu*)dKu + / ]]-(O,Tn](u)o-(Xu*)gﬁudu
0 0 0

]

so that the triangle inequality, It0’s isometry, and Holder’s inequality yield
t

1 t t
S < B+ E| [ 1n o0t P + B H [ L@, )sudu
3 0 0

t
< |€lZ, qo.m + C]E[/O l(o,rn](u)U(Xu)QdU]
t
< €12, 0.1y + 2CT o (0)° + 2C|aiipE[ / nm,m](u)deu}

¢
=a+ BE[/ Il(O,Tn](u)XZ_du}
0

2 2
u- SN

for v := ||§||§2([0’T])+20T0(0)2, B :=2C|ol3;,, and |o|Lip = sup,., % Since 1(g,-,j(u) X
for w € [0, 77, it implies that

E[X7\, ] <3a+3p8Tn% Vte[0,T].
Moreover, as X has cadlag paths, we get for all ¢ € [0, T] that
1 t t t
gE[Xan] <a+ BE[/ n(oyfn](u)ngu} <a+ ,B]E[/ XﬁATndu} =a+ ﬂ/ E[X],, ]du.
0 0 0

Applying Gronwall’s lemma yields E[X?,, ] < 3ae3 T for all ¢t € [0,T], n > 1. Since (7,,)n>1 is eventually
constant T a.s., sending n — oo and using Fatou’s lemma we obtain

E[X?] < liminf E[X?2,, ] < 3ac®T, vt e [0,T].
n—oo "

As a consequence, fo 0(X;—)dK is an Ly(P)-martingale. Therefore, applying Doob’s maximal inequality
for the martingale part we get

T T T
IE‘,[ sup Xf} < lI€ll%, (o,ry) +4E[/ U(Xt_)znfdt] +IEU U(Xt_)th/ ¢fdt} < o0,
0<t<T 0 0 0

which completes the proof. (I
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APPENDIX C. EXPLICIT EXPRESSION FOR THE OPTIMAL WEALTH AND LAGRANGE MULTIPLIER

We give in this part a closed-form representation of the optimal wealth X* and the respective Lagrange
multiplier @ when the condition “AZ # 1 on [0,7]” in Proposition 4.12 fails to hold.
Let us impose the assumptions of Theorem 4.10. For Z given in Theorem 4.10, we write

—(Xi- —w)dZ, = (X;_ —w)d(=Z;)
and follow [25, Ch.V, Exercise 27] to define the sequence of stopping times {7, },>1 by setting
70:=0, Tpi=inf{r,_1<s<T:1-AZ;=0}, n>1.
Notice that 7, is non-decreasing and tends to oo a.s. as n — co. Then the solution X* of (4.23) is
X;=i+ Y X" coepy(r), T e[0T, (C.1)

n=1

where we conventionally set [0o0,00) := . In (C.1), X*"~ 1 = (X" 1), cpo 1) is given by

. ) A ToAM, 7 d[M,Z)\].
)(’r»7 ! = ('/'UO - w)]]'{nzl} + \/;(AMTnl +/ Un—sl + [[]71—1]s>:| UT' 1]]'[7—'rbflvT'rL)ﬂ[07T] (T)

n—1 5— Tn—1

The process U1 = (Un_l)re[O,T] is defined by

T
1 ifr<rm,_1

Urt.={¢ _z.4z, L[ 422 )
r e o172k, A2 [I (1-AZ)er% ifr>1,
Tno1<s<rT

=&8(=Z2+ 2™,

where E(—Z + Z71) = (E(=Z + Z™1);)refo,1) denotes the Doléans-Dade exponential of —Z + Z7™»-1,
see [25, Ch.II, Section 8], and where Z7~1 is the process Z stopped at 7,,_1, i.e. Z;""" := Zipr,_,-
We now calculate the Lagrange multiplier @ using the constraint E[X}] = 2. One first has

dE(—Z +Z™ )y =E(—Z+Z™ g d(—Zs+ ZI""), E(—Z+ZT 1) =1,

and the conditional quadratic variation” of —Z 4+ Z™-1, which is computed by
(—Z+ 2™, —Z+ 2™ = </ Lr,_, () (M8 (s, Y- )dY, / Lir, ) (8) (M85 (s, Ys>dY8>
0 0
:/ Loy (5) TSI S8 M) (s, Yoo )dls,
0

has uniformly bounded integrand over (n,s) € Nx (0,T) a.s. by (4.20). Then applying Lemma B.1 yields
sup,,>1 E[|JUF ™' [?] = sup,,», E[|E(—Z + Z™1)7[*] < co. In particular, for n =1 we can define
d(c_g) = ]E[g(_Z)T]l[O,n)ﬁ[O,T] (T)] = ]E[g(_Z)T]l{Tl:oo}] c R. (C?)

Moreover, using Lemma B.1 again we assert that X* is a square integrable process which together with
(C.1) and (C.2) then imply that

oo T T
aM, a[M, Z),\ , .,
dic.s) = E[Z (AMTM +/ 1t [Un1]>UT Ly rio ) (T) (C.3)
n=1 Tn—1 5— Tn—1 55—

finitely exists. Now we let » = T" and take the expectation both sides of (C.1) to get

N R . A
2=+ dc.o)(ro — W)+ \/gd(clzs),

If d(c.2) # 1, then the Lagrange multiplier w is calculated by

Z— \ﬂd c.3) — d(c.2)To
2 %(C.3) (C.2) . (C.4)
1 —dc.o

W =

See, e.g., [25, Chapter 111, p.124].
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APPENDIX D. SOME AUXILIARY RESULTS FOR LEVY PROCESSES

All Lévy processes below are considered with the canonical truncation function h(r) = r1{z<1}-

Lemma D.1. L is a D-dimensional Lévy process if and only if u' L is a 1-dimensional Lévy process for all
u € RP. Moreover, L has characteristic (b, A,v) if and only if u' L has characteristic (by,u" Au,vo{y

uTy} 1) where by, == uTb — f'u,Ty;ﬁO uTy(Lgyyp<iy — Lijury<iy)v(dy) for allu € RP.

Proof. Tt is obvious that L has cadlag paths a.s. if and only if "L has cadlag paths a.s. for all u € RP.
We now verify the equivalence regarding distributional properties. Let FF := o{L, : s < t}. Assume
that L is a D-dimensional Lévy process with characteristic (b, A,v). Then it follows from [18, Theorem
3.1] that, for any s <t and z € R, a.s.,

E[eimuT(L,,—Ls) “FSL] — e—(t—s)r;(acu)-

By a change of variables we have

2 TA .
ko(z) := Kk(zu) = —izu'b + ruau / (e””“Ty -1- iquy]l{HyH<1})1/(dy)
2 y#0 -
2 TA .
= —izu'b+ rusu / (elquy -1- il‘uTy]l{HyH<1})U(dy)
2 uTy#£0 -

- iz (uTb - / uTy(Lgy<1y — ]1{|uTys1})V(dy))
uTy#£0

22u' Au

5 — / (eim —1- i;EZ]].{|Z|§1})V of{y— uTy}fl(dz).
£0

Hence, applying [18, Theorem 3.1] once more shows that u" L is a Lévy process with the characteristic
exponent k,. The converse implication is straightforward by choosing = = 1. O

Lemma D.2. Let D,D’ € N. Assume that W is a D-dimensional Gaussian Lévy process and L is a
D’ -dimensional purely non-Gaussian Lévy process, both defined on the same probability space. Then W
and L are independent.

Proof. Step 1. We prove that, for any u € R”, v € RD/7 two processes u' W and v' L are independent.
Indeed, it is obvious that u"W is a Gaussian Lévy process, and v L is a purely non-Gaussian Lévy process
due to Lemma D.1. Denote by [X,Y] the quadratic covariation of two cadlag real semimartingales X, Y
(see, e.g., [25, p.66] or [14, Definition 8.2]). By the bilinearity of quadratic covariation, we get

D D
[W"W,vTL] = {Zu(d)W(d) Z @) >] =3 u @@, ),

d’'=1 d=1d'=1

Since W@ is continuous and L) is purely non-Gaussian, both are Lévy processes null at 0, it implies that
(W), L(d/)] = 0. Hence, [u"W,vTL] = 0. We then apply [14, Theorem 11.43] to get the independence of
u'W and v"L as desired.

Step 2. By choosing a common refinement of partitions, it suffices to prove that (Wy,,..., Wy, —W; _))
is independent of (Ly,,..., Ly, — Ly, ,) forall 0 =ty < t; < -+ < t,, n € N. Let {uy}?_, C R? and
{vp}p_, € RP" arbitrarily. One has

ison T cn T
I(D4l) = ]E[elz:k=1 wg (W =Wy )220 1’k(Ltk—Ltk,1)}

E[ei S S W W) i, SR e ) oy, ﬁ)]_ (D.1)
Ford=1,...,D,d =1,...,D" and k =1,...,n we define, for ¢t € [0,1],
ir(dk) _ pr7(d) (d) (d'k) . _ 7 (d) ()
Wt T W(tk_tk—l)t+tk—l - Wtkfl and L L(tk —tg—1)t+tp—1 Ltkfl’

and set W, := (Wt(d’k))lgdSD,lngn e RPxn [, .= (ﬁid ’k))lgdlgD/JSkSn € RP'Xn_ We now show that
L = (Lt)iepo,1] is an RP *"_yalued purely non-Gaussian Lévy process. For any v € RP"*" and t € [0, 1],
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one has
n D n D
o[ E] = 30 3 o @R 230§ U(d’,k)(Lgf]:)_tkfl)mkfl )
k=1d'=1 k=1d'=1
For each k = 1,...,n, since [0,1] > ¢+ L, ¢, yt4t,_, — Lt,_, is a D’-dimensional purely non-Gaussian
Lévy process, it follows from Lemma D.1 that [0,1] > ¢ — 25;1 p(d' k) (LE?I;)_tk—l)t"rtkfl _ L%Z:)I) is also

a purely non-Gaussian Lévy process. Since L has independent increments, we infer that (tr[vTIV/t])te[oJ]
is again a purely non-Gaussian Lévy process. Analogously, (Wt)te[o,1] is an RP*"_valued Gaussian Lévy
process without drift. By vectorization and applying Step 1 we get that (tr[uTWt])te[O,l] is independent
of (tr[vTEt])te[m] for any u € RP*" and v € RP"*", Therefore, choosing particularly ¢ = 1 yields

I, = E|e Zie S8 uL”(Wé,?—Wé,j’l)] E [eiz;;l IR R )

which implies the desired conclusion. O
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