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Exercise 6 Properties of the gamma matrices

The Dirac-Hamiltonian operator is given by

Ĥ = cα · p+ αtmc
2, (1)

with αµ = (αx, αy, αz, αt). It holds that α†µ = αµ, Tr[αµ] = 0 as well as {αµ, αν} = 2δµν ,
with the anticommutator defined as {A,B} = AB + BA. Beside, the Dirac Equation in the
van-der-Waerden-Form is given by(

γµ∂
µ +

mc

~

)
ψ(r, t) = 0, (2)

where the γ-matrices are defined as γj = −iαtαj for j = 1, 2, 3 and γ4 = αt. Show the following
properties, without explicitly writing the gamma matrices:

a) the anticommutators {γµ, γν} = 2δµν hold,

(1 point)

b) the γµ are hermitian,

(1 point)

c) the trace of the γµ vanishes.

(1 point)

Exercise 7 Non-relativistic limit of the Dirac equation

Let us consider a fermion described by the spinor ψ(r, t). The behaviour of the spinor is
governed by the Dirac equation[

i~γµ(∂µ + i
e

~
Aµ)−mc

]
ψ(r, t) = 0, (3)

where the matrices γµ take the form

γ0 =

(
I2 0
0 −I2

)
, γk =

(
0 σk
−σk 0

)
.

a) Assuming that Aµ is time-independent, the spinor has the form ψ = e−iEt/~ψ0(x). Show
that the behaviour of the spinor is described by two coupled equations

[σ · (p− eA)] v =
1

c
(E − eφ−mc2)u, (4a)

− [σ · (p− eA)] u = −1

c
(E − eφ+mc2)v, (4b)



where ψ =

(
u
v

)
. (2 points)

b) Show that in the non-relativistic case, namely in the limit where E = ENR + mc2 with
mc2 being the largest energy scale (mc2 � ENR and mc2 � eφ), the Dirac equation is
approximated by the Schrödinger-Pauli equation

ENRu '
[

1

2m
(σ · (p− eA))2 + eφ

]
u. (5)

(2 points)

c) Using the relation (σ · a)(σ · b) = a · b + iσ · (a × b), show that the Schrödinger-Pauli
equation takes the form

ENRu '
[

1

2m
(p− eA)2 − e~

2m
σ ·B + eφ

]
u. (6)

Hint: You may use that ∇× (uA) = u(∇×A) + (∇u)×A. (1 point)


