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Exercise 4  Minimal coupling to the electromagnetic field

Let us consider a particle of mass m and electric charge ¢ coupled to an electromagnetic field
(E, B) via the Lorentz force

F:q(E+3><B), (1)
c
with v = @ being the velocity of the particle at time ().

10A
a) With help of the relations E = —V¢ — _aa_t and B = V x A, show that the Lorentz

force can be written in terms of a potentical U, such that
d [oU oU
F,=— — . 2
Determine U.

Hint: One shall use that v x (V x A) =V (v x A) — (v-V)A.

(2 points)
b) Determine the form of the Lagrangian L of the partical.
(1 point)

c¢) Derive then the form of the Hamiltonian H describing a charged particle coupled to an
electromagnetic field. (2 points)

Exercise 5  Non-relativistic limit of the Klein-Gordon equation

Let us consider a scalar boson described by the wave function ¢(r,t). The behaviour of the
wave function is governed by the Klein-Gordon equation

m2c?

<auaﬂ+ = )qf)(r,t):O, (3

~—

where 0,0" = n*0,0, stands for the d’Alembert operator.

a) Assuming that the wave function has the form ¢(r,t) = e #/"¢y(x), show that the
behaviour of the spinor is described by the equation

E*¢(r,t) = (—h*V? + mPc?) ¢(r,t). (4)

(1 point)



b) Show that in the non-relativistic case, namely in the limit where F = Eyg + mc® with
mc? > Eyr, the Klein-Gordon equation is approximated by the Schrodinger equation of

a free particle

Enro(r,t) ~ %V%(r,t). (5)

(1 point)



