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Exercise 1 Around the Dirac equation (11 points)

Let us consider a fermion contained in a volume {2 whose wave function at time ¢t = 0 1is
described by the spinor field

b(r,0) = % epri 1)
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with the wavevector p = pses.

a) Show that the wave function ¢ (7,0) is normalized and that it is an eigenfunction of
the momentum operator p = —thV. Show that it is not, however, an eigenstate of the
Hamiltonian operator H = & - pc + fmc?.

(2 points)

b) Write the wave function ¥ (r,0) as a linear combination of the eigenfunctions of the
Hamiltonian v (p) exp(ip - r/h) (see Formulas):

Vi) = 75 S enpn )

and determine the explicit form of the coefficients ¢;. Determine the wavefunction at time
t > 0 and give the explicit form of the energy F, as a function of the momentum p.

(3 points)

¢) Determine the probability that the fermion has positive energy at time ¢.
(1 point)
d) Determine the probability at time ¢ that the spin of the fermion is oriented in the up-
direction along the z-axis.
(1 point)
¢) Apply the operator S = cosh(y/2)14 — sinh(x/2)&? that brings ¢ (r,¢) to the reference
frame at rest via a Lorentz boost with rapidity x such that tanhx = [, where here
S = pc/E,. Determine the form of ¢/ (v, ') = Sy (r,t).
Hint: Start by applying the transformation S to ¥(r,0).
(2 points)



f) Verify that the state ¢/(v',¢') is normalized. What is the volume €’ occupied by the
fermion in the new reference frame?

(2 points)

Exercise 2 The Bremsstrahlung (10 points)

Let us consider a single electron of mass m and charge ¢ = —e interacting with the electromag-
netic field described by A* = (0, A) (where A is in the Coulomb gauge). The minimal-coupling
Hamiltonian of the joint light-matter system reads

A~
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The quantized vector potential takes the form

R hc? . ‘
A(r7t) = Z QWiV [&)\ez(kx-wfth)e)\ + d:r\efz(erfw)\t)e;] ’ (4)
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where [CAL)\, CAL;/] = (5>\)\/.

In the following, we treat the light-matter interaction as a perturbation in order to describe
the phenomenon dubbed as Bremsstrahlung, namely the emission of light by a decelerating
charged particle. We split the Hamiltonian as:

Hy =6 pe+ pmc® + Y hwydlan, (5)
A
ﬁint = ed . A, (6)
where f[o is the free-particle part and ﬁim implements the light-matter interaction.
a) Determine the eigenbasis of the free Hamiltonian Hy.
(1 point)
b) Assuming that the electron is initially in state |i) = |p!), vac), namely in the spinor state
uV(p), determine the non-vanishing matrix elements { f|Hiy|i).
(2 points)
c¢) Using the Fermi golden rule (see Formulas), determine the rate I' out of the initial state
|i) as a function of the density of states p.
(8 points)
d) Show that the total momentum P = p+ 3, kxalay is a conserved quantity. Considering
now the helicity operator h = 3 - p, show [h, H] # 0. Is the helicity conserved over time?

Hint: Use the following commutation relation

[ﬁ, eik-r] = hk eik-r'

(4 points)



Exercise 3  Clircular polarization of light (9 points)

Let us consider an electromagnetic field with two possible linear polarizations defined by the
unit vectors e; and ey, such that k 1 e;, e;. The energy of the quantized electromagnetic field
reads

Hew =Y _ helk|(a] a1 5 + @b s + 1), (7)
k
where the operators a; follow the bosonic commutation relations [&i,k,d; e = 0ij0kk and
NOR GRS
[ o> ] = 0.

a) Defining the circular polarization vectors

1 :
er = qiﬁ(el +ies). (8)

and by the means of the definition of the quantized vector potential

~ C h N ik-r ~ —ik-r _*
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show that one can define operators a4 g and dl . associated with the circular polarization

e, axes. Express the Hamiltonian ﬁem in terms of a4 k.
(8 points)

b) We consider a two-photon state with momenta k and —k. Four states of polarization are
possible:

|4+ 4) = &ﬁkdi’_km D) =al
T

A

| =) =al gal _4J0) ;| ——)=alal o).

Show that these states are eigenvectors of the Hamiltonian If[em and determine their
eigenvalues. Introducing the total momentum P =3, hk(al (G + af, ak2), show that

the states introduced above are also eigenstates of P and determine the corresponding
eigenvalues.

(3 points)
c) Express the following states in terms of the operators d; 4 and EL; Lk
R R s S EoR B S SR R S )
Comment on the orientation of the polarization of the photon pairs.
(3 points)



Formulas

Dirac matrices

The & and B matrices are given by the following expressions

~1 A
O./l:

and

0001 0 0 0 —i 0
00 10| a[00 @ 0] 4]0
0100 % " fo—-io0o o |1
100 0 i 0 0 0 0
10 0 0
A l01 0 0
=100 -1 o
00 0 -1

These matrices obey the following anticommutation relation

(a1, 67} = 20,14, {6°, 8} =0, B2 =(a')? =1

We note that generally

with the Pauli matrices 6°.

Spin operators

s (0 &
—\& 0)

The spin operators 3, i = 1,2, 3, are generally given by

A,L‘_ &Z 0
== (0 )

with the Pauli matrices ¢, and explicitly

0100 0 —¢ 0 O 1
oA |10 00 con i 0 0 0 3 A |0
z_0001’Z_OOO—Z’E_O

0 010 0 0 2 O 0

Pauli matrices
The Pauli matrices obey the commutation relations
[67,67] = 2ieF6",
where €% stands for the Levi-Civita tensor, such that
[23 231 _ 312 _ 32 _ 213 _ 321 _ 4

These properties lead to the relationship

(6-a)(6-b)=(a-bly+ilaxb) &,
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Hyperbolic trigonometry
We give the following identities:

cosh?(z) + sinh?(z) =

cosh?(z) — sinh?(x)

cosh(2z) ,
1.

Spinor basis

Positive-energy eigenstates (ES = E, > 0, with E, = /|p|?>c? + m2c*) of the Dirac equation
at momentum p, u"? (p)e!®PTEet)/h such that

1 0
0 1
2 2 .
u(l)(p) — M LQ ’ u(2)(p) _ M (px — ipy)C
2Ep Ep + mC 2Ep Ep +—mc2
(Ps +ipy)c e
Ep + ch Ep + mCQ
Negative-energy eigenstates (E£3’4) = —FE, < 0) on the other hand are u®®% (p)e!Pr+Ept)/h
such that
L —(ps — ipy)c
Ep +me? Ep + mc?
u(g) (p) _ (Ep + mc2) _(pm + Zpy)c u(4) (p) _ (Ep -+ ch) b:C -
2Ep Ep + ch ’ 2Ep Ep + mc
1 0
0 1

Spinors are an orthonormal set of vectors, such that

() (p)) ) (p) = b

Fermi’s golden rule

According to the Fermi golden rule, the rate of the transition between states |i) and |f) (both
being eigenstates of a Hamiltonian H, at energies E; and Ey) due to a perturbation V' reads

2m——
Linp(t) = E|Vfi|2P(Ef =FE;), (10)

where |V} is an averaged value of V| = |(f|V]i)| assuming that it is a smooth function of
the final energy E;. The density of states at energy E is represented by p(E).



