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Exercise 1  Solution of the Dirac equation

The Dirac equation is given by
0
h—vy =H 1
ey = Hy, (1)
with the Hamiltonian

H=ca-p+ pBmc (2)

and a = (a',a? a?). The matrices o/ and S exhibit the following properties: (a’)! = a7,

Trla?] = 0 = Tr[3] as well as {a?, a*} = 2071, and {a’, 3} = 0, where the anticommutator is
defined as {A, B} = AB + BA. They are explicitly given by

000 1 0 0 0 —i 00 1 0
calo0o 10 a0 0 i 0 A l0 0 0 -1
““lo1o00l"*“ 1o =0 0ol % |1 0 0 ol (3)

1000 i 0 0 0 0 -1 0 0
and
10 0 0
~lo1 0 o
B=100 -1 o (4)
00 0 -1

In this exercise, we consider a particle at rest, i.e., p = 0, so the Hamiltonian simplifies to
H = Bmc?.

a) Determine the eigenvalues F, and normalized eigenstates ¥, of the simplified Hamilto-
nian. How many distinct eigenvalues does H have and what are their degeneracies?

(1 point)

b) Using the Dirac equation, compute the time evolution of the eigenstates ¥,. With this,
construct a general solution ¢ (t) of the Dirac equation. (1 point)

Exercise 2 Properties of the gamma matrices

The Dirac Equation in the van-der-Waerden form is given by
(thy" 0, — me)P(r,t) =0, (5)

where the y-matrices are defined by the general expression v# = Sa*, namely 7° = 3, while
v = Ba? for j = 1,2, 3. Show the following properties, without explicitly writing the -
matrices:



a) Anti-commutation relation {y*, 7"} = 2¢*"14, with the flat space-time metric

1 0 0 O
v 0 -1 0 0
g =
0 0 -1 0
0 0 0 -1
(1 point)
b) The matrices 77 are anti-hermitian.
(1 point)
c) The trace of the matrices y* vanishes.
(1 point)

Exercise 3  Helicity conservation

The helicity operator is defined as h = ¥ - p, with the momentum operator p = (p1, ps, p3) and
the spin operator ¥ = (X!, X2 ¥3), with components

i_(o; O
Z_(O Uj)'

Here, o, with j = 1,2,3, denote the Pauli matrices. Show that the helicity is a conserved
quantity of motion, namely that

[H> h] =0, (6)

where H is defined in Eq. (2).
(2 points)

Exercise 4 Weyl fermions and helicity

Let us consider the case of massless fermions described by the spinor (r,t). Since the mass
vanishes m — 0, then the Dirac equation reads

ih'yu ;ﬂﬂ(”“a t) =0, (7)

where the matrices v* take the explicit form

I 0 , 0 o
0 _ 2 J — J
(5 )= %)

with the Pauli matrices o;, 7 = 1,2, 3.



a)

Let ¢(r,t) = (uy, us, v1,v2)7 be the 4-component spinor (column vector), with position-
and time-dependent components u;2,v12 € C. Using Eq. (7), show that the resulting
equations of motion for the components u; 2, v; 2 can be brought into the form

h 0 .
(%& + iho - V) x1 =0, (8a)
th 0 )

with two-component vectors xi,x2 € C? and o = (01,09,03)7 the vector with Pauli
matrices o;, 7 = 1,2,3, as entries. What are the explicit expressions for the vectors
X1, X2 as a function of the components u; 2 and vy 5 of 1. The fermionic fields y describe
so-called Weyl fermions.

(2 points)

We define the helicity operator as (o - V)/|p|, with the momentum p and o defined as
in a). Assuming that the components of 1(r,t) are of the form w;(r,t) = ug j(r)e Lt/
and vj(r,t) = vg(r)e *Eet/" with j = 1,2, show by means of the result of a) that x; -
are eigenfunctions of the helicity operator. Determine the corresponding eigenvalues.

(2 points)



