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Exercise 1 Quantum harmonic oscillator

Let us consider a particle of mass m in one dimension. We define the operator position x̂ and
impulsion p̂ such that they obey the commutation relation [x̂, p̂] = iℏ1̂. The particle is trapped
in a harmonic potential such that it is described by the Hamiltonian

Ĥ =
p̂2

2m
+

1

2
mω2x̂2 (1)

where ω ∈ R.

a) Let us define the annihilation and creation operators â = 1√
2
( x̂
l
+i lp̂ℏ ) and â

† = 1√
2
( x̂
l
−i lp̂ℏ ),

where l =
√

ℏ
mω

. Show that
[
â, â†

]
= 1 and that Ĥ = ℏω(â†â+ 1

2
1)

b) For N̂ = â†â, show then that [N̂ , â] = −â and [N̂ , â†] = â†.

c) Let us consider the eigenvectors |n⟩ of the operator N̂ and Ĥ, such that N̂ |n⟩ = n|n⟩,
where n ∈ N. Show that if the ground state |0⟩ is not degenerate, then so are the other
states |n⟩.

d) Let us consider the state |ψ0⟩ =
∑

n cn|n⟩, where cn = e−
|α|2
2

αn
√
n!

and α ∈ C. Show that

⟨ψ0|ψ0⟩ = 1. Determine the expectation values ⟨x̂⟩, ⟨p̂⟩, ⟨x̂2⟩ and ⟨p̂2⟩.

e) Determine the expression of the evolved state |ψ(t)⟩ = Û(t)|ψ0⟩. What form takes then
⟨x̂(t)⟩ and ⟨p̂(t)⟩ ?

Exercise 2 Relativistic notations

a) Let us define the four-momentum vector P µ = muµ = (E/c, px, py, pz). Show that its
pseudo-norm is constant and deduce the relation

E2 = p2c2 +m2c4. (2)

Assuming that the mass term is dominant (m2c4 ≫ p2c2), determine the form of the
energy E.

b) The Maxwell tensor Fµν is defined from the four-potential Aµ = (ϕ, Ax, Ay, Az) (in Gauss
units) as Fµν = ∂µAν − ∂νAµ. Show that in the Lorenz gauge (∂µA

µ = 0), the equation
of motion for the electric potential ϕ and the vector potential A take the compact form

∂µ∂
µAν =

4π

c
jν , (3)



where the four-current is defined as jν = (cρ, jx, jy, jz).

Hint: In Gaussian units, the Maxwell equations take the form

∇ ·E = 4πρ, (4a)

∇ ·B = 0, (4b)

∇×E = −1

c

∂

∂t
B, (4c)

∇×B =
1

c

(
4πj +

∂

∂t
E

)
. (4d)


