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Exercise 1  Relativistic charge and current densities

Consider N electrons of mass mg, each carrying charge e, at rest inside a cube of edge length
lo. The total rest mass is my = Nmg. An observer moves with velocity v relative to the cube
parallel to one of its edges.

a) Using the Lorentz relations, determine the charge density p and current density j as
measured by this observer, and express them in terms of the rest charge density py and
frame velocity v. Let § = v/c, with ¢ the speed of light in vacuum.

(2 points)

b) In the reference frame moving at velocity v, the current density j and the charge density
p are modified by the Lorentz transformations as

. 1 .
P ="YpPo with 7_\/?62 J=pv.

Show that the combination j2 — ¢?p? is a Lorentz invariant and evaluate it in terms of
rest-frame charge density po.

(1 point)

c¢) Using the transformation laws of the charge density p and current density j given in (b),
recalling that the energy F and momentum p in the reference frame moving at velocity v
are

E = mc® = ymoc?, P = mv = ymgyv

show that j and p obey the same Lorentz transformation law as momentum and energy

P =vp—-vE/?), E =~FE-up),

i.e. they form a four-vector j* = (¢p, ju, Jy, Jz)-

(1 point)

Exercise 2  Lorentz transformations and four-vectors

Consider the four-dimensional Minkowski space-time with metric g,, = diag(+1, -1, -1, —1).
Let us recall that, under a Lorentz transformation z# — 2*, a covariant 4-vector A, and a
contravariant vector B* transform as

a v a i
* A, and g =2 pr with A, =g A" .
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a) Given two four-vectors A* and B*, show that the scalar product A,B" = g,, A*B" is
invariant under Lorentz transformations.

(2 points)
b) Show that the derivative operator 0, = d/0z" is a covariant four-vector.

(1 point)
c¢) Given the current 4-vector j* = (¢p, jz, jy, J=), show that the continuity equation

dp .
E—FV']—O

can be cast in the form 9,7* = 0, i.e. it is a Lorentz invariant.

(2 points)

Exercise 3  Pauli matrices and their properties

The Pauli matrices are defined as

SO I () R A}

a) Show that the Pauli matrices fulfill the following relations
00k = 0jxla +i€jo; and 0,040, = i1y, (2)

where j, k,l € {z,y, 2}, d;; stands for the Kronecker delta, and €z is the Levi-Civita
tensor, such that €;,, = €. = €20y = 1, €ypz = €240 = €42y = —1, otherwise €5, = 0.

(2 points)
b) Prove that the Pauli matrices follow the commutation and anti-commutation relations:
[O'j,O'k] = 2i€jkl0'l and {O’j,O’k} = 25jk12; (3)

where the commutators and anticommutators of two operators A and B are defined as
[A,B] = AB — BA and {A, B} = AB + BA.

(2 points)

¢) Show that the vector of Pauli matrices o = (04, 0,,0.) and two vectors a,b € R? fulfill
the following relation

(a-o)b-o)=a-b+ilaxb)-o. (4)

Use this equality on a normalized vector n € R? to show that

(n-o)*=1. (5)

(2 points)



