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Exercise 11 Hydrogen atom in Dirac theory

Consider the eigenstate problem of the Dirac equation for the hydrogen atom:

Eψ = Hψ,

where the Hamiltonian H is given by

H = −iℏcα ·∇+mc2β − e2

r
14 .

with

αi =

(
02 σi

σi 02

)
, β =

(
12 02

02 −12

)
, σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
.

The total angular momentum is

J =
L

ℏ
14 +

Σ

2

where Σ = (Σ1,Σ2,Σ3), with Σi =

(
σi 02

02 σi

)
, and the orbital angular momentum is

L = −iℏr ×∇ .

a) Show that [H, β] = −2iℏc (α ·∇)β and hence that

−1

2
[H, β] = iℏc (α ·∇)β .

Hint: Use {αi, β} = 04. (1 point)

b) Show that [β,Σi] = 04 and use it to show that

[H, βΣ] = −2iℏc
(
02 12

12 02

)
β∇ .

Hint: Remember that the anticommutation relation between the Pauli matrices read
{σi, σj} = 2δij12. (2 points)

c) Using the commutators evaluated in a) and b), show that

[H, βΣ] · J =
1

2
[H, β] ,

and conclude that the quantity

K = βΣ · J − 1

2
β

commutes with H and is a constant of motion.

Hint: The angular momentum is a conserved quantity, [H,J ] = 0. (3 points)



Exercise 12 Minimal coupling to the electromagnetic field

Let us consider a particle of mass m and electric charge q coupled to an electromagnetic field
(E,B) via the Lorentz force

F = q
(
E +

v

c
×B

)
,

with v = ẋ being the velocity of the particle at position x at time t.

a) With the help of the relations E = −∇ϕ− 1

c

∂A

∂t
and B = ∇×A, show that the Lorentz

force can be written in terms of a potential U , such that

Fi =
d

dt

(
∂U

∂ẋi

)
− ∂U

∂xi

and determine explicitly the form of the potential U .

Hint: Use that v × (∇×A) = ∇(v ·A)− (v ·∇)A. (2 points)

b) Determine the form of the Lagrangian L of the particle. (1 point)

c) What is the canonically-conjugated momentum p to the position x? Derive then the form
of the Hamiltonian H and determine the corresponding Hamilton equations. Show that
they are equivalent to the Newton equation of motion. (3 points)


