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Exercise 13  Hydrogen atom radial equation

Consider the eigenstate problem of the Dirac equation for the hydrogen atom:

Enp = Hip,

where the Hamiltonian H is given by
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The total angular momentum is

>
J=—-1+ b
where ¥ = (X1, 32, 33), with ¢ = <g; gf), and the orbital angular momentum is
L=—ihr xV .
Both J and the following quantity
K=p8-0-f 2)

are conserved: [H, J'] = [H, K] = 0.

a) Show that
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and hence that
K=yl
1

Express the eigenvalues k of K in terms of j, where j(j + 1) are the eigenvalues of J.

Hint: The Pauli matrices multiply as o007 = 615+ i€;j,0", where €, is the Levi-Civita
fully antisymmetric tensor and a summation over k is implied.

(3 points)



b) Show that
Er)E-(rxV)=iZ-r)(r-V)—i*Z-V)

and hence, recalling that r - V = r(9/0r), show that

—¢r2a.vz(a-1~)(2.(rxV))—i(a-r)< 8). (3)

o
(2 points)

¢) Let @, = La -7 and, using Eqs. (2), (3) and the eigenvalues k of K, show that the
hamiltonian (1) can be expressed in its radial form as
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(1 point)

d) Using the following two-component representation
o 12 02 . 02 7,12 . U].Q
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and the following definitions
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show that the individual components of the stationary Dirac Equation Hy = Ev, with

H given in (4), read
(g—a>u— k+1+g v
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(1 point)

(1 point)



f) Assume a power series form of the functions
foYer oY
S S

where the exponents can be non-integer, but they differ sequentially by unity, that is:
...,8—1,8,s+1,5+2,.... Show that the coefficients of Eq. (7) for r*~! read

acs —ajcs_1 = (k+ s)ds — ads_4
ads + asds_1 = (k — s)cs + acs_q .

(8)

(1 point)

g) Impose that the wavefunction must be squared-integrable ([ |¢|*r?dr < o) at r = 0:
show that the power series coefficients ¢, and d, must vanish for s < € and show that the
minimal exponent ¢ must satisfy e > —%. Apply this constraint to Eq. (8) for s = € and
show that

a4+ —k2=0. (9)
Explain why the solution of Eq. (9) with negative € is not acceptable.
(3 points)
h) From Eq. (8) derive the following relation
[aa + a1 (k — 8)]cs = [aar + a(k + s)]ds . (10)
Approximate Eq. (8) and (10) for large s and show that
Cs ~ 2_a
Cs—1 S
Show that this implies that f ~ e for large 7. (8 points)

i) If a is real, the power series coefficients must vanish for s > € +n with n > 1, so that the
exponential does not explode at infinity. Apply this constraint to Eq. (8) and derive the
relation

(ag —ay)a =2a(e+n) . (11)

Use Eqgs. (11), (9) and (5) to show that

(2 points)



