Exercises for
Theoretical Physics V
SoSe 2026 Sheet 9 02.06.2026

Exercise 16  About the diffraction function

Let us define the diffraction function as
T Lot (B L sin[(Ey — Ey)T/2h]
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for some time length 7" and energies E;, Ey. For T" — oo, the diffraction function approaches
the Dirac delta function d(x), limy_, o, 00 (E; — E;) = §(E; — E;). In the following, you shall
demonstrate some properties of the diffraction function.

a) Plot the diffraction function §")(x) as a function of x.

(1 point)
b) Show the following identity
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for finite 7'
(1 point)
c¢) Given the form of 6(")(E) provided in Eq. (1), deduce that
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(2 points)

Exercise 17  Sine-Gordon equation

Let us consider an infinite chain of identical pendulums of mass m and length ¢ attached to a
common axis. Neighbouring pendulums are coupled via torsion springs of stiffness C'. Therefore,
the angles 6,, accounting for the angular deviation of the n-th pendulum from its equilibrium
position is described by the Lagrangian
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where ¢ is Earth’s gravitational acceleration.



a)

Assuming that the distance a between two successive pendulums is the smallest length
scale of the system, then we can treat 6 as a continuous field such that 6,,(t) = 6(z = na,t).
Show then that the Lagrangian takes the form

L:/_:Oda: [%J <%>2—%K (%)2—9(1—(:%8)]. (5)

Specify the expression of the constants .J, K and ). (2 points)

Derive the corresponding Euler-Lagrange equation and show that it takes the form of the

sine-Gordon equation:
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52~ g + wisinf = 0, (6)
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where ¢j = =% and wy = 7.

(1 point)

Using the change of variable z = x — vt, show that the sine-Gordon equation boils down
to
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where v < ¢y behaves as a velocity.

(1 point)

Solutions of the sine-Gordon equation describe a type of waves called solitons. In order
to describe a single soliton, we impose boundary conditions such that df/dz = 0 for
z — +oo, as well as § = 0 for z -+ —oo and 0 = 27 for z — 4-00. Show then that

%(%)2: (1~ cos). (8)
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(2 points)

Using the relation

/ si:f@ -2 (ta“ @) |

determine the form of the solution §(z,t) of the sine-Gordon equation. Plot its form for
a fixed time t.

(3 points)



