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Exercise 15 Equivalent definitions of entropy
We consider a microcanonical ensemble with N identical particles, a volume V and an energy
that takes values between E −∆ and E (∆ > 0). Show that the following three formulae lead
to an equivalent definition of the entropy S, differing only by an additive constant of order
O(lnN).

S = kB ln Γ(E) (1a)

S = kB lnω(E) (1b)

S = kB ln Σ(E). (1c)

Here Γ(E) is the phase space volume occupied by the totality of all microstates with

Γ(E) =

∫ E

E−∆

dE ′Tr{δ(E ′ − Ĥ)}, (2)

Σ(E) is the phase space volume bounded by the area of energy E with

Σ(E) = Tr{θ(E − Ĥ)}, (3)

and ω(E) is the density of states of the system at energy E which is defined as

ω(E) =
∂Σ(E)

∂E
. (4)

Hint: You may assume that ∆ � E and that the hyperbody described by the integrand in
Eq.(2) is such that Σ(E −∆)/Σ(E)→ 0, for fixed ∆ and N →∞.

(2 points)

Exercise 16 Microcanonical description of paramagnets
Consider again a system of N distinct spin-1/2 particles in a magnetic field B. The individual
spins can only assume two energy values E− = +E0/2 or E+ = −E0/2, where E0 = 2µBB. Let
n− be the occupation of E− and n+ the occupation of E+. Let the total energy of the system
be U .

a) Determine the entropy of the system in the microcanonical ensemble.

(1 point)

b) Determine the temperature and show that it can take negative values. Then derive the
expression for the internal energy U as a function of temperature.

(2 points)



c) Determine the expression for the specific heat, which is defined as

C =
∂U

∂T

∣∣∣∣
B

. (5)

(1 point)

d) Derive the expression for the total magnetisation M z = µB(n+ − n−), and then derive
the form of the magnetic susceptibility χ given by

χ =
∂M z

∂B

∣∣∣∣
T

(6)

is given. Then show that in the limiting case T � µBB/k the susceptibility follows
Curie’s law, i.e. χ ∼ 1/T .

(2 points)


