
Variational Quantum Algorithms for 
State Preparation and Dynamics 
Simulations of Many-Body Models
Peter P. Orth (Saarland University) 

Seminar, Desy Center for Quantum Technologies and Applications, 18 June 2024

References: 

• J. C. Getelina et al., arXiv:2404.09132 (2024). 

• A. C. Y. Li et al., Phys. Rev. Research 5, 033071 (2023)

• B. McDonough et al., 2022 IEEE Workshop on Quantum Computing Software

• I-C. Chen et al., Phys. Rev. Research 4, 043027 (2022); I.-C. Chen et al. arXiv:2310:03924



The future is quantum, but how? 

• Quantum Processing Units (QPUs) will likely be 

special purpose units like GPUs

• Leverage access to wavefunctions that are 

impossible to represent classically
• Sampling output from their probability distributions 

of bitstrings
• Measure correlation functions inaccessible otherwise
• Simulate complex dynamics and monitor observables
• Use information about wavefunction to reduce 

problem instance: quantum-informed data reduction
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Quantum-centric supercomputing: 

largely open question how it will 

look like. Depends also when and 

how will QEC be possible?



The quantum present: variational quantum algorithms for 
noisy hardware
• General goal: Extract computational power from noisy quantum computers

• VQAs are tailored to hardware capabilities and limitations

• Approach: Prepare states that cannot be efficiently prepared classically

• Combine with classical resources in hybrid quantum-classical algorithms

• Examples from quantum many-body systems’ simulations
• Ground states in dimensions 𝑑 > 1, highly excited states in any 𝑑 (volume law entangled)
• Thermal states and response functions at intermediate temperatures
• Nonequilibrium dynamics: quenches, driven (open) systems, nonlinear response

• Focus here on studies executed on real quantum hardware
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Ground state preparation using quantum computers
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Ground state preparations using VQAs

Variational quantum eigensolver (VQE)
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Example: Kitaev spin model in magnetic field

From Bharti et al, RMP (2022)

Li, PPO et al., PRR (2023)

Frustrated spin model on trivalent graph 

➣ maps well to Rigetti Aspen QPU geometry



Ground State Preparation using QITE

• Quantum imaginary time evolution (QITE) can 
be implemented on quantum computers, e.g.
• Rewrite Trotter time step as unitary [1]
• Embed in unitary using ancillary qubit(s) [2]
• Equation of motion technique using MacLachlan’s 

principle [3, 4]

• Adaptive variational QITE (AVQITE)
• Expands variational ansatz during computation
• Ensures MacLachlan distance b/w exact and 

variational time evolution remains below fixed 
threshold

• Guaranteed to converge to the ground state
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[1] Motta et al., Nat. Phys. (2020); [2] Lin et al., PRX Q (2022); [3] McArdle et al., npj QI (2019); [4] Gomes, PPO et al., Adv QT (2021)

• Variational parameters evolve in time 
according to equation of motion

• Ansatz expands during time evolution 
to maintain required expressivity

Variational ansatz form with Paulis 𝐴!

Quantum metric M and gradient V 
measured on QPU (direct measurement 
and Hadamard circuits with control-Pauli)



Benchmarking VQE using the Kitaev spin model

• Rich phase diagram in field with non-abelian phase

• Hamiltonian Variational Ansatz (HVA): 

16 June 2024 Peter P. Orth (Saarland University) 8

Circuit of a single layer 

of the HVA ansatz

Li, PPO et al., PRR (2023)



Required depth of variational ansatz

• Error in energy decreases with layer number ➣ 4-layer HVA sufficient for 16 spins
• Number of entangling gates per layer = 2 * number of bonds = 16 (for 8 spins) and 36 (for 16 spins)

• Number of variational parameters: 
• Proportional to layer number = 6	parameters per layer 
• Independent of system size (advantage of original HVA)
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Single layer unitary of HVA:

<latexit sha1_base64="MYHE+9Vnzv0eKuqPGODPXOOpzEA=">AAAB/HicbVDLSsNAFJ3UV62vaJduBovgQkNSqu2mUBDBlVSwD2hDmEyn7dDJJMxMhBDqr7hxoYhbP8Sdf+O0zUJbD1w4nHMv997jR4xKZdvfRm5tfWNzK79d2Nnd2z8wD4/aMowFJi0cslB0fSQJo5y0FFWMdCNBUOAz0vEn1zO/80iEpCF/UElE3ACNOB1SjJSWPLN446Wj87t6bQrr8KJiVW3H8cySbdlzwFXiZKQEMjQ986s/CHEcEK4wQ1L2HDtSboqEopiRaaEfSxIhPEEj0tOUo4BIN50fP4WnWhnAYSh0cQXn6u+JFAVSJoGvOwOkxnLZm4n/eb1YDWtuSnkUK8LxYtEwZlCFcJYEHFBBsGKJJggLqm+FeIwEwkrnVdAhOMsvr5J22XKurMv7SqlRzuLIg2NwAs6AA6qgAW5BE7QABgl4Bq/gzXgyXox342PRmjOymSL4A+PzB6+0kio=</latexit>

Eg,N=8 = �4.7011

<latexit sha1_base64="q7Pjn7ZP2hiKmCEqq2c+KSmIWmg=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCCw1J0bYuCgURXEkF+4A2hMl02g6dTMLMRKih+CtuXCji1v9w5984bbPQ1gMXDufcy733+BGjUtn2t5FZWl5ZXcuu5zY2t7Z3zN29hgxjgUkdhywULR9JwigndUUVI61IEBT4jDT94dXEbz4QIWnI79UoIm6A+pz2KEZKS555cO0l/dPbilMcwwo8u7RKtl32zLxt2VPAReKkJA9S1Dzzq9MNcRwQrjBDUrYdO1JugoSimJFxrhNLEiE8RH3S1pSjgEg3mV4/hsda6cJeKHRxBafq74kEBVKOAl93BkgN5Lw3Ef/z2rHqld2E8ihWhOPZol7MoArhJArYpYJgxUaaICyovhXiARIIKx1YTofgzL+8SBoFyylaF3fn+WohjSMLDsEROAEOKIEquAE1UAcYPIJn8ArejCfjxXg3PmatGSOd2Qd/YHz+ADFdkm4=</latexit>

Eg,N=16 = �9.7008



Statevector simulation results

• 16 spins at gapless point + h field with 4-layer HVA

• Use multiple initial values, mixed optimizers
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Correlation functions and energy gap with statevector

• 8-spin model in magnetic field using 8-layer HVA
• More layers needed to also represent first excited state

• Optimal solution of CME-ES (480 initial values) & BOBYQA (3001 initial values)

• Gap closing well captured within VQE, even though VQE tracks 2nd excited level
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Results including shot noise

• 8-spin model with 4-layer HVA

• 8000 measurement shots 

• Std. deviation of optimized energy = 0.02

• CMA-ES (80 init.) and BOBYQA (501 init.)
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Executing optimized ansatz on Aspen-9 QPU

• With zero-noise extrapolation (ZNE) and readout error mitigation

• 4-qubit result within one standard deviation of true value = -1.583

• 8-qubit result is far off from exact value = -4.23
• Circuit contains 𝑁 = 16	×	(Scale	factor) CZ gates → exceeds coherence time on hardware at that 

time (hardware runs executed in 2021)
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Pauli twirling of 

2-qubit gates



Quantum Subspace Expansions: going beyond plain VQE 

• Challenges of hybrid quantum-classical loop in VQE
• Requires many circuit executions. BOBYQA-noisy: 500	×	3500	×𝑁" = 1.75	×	10#	𝑁"
• Optimization of noisy energy often landscape difficult

• Alternative: Quantum Subspace Expansions
• Here we combine HVA-VQE with the Iterative Quantum Assisted Eigensolver (IQAE) [1]
• Measure Hamiltonian in “low-energy” Krylov subspace on a quantum computer
• Diagonalize the Krylov-basis Hamiltonian matrix on a classical computer
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Bharti, Haug PRA (2021)Pauli strings in 
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[k
l=0H

l
Set of Pauli strings in 𝑙-th 

power of the Hamiltonian

Expand state in fine-grained Krylov subspace (FGKS): 
<latexit sha1_base64="JxzAAHTHszP3BDHqEucc2b5Cjko="></latexit>

CSK ⌘ {Pj | VQAi}Pj2[k
l=0H

l
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Iterative Quantum Assisted Eigensolver

• Measure Hamiltonian                          and overlap matrices 𝑆!" in Krylov subspace

• Solve generalized eigenvalue problem in Krylov subspace
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<latexit sha1_base64="ZWMGhD/0He9BYze3EsBDbXkmlWg="></latexit>

(H)ij =
X

k

ckh VQA|PiPkPj | VQAi

<latexit sha1_base64="EQM2buUuPMbVSG7tt8R+GwZrQAo="></latexit>

(S)ij = h VQA|PiPj | VQAi

• Obtain on quantum hardware 

• Use low-depth VQA

• Group Paulis into commuting sets
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H =
X

k

ckPk

Bharti, Haug PRA (2021); See also McClean et al, PRA (2017).
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Vjk ⌘ (Vk)j 2 CSK ⌘ {Pj | VQAi}Pj2[k
l=0H

l

Diagonal matrix of eigenvalues

Matrix of eigenvectors in Krylov basis



Benchmark Paired IQAE on nonintegrable spin model

• Benchmark on nonintegrable transverse & mixed field Ising models

• HVA ansatz of depth 𝐿:

• Balance quantum and classical resources: Paired IQAE = PIQAE
• HVA depth 𝐿: sets depth of quantum circuit and VQE cost
• Dimension of moment-𝐾 Krylov subspace: sets measurement cost and size of subspace matrix

• Parameter sets: Strongly nonintegrable point in MFIM, close to criticality in TFIM

• Compare error of PIQAE ground state energy to exact diagonalization
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Scaling of quantum measurement cost

• Quantum resources given by number of self-

commuting Pauli groups 𝑁# that need to be 

measured 

• 𝑁# 	scales linearly with system size 𝑁 for TFIM

• Obtain 𝑁# 	from                    by greedy coloring 

algorithm (NP-hard graph coloring)
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Pauli expectation values needed up to moment-𝐾



Balance quantum and classical resources
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FGKS ⌘ CSK
⌘ {Pj | VQAi}Pj2[k

l=0H
l

<latexit sha1_base64="1Q0fh3cdxCsMNwr0ur9tScnyeMs="></latexit>

KS ⌘ {Hj | VQAi}Kj=0

• Statevector simulations

• Fidelity & energy of Krylov 

ground state compared to ED

• More rapid convergence for 

deeper HVA ansatz

• Fine-grained Krylov basis 

performs better

• Same quantum resources for 

FGKS and KS

J. C. Getelina et al., arXiv:2404.09132 (2024). 



Shot noise results of 4 x 4 TFIM 

• VQE ansatz is 𝐿 = 1 HVA

• Subspace expansion to moment 𝐾 = 2

• Numerical procedure 
• Obtain noisy 𝐻$% and 𝑆$% on QPU
• Perform SVD of 𝑆$% and sort singular values 𝑠& ≥ 𝑠' ≥ ⋯

• Use basis spanned by vectors with largest 𝑀 singular 
values 

• Transform and diagonalize 𝐻$% in this subspace
• Output lowest energy eigenvalue 𝐸( (black) and state |g>
• Use               as additional figure of merit (true energy of 

|g>)
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2!" measurement shots. Error bars are standard deviations based on 

10 sets of noisy 𝐻#$ 	and 𝑆#$ obtained from sampling Pauli expectation 

values from distribution with measured mean and standard errors. 



Shot noise results of 4 x 4 TFIM 

• VQE ansatz is 𝐿 = 1 HVA

• Subspace expansion to moment 𝐾 = 2

• Numerical procedure 
• Obtain noisy 𝐻!"  and 𝑆!"  on QPU
• Perform SVD of 𝑆!"  and sort singular values 𝑠# ≥ 𝑠$ ≥ ⋯
• Use basis spanned by vectors with largest 𝑀 singular values 
• Transform and diagonalize 𝐻!"  in this subspace
• Output lowest energy eigenvalue 𝐸% (black) and state |g>
• Use               as additional figure of merit (true energy of |g>)

• Challenge: Noise renders zero singular values of 𝑆!" finite
• Energy shows minimum at intermediate 𝑀
• How to determine optimal 𝑀& , i.e. select size of Krylov basis? 
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2!" measurement shots. Error bars are standard deviations based on 

10 sets of noisy 𝐻#$ 	and 𝑆#$ obtained from sampling Pauli expectation 

values from distribution with measured mean and standard errors. 

ℎ%/𝐽 = −3.05



New parameter-free convergence criterion

• We propose new convergence criterion 

based on preserving the trace of the 

overlap matrix 𝑆*+

• Without noise: Tr 𝑆 = 𝑁,

• With noise, we select optimal 𝑀 via
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2!" measurements. Error bars are standard deviations. 



PIQAE results on hardware: 5-site MFIM on ibm_quito

• HVA with 𝐿 = 1, FGKS moment 𝐾 = 2 

• 𝑁- = 142 measurement circuits for 𝐷,./ = 822 

Pauli expectation values contained up to 𝐻0

• Error improves to ε = 3×1012	by more than an order 
of magnitude compared to HVA ε345 = 0.13. 

• True energy exhibits minimum at 𝑀6
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2!" measurements. Error bars are standard deviations. 

ℎ%
𝐽
= −1,

ℎ&
𝐽
= 0.5



PIQAE results for 16-site MFIM on ibm_guadalupe

• HVA with 𝐿 = 1, FGKS moment 𝐾 = 1 

• 𝑁# = 83 measurement circuits for 𝐷$%& = 14672 Paulis

• Twirled readout error mitigation (TREX), DD, Pauli 
Twirling (32 twirled instances, 2'( shots each)

• Noisy result saturates at error 𝜀 = )*)'
+

= 0.21

• HVA 𝐿 = 1 exhibits 𝜀 = 0.53

• ZNE on 𝐸 with 5 noise levels 1 ≤ 𝜆 ≤ 2 yields 𝜀 = 0.05
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[TREX] van den Berg et al., PRA (2022); [ZNE] Temme et al., PRL 

(2017); [ZNE Mitiq] La Rose et al., Quantum (2022). 

ℎ%
𝐽
= −1,

ℎ&
𝐽
= 0.5



PIQAE results for 16-site MFIM with Probabilistic Error Reduction

• Run on noisy simulator fake_guadalupe

• Same parameters: 𝐿 = 1, 𝐾 = 1, 𝑁# = 83

• Pauli noise spectroscopy using RB circuits [1]
• 150 Pauli twirl samples (50 for pairs, 100 for singles)
• Depth ([2,4,8,16] with 1000 shots each

• PER with 0 ≤ 𝜆 ≤ 1.5 with 1000 shots each
• ZNE on each element of 𝐻$% and 𝑆$%

• PER reduces error by two orders of magnitude
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[1] van den Berg et al., Nat. Phys. (2023); 
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PIQAE results for 16-site MFIM with Probabilistic Error Reduction

• Run on noisy simulator fake_guadalupe

• Same parameters: 𝐿 = 1, 𝐾 = 1, 𝑁# = 83

• Pauli noise spectroscopy using RB circuits [1]
• 150 Pauli twirl samples (50 for pairs, 100 for singles)
• Depth ([2,4,8,16] with 1000 shots each

• PER with 0 ≤ 𝜆 ≤ 1.5 with 1000 shots each
• ZNE on each element of 𝐻$% and 𝑆$%

• PER reduces error by two orders of magnitude
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[1] van den Berg et al., Nat. Phys. (2023); 

ℎ%
𝐽 = −1,

ℎ&
𝐽 = 0.5

Next: Estimate resources to scale up to to 127 qubit ibmq_kyiv 

or 433 qubit ibmq_seattle QPUs. 

• Naïve estimate yields 11M Paulis and 62K groups to measure 

for 127 qubit ibmq_kyiv. 

• For 5	×	5 TFIM, we find 3.5M Paulis and 2258 groups. 



Open-source software for automated error mitigation

• Open-source software package that implements Pauli noise tomography 
and Probabilistic Error Reduction (PER) + Zero Noise Extrapolation 

• https://github.com/benmcdonough20/AutomatedPERTools

• Based on Van den Berg et al., Nat. Phys. (2023). Implemented in Qiskit, but 
not as open-source. 
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P. SharmaB. McDonough

See: B. McDonough et al., 2022 IEEE Workshop on Quantum Computing Software. 

Also: arXiv:2210.08611 



Simulating dynamics on quantum computers
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Quantum dynamics simulations

• Classically hard due to rapid growth of entanglement in nonequilibrium for generic 𝐻

• Reason: contains highly excited states ➣ Volume-law entanglement entropy 
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Initial state

Dynamics

Energy eigenstate of many-body H

Dynamics of an observable 𝑂:

Entanglement = complexity of 
classical calculation

Opportunity for 
quantum computing

Exponential growth of classical resources like 

the bond dimension in tensor networks



Overview of quantum algorithms for dynamics simulations

• Lie-Suzuki-Trotter Product formulas (PF)
• Simple yet limited to early times for current hardware noise
• Trotter circuit depth scales as                  ☞ fixed 𝑡()*

• Algorithms with best asymptotic scaling have significant overhead

• Linear combination of unitaries (TS) [1], quantum walk methods [2], 

quantum signal processing (QSP) [3], Lieb-Robinson methods (HHKL) [5]

• Hybrid quantum-classical variational methods [6]
• Work with fixed gate depth ☞ ideally tailored for NISQ hardware
• Trading gate depth for doing many QPU measurements
• Heuristic and may require (exponentially) many parameters
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[1] Berry et al. (2015); [2] Childs (2004); [3] Low, Chuang (2017); [4] Childs et al., PNAS (2018); 
[5] Haah et al, (2018); [6] Li, Benjamin, Endo, Yuan (2019); Y. Yao, PPO, T. Iadecola et al. (2021);
Recent review: Miessen et el., Nature Computational Science (2022). 
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Variational Dynamics Simulations



Overview of methods 
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From recent review: Miessen et el., Nature Computational Science (2022). 

Disclaimer: this 
can/should be used 
to start a discussion. 



Overview of methods 
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Previous work on EOM based

• AVQDS (adaptive variational quantum dynamics 

simulations) [4] 

• AVQITE (adaptive variational quantum 

imaginary time evolution) [5]

• AVQMETTS (adaptive variational quantum 

minimally entangled typical thermal states) [6]

Previous work  on PFs

• PF for quench dynamics [1] and correlation 

functions at infinite T [2]

• Combining PFs with VQAs [3]

[1] Chen et al., PRR (2022); [2] Chen et al., arXiv (2023); [3] Berthusen et al., PRR (2022); [4] Yao et 

al., PRX Q (2019); [5] Gomes et al. Adv. QT (2021); [6] Getelina et al., Sci. Post (2023). 



Trotter simulations of nonequilibrium dynamics 
and correlation functions
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Trotter simulation of postquench dynamics in MFIM

• Trotter decomposition of time evolution operator 𝑈 𝑡 = 	 𝑒1*38

• Decompose Hamiltonian into sum of non-commuting terms

• Example: Mixed-field quantum Ising model 
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Time evolution operator in 1st order Trotter approximation
Circuit of single Trotter step for M=5, starting in Neel state.

Standard decomposition 
of RZZ into CNOT and RZ

Chen, Burdick, PPO, Iadecola, PRR (2022)



Pulse level control and quantum error mitigation
• Trotter simulation limited to early times by device coherence time

• Here, 40 Trotter steps on 12 qubits, PBC on ibmq_guadalupe

• Pulse level control and quantum error mitigation extend simulation time
• Direct implementation of RZZ gate using cross-resonance pulse (gate time cut in half)
• Readout-error mitigation, Zero-noise extrapolation (ZNE) after gate folding (using Mitiq), Pauli twirling
• Dynamical decoupling
• Symmetry-based postselection (exact dynamics obeys constraint)
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QPU ibmq_guadalupe

Pulse control

QEM

Chen, Burdick, PPO, Iadecola, PRR (2022)



Correlation functions in postquench state

• Measure connected correlation function 
of dressed Y(t) Y(0) operator

• Can use direct measurement circuits [1]
• 30 Trotter steps, 8192 shots
• 40000 circuits for 12-qubit system

• Correlator exhibits coherent revivals in 
scar regime: first revival tracked by QPU
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Upper panel: Quantum many-body scar regime '!
(
= 0.24, ∆𝑡 = 1. 

Lower panel: Chaotic regime '!
(
= 1, ∆𝑡 = 0.16

[1] Mitarai, Fujii, PRR (2019)From: Chen, Burdick, PPO, Iadecola, PRR (2022)



Method to measure correlation function
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Energy correlation function at infinite temperatures

• MFIM Hamiltonian                     with 

• Energy correlator (L = system size)

• Normalized correlator
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C̃r(t) = Cr(t)/C App

Approaches: 

• Expectation value in Haar random state (hard on QPU)

•  Sample from y product state basis (easy on QPU)
𝑑 = 2<

𝑂(1) for local 

correlators

Std. deviation over all 

y basis statesChen, Pollock, Yao, PPO, Iadecola, arXiv:2310:03924



Sampling local energy correlation function

• Average over 1000 Haar random states 
agrees with exact result

• Grey band shows standard deviation 
𝐹9 𝐿 = 12, 𝑡  of sampling y-product states 

• 𝐹9 is small since random       look like 𝑇 = ∞ 
Gibbs states as far as 1. and 2. moment care 
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Scaling of infinite-T correlator on QPU

• Direct measurement circuits of correlator [1]:

• Average over 12 y-basis states, 90 Trotter steps on ibm_montreal. 

• Bare correlator shows incorrect scaling exponent due to noise

• Renormalizing correlator with C measured on QPU recovers correct scaling 𝑧 = 2
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[1] Mitarai, Fujii, PRR (2019)

Expected z=2 (diffusion) for 
non-integrable systems
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Summary and outlook

• Variational quantum algorithms tailored to match quantum resources
• Main Idea: Create and probe highly entangled state on quantum computer
• Hard to train expressive states using noisy cost functions: develop VQAs 2.0 

• Preload classically trained state on QPU (e.g. MPS), & manipulate further on QPU

• Avoid quantum-classical feedback loop, e.g. using subspace methods

• Trotter simulations utilizing quantum error mitigation are promising to achieve early 
quantum advantage in simulating dynamics of complex systems
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References: 
• J. C. Getelina et al., arXiv:2404.09132 (2024). 
• A. C. Y. Li et al., Phys. Rev. Research 5, 033071 (2023)
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Backup Slides
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Details of PER procedure



Quantum hardware results
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ibmq_quito

5 qubits

ibmq_nairobi

7 qubits

2!" measurement shots. Black error bars are standard error. 

• 5 and 7 qubit QPUs

• 1-layer HVA ansatz, K=2 Krylov moment
→ Need to measure up to 𝐻+

• On ibmq_quito

• 822 Pauli strings to measure, 2#, shots

• Dimension FG Krylov space = 82

• On ibmq_nairobi

• 5790 Pauli strings to measure , 2#, shots

• Dimension FG Krylov space = 173

• Use trace condition of overlap matrix to 
truncate in presence of noise

• Energy converges with error per site < 10-.



16 qubit model on hardware with error mitigation

• 16 qubit, MFIM

• 1-layer HVA ansatz, K=1 Krylov moment

• 14,672 Paulis to measure, reduced to 83 
noncommuting groups, 2'( shots

• Dimension of FG Krylov basis = 49

• ZNE with noise strength λ = {1.0, 1.5, 2.0} 
on 𝐻(𝜆 -.(0%') using linear extrapolation

• Energy converges to exact GS energy up 
to small error of  3	×	10*& per site 
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Getelina, PPO et al, (to be submitted) 

ibmq_guadalupe 

16 qubits

Next: Estimate resources to scale up to to 127 qubit ibmq_kyiv 

or 433 qubit ibmq_seattle QPUs. 

Naïve estimate yields 11M Paulis and 62K groups to measure. 

For 5	×	5 TFIM, we find 3.5M Paulis and 2258 groups. 



Correlations at finite temperature
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Thermal initial states
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Ground State Preparation using VQITE

18 June 2024 Peter P. Orth (Saarland University) 47

[1] Motta et al., Nat. Phys. (2020); [2] Lin et al., PRX Q (2022); [3] McArdle et al., npj QI (2019); [4] Gomes, PPO et al., Adv QT (2021)

MacLachlan distance b/w exact 
and variational time evolution

Variational parameters evolve in time

Minimize 𝐿2

EOM for variational parameters

Matrix 𝑀𝜇𝜈 and vector 𝑉𝜇 measured on QPU

Only works when the ansatz can follow the dynamics
☞ How to select an efficient yet flexible variational ansatz?



Trotter dynamics: a path to quantum advantage?

• Recent IBM work demonstrated Trotter 

dynamics of TFIM on 127 qubits [1]
• Efficient noise tomography using a sparse Pauli 

noise model ansatz [2]
• Precise noise amplification for ZNE since noise 

is well characterized (see also [3])

• Claimed ”quantum utility” regime
• Spurred classical simulation work [4] that 

contested that claim (ongoing)
• Even if this work is not yet beyond classical 

capabilities, Trotter dynamics is a leading 
candidate for quantum advantage
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[1] Kim et al. (IBM), Nature (2023); [2] van den Berg et al. (IBM), (2023); [3] McDonough, PPO et al. (2022); [4] Begusic, Chan (2023); Tindall et al. (2023) 

From [4] 

From [1] 



Energy transport simulations

• Transport of conserved quantities like energy, charge or spin useful 

characterization of interacting many-body systems

• Infinite temperature energy transport
• Diffusive 𝑧 = 2

• Simulate energy transport of MFIM on ibmq_montreal for L=12
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Outlook: a quantum computing challenge 

• Scaling up simulations into the quantum advantage regime, including 
scaling of quantum error mitigation methods

• Spatial and temporal fluctuations of qubit characteristics are a challenge

• How do we verify quantum computing results in this regime?
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From: McDonough, PPO et al, (2022)From: Kim et al. (IBM), Nature (2023)



Overview of quantum algorithms for dynamics simulations

• Lie-Suzuki-Trotter Product formulas (PF)
• Simple yet limited to early times for current hardware noise
• Trotter circuit depth scales as                  ☞ fixed 𝑡()*

• Algorithms with best asymptotic scaling have significant overhead

• Linear combination of unitaries (TS) [1], quantum walk methods [2], 

quantum signal processing (QSP) [3], Lieb-Robinson methods (HHKL) [5]

• Hybrid quantum-classical variational methods [6]
• Work with fixed gate depth ☞ ideally tailored for NISQ hardware
• Trading gate depth for doing many QPU measurements
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Variational Trotter 
Compression: 
Combine simplicity of 
Trotter product with a 
variational approach to 
simulate for long times.

Demonstrate full algorithm 
on IBM hardware in 
N. F. Berthusen, PPO et al., 
PRR (2022).

[1] Berry et al. (2015); [2] Childs (2004); [3] Low, Chuang (2017); [4] Childs et al., PNAS (2018); 
[5] Haah et al, (2018); [6] Li, Benjamin, Endo, Yuan (2019); Y. Yao, PPO, T. Iadecola et al. (2021);
Recent review: Miessen et el., Nature Computational Science (2022). 



Variational Trotter Compression (VTC) algorithm
• Key idea of VTC algorithm [1, 2, 3]: 

• First, propagate state using Trotter: 
• Then, update variational parameters 𝜗? → 𝜗?@A	by optimizing fidelity cost function
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Variational state 

Measure cost function on QPU [3]

[1] Lin, Green, Smith, Pollmann (2020); [2] Barison, Carleo (2021), 
[3] Berthusen, Trevisan, Iadecola, PPO (2022). 

ℓ = number of layers
𝑁 = number of parameters per layer
𝐴$= Hermitian operator (e.g. Pauli matrix)

Return probability to initial state is 
maximal for optimal parameters 𝜗?@A 

Fidelity cost function



Application to Heisenberg model: choice of ansatz

• 1D AF Heisenberg model

• Start from classical Néel state and time-evolve with 𝐻9:

• Determine depth of layered ansatz ℓ ≡ ℓ∗ to accurately describe
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Brickwall form of quantum circuit

Berthusen, Trevisan, Iadecola, PPO (2022). 



Required layer numbers versus time

• Start from classical Néel state and time-evolve with 𝐻$:

• Determine depth of layered ansatz ℓ to accurately describe
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Overlap with 
exact state

Variational form

Required layer number ℓ to achieve 1 − ℱ < 10%& grows linearly with time and then saturates.

𝐽𝑡



VTC benchmark on statevector simulator

• VTC approximately follows Trotter with 

fixed small step size ∆𝑡 = $.(
)

• Orange curve has depth 𝑛 = 700 at 𝑡*

• Grey curve has depth 3ℓ = 228 at all 𝑡

• VTC cost function has fixed depth 3ℓ

• Gradient based optimizer L-BFGS-B
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VTC allows simulating to arbitrarily 
long times with high fidelity. 

Fidelity = Overlap with exact state

Parameters: ℓ = 76, 𝑛 = 76
𝜏 = 15.2/𝐽, ∆𝑡 = 0.2/𝐽



VTC on ideal circuit simulators

• Double-time contour cost function circuit 

• Non-gradient-based optimizer: CMA-ES

• Larger shot numbers increase fidelity

• Single compression step takes few hours
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VTC is feasible for noisy cost function

𝑀 = 6



VTC on IBM hardware

• Cost function evaluation on IBM hardware 
ibmq_santiago & ibmq_quito

• Final fidelity = 0.96, where Trotter fidelity 
has decayed to < 0.4 already

• 15 compression steps

• Average fidelity 𝐹 = 0.86

• ℳ = 5700 measurement circuits in total

• Comparable number of measurements for 

MacLachlan simulations ≈	10(
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Explicit demonstration of dynamics simulations 
beyond QPU coherence time

𝑀 = 3, ℓ∗ = 2

Berthusen, Trevisan, Iadecola, PPO, PRR (2022) 



Scaling up nonequilibrium dynamics simulations 

• Growth of number of variational parameters with time poses 
challenge
• Potential for early/intermediate time dynamics (complexity window) [1]
• States with low complexity, but long-range entanglement

• Trotter simulations more straightforward to scale up [2]

• Need to be combined with quantum error mitigation (QEM)
• Controlled QEM requires noise tomography
• Pauli twirling transforms device noise to Pauli noise [3]
• Spatially local, Pauli noise tomography is scalable [3, 4, 5]
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[1] Pollmann et al. (2021) [2] Kim, Wood et al. (IBM) (2023); Chen, PPO et al, (2022); [3] van den Berg et al. (IBM) (2023); Flammia, Wallmann 
(2019), Cai et al. (2023); [4] Kim et al. (IBM), Nature (2023); [5] McDonough, PPO et al. (2022). 

From: Kim et al. (IBM), 
Nature (2023)



Trotter simulation of postquench dynamics

• Trotter decomposition of time evolution operator 𝑈 𝑡 = 	 𝑒1*38

• Decompose Hamiltonian into sum of non-commuting terms

• Example: Mixed-field quantum Ising model 
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Time evolution operator in 1st order Trotter approximation
Circuit of single Trotter step for M=5, starting in Neel state.

Standard decomposition 
of RZZ into CNOT and RZ

Chen, Burdick, PPO, Iadecola (2022).



Pulse level control and quantum error mitigation

• Trotter simulation limited to early times by device coherence time

• Pulse level control and quantum error mitigation extend simulation time
• Direct implementation of RZZ gate using cross-resonance pulse (gate time cut in half)
• Readout-error mitigation, Zero-noise extrapolation (ZNE) after gate folding, Pauli twirling
• Dynamical decoupling, Symmetry-based postselection (exact dynamics obeys constraint)
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QPU ibmq_guadelupe
Use 12 qubits, PBC,
40 Trotter steps

Pulse control

QEM

Chen, Burdick, PPO, Iadecola (2022).



Quantum Error Mitigation using quasiprobability methods
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Peter P. Orth | Quasiprobabilistic approaches for QEM and open system dynamics simulations, Erice Workshop62

• Current quantum hardware experiences significant levels of noise
• How can we mitigate the effects of noise on quantum computations?
• Can we exploit the presence of noise when simulating open (ie noisy) quantum systems?

• Quasiprobability methods are systematic approach of removing noise induced bias
• Probabilistic Error Cancellation (PEC) [1] trades bias reduction for increased variance
• Incurs exponentially large classical sampling overhead ∝ noise strength, circuit depth
• Probabilistic Error Reduction (PER) [2] alleviates sampling overhead by reducing noise only 

partially → combined with extrapolation can yield results comparable to PEC
• Inherent device noise can act as resource in simulations of open quantum systems
• Device noise can reduce the sampling overhead if somewhat close to what you want to 

simulate [3]
• Only some type of noise acts as a resource (e.g. non-unital noise)

Motivation and Take-Home Messages

[1] Temme et al. (2017); Endo et al. (2017); [2] Mari et el. (2021); McDonough, PPO et al. (2022); [3] Aftergood, PPO et al. (to be 
submitted); Guimarães et al. (2023) 



Peter P. Orth | Quasiprobabilistic approaches for QEM and open system dynamics simulations, Erice Workshop63

• Applicable to algorithms in which the figure of merit is an expectation value averaged over 
many shots of a unitary circuit

Ideal circuit evaluation of expectation value

Ideal circuit
Input state is 
prepared

A unitary circuit is run

One or more expectation 
values are obtained

[1] Temme et al. (2017); Endo et al. (2018); [2] van den Berg et al. (2023); Cai et al. 
(2023).
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<latexit sha1_base64="4vohlQEmM7Cr7uX/EB1Zi/RTHr0=">AAACN3icbVDLSgMxFM34rPVVdekmWIR2U2aKr41QcONKKjhtoVOGTJppQzPJkGSEMvSv3Pgb7nTjQhG3/oFpO4XaeiBwcu493HtPEDOqtG2/Wiura+sbm7mt/PbO7t5+4eCwoUQiMXGxYEK2AqQIo5y4mmpGWrEkKAoYaQaDm3G9+UikooI/6GFMOhHqcRpSjLSR/MKdFyHdx4il7qjkyb7w7TK8hqU52WfQw1Ri6LGu0Gr2mWtwyjOrXyjaFXsCuEycjBRBhrpfePG6AicR4RozpFTbsWPdSZHUFDMyynuJIjHCA9QjbUM5iojqpJO7R/DUKF0YCmke13CizjtSFCk1jALTOd5WLdbG4n+1dqLDq05KeZxowvF0UJgwqAUchwi7VBKs2dAQhCU1u0LcRxJhbaLOmxCcxZOXSaNacS4q5/dnxVo1iyMHjsEJKAEHXIIauAV14AIMnsAb+ACf1rP1bn1Z39PWFSvzHIE/sH5+ARwbq2k=</latexit>

U(⇢0) = (Ul � . . . � U1)(⇢0)
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• Noise introduces bias into the estimator of this expectation value.

Noisy expectation value from noisy quantum circuit

Noisy circuit
State preparation error 
affects input state

Circuit is non-unitary

Measurement error also adds to 
noise in final expectation value

<latexit sha1_base64="Sa8hH1mb4gn4aydz1SViE3wAKms="></latexit>

hOi = Tr[ÕŨ(⇢0)]
<latexit sha1_base64="hoSKSLGfNT6NxB2keW2Ml2sjv4A=">AAAB9XicbVDLSsNAFJ34rPVVdelmsAiuSlJ8LQtuXFawD2himUxu2qGTmTAzUUrof7hxoYhb/8Wdf+O0zUJbD1w4nHMv994Tppxp47rfzsrq2vrGZmmrvL2zu7dfOThsa5kpCi0quVTdkGjgTEDLMMOhmyogScihE45upn7nEZRmUtybcQpBQgaCxYwSY6UH3zAeQe6roZz03X6l6tbcGfAy8QpSRQWa/cqXH0maJSAM5UTrnuemJsiJMoxymJT9TENK6IgMoGepIAnoIJ9dPcGnVolwLJUtYfBM/T2Rk0TrcRLazoSYoV70puJ/Xi8z8XWQM5FmBgSdL4ozjo3E0whwxBRQw8eWEKqYvRXTIVGEGhtU2YbgLb68TNr1mndZu7g7rzbqRRwldIxO0Bny0BVqoFvURC1EkULP6BW9OU/Oi/PufMxbV5xi5gj9gfP5A7J/kpo=</latexit>

⇢̃0

<latexit sha1_base64="5ert9q2nuZVh3GZrqdqyBpVKVUo=">AAACPXicbVBNS8NAEN3Ur1q/qh69LBbBg5RE/LoIBS8eK7S10JSw2WzapZtN2J0IJfSPefE/ePPmxYMiXr26aSto2wcLb9+bYWaenwiuwbZfrMLS8srqWnG9tLG5tb1T3t1r6ThVlDVpLGLV9olmgkvWBA6CtRPFSOQLdu8PbnL//oEpzWPZgGHCuhHpSR5ySsBIXrnhAhcBy9yIQJ8SkTVHI3yNF6iewC7limJXBDHo38+CQscrV+yqPQaeJ86UVNAUda/87AYxTSMmgQqidcexE+hmRAGngo1KbqpZQuiA9FjHUEkiprvZ+PoRPjJKgMNYmScBj9W/HRmJtB5GvqnMt9SzXi4u8jophFfdjMskBSbpZFCYCgwxzqPEAVeMghgaQqjiZldM+0QRCibwkgnBmT15nrROq85F9fzurFI7mcZRRAfoEB0jB12iGrpFddREFD2iV/SOPqwn6836tL4mpQVr2rOP/sH6/gFm4rB2</latexit>

Ũ = Ũl � . . . � Ũ1

<latexit sha1_base64="DVCXpq/uwmyFCAipxbGf/2J7IPc=">AAACH3icbVDLSsNAFJ34rPUVdelmsAgupCSi1Y1QcOPCRQX7gCaEyWTSDp1MwsxEKCF/4sZfceNCEXHXv3HSZlFbDwwczj33zr3HTxiVyrImxsrq2vrGZmWrur2zu7dvHhx2ZJwKTNo4ZrHo+UgSRjlpK6oY6SWCoMhnpOuP7op695kISWP+pMYJcSM04DSkGCkteWbDUZQFJHMipIYYsayd5x6Ft9B50EMCpLmDqcBwzqA1z6xZdWsKuEzsktRAiZZn/jhBjNOIcIUZkrJvW4lyMyQUxYzkVSeVJEF4hAakrylHEZFuNr0vh6daCWAYC/24glN1viNDkZTjyNfOYku5WCvE/2r9VIU3bkZ5kirC8eyjMGVQxbAICwZUEKzYWBOEBdW7QjxEAmGlI63qEOzFk5dJ56JuN+pXj5e15nkZRwUcgxNwBmxwDZrgHrRAG2DwAt7AB/g0Xo1348v4nllXjLLnCPyBMfkFJoii9g==</latexit>

Ũi = ⇤i � Uiwith

From van den Berg et al. (2023). 
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• After characterizing the noisy operations {𝐺J}, the ideal circuit is decomposed into 
𝒰 𝜌 = ∑J 𝜂J𝐺J 𝜌  with real coefficients 𝜂J.

• Linearity of the expectation value allows writing the ideal value as 𝑂 *KLMN = ∑J 𝜂J 𝑂 J

Ideal expectation value as linear combination of noisy circuits

=

Real, possibly negative coefficientsNoisy circuits
Ideal (noiseless) 
circuit layer

<latexit sha1_base64="w101oRqLzVQ/4TO2h5J3TyBX538=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgqiTF17LgxmUF0xbaECbTSTt0MgkzE6GGfokbF4q49VPc+TdO2iy09cDA4Zx7uWdOmHKmtON8W2vrG5tb25Wd6u7e/kHNPjzqqCSThHok4YnshVhRzgT1NNOc9lJJcRxy2g0nt4XffaRSsUQ86GlK/RiPBIsYwdpIgV1DgxjrMcE892YBR4FddxrOHGiVuCWpQ4l2YH8NhgnJYio04Vipvuuk2s+x1IxwOqsOMkVTTCZ4RPuGChxT5efz4DN0ZpQhihJpntBorv7eyHGs1DQOzWSRUi17hfif1890dOPnTKSZpoIsDkUZRzpBRQtoyCQlmk8NwUQykxWRMZaYaNNV1ZTgLn95lXSaDfeqcXl/UW81yzoqcAKncA4uXEML7qANHhDI4Ble4c16sl6sd+tjMbpmlTvH8AfW5w8+D5LJ</latexit>

Ul
<latexit sha1_base64="G8mToysfciSzMTM9IrfYsHMNOhE=">AAAB+nicbVBNS8NAEN34WetXqkcvi0XwICURrR4LXjxWsB/QhLDZbtqlm03YnSgl9qd48aCIV3+JN/+N2zYHbX0w8Hhvhpl5YSq4Bsf5tlZW19Y3Nktb5e2d3b19u3LQ1kmmKGvRRCSqGxLNBJesBRwE66aKkTgUrBOObqZ+54EpzRN5D+OU+TEZSB5xSsBIgV3xGJAgF2fuBHvAY6YDu+rUnBnwMnELUkUFmoH95fUTmsVMAhVE657rpODnRAGngk3KXqZZSuiIDFjPUEnMEj+fnT7BJ0bp4yhRpiTgmfp7Iiex1uM4NJ0xgaFe9Kbif14vg+jaz7lMM2CSzhdFmcCQ4GkOuM8VoyDGhhCquLkV0yFRhIJJq2xCcBdfXibt85pbr13eXVQb9SKOEjpCx+gUuegKNdAtaqIWougRPaNX9GY9WS/Wu/Uxb12xiplD9AfW5w/BXpOn</latexit>⌘l,1⇥

<latexit sha1_base64="9ym5IWLMq8/YORbkvD3bII21/JM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBosgKCUp9bEsuHFZwT6gCWEynbRDJw9mbsQS8ituXCji1h9x5984bbPQ1gMXDufcy733+IngCizr2yitrW9sbpW3Kzu7e/sH5mG1q+JUUtahsYhl3yeKCR6xDnAQrJ9IRkJfsJ4/uZ35vUcmFY+jB5gmzA3JKOIBpwS05JnVc4cB8TJx0cixAzxkyjNrVt2aA68SuyA1VKDtmV/OMKZpyCKggig1sK0E3IxI4FSwvOKkiiWETsiIDTSNiF7iZvPbc3yqlSEOYqkrAjxXf09kJFRqGvq6MyQwVsveTPzPG6QQ3LgZj5IUWEQXi4JUYIjxLAg85JJREFNNCJVc34rpmEhCQcdV0SHYyy+vkm6jbl/VL++btVaziKOMjtEJOkM2ukYtdIfaqIMoekLP6BW9GbnxYrwbH4vWklHMHKE/MD5/ACuJk9s=</latexit>

+⌘l,2⇥
<latexit sha1_base64="PwPmVaW74hk6ccSrsegCHgH86rI=">AAACBXicbZDLSsNAFIYn9VbrLepSF4NFEJSSSL0sC25cVrAXaEKYTCbt0MmFmROhhG7c+CpuXCji1ndw59s4bbPQ1h8GPv5zDmfO76eCK7Csb6O0tLyyulZer2xsbm3vmLt7bZVkkrIWTUQiuz5RTPCYtYCDYN1UMhL5gnX84c2k3nlgUvEkvodRytyI9GMeckpAW555eIodESSgsAYGxMvFWTTGDvCIKc+sWjVrKrwIdgFVVKjpmV9OkNAsYjFQQZTq2VYKbk4kcCrYuOJkiqWEDkmf9TTGRC9x8+kVY3ysnQCHidQvBjx1f0/kJFJqFPm6MyIwUPO1iflfrZdBeO3mPE4zYDGdLQozgSHBk0hwwCWjIEYaCJVc/xXTAZGEgg6uokOw509ehPZ5zb6sXdzVq416EUcZHaAjdIJsdIUa6BY1UQtR9Iie0St6M56MF+Pd+Ji1loxiZh/9kfH5A989l4c=</latexit>

+ . . .+ ⌘l,m⇥
<latexit sha1_base64="E6phvd6+9toGvVSVkQ3O47A6zf0=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIfSwLLnRZwT6gHUomzbShmWRMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY32Z+e0KVZlI8mmlM/QgPBQsZwcZKfi/CZkQwT+9mfa9frrhVdw60SrycVCBHo1/+6g0kSSIqDOFY667nxsZPsTKMcDor9RJNY0zGeEi7lgocUe2n89AzdGaVAQqlsk8YNFd/b6Q40noaBXYyC6mXvUz8z+smJrzxUybixFBBFofChCMjUdYAGjBFieFTSzBRzGZFZIQVJsb2VLIleMtfXiWti6p3Vb18qFXqtbyOIpzAKZyDB9dQh3toQBMIPMEzvMKbM3FenHfnYzFacPKdY/gD5/MHpgCR/Q==</latexit>

G1

<latexit sha1_base64="PqW2BHVVXOpCX7BAOARO+l4LZ+Y=">AAAB9HicbVDLTgIxFL2DL8QX6tJNIzFxRWYIPpYkLnSJiSAJTEindKCh045th4RM+A43LjTGrR/jzr+xA7NQ8CRNTs65N/f0BDFn2rjut1NYW9/Y3Cpul3Z29/YPyodHbS0TRWiLSC5VJ8CaciZoyzDDaSdWFEcBp4/B+CbzHydUaSbFg5nG1I/wULCQEWys5PcibEYE8/R21q/1yxW36s6BVomXkwrkaPbLX72BJElEhSEca9313Nj4KVaGEU5npV6iaYzJGA9p11KBI6r9dB56hs6sMkChVPYJg+bq740UR1pPo8BOZiH1speJ/3ndxITXfspEnBgqyOJQmHBkJMoaQAOmKDF8agkmitmsiIywwsTYnkq2BG/5y6ukXat6l9WL+3qlUc/rKMIJnMI5eHAFDbiDJrSAwBM8wyu8ORPnxXl3PhajBSffOYY/cD5/AKeEkf4=</latexit>

G2

<latexit sha1_base64="3+r2NAeG5DZ3G1P5v/zDy6tlhZY=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsxIfSwLLnRZwT6gHUomzbShSWZMMoUy9DvcuFDErR/jzr8x085CWw8EDufcyz05QcyZNq777RTW1jc2t4rbpZ3dvf2D8uFRS0eJIrRJIh6pToA15UzSpmGG006sKBYBp+1gfJv57QlVmkXy0Uxj6gs8lCxkBBsr+T2BzYhgnt7N+qJfrrhVdw60SrycVCBHo1/+6g0ikggqDeFY667nxsZPsTKMcDor9RJNY0zGeEi7lkosqPbTeegZOrPKAIWRsk8aNFd/b6RYaD0VgZ3MQuplLxP/87qJCW/8lMk4MVSSxaEw4chEKGsADZiixPCpJZgoZrMiMsIKE2N7KtkSvOUvr5LWRdW7ql4+1Cr1Wl5HEU7gFM7Bg2uowz00oAkEnuAZXuHNmTgvzrvzsRgtOPnOMfyB8/kDAP+SOQ==</latexit>

Gm

<latexit sha1_base64="nnOLWDSymoin8DSNz7AyudNx/Rg="></latexit>

Ul = ⇤�1
l � Ũl =

X

k

⌘l,kGk
Inverse channel is not physical. 
Thus implemented on average by classical 
postprocessing. 



Peter P. Orth | Quasiprobabilistic approaches for QEM and open system dynamics simulations, Erice Workshop66

• Number of terms grows exponentially with circuit depth 𝑙

• The linear combination is converted to a quasiprobability distribution (QPD) and sampled

Exponential sampling overhead due to negativity

Sample 𝐺9,:,
with probability 

|P2,42|

Q2
Then, scale expectation value by 
𝛾* sgn 𝜂*,R2  with

<latexit sha1_base64="KaWLDp/lvqvwc9+Rjk5cwz2TzJo="></latexit>

Tr[O(Ul � . . . � U1)(⇢0)] =
X

k1,...,kl

⌘1,k1 · · · ⌘l,klTr[O(Gl,kl � . . . �G1,k1)(⇢0)]

<latexit sha1_base64="lU5QuCr2U096M5NEwSBkY+PaBMA="></latexit>

Tr[O(Ul � . . . � U1)(⇢0)] = �1 · · · �l
X

k1,...,kl

sgn(⌘1,k1) · · · sgn(⌘l,kl)
|⌘1,k1 |

�1
· · ·

|⌘l,kl |

�l
Tr[O(Gl,kl � . . . �G1,k1)(⇢0)]

<latexit sha1_base64="vQpazS6UzDKmaLTqw6+yxT1d9MY=">AAACFHicbVDLSsNAFJ34tr6qLt0MFkFQSiK+NoLgxqWCfUATws30pg6dSeLMRCixH+HGX3HjQhG3Ltz5N05rF2o9cOHMOfcy954oE1wb1/10Jianpmdm5+ZLC4tLyyvl1bW6TnPFsMZSkapmBBoFT7BmuBHYzBSCjAQ2ou7ZwG/cotI8Ta5ML8NAQifhMWdgrBSWd/wOSAkhpyfU17kMi27I+/TORwNhwXcHrzvqd/CGemG54lbdIeg48UakQka4CMsffjtlucTEMAFatzw3M0EBynAmsF/yc40ZsC50sGVpAhJ1UAyP6tMtq7RpnCpbiaFD9edEAVLrnoxspwRzrf96A/E/r5Wb+DgoeJLlBhP2/VGcC2pSOkiItrlCZkTPEmCK210puwYFzNgcSzYE7+/J46S+V/UOqweX+5XT/VEcc2SDbJJt4pEjckrOyQWpEUbuySN5Ji/Og/PkvDpv360TzmhmnfyC8/4F3tWeCw==</latexit>

�i =
X

ki

|⌘i,ki | � 1

Obtain via Monte Carlo sampling
Increased range ☞ increased variance

<latexit sha1_base64="EvbShgSMK485Bo0SlNh3h6TwHBw=">AAACDnicbVC7TgJBFJ3FF+Jr1dJmIiGxIrsEHyWJFnZiImDCLuTuMMCEmd3NzKwJ2fAFNv6KjYXG2Frb+TcOsIWCJ5nk5Jx7M/ecIOZMacf5tnIrq2vrG/nNwtb2zu6evX/QVFEiCW2QiEfyPgBFOQtpQzPN6X0sKYiA01Ywupz6rQcqFYvCOz2OqS9gELI+I6CN1LVL3hXlGrAnQA8J8PRm0qlgL5ZRrCPsDUAI6FS6dtEpOzPgZeJmpIgy1Lv2l9eLSCJoqAkHpdquE2s/BakZ4XRS8BJFYyAjGNC2oSEIqvx0FmeCS0bp4X4kzQs1nqm/N1IQSo1FYCanV6tFbyr+57UT3b/wUxbGiaYhmX/UTzg2Safd4B6TlGg+NgSIZOZWTIYggWjTYMGU4C5GXibNStk9K5/eVou1alZHHh2hY3SCXHSOauga1VEDEfSIntErerOerBfr3fqYj+asbOcQ/YH1+QOAXZu7</latexit>

�O
2
/ �2

Sampling overhead due 
to negative volume of 
QPD ∝ noise strength
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• Transform hardware noise to Pauli noise by Pauli twirling
• Works only for layers composed of Clifford gates 
• Assumes dominant noise source are CNOT gates

Example: Pauli noise

Randomly sampled Pauli gates

Noise associated with layer Clifford layer

Conjugate Pauli operators

<latexit sha1_base64="Y3HAVeysZGnbd7RgUR4jIMbTT+I="></latexit>

⇤P =
1

|P|
X

a

Pa⇤Pa

Dressing noise by 
random Paulis 
diagonalizes Λ in 
the Pauli basis

<latexit sha1_base64="lu6mgSaaUq7hcZOd5xxtVvq/KV0=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5GSyCq5JIfWyEQjYuK9gHtGmYTCbt0MkkzEyEGoq/4saFIm79D3f+jZM2C209cOHMOfcy9x4/YVQqy/o2Siura+sb5c3K1vbO7p65f9CWcSowaeGYxaLrI0kY5aSlqGKkmwiCIp+Rjj92cr/zQISkMb9Xk4S4ERpyGlKMlJY888iBTQ9BZ9AP0BDe5I+B45lVq2bNAJeJXZAqKND0zK9+EOM0IlxhhqTs2Vai3AwJRTEj00o/lSRBeIyGpKcpRxGRbjbbfgpPtRLAMBa6uIIz9fdEhiIpJ5GvOyOkRnLRy8X/vF6qwms3ozxJFeF4/lGYMqhimEcBAyoIVmyiCcKC6l0hHiGBsNKBVXQI9uLJy6R9XrMvaxd39WqjXsRRBsfgBJwBG1yBBrgFTdACGDyCZ/AK3own48V4Nz7mrSWjmDkEf2B8/gCT8JNZ</latexit>

CPaC
† = PC

a

<latexit sha1_base64="o7IhSV3DetzR17fH9QQb2l0g3r0=">AAACE3icbVDLSsNAFJ34rPUVdelmsAiti5JIfWyEQjcuXFSwD2hCmEwm7dDJg5mJUEL+wY2/4saFIm7duPNvnLRBtPXAwJlz7uXee9yYUSEN40tbWl5ZXVsvbZQ3t7Z3dvW9/a6IEo5JB0cs4n0XCcJoSDqSSkb6MScocBnpueNW7vfuCRc0Cu/kJCZ2gIYh9SlGUkmOfnJVtW5UuYec1AqQHGHE0naWwZ9PK6tVLT6Kao5eMerGFHCRmAWpgAJtR/+0vAgnAQklZkiIgWnE0k4RlxQzkpWtRJAY4TEakoGiIQqIsNPpTRk8VooH/YirF0o4VX93pCgQYhK4qjLfVMx7ufifN0ikf2mnNIwTSUI8G+QnDMoI5gFBj3KCJZsogjCnaleIR4gjLFWMZRWCOX/yIume1s3z+tlto9JsFHGUwCE4AlVgggvQBNegDToAgwfwBF7Aq/aoPWtv2vusdEkreg7AH2gf32KcndI=</latexit>

= (⇤PC)(⇢)
<latexit sha1_base64="l5gX4yUUp+p0gSoRlUWF8dXlETs="></latexit>X

a

(PC
a C⇤Pa)(⇢) =

X

a,⌫

PC
a CM⌫Pa⇢P

†
aM

†
⌫C

†(PC
a )†

<latexit sha1_base64="iHYm8vZg11oZ5i4w3G9jSS3SGaw=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA8SNgVXxchkIvHCOYByRJmJ73JkNnZZWZWCEs+wosHRbz6Pd78GyfJHjSxoKGo6qa7K0gE18Z1v52V1bX1jc3CVnF7Z3dvv3Rw2NRxqhg2WCxi1Q6oRsElNgw3AtuJQhoFAlvBqDb1W0+oNI/loxkn6Ed0IHnIGTVWat2RGqn3aK9UdivuDGSZeDkpQ456r/TV7ccsjVAaJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lkkao/Wx27oScWqVPwljZkobM1N8TGY20HkeB7YyoGepFbyr+53VSE976GZdJalCy+aIwFcTEZPo76XOFzIixJZQpbm8lbEgVZcYmVLQheIsvL5PmRcW7rlw9XJar53kcBTiGEzgDD26gCvdQhwYwGMEzvMKbkzgvzrvzMW9dcfKZI/gD5/MHzleOhA==</latexit>

= CPa

[1] van den Berg et al. (2023); Flammia, Wallmann (2019)
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• Sparse Pauli noise model parameters 𝜆R of a given layer can be efficiently learned 
[1,2]

Sparse Pauli-Lindblad noise model

[1] van den Berg et al. (2023); Flammia, Wallmann (2019)

<latexit sha1_base64="udxf9T8rCijy0jjxalXlyJDgH1Q="></latexit>

L(⇢) =
X

k

�k(Pk⇢Pk � ⇢)Lindbladian

<latexit sha1_base64="L9YU4Ko2OWQhXWtOsEw1gEnAiWw="></latexit>

⇤(⇢) = eL(⇢) =
Y

k

[wk(·) + (1� wk)Pk(·)Pk](⇢)Pauli noise channel
<latexit sha1_base64="UialfmazhsJMwRef/VZVo33PeZ4="></latexit>

wk =
1

2
(1 + e�2�k) ⇡ 1� 2�kNoise coefficients

From van den Berg et al. (2023)
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• Sparse Pauli noise model parameters 𝜆R of a given layer 𝑖 can be efficiently learned 
[1,2]

Sparse Pauli-Lindblad noise model

[1] van den Berg et al. (2023); Flammia, Wallmann (2019)

<latexit sha1_base64="udxf9T8rCijy0jjxalXlyJDgH1Q="></latexit>

L(⇢) =
X

k
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PEC at work: Trotterized time evolution

Inverse map
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McDonough, PPO et al, IEEE (2022). 
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• PEC sampling overhead increases exponentially with noise strength x depth

• Remove noise only partially to reduce overhead

• Combine with virtual zero-noise extrapolation (vZNE) to recover the ideal result

Probabilistic Error Reduction (PER)

Example: error mitigation on single X gate on 
Rigetti hardware. Obtained noise model using  
Gate Set Tomography (GST): 𝛾$ = 1.73

<latexit sha1_base64="FM3PjIucA/Y2wU2qs5NNQ2EHqgg=">AAAB/nicbZDLSsNAFIYnXmu9RcWVm8Ei1E1JpF42QsGNywr2Am0MJ9NJO3QmCTMToYSCr+LGhSJufQ53vo3TNgtt/WHg4z/ncM78QcKZ0o7zbS0tr6yurRc2iptb2zu79t5+U8WpJLRBYh7LdgCKchbRhmaa03YiKYiA01YwvJnUW49UKhZH93qUUE9AP2IhI6CN5duH3T4IAfgal2fkO6cP3LdLTsWZCi+Cm0MJ5ar79le3F5NU0EgTDkp1XCfRXgZSM8LpuNhNFU2ADKFPOwYjEFR52fT8MT4xTg+HsTQv0njq/p7IQCg1EoHpFKAHar42Mf+rdVIdXnkZi5JU04jMFoUpxzrGkyxwj0lKNB8ZACKZuRWTAUgg2iRWNCG4819ehOZZxb2onN9VS7VqHkcBHaFjVEYuukQ1dIvqqIEIytAzekVv1pP1Yr1bH7PWJSufOUB/ZH3+AEThlF4=</latexit>

� = (�0)
l

Mari et al. (2021); McDonough, PPO et al, IEEE (2022). 
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PER + vZNE reduces sampling overhead
McDonough, PPO et al, IEEE (2022). 

Scaling up noise using this method has been 
used in recent IBM “quantum utility” work: Kim 
et al. Nature (2023). 



Open source software for automated error mitigation

• Open source software package that implements Pauli noise tomography and Probabilistic Error 
Reduction + Zero Noise Extrapolation 

• https://github.com/benmcdonough20/AutomatedPERTools

• Similar method has been implemented by IBM in Qiskit, but source code is not openly accessible
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Trotter dynamics: a path to quantum advantage?

• Recent IBM work demonstrated Trotter 

dynamics of TFIM on 127 qubits [1]
• Efficient noise tomography using a sparse 

Pauli noise model ansatz [2]
• Precise noise amplification for ZNE since 

noise is well characterized (see also [3])

• Claimed ”quantum utility” regime
• Spurred classical simulation work [4] that 

contested that claim (ongoing)
• Even if this work is not yet beyond classical 

capabilities, Trotter dynamics is a leading 
candidate for quantum advantage
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[1] Kim et al. (IBM), Nature (2023); [2] van den Berg et al. (IBM), (2023); [3] McDonough, PPO et al. (2022); [4] Begusic, Chan (2023); Tindall et al. (2023) 

From [1] 



Summary

• Variational quantum algorithms tailored to match quantum 
resources
• Main Idea: Create and probe highly entangled state on quantum 

computer

• Quantum-classical feedback loop can be avoided

• Flexible choice of cost functions produces different states

• Main challenges for scaling up system sizes
• Noisy classical optimization in feedback loop
• Large number of variational parameters 
• Large number of measurements

• Trotter simulations utilizing quantum error mitigation are 
primary contender for early quantum advantage
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