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• Quantum Computing Applications to Condensed Matter Physics
– Condensed Matter & Material Science provides a rich & relevant set of problems

• Difficulty level is often tunable 
• Many classical computational approaches are known to compare to
• Open question which problems are best suited to demonstrate quantum advantage

– Hybrid quantum-classical simulations leverage both classical & quantum computing power
• One example is the variational quantum eigensolver (VQE) (see tutorial yesterday)

– Simulations of nonequilibrium dynamics are classically hard due to entanglement growth
• Opportunity for quantum computing

Outline and Take-Home Messages
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• Quantum Computing Applications to Condensed Matter Physics
– Condensed Matter & Material Science provides a rich & relevant set of problems

• Difficulty level is often tunable 
• Many classical computational approaches are known to compare to
• Open question which problems are best suited to demonstrate quantum advantage

– Hybrid quantum-classical simulations leverage both classical & quantum computing power
• One example is the variational quantum eigensolver (VQE) (see tutorial yesterday)

– Simulations of nonequilibrium dynamics are classically hard due to entanglement growth
• Opportunity for quantum computing

• Quantum Error Correction (QEC)
– Primary goal of the field that is required to unlock the full potential of quantum computing
– Main idea: Protect quantum memory from noise and perform fault-tolerant operations
– Many flavors and QEC codes exist (e.g. QEC Zoo1): Here focus on the basic principles.

Outline and Take-Home Messages

[1] www.quantumerrorcorrectionzoo.org



Quantum Error Correction: Basics
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• Errors in a quantum computation are unavoidable due to
– Contact with environment ➣ leads to decoherence
– Unitary gate set is continuous ➣ gate errors can be arbitrarily small 

• Quantum Error Correction (QEC) protects quantum information by adding 
redundant information
– Same idea as in Classical Error Correction

Motivation and repetition codes

<latexit sha1_base64="UVG3COsCIQGx4nWGIec5eVyALtc=">AAACGHicbVBNS8NAEN3Ur1q/qh69LBZBEWoifl2EghdvKhgVmlA226ldutmE3YlYQn6GF/+KFw+KeO3Nf+O29uDXg4HHezPMzItSKQy67odTmpicmp4pz1bm5hcWl6rLK1cmyTQHnycy0TcRMyCFAh8FSrhJNbA4knAd9U6G/vUdaCMSdYn9FMKY3SrREZyhlVrVHZ8eU7+VBwj3mIs2MFkUTY9u0yBm2OVM5mfFZgCpETJRW2GrWnPr7gj0L/HGpEbGOG9VB0E74VkMCrlkxjQ9N8UwZxoFl1BUgsxAyniP3ULTUsViMGE+eqygG1Zp006ibSmkI/X7RM5iY/pxZDuH15rf3lD8z2tm2DkKc6HSDEHxr0WdTFJM6DAl2hYaOMq+JYxrYW+lvMs042izrNgQvN8v/yVXu3XvoL5/sVdruOM4ymSNrJNN4pFD0iCn5Jz4hJMH8kReyKvz6Dw7b877V2vJGc+skh9wBp+toJ+H</latexit>

U = Uideal[1 +O(✏)]

<latexit sha1_base64="NjmD1SpQfZ1ao6v7lsZQG0qhV2Q=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJryOJF4+QyCOBDZkdemFkdnYzM2skhC/w4kFjvPpJ3vwbB9iDgpV0UqnqTndXkAiujet+O7m19Y3Nrfx2YWd3b/+geHjU1HGqGDZYLGLVDqhGwSU2DDcC24lCGgUCW8Hodua3HlFpHst7M07Qj+hA8pAzaqxUf+oVS27ZnYOsEi8jJchQ6xW/uv2YpRFKwwTVuuO5ifEnVBnOBE4L3VRjQtmIDrBjqaQRan8yP3RKzqzSJ2GsbElD5urviQmNtB5Hge2MqBnqZW8m/ud1UhPe+BMuk9SgZItFYSqIicnsa9LnCpkRY0soU9zeStiQKsqMzaZgQ/CWX14lzUrZuypf1i9K1UoWRx5O4BTOwYNrqMId1KABDBCe4RXenAfnxXl3PhatOSebOYY/cD5/AOSpjPY=</latexit>x <latexit sha1_base64="hM8m80kDov7ptxZemnnr1DabRZY=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKX8eCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQlv/IzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1rqqXzYtKvZbHUYQTOIVz8OAa6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f5i2M9w==</latexit>yencoding noise decoding<latexit sha1_base64="Gb9QMwjYwb1v+jfZId6a0uPw/AI=">AAAB8HicbVDLSsNAFJ3UV62vqks3g0VwVZLia1lw47KCfUgbymRy0w6dmYSZiRBCv8KNC0Xc+jnu/BunbRbaeuDC4Zx7ufeeIOFMG9f9dkpr6xubW+Xtys7u3v5B9fCoo+NUUWjTmMeqFxANnEloG2Y49BIFRAQcusHkduZ3n0BpFssHkyXgCzKSLGKUGCs9DgzjIeTZdFituXV3DrxKvILUUIHWsPo1CGOaCpCGcqJ133MT4+dEGUY5TCuDVENC6ISMoG+pJAK0n88PnuIzq4Q4ipUtafBc/T2RE6F1JgLbKYgZ62VvJv7n9VMT3fg5k0lqQNLFoijl2MR49j0OmQJqeGYJoYrZWzEdE0WosRlVbAje8surpNOoe1f1y/uLWrNRxFFGJ+gUnSMPXaMmukMt1EYUCfSMXtGbo5wX5935WLSWnGLmGP2B8/kDQ1KQrQ==</latexit>
ỹ

<latexit sha1_base64="I+20wZRk4J1Kzl1SGBimT7qqtT0=">AAAB8HicbVDLSgNBEJz1GeMr6tHLYBA8hd3g6xjw4jGCeUiyhNnZTjJkZneZ6RXDkq/w4kERr36ON//GSbIHTSxoKKq66e4KEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk41hwaPZazbATMgRQQNFCihnWhgKpDQCkY3U7/1CNqIOLrHcQK+YoNI9AVnaKWHLgoZQvY06ZXKbsWdgS4TLydlkqPeK311w5inCiLkkhnT8dwE/YxpFFzCpNhNDSSMj9gAOpZGTIHxs9nBE3pqlZD2Y20rQjpTf09kTBkzVoHtVAyHZtGbiv95nRT7134moiRFiPh8UT+VFGM6/Z6GQgNHObaEcS3srZQPmWYcbUZFG4K3+PIyaVYr3mXl4u68XKvmcRTIMTkhZ8QjV6RGbkmdNAgnijyTV/LmaOfFeXc+5q0rTj5zRP7A+fwBQc2QrA==</latexit>

x̃
<latexit sha1_base64="M5nG5CdApGq8HOs7trzKZS0pwfM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKX8eCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9XL5kWlXsvjKMIJnMI5eHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPd4mMrg==</latexit>

0
<latexit sha1_base64="PGif8kdVejJtGk1Xt0Gc1qNBCgE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKX8eCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9XL5kWlXsvjKMIJnMI5eHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPeQ2Mrw==</latexit>

1

<latexit sha1_base64="p3Tz+aeqPFqYK7VBwYNKJzFWtMU=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahXkq21I9jwYvHCm5baJeSTbNtaDa7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIrg3G305hY3Nre6e4W9rbPzg8Kh+ftHWcKso8GotYdQOimeCSeYYbwbqJYiQKBOsEk7u533liSvNYPpppwvyIjCQPOSXGSl4VY3w5KFdwDS+A1ombkwrkaA3KX/1hTNOISUMF0brn4sT4GVGGU8FmpX6qWULohIxYz1JJIqb9bHHsDF1YZYjCWNmSBi3U3xMZibSeRoHtjIgZ61VvLv7n9VIT3voZl0lqmKTLRWEqkInR/HM05IpRI6aWEKq4vRXRMVGEGptPyYbgrr68Ttr1mntdu3poVJr1PI4inME5VMGFG2jCPbTAAwocnuEV3hzpvDjvzseyteDkM6fwB87nDxlHjYc=</latexit>

(000)
<latexit sha1_base64="ZVl1b6SLhO2II229MnXaEiIhGHk=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahXkpS/DoWvHisYGqhDWWz3bRLN5uwOxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777RTW1jc2t4rbpZ3dvf2D8uFRyySZZtxniUx0O6SGS6G4jwIlb6ea0ziU/DEc3c78xyeujUjUA45THsR0oEQkGEUr+VXX9c575Ypbc+cgq8TLSQVyNHvlr24/YVnMFTJJjel4borBhGoUTPJpqZsZnlI2ogPesVTRmJtgMj92Ss6s0idRom0pJHP198SExsaM49B2xhSHZtmbif95nQyjm2AiVJohV2yxKMokwYTMPid9oTlDObaEMi3srYQNqaYMbT4lG4K3/PIqadVr3lXt8v6i0qjncRThBE6hCh5cQwPuoAk+MBDwDK/w5ijnxXl3PhatBSefOYY/cD5/ABrMjYg=</latexit>

(001)
<latexit sha1_base64="M5nG5CdApGq8HOs7trzKZS0pwfM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKX8eCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9XL5kWlXsvjKMIJnMI5eHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPd4mMrg==</latexit>

0
<latexit sha1_base64="EEPLFIN3V4sHGnUrcy8sT7RwniU=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahXsqm1I9jwYvHCm5baJeSTbNtaDa7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIro3rfjuFjc2t7Z3ibmlv/+DwqHx80tZxqijzaCxi1Q2IZoJL5hluBOsmipEoEKwTTO7mfueJKc1j+WimCfMjMpI85JQYK3lVjPHloFxxa+4CaJ3gnFQgR2tQ/uoPY5pGTBoqiNY97CbGz4gynAo2K/VTzRJCJ2TEepZKEjHtZ4tjZ+jCKkMUxsqWNGih/p7ISKT1NApsZ0TMWK96c/E/r5ea8NbPuExSwyRdLgpTgUyM5p+jIVeMGjG1hFDF7a2Ijoki1Nh8SjYEvPryOmnXa/i6dvXQqDTreRxFOINzqAKGG2jCPbTAAwocnuEV3hzpvDjvzseyteDkM6fwB87nDx3ZjYo=</latexit>

(111)
<latexit sha1_base64="CqqI20brJZJzz1U5EqtmHezYraM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahXkpS/DoWvHisYGqhDWWznbRLN5uwuxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlk4yxdBniUhUO6QaBZfoG24EtlOFNA4FPoaj25n/+IRK80Q+mHGKQUwHkkecUWMlv+p63nmvXHFr7hxklXg5qUCOZq/81e0nLItRGiao1h3PTU0wocpwJnBa6mYaU8pGdIAdSyWNUQeT+bFTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T+vk5noJphwmWYGJVssijJBTEJmn5M+V8iMGFtCmeL2VsKGVFFmbD4lG4K3/PIqadVr3lXt8v6i0qjncRThBE6hCh5cQwPuoAk+MODwDK/w5kjnxXl3PhatBSefOYY/cD5/ABxSjYk=</latexit>

(011)
<latexit sha1_base64="PGif8kdVejJtGk1Xt0Gc1qNBCgE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKX8eCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9XL5kWlXsvjKMIJnMI5eHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPeQ2Mrw==</latexit>

1 Singe bit flips can be corrected
<latexit sha1_base64="M5nG5CdApGq8HOs7trzKZS0pwfM=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKX8eCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptsvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9XL5kWlXsvjKMIJnMI5eHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPd4mMrg==</latexit>

0
<latexit sha1_base64="p3Tz+aeqPFqYK7VBwYNKJzFWtMU=">AAAB7HicbVBNSwMxEJ2tX7V+VT16CRahXkq21I9jwYvHCm5baJeSTbNtaDa7JFmhLP0NXjwo4tUf5M1/Y9ruQVsfDDzem2FmXpAIrg3G305hY3Nre6e4W9rbPzg8Kh+ftHWcKso8GotYdQOimeCSeYYbwbqJYiQKBOsEk7u533liSvNYPpppwvyIjCQPOSXGSl4VY3w5KFdwDS+A1ombkwrkaA3KX/1hTNOISUMF0brn4sT4GVGGU8FmpX6qWULohIxYz1JJIqb9bHHsDF1YZYjCWNmSBi3U3xMZibSeRoHtjIgZ61VvLv7n9VIT3voZl0lqmKTLRWEqkInR/HM05IpRI6aWEKq4vRXRMVGEGptPyYbgrr68Ttr1mntdu3poVJr1PI4inME5VMGFG2jCPbTAAwocnuEV3hzpvDjvzseyteDkM6fwB87nDxlHjYc=</latexit>

(000)
<latexit sha1_base64="CqqI20brJZJzz1U5EqtmHezYraM=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBahXkpS/DoWvHisYGqhDWWznbRLN5uwuxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlRwbVz32ymsrW9sbhW3Szu7e/sH5cOjlk4yxdBniUhUO6QaBZfoG24EtlOFNA4FPoaj25n/+IRK80Q+mHGKQUwHkkecUWMlv+p63nmvXHFr7hxklXg5qUCOZq/81e0nLItRGiao1h3PTU0wocpwJnBa6mYaU8pGdIAdSyWNUQeT+bFTcmaVPokSZUsaMld/T0xorPU4Dm1nTM1QL3sz8T+vk5noJphwmWYGJVssijJBTEJmn5M+V8iMGFtCmeL2VsKGVFFmbD4lG4K3/PIqadVr3lXt8v6i0qjncRThBE6hCh5cQwPuoAk+MODwDK/w5kjnxXl3PhatBSefOYY/cD5/ABxSjYk=</latexit>

(011)
<latexit sha1_base64="PGif8kdVejJtGk1Xt0Gc1qNBCgE=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKX8eCF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1IQ3fsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6V9XL5kWlXsvjKMIJnMI5eHANdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPeQ2Mrw==</latexit>

1 Two bit flips result in logical 
error

Code distance
<latexit sha1_base64="klIkRzb6WkvA4TEqdltrLYbFFd8=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUpSfG2EQl10WcE+oAlhMp22QyeTMDMRQ+jKjb/ixoUibv0Gd/6N0zYLbT1w4cw59zL3Hj9iVCrL+jZyS8srq2v59cLG5tb2jrm715JhLDBp4pCFouMjSRjlpKmoYqQTCYICn5G2P6pN/PY9EZKG/E4lEXEDNOC0TzFSWvLMwx68hk5AuZc+nCbQoRzWxvDGq5f088Qzi1bZmgIuEjsjRZCh4ZlfTi/EcUC4wgxJ2bWtSLkpEopiRsYFJ5YkQniEBqSrKUcBkW46PWMMj7XSg/1Q6OIKTtXfEykKpEwCX3cGSA3lvDcR//O6sepfuSnlUawIx7OP+jGDKoSTTGCPCoIVSzRBWFC9K8RDJBBWOrmCDsGeP3mRtCpl+6J8fntWrFayOPLgAByBErDBJaiCOmiAJsDgETyDV/BmPBkvxrvxMWvNGdnMPvgD4/MHEnKW6w==</latexit>

d = min
x,y2C

DH(x, y)

Errors of weight up to !"#$  
can be corrected

<latexit sha1_base64="8OarjFVDYZtbGMZOfqCxp5UXMV4=">AAAB7HicbVBNa8JAEJ3YL2u/bHvsZakUepJE+nUUvPRooVFBg2zWjS5uNmF3UhDxN/TSQ0vptT+ot/6brppDq30w8Hhvhpl5YSqFQdf9dgobm1vbO8Xd0t7+weFR+fikZZJMM+6zRCa6E1LDpVDcR4GSd1LNaRxK3g7HjbnffuLaiEQ94iTlQUyHSkSCUbSS3xOKNPrlilt1FyDrxMtJBXI0++Wv3iBhWcwVMkmN6XpuisGUahRM8lmplxmeUjamQ961VNGYm2C6OHZGLqwyIFGibSkkC/X3xJTGxkzi0HbGFEdm1ZuL/3ndDKO7YCpUmiFXbLkoyiTBhMw/JwOhOUM5sYQyLeythI2opgxtPiUbgrf68jpp1areTfX64apSr+VxFOEMzuESPLiFOtxDE3xgIOAZXuHNUc6L8+58LFsLTj5zCn/gfP4ALZGOPA==</latexit>

2 C
<latexit sha1_base64="8OarjFVDYZtbGMZOfqCxp5UXMV4=">AAAB7HicbVBNa8JAEJ3YL2u/bHvsZakUepJE+nUUvPRooVFBg2zWjS5uNmF3UhDxN/TSQ0vptT+ot/6brppDq30w8Hhvhpl5YSqFQdf9dgobm1vbO8Xd0t7+weFR+fikZZJMM+6zRCa6E1LDpVDcR4GSd1LNaRxK3g7HjbnffuLaiEQ94iTlQUyHSkSCUbSS3xOKNPrlilt1FyDrxMtJBXI0++Wv3iBhWcwVMkmN6XpuisGUahRM8lmplxmeUjamQ961VNGYm2C6OHZGLqwyIFGibSkkC/X3xJTGxkzi0HbGFEdm1ZuL/3ndDKO7YCpUmiFXbLkoyiTBhMw/JwOhOUM5sYQyLeythI2opgxtPiUbgrf68jpp1areTfX64apSr+VxFOEMzuESPLiFOtxDE3xgIOAZXuHNUc6L8+58LFsLTj5zCn/gfP4ALZGOPA==</latexit>

2 C

<latexit sha1_base64="17sv3A25X0yRDLekCXFzY1UrEUA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGX8dALh4jmAckS5idzCZDZmfXmV4hLP6EFw+KePV3vPk3TpI9aGJBQ1HVTXdXkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmzjVjLdYLGPdDajhUijeQoGSdxPNaRRI3gkmjZnfeeTaiFjd4zThfkRHSoSCUbRSt69iFIo0BuWKW3XnIKvEy0kFcjQH5a/+MGZpxBUySY3peW6CfkY1Cib5U6mfGp5QNqEj3rNU0YgbP5vf+0TOrDIkYaxtKSRz9fdERiNjplFgOyOKY7PszcT/vF6K4Y2fCZWkyBVbLApTSTAms+fJUGjOUE4toUwLeythY6opQxtRyYbgLb+8Stq1qndVvby7qNRreRxFOIFTOAcPrqEOt9CEFjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QOi4I+r</latexit>

/2 C
<latexit sha1_base64="17sv3A25X0yRDLekCXFzY1UrEUA=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKewGX8dALh4jmAckS5idzCZDZmfXmV4hLP6EFw+KePV3vPk3TpI9aGJBQ1HVTXdXkEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmzjVjLdYLGPdDajhUijeQoGSdxPNaRRI3gkmjZnfeeTaiFjd4zThfkRHSoSCUbRSt69iFIo0BuWKW3XnIKvEy0kFcjQH5a/+MGZpxBUySY3peW6CfkY1Cib5U6mfGp5QNqEj3rNU0YgbP5vf+0TOrDIkYaxtKSRz9fdERiNjplFgOyOKY7PszcT/vF6K4Y2fCZWkyBVbLApTSTAms+fJUGjOUE4toUwLeythY6opQxtRyYbgLb+8Stq1qndVvby7qNRreRxFOIFTOAcPrqEOt9CEFjCQ8Ayv8OY8OC/Ou/OxaC04+cwx/IHz+QOi4I+r</latexit>

/2 C

<latexit sha1_base64="Iw6HoO8EoIw0rj9rVX+ttAUvS34=">AAACEHicbZC7TsMwFIadcivlFmBksagQRYiShOvQoRILY0H0IrWhclynteoklu2AqqiPwMKrsDCAECsjG2+D22YAyi9Z+vyfc2Sf3+OMSmVZX0ZmZnZufiG7mFtaXlldM9c3ajKKBSZVHLFINDwkCaMhqSqqGGlwQVDgMVL3+hejev2OCEmj8EYNOHED1A2pTzFS2mqbu0f81inYB3wP7kONsAQ5bF3Tbk8hIaJ7fStB+9Bpm3mraI0Fp8FOIQ9SVdrmZ6sT4TggocIMSdm0La7cBAlFMSPDXCuWhCPcR13S1BiigEg3GS80hDva6UA/EvqECo7dnxMJCqQcBJ7uDJDqyb+1kflfrRkr/9xNaMhjRUI8eciPGVQRHKUDO1QQrNhAA8KC6r9C3EMCYaUzzOkQ7L8rT0PNKdqnxZOr43zZSePIgi2wDQrABmegDC5BBVQBBg/gCbyAV+PReDbejPdJa8ZIZzbBLxkf34GLmRc=</latexit>

3p2(1� p) + p2 < p ) p < 1/2Failure probability:
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• Phase errors occur in addition to bit flip errors

• Errors can be arbitrarily small and are continuous
• Measurement necessarily causes disturbance
– Projective measurement projects onto eigenspace of measurement operator

• No cloning theorem (cannot copy quantum information)

Challenges for QEC

<latexit sha1_base64="t8pU2w4TuF4chJy+r9dz0p3fhVs=">AAACCXicbZC7TsMwFIYdrqXcAowsFhUSU5VU3MZKLIxFoheprSrHPUmtOnZkO6AqdGXhVVgYQIiVN2DjbXDbDNByJMu/vv8c2ecPEs608bxvZ2l5ZXVtvbBR3Nza3tl19/YbWqaKQp1KLlUrIBo4E1A3zHBoJQpIHHBoBsOrid+8A6WZFLdmlEA3JpFgIaPEWNRz8YOHO4qIiIO9WTQwRCl5b3FOe27JK3vTwovCz0UJ5VXruV+dvqRpDMJQTrRu+15iuhlRhlEO42In1ZAQOiQRtK0UJAbdzaabjPGxJX0cSmWPMHhKf09kJNZ6FAe2MyZmoOe9CfzPa6cmvOxmTCSpAUFnD4Upx0biSSy4zxRQw0dWEKqY/SumA6IINTa8og3Bn195UTQqZf+8fHZzWqpW8jgK6BAdoRPkowtURdeohuqIokf0jF7Rm/PkvDjvzsesdcnJZw7Qn3I+fwAVK5ns</latexit>

|0i ! |0i
<latexit sha1_base64="9IilUN2CjKEohh4gJTpkZWJw6Fk=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCGxUCUVr7ESC2OR6ENqo8pxb1KrjhPZDqhqO7PwKywMIMTKF7DxN7htBmg50tU9Oude2ff4CWdKO863lVtaXlldy68XNja3tnfs3b26ilNJoUZjHsumTxRwJqCmmebQTCSQyOfQ8PvXE79xD1KxWNzpQQJeRELBAkaJNlLHPhy5uC2JCDmYzsKeJlLGD/h05GZyxy46JWcKvEjcjBRRhmrH/mp3Y5pGIDTlRKmW6yTaGxKpGeUwLrRTBQmhfRJCy1BBIlDecHrKGB8bpYuDWJoSGk/V3xtDEik1iHwzGRHdU/PeRPzPa6U6uPKGTCSpBkFnDwUpxzrGk1xwl0mgmg8MIVQy81dMe0QSqk16BROCO3/yIqmXS+5F6fz2rFgpZ3Hk0QE6QifIRZeogm5QFdUQRY/oGb2iN+vJerHerY/ZaM7KdvbRH1ifP4vpmiU=</latexit>

|1i ! �|1i

<latexit sha1_base64="Yu7F7SKtiuwamBunqmD6jo4rghg="></latexit>

|+i = 1p
2
[|0i+ |1i ! 1p

2
[|0i � |1i] = |�i Phase flips act as bit 

flips of X eigenstates!

3-qubit bit flip code
<latexit sha1_base64="GcE01sPj+MGHbKRMppgveZx/j8w=">AAACHXicbVDLSgMxFM34rPVVdekmWARXJVPqYyMU3LisYB/QKeVOmrahmcyQZJQy7Y+48VfcuFDEhRvxb0zbEbT1wIWTc+4l9x4/ElwbQr6cpeWV1bX1zEZ2c2t7Zze3t1/TYawoq9JQhKrhg2aCS1Y13AjWiBSDwBes7g+uJn79jinNQ3lrhhFrBdCTvMspGCu1c6UR8RTInmDYU7zXN6BUeI9Hng8qIeMf7xKPCCE4fbZzeVIgU+BF4qYkj1JU2rkPrxPSOGDSUAFaN10SmVYCynAq2DjrxZpFQAfQY01LJQRMt5LpdWN8bJUO7obKljR4qv6eSCDQehj4tjMA09fz3kT8z2vGpnvRSriMYsMknX3UjQU2IZ5EhTtcMWrE0BKgittdMe2DAmpsoFkbgjt/8iKpFQvuWeH0ppQvF9M4MugQHaET5KJzVEbXqIKqiKIH9IRe0Kvz6Dw7b877rHXJSWcO0B84n9+0EaGb</latexit>

|0i ! |0̄i = |000i
<latexit sha1_base64="i6XXiUMFhv7mNNUy0vKQ2h4IYK4=">AAACHXicbVDLSgMxFM34rPVVdekmWARXZVLqYyMU3LisYB/QKeVOmrahmcyQZJQy7Y+48VfcuFDEhRvxb0zbEbT1wIWTc+4l9x4/Elwb1/1ylpZXVtfWMxvZza3tnd3c3n5Nh7GirEpDEaqGD5oJLlnVcCNYI1IMAl+wuj+4mvj1O6Y0D+WtGUasFUBP8i6nYKzUzpVGxFMge4JhT/Fe34BS4T0eeT6ohIx/vEs8IoTg9NnO5d2COwVeJCQleZSi0s59eJ2QxgGThgrQukncyLQSUIZTwcZZL9YsAjqAHmtaKiFgupVMrxvjY6t0cDdUtqTBU/X3RAKB1sPAt50BmL6e9ybif14zNt2LVsJlFBsm6eyjbiywCfEkKtzhilEjhpYAVdzuimkfFFBjA83aEMj8yYukViyQs8LpTSlfLqZxZNAhOkIniKBzVEbXqIKqiKIH9IRe0Kvz6Dw7b877rHXJSWcO0B84n9+8CaGg</latexit>

|1i ! |1̄i = |111i

<latexit sha1_base64="WEaWOahh/KrtFBI1N+GI15QzaWM=">AAACDnicbZDLSsNAFIYnXmu9RV26GSwFQShJ8bYsuHFZwV6gCeVkOmmHTiZhZiKU2Cdw46u4caGIW9fufBunbQRt/WHg5zvncOb8QcKZ0o7zZS0tr6yurRc2iptb2zu79t5+U8WpJLRBYh7LdgCKciZoQzPNaTuRFKKA01YwvJrUW3dUKhaLWz1KqB9BX7CQEdAGde0y4HsvAJk5Y0+C6HOKT3CQM/eHde2SU3GmwovGzU0J5ap37U+vF5M0okITDkp1XCfRfgZSM8LpuOiliiZAhtCnHWMFRFT52fScMS4b0sNhLM0TGk/p74kMIqVGUWA6I9ADNV+bwP9qnVSHl37GRJJqKshsUZhyrGM8yQb3mKRE85ExQCQzf8VkABKINgkWTQju/MmLplmtuOeVs5vTUq2ax1FAh+gIHSMXXaAaukZ11EAEPaAn9IJerUfr2Xqz3metS1Y+c4D+yPr4BklFm5o=</latexit>

a|0̄i+ b|1̄i

<latexit sha1_base64="W5xvLTbtFsKnJOQbar00ukumOBU=">AAACEnicbVDLSgMxFM34rPU16tJNsAiKUGaKr41QcOOygn1AZyiZ9E4bmskMSUYobb/Bjb/ixoUibl25829M2xG09UDg3HPu5eaeIOFMacf5shYWl5ZXVnNr+fWNza1te2e3puJUUqjSmMeyERAFnAmoaqY5NBIJJAo41IPe9div34NULBZ3up+AH5GOYCGjRBupZR8PvUQx7EkiOhzwFSZ46PxUJzjAQzerWnbBKToT4HniZqSAMlRa9qfXjmkagdCUE6WarpNof0CkZpTDKO+lChJCe6QDTUMFiUD5g8lJI3xolDYOY2me0Hii/p4YkEipfhSYzojorpr1xuJ/XjPV4aU/YCJJNQg6XRSmHOsYj/PBbSaBat43hFDJzF8x7RJJqDYp5k0I7uzJ86RWKrrnxbPb00K5lMWRQ/voAB0hF12gMrpBFVRFFD2gJ/SCXq1H69l6s96nrQtWNrOH/sD6+AbUBJxG</latexit>

| i = a|0i+ b|1i
Encoding circuit:

Protected against
<latexit sha1_base64="g0JoQeZYX3AzD8HtBYMZDl1nlqQ=">AAAB+nicbVDLSsNAFL2pr1pfqS7dDBbBhZSkPpcFNy4r2DbQhDCZTtuhkwczE6XEfoobF4q49Uvc+TdO2iy09cC9HM65l7lzgoQzqSzr2yitrK6tb5Q3K1vbO7t7ZnW/I+NUENomMY+FE2BJOYtoWzHFqZMIisOA024wvsn97gMVksXRvZok1AvxMGIDRrDSkm9W3czx7VPk+I28nblT36xZdWsGtEzsgtSgQMs3v9x+TNKQRopwLGXPthLlZVgoRjidVtxU0gSTMR7SnqYRDqn0stnpU3SslT4axEJXpNBM/b2R4VDKSRjoyRCrkVz0cvE/r5eqwbWXsShJFY3I/KFBypGKUZ4D6jNBieITTTARTN+KyAgLTJROq6JDsBe/vEw6jbp9Wb+4O681G0UcZTiEIzgBG66gCbfQgjYQeIRneIU348l4Md6Nj/loySh2DuAPjM8ft2uSUg==</latexit>

{X1, X2, X3}
errors. 

<latexit sha1_base64="xD9wi64EXag8Ku1+yy+MgMh1q3A=">AAAB+nicbVDLSsNAFL3xWesr1aWbwSK4Kkl9boSCGxcuKtg20IYwmU7aoZNJmJkopfZT3LhQxK1f4s6/cdpmoa0HDhzOuZe5c8KUM6Ud59taWl5ZXVsvbBQ3t7Z3du3SXlMlmSS0QRKeSC/EinImaEMzzamXSorjkNNWOLie5K0HKhVLxL0eptSPcU+wiBGsjRXYJS+4RVfIC1zDquFJYJedijMFWhRuLsqQox7YX51uQrKYCk04VqrtOqn2R1hqRjgdFzuZoikmA9yjbSMFjqnyR9PTx+jIOF0UJdJQaDR1f2+McKzUMA7NZIx1X81nE/O/rJ3p6NIfMZFmmgoyeyjKONIJmvSAukxSovnQCEwkM7ci0scSE23aKpoS3PkvL4pmteKeV87uTsu1al5HAQ7gEI7BhQuowQ3UoQEEHuEZXuHNerJerHfrYza6ZOU7+/AH1ucP5UWRyg==</latexit>

XL = X1X2X3
<latexit sha1_base64="OMZHWvOL42704DwdIn/mXSd+XfE=">AAAB+nicbVDLSgMxFL3js9bXVJdugkVwVWbqcyMU3LhwUcE+aDsMmTTThmYyQ5JRSu2nuHGhiFu/xJ1/Y9rOQlsPHDiccy+5OUHCmdKO820tLa+srq3nNvKbW9s7u3Zhr67iVBJaIzGPZTPAinImaE0zzWkzkRRHAaeNYHA9yRsPVCoWi3s9TKgX4Z5gISNYG8u3Cy3/Fl2hlu8alg1PfLvolJwp0KJwM1GEDFXf/up0Y5JGVGjCsVJt10m0N8JSM8LpON9JFU0wGeAebRspcESVN5qePkZHxumiMJaGQqOp+3tjhCOlhlFgJiOs+2o+m5j/Ze1Uh5feiIkk1VSQ2UNhypGO0aQH1GWSEs2HRmAimbkVkT6WmGjTVt6U4M5/eVHUyyX3vHR2d1qslLM6cnAAh3AMLlxABW6gCjUg8AjP8Apv1pP1Yr1bH7PRJSvb2Yc/sD5/APGpkdI=</latexit>

ZL = Z1Z2Z3

Logical operators
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• Measure Pauli strings                       ☞ yields error syndrome  

Bit flip code: error detection via syndrome measurement
<latexit sha1_base64="czbHv+Df32zHVmOY2vb3ygHKWvI=">AAAB+3icbZDLSsNAFIZPvNZ6i3XpZrAIFaQk9bosuHFZwV5oG8JkOmmHTiZhZiKW0ldx40IRt76IO9/GaZuFtv4w8PGfczhn/iDhTGnH+bZWVtfWNzZzW/ntnd29ffug0FBxKgmtk5jHshVgRTkTtK6Z5rSVSIqjgNNmMLyd1puPVCoWiwc9SqgX4b5gISNYG8u3C6W276K2XzlDczg/9e2iU3ZmQsvgZlCETDXf/ur2YpJGVGjCsVId10m0N8ZSM8LpJN9NFU0wGeI+7RgUOKLKG89un6AT4/RQGEvzhEYz9/fEGEdKjaLAdEZYD9RibWr+V+ukOrzxxkwkqaaCzBeFKUc6RtMgUI9JSjQfGcBEMnMrIgMsMdEmrrwJwV388jI0KmX3qnx5f1GsVrI4cnAEx1ACF66hCndQgzoQeIJneIU3a2K9WO/Wx7x1xcpmDuGPrM8fIN2R4Q==</latexit>

(Z1Z2, Z1Z3)
<latexit sha1_base64="0oQwqmMXi9F5i4CO/2g4Fq2dxjY=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBItQQcpM8bUsuHFZwT6gHUsmTdvQJDMkGaUM/Q83LhRx67+4829Mp7PQ1gOXezjnXnJzgogzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpg5jRWiDhDxU7QBrypmkDcMMp+1IUSwCTlvB+Gbmtx6p0iyU92YSUV/goWQDRrCx0kO5GwnknaG0nfaKJbfipkDLxMtICTLUe8Wvbj8ksaDSEI617nhuZPwEK8MIp9NCN9Y0wmSMh7RjqcSCaj9Jr56iE6v00SBUtqRBqfp7I8FC64kI7KTAZqQXvZn4n9eJzeDaT5iMYkMlmT80iDkyIZpFgPpMUWL4xBJMFLO3IjLCChNjgyrYELzFLy+TZrXiXVYu7s5LtWoWRx6O4BjK4MEV1OAW6tAAAgqe4RXenCfnxXl3PuajOSfbOYQ/cD5/AMDwkLE=</latexit>

(±1,±1)

<latexit sha1_base64="PQDr5gqSj0nDxnyhaJQQNMj/YN0="></latexit>

|0i| ̄i ! 1p
2
(|0i+ |1i)| ̄i

<latexit sha1_base64="IVNyMrVf2zbGE/4FwvRnYjWANyM="></latexit>

! 1p
2

⇣
|0i| ̄i+ Z1Z2|1i| ̄i

⌘

<latexit sha1_base64="tYmwCvOyU2L9zYkkgk9uDbzhs8I="></latexit>

! 1

2

⇣
[|0i+ |1i]| ̄i+ Z1Z2[|0i � |1i]| ̄i

⌘ <latexit sha1_base64="Oijfdkf/xc3XYs7bQbQ08p31Daw="></latexit>
=

1

2

⇣
1 + Z1Z2

⌘
|0i| ̄i+ 1

2

⇣
1� Z1Z2

⌘
|1i| ̄i

Measurement of ancilla collapses logical qubit to               orthogonal eigenspaces
<latexit sha1_base64="2y0Zh0sE3kiX+5gvXHtISfrUacY=">AAACAHicbVDLSsNAFJ34rPUVdeHCzWARXJUk+FoW3Oiugn1gE8JkOmmHzkzCzEQoIRt/xY0LRdz6Ge78G6dtFtp64MLhnHu5954oZVRpx/m2lpZXVtfWKxvVza3tnV17b7+tkkxi0sIJS2Q3QoowKkhLU81IN5UE8YiRTjS6nvidRyIVTcS9Hqck4GggaEwx0kYK7UM/lgjnt9BPOXwIXVNekXtFaNecujMFXCRuSWqgRDO0v/x+gjNOhMYMKdVznVQHOZKaYkaKqp8pkiI8QgPSM1QgTlSQTx8o4IlR+jBOpCmh4VT9PZEjrtSYR6aTIz1U895E/M/rZTq+CnIq0kwTgWeL4oxBncBJGrBPJcGajQ1BWFJzK8RDZBLRJrOqCcGdf3mRtL26e1E/vzurNbwyjgo4AsfgFLjgEjTADWiCFsCgAM/gFbxZT9aL9W59zFqXrHLmAPyB9fkDBleVXA==</latexit>

I ± Z1Z2

2

by majority 
vote

Digitization of error: bit flip either occurs (with small probability) or not.
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Orthogonal error subspaces

• Ancilla measurement discretizes error by projecting states onto orthogonal and 
undeformed error subspaces

• Recovery operation associated with each syndrome outcome 
<latexit sha1_base64="0oQwqmMXi9F5i4CO/2g4Fq2dxjY=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBItQQcpM8bUsuHFZwT6gHUsmTdvQJDMkGaUM/Q83LhRx67+4829Mp7PQ1gOXezjnXnJzgogzbVz328mtrK6tb+Q3C1vbO7t7xf2Dpg5jRWiDhDxU7QBrypmkDcMMp+1IUSwCTlvB+Gbmtx6p0iyU92YSUV/goWQDRrCx0kO5GwnknaG0nfaKJbfipkDLxMtICTLUe8Wvbj8ksaDSEI617nhuZPwEK8MIp9NCN9Y0wmSMh7RjqcSCaj9Jr56iE6v00SBUtqRBqfp7I8FC64kI7KTAZqQXvZn4n9eJzeDaT5iMYkMlmT80iDkyIZpFgPpMUWL4xBJMFLO3IjLCChNjgyrYELzFLy+TZrXiXVYu7s5LtWoWRx6O4BjK4MEV1OAW6tAAAgqe4RXenCfnxXl3PuajOSfbOYQ/cD5/AMDwkLE=</latexit>

(±1,±1)
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Two and three bit flip errors are not correctable

• Two-bit flip errors is erroneously corrected ☞ logical error
• Three-bit flip error correspond to logical operation and cannot be detected 
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• Phase errors occur in addition to bit flip errors ❌ (still need to be addressed)

• Errors can be arbitrarily small and are continuous
– Ancilla measurement discretizes errors (either they occur or not) ✅

• Measurement necessarily causes disturbance
– Projective measurement projects onto eigenspace of measurement operator
– Measurement of syndrome operators does not affect information encoded in code 

subspace C ✅
– Projection is actually a good thing ✅

• No cloning theorem (cannot copy quantum information)
– We never copied the state                                ✅
–  

Challenges for QEC: almost all addressed in bit flip code

<latexit sha1_base64="t8pU2w4TuF4chJy+r9dz0p3fhVs=">AAACCXicbZC7TsMwFIYdrqXcAowsFhUSU5VU3MZKLIxFoheprSrHPUmtOnZkO6AqdGXhVVgYQIiVN2DjbXDbDNByJMu/vv8c2ecPEs608bxvZ2l5ZXVtvbBR3Nza3tl19/YbWqaKQp1KLlUrIBo4E1A3zHBoJQpIHHBoBsOrid+8A6WZFLdmlEA3JpFgIaPEWNRz8YOHO4qIiIO9WTQwRCl5b3FOe27JK3vTwovCz0UJ5VXruV+dvqRpDMJQTrRu+15iuhlRhlEO42In1ZAQOiQRtK0UJAbdzaabjPGxJX0cSmWPMHhKf09kJNZ6FAe2MyZmoOe9CfzPa6cmvOxmTCSpAUFnD4Upx0biSSy4zxRQw0dWEKqY/SumA6IINTa8og3Bn195UTQqZf+8fHZzWqpW8jgK6BAdoRPkowtURdeohuqIokf0jF7Rm/PkvDjvzsesdcnJZw7Qn3I+fwAVK5ns</latexit>

|0i ! |0i
<latexit sha1_base64="9IilUN2CjKEohh4gJTpkZWJw6Fk=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCGxUCUVr7ESC2OR6ENqo8pxb1KrjhPZDqhqO7PwKywMIMTKF7DxN7htBmg50tU9Oude2ff4CWdKO863lVtaXlldy68XNja3tnfs3b26ilNJoUZjHsumTxRwJqCmmebQTCSQyOfQ8PvXE79xD1KxWNzpQQJeRELBAkaJNlLHPhy5uC2JCDmYzsKeJlLGD/h05GZyxy46JWcKvEjcjBRRhmrH/mp3Y5pGIDTlRKmW6yTaGxKpGeUwLrRTBQmhfRJCy1BBIlDecHrKGB8bpYuDWJoSGk/V3xtDEik1iHwzGRHdU/PeRPzPa6U6uPKGTCSpBkFnDwUpxzrGk1xwl0mgmg8MIVQy81dMe0QSqk16BROCO3/yIqmXS+5F6fz2rFgpZ3Hk0QE6QifIRZeogm5QFdUQRY/oGb2iN+vJerHerY/ZaM7KdvbRH1ifP4vpmiU=</latexit>

|1i ! �|1i

<latexit sha1_base64="Yu7F7SKtiuwamBunqmD6jo4rghg="></latexit>

|+i = 1p
2
[|0i+ |1i ! 1p

2
[|0i � |1i] = |�i Phase flips act as bit 

flips of X eigenstates!

<latexit sha1_base64="nkGYOckuPa0mUkPmrS0L3tkpf6c=">AAACFHicbVDLSgMxFM3UV62vqks3wSIIhTJTfG2EghuXFewDOkO5k2ba0ExmSDJCafsRbvwVNy4UcevCnX9j2o6irQcC555zLzf3+DFnStv2p5VZWl5ZXcuu5zY2t7Z38rt7dRUlktAaiXgkmz4oypmgNc00p81YUgh9Tht+/2riN+6oVCwSt3oQUy+ErmABI6CN1M4XR26sGHYliC6n+BIDHtk/ZRH7eOR8l+18wS7ZU+BF4qSkgFJU2/kPtxORJKRCEw5KtRw71t4QpGaE03HOTRSNgfShS1uGCgip8obTo8b4yCgdHETSPKHxVP09MYRQqUHom84QdE/NexPxP6+V6ODCGzIRJ5oKMlsUJBzrCE8Swh0mKdF8YAgQycxfMemBBKJNjjkTgjN/8iKpl0vOWen05qRQKadxZNEBOkTHyEHnqIKuURXVEEH36BE9oxfrwXqyXq23WWvGSmf20R9Y71+VUJya</latexit>

| i = a|0i+ b|1i
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• Phase errors occur in addition to bit flip errors ✅

Phase flip code

<latexit sha1_base64="t8pU2w4TuF4chJy+r9dz0p3fhVs=">AAACCXicbZC7TsMwFIYdrqXcAowsFhUSU5VU3MZKLIxFoheprSrHPUmtOnZkO6AqdGXhVVgYQIiVN2DjbXDbDNByJMu/vv8c2ecPEs608bxvZ2l5ZXVtvbBR3Nza3tl19/YbWqaKQp1KLlUrIBo4E1A3zHBoJQpIHHBoBsOrid+8A6WZFLdmlEA3JpFgIaPEWNRz8YOHO4qIiIO9WTQwRCl5b3FOe27JK3vTwovCz0UJ5VXruV+dvqRpDMJQTrRu+15iuhlRhlEO42In1ZAQOiQRtK0UJAbdzaabjPGxJX0cSmWPMHhKf09kJNZ6FAe2MyZmoOe9CfzPa6cmvOxmTCSpAUFnD4Upx0biSSy4zxRQw0dWEKqY/SumA6IINTa8og3Bn195UTQqZf+8fHZzWqpW8jgK6BAdoRPkowtURdeohuqIokf0jF7Rm/PkvDjvzsesdcnJZw7Qn3I+fwAVK5ns</latexit>

|0i ! |0i
<latexit sha1_base64="9IilUN2CjKEohh4gJTpkZWJw6Fk=">AAACCnicbVC7TsMwFHXKq5RXgJHFUCGxUCUVr7ESC2OR6ENqo8pxb1KrjhPZDqhqO7PwKywMIMTKF7DxN7htBmg50tU9Oude2ff4CWdKO863lVtaXlldy68XNja3tnfs3b26ilNJoUZjHsumTxRwJqCmmebQTCSQyOfQ8PvXE79xD1KxWNzpQQJeRELBAkaJNlLHPhy5uC2JCDmYzsKeJlLGD/h05GZyxy46JWcKvEjcjBRRhmrH/mp3Y5pGIDTlRKmW6yTaGxKpGeUwLrRTBQmhfRJCy1BBIlDecHrKGB8bpYuDWJoSGk/V3xtDEik1iHwzGRHdU/PeRPzPa6U6uPKGTCSpBkFnDwUpxzrGk1xwl0mgmg8MIVQy81dMe0QSqk16BROCO3/yIqmXS+5F6fz2rFgpZ3Hk0QE6QifIRZeogm5QFdUQRY/oGb2iN+vJerHerY/ZaM7KdvbRH1ifP4vpmiU=</latexit>

|1i ! �|1i

<latexit sha1_base64="Yu7F7SKtiuwamBunqmD6jo4rghg="></latexit>

|+i = 1p
2
[|0i+ |1i ! 1p

2
[|0i � |1i] = |�i Phase flips act as bit 

flips of X eigenstates!

3-qubit phase flip code
<latexit sha1_base64="LCadNhMR2oBpkH+KwaY0azlJy6Q="></latexit>

|0i ! |0̄i = |+++i = 1p
2
(|0i+ |1i)⌦3

|1i ! |1̄i = |���i = 1p
2
(|0i � |1i)⌦3

<latexit sha1_base64="WEaWOahh/KrtFBI1N+GI15QzaWM=">AAACDnicbZDLSsNAFIYnXmu9RV26GSwFQShJ8bYsuHFZwV6gCeVkOmmHTiZhZiKU2Cdw46u4caGIW9fufBunbQRt/WHg5zvncOb8QcKZ0o7zZS0tr6yurRc2iptb2zu79t5+U8WpJLRBYh7LdgCKciZoQzPNaTuRFKKA01YwvJrUW3dUKhaLWz1KqB9BX7CQEdAGde0y4HsvAJk5Y0+C6HOKT3CQM/eHde2SU3GmwovGzU0J5ap37U+vF5M0okITDkp1XCfRfgZSM8LpuOiliiZAhtCnHWMFRFT52fScMS4b0sNhLM0TGk/p74kMIqVGUWA6I9ADNV+bwP9qnVSHl37GRJJqKshsUZhyrGM8yQb3mKRE85ExQCQzf8VkABKINgkWTQju/MmLplmtuOeVs5vTUq2ax1FAh+gIHSMXXaAaukZ11EAEPaAn9IJerUfr2Xqz3metS1Y+c4D+yPr4BklFm5o=</latexit>

a|0̄i+ b|1̄i

Encoding circuit:

Protected against                            errors. 
<latexit sha1_base64="dIJZZbzpJARdp9l+w62wvSvVbLs=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgQkpSfC0LblxWsA/ahDCZTtqhk0mYmYgl5FfcuFDErT/izr9xkmahrQfu5XDOvcyd48eMSmVZ30ZlbX1jc6u6XdvZ3ds/MA/rPRklApMujlgkBj6ShFFOuooqRgaxICj0Gen7s9vc7z8SIWnEH9Q8Jm6IJpwGFCOlJc+sO+nQs8/h0GsVzclqntmwmlYBuErskjRAiY5nfjnjCCch4QozJOXItmLlpkgoihnJak4iSYzwDE3ISFOOQiLdtLg9g6daGcMgErq4goX6eyNFoZTz0NeTIVJTuezl4n/eKFHBjZtSHieKcLx4KEgYVBHMg4BjKghWbK4JwoLqWyGeIoGw0nHlIdjLX14lvVbTvmpe3l802q0yjio4BifgDNjgGrTBHeiALsDgCTyDV/BmZMaL8W58LEYrRrlzBP7A+PwB+IaSaw==</latexit>

{Z1, Z2, Z2}

Syndrome measurements 
<latexit sha1_base64="/iD2Lv8BJd9VWKPung1KTQJmNKI=">AAACDHicbVDLSgMxFM3UV62vqks3wSK0UMpMfW6EghuXFewD2mHIpJk2NMkMSUYoQz/Ajb/ixoUibv0Ad/6N6XQW2nog5HDOuST3+BGjStv2t5VbWV1b38hvFra2d3b3ivsHbRXGEpMWDlkouz5ShFFBWppqRrqRJIj7jHT88c3M7zwQqWgo7vUkIi5HQ0EDipE2klcslbueA7tevQrn5LQCr2G5H3HoVGF6VUzKrtkp4DJxMlICGZpe8as/CHHMidCYIaV6jh1pN0FSU8zItNCPFYkQHqMh6RkqECfKTdJlpvDEKAMYhNIcoWGq/p5IEFdqwn2T5EiP1KI3E//zerEOrtyEiijWROD5Q0HMoA7hrBk4oJJgzSaGICyp+SvEIyQR1qa/ginBWVx5mbTrNeeidn53VmrUszry4AgcgzJwwCVogFvQBC2AwSN4Bq/gzXqyXqx362MezVnZzCH4A+vzB1BSlrE=</latexit>

(X1X2, X1X3) = (±1,±1)

<latexit sha1_base64="U+Jy/C1z/MvGULD9XtdY04zqVXc=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4Kknx61jw4rGCbQNtCJvttl262YTdiVBCf4QXD4p49fd489+4bXPQ1gcDj/dmmJkXpVIYdN1vZ219Y3Nru7RT3t3bPzisHB23TZJpxlsskYn2I2q4FIq3UKDkfqo5jSPJO9H4buZ3nrg2IlGPOEl5ENOhEgPBKFqp44ce8cN6WKm6NXcOskq8glShQDOsfPX6CctirpBJakzXc1MMcqpRMMmn5V5meErZmA5511JFY26CfH7ulJxbpU8GibalkMzV3xM5jY2ZxJHtjCmOzLI3E//zuhkOboNcqDRDrthi0SCTBBMy+530heYM5cQSyrSwtxI2opoytAmVbQje8surpF2vede1q4fLaqNexFGCUziDC/DgBhpwD01oAYMxPMMrvDmp8+K8Ox+L1jWnmDmBP3A+fwAD3Y6r</latexit>

X1X2

Circuit to measure
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• Shor’s 9-qubit code protects against all single 
bit and phase flip errors and their combination

• Codewords

• Detect bit flips by syndrome measurements of

• Detect phase flips by syndrome measurements

• Information encoded nonlocally 

Combine bit and phase flip code: Shor’s 9-qubit code

<latexit sha1_base64="C5mb4/U04cNjnboMZ8dO0l/6q5Y="></latexit>

|0i ! |0̄i = 1

23/2
(|000i+ |111i)(|000i+ |111i)(|000i+ |111i)

|1i ! |1̄i = 1

23/2
(|000i � |111i)(|000i � |111i)(|000i � |111i)

<latexit sha1_base64="1PwzcopZYcYBWBC5prN82Sspjb4=">AAACH3icbZDLSsNAFIYnXmu9RV26GSxCBSlJ7c1dwY3LCvZC2xAm00k7dHJhZiKU0Ddx46u4caGIuOvbOGlT0NYDP3z85xxmzu+EjAppGDNtY3Nre2c3s5fdPzg8OtZPTlsiiDgmTRywgHccJAijPmlKKhnphJwgz2Gk7Yzvkn77iXBBA/9RTkJieWjoU5diJJVl65V81zZh1y5ewwXcJFBSKi+hkkBVqbaE2ytbzxkFY15wHcwUciCthq1/9wcBjjziS8yQED3TCKUVIy4pZmSa7UeChAiP0ZD0FPrII8KK5/dN4aVyBtANuJIv4dz9vREjT4iJ56hJD8mRWO0l5n+9XiTdmhVTP4wk8fHiITdiUAYwCQsOKCdYsokChDlVf4V4hDjCUkWaVSGYqyevQ6tYMCuF8kMpVy+mcWTAObgAeWCCKqiDe9AATYDBM3gF7+BDe9HetE/tazG6oaU7Z+BPabMfh5mccw==</latexit>

(Z1Z2, Z1Z3, Z4Z5, Z4Z6, Z7Z8, Z7Z9)

<latexit sha1_base64="0FAKTnMi9Hk5lC5hcPuUsc7uFb8=">AAACG3icbZDLSgMxFIYz9VbrbdSlm2ARKkiZGXtzV3DjsoJtB9phyKSZNjRzIckIZeh7uPFV3LhQxJXgwrcxbWdRWw988Oc/OSTn92JGhTSMHy23sbm1vZPfLeztHxwe6ccnHRElHJM2jljEbQ8JwmhI2pJKRuyYExR4jHS98e2s330kXNAofJCTmDgBGobUpxhJZbm6VbJdE9qupbhWVBRVRe1q+aCoKxqKm0tXLxplY15wXZiZKIKsWq7+1R9EOAlIKDFDQvRMI5ZOirikmJFpoZ8IEiM8RkPSUzJEARFOOt9tCi+UM4B+xBWhhHN3eSJFgRCTwFM3AyRHYrU3M//r9RLpN5yUhnEiSYgXD/kJgzKCs6DggHKCJZsogTCn6q8QjxBHWKo4CyoEc3XlddGxymatXL2vFJtWFkcenIFzUAImqIMmuAMt0AYYPIEX8AbetWftVfvQPhdXc1o2cwr+lPb9C5k6m4Y=</latexit>

(X1X2X3X4X5X6, X4X5X6X7X8X9)



Peter P. Orth | Quantum Error Correction and Applications in Condensed Matter Physics, USQIS School13

• Two bit flips in a single cluster of three qubits cannot be corrected (instead we 
incorrectly apply X3)

• Two phase flips in different clusters cannot be corrected

Code distance and uncorrectable errors

<latexit sha1_base64="3oC3hzWC+XEjBLd5eADDg8S1rjM=">AAACTHicbVDPS8MwGE2nzll/VT16CQ7Bi6OdPy/CwIvHCW4rrKWkWbaFpWlJUmHU/YFePHjzr/DiQRHBbOthrj744PHe9/iSFyaMSmXbb0ZpZXWtvF7ZMDe3tnd2rb39toxTgUkLxywWbogkYZSTlqKKETcRBEUhI51wdDv1O49ESBrzBzVOiB+hAad9ipHSUmBhNziDbuDoqcMnL0QisyfQE4gPGIE3RcnzzGLEWYycLmuBVbVr9gywSJycVEGOZmC9er0YpxHhCjMkZdexE+VnSCiKGZmYXipJgvAIDUhXU44iIv1sVsYEHmulB/ux0MMVnKmLiQxFUo6jUG9GSA3lsjcV//O6qepf+xnlSaoIx/ND/ZRBFcNps7BHBcGKjTVBWFD9VoiHSCCsdP+mLsFZ/nKRtOs157J2cX9ebdTzOirgEByBE+CAK9AAd6AJWgCDZ/AOPsGX8WJ8GN/Gz3y1ZOSZA/AHpfIvAGewbQ==</latexit>

X3X1X2|0̄i = |0̄i
X3X1X2|1̄i = �|1̄i

results in a logical phase flip

<latexit sha1_base64="eHZxdRKFuUBQPy5WEVT34ZbCFes=">AAACS3icbVBLS8NAGNxUqzW+oh69LBbBU0lKtV6EghePFewDmxA22227dLMJuxuhxP4/L168+Se8eFDEg9s2UG0c+GCY+WYfE8SMSmXbr0Zhbb24sVnaMrd3dvf2rYPDtowSgUkLRywS3QBJwignLUUVI91YEBQGjHSC8fXM7zwQIWnE79QkJl6IhpwOKEZKS74V3Pt1eO87emrw0Q2QSO0pdAXiQ0bgVSY5S8l1zXzEyUeWp/hW2a7Yc8A8cTJSBhmavvXi9iOchIQrzJCUPceOlZcioShmZGq6iSQxwmM0JD1NOQqJ9NJ5F1N4qpU+HERCD1dwrv5OpCiUchIGejNEaiRXvZn4n9dL1ODSSymPE0U4Xlw0SBhUEZwVC/tUEKzYRBOEBdVvhXiEBMJK12/qEpzVL+dJu1pxLirnt7Vyo5rVUQLH4AScAQfUQQPcgCZoAQyewBv4AJ/Gs/FufBnfi9WCkWWOwB8Uij+j3bBO</latexit>

Z7Z1Z4|0̄i = |1̄i
Z7Z1Z4|1̄i = |0̄i

<latexit sha1_base64="Rx/3SQMxw1PjjNigOsR2aGhaA/Y=">AAACP3icbVC7SgNBFJ2Nrxhfq5Y2g0EIiGE3+GqEgI2FRQTzwCSEu5NJMmR2dpmZFcKaP7PxF+xsbSwUsbVzkiyoSQ4MHM45lzv3eCFnSjvOi5VaWFxaXkmvZtbWNza37O2digoiSWiZBDyQNQ8U5UzQsmaa01ooKfgep1Wvfznyq/dUKhaIWz0IadOHrmAdRkAbqWVX7lrXOAf4oeGBjJ0hbkgQXU7xIfYS0f0VL/Cc5NGcZMvOOnlnDDxL3IRkUYJSy35utAMS+VRowkGpuuuEuhmD1IxwOsw0IkVDIH3o0rqhAnyqmvH4/iE+MEobdwJpntB4rP6diMFXauB7JumD7qlpbyTO8+qR7pw3YybCSFNBJos6Ecc6wKMycZtJSjQfGAJEMvNXTHoggWhTecaU4E6fPEsqhbx7mj+5Oc4WC0kdabSH9lEOuegMFdEVKqEyIugRvaJ39GE9WW/Wp/U1iaasZGYX/YP1/QNEZ61T</latexit>

ZL(a|0̄i+ b|1̄i = a|0̄i � b|1̄i

<latexit sha1_base64="C9vMBoWRMRiK0I9litF0LTxO574=">AAACP3icbZBLSwMxFIUz9VXra9Slm2ARCkKZKb42QsGNCxcV7AM6pdxJ0zY0kxmSjFDG/jM3/gV3bt24UMStO9N2oNp6IHD47r3c3ONHnCntOC9WZml5ZXUtu57b2Nza3rF392oqjCWhVRLyUDZ8UJQzQauaaU4bkaQQ+JzW/cHVuF6/p1KxUNzpYURbAfQE6zIC2qC2XWu0b3AB8IPng0ycEfYkiB6n+Bj7KXRn8BLDIpx1zsbbdt4pOhPhReOmJo9SVdr2s9cJSRxQoQkHpZquE+lWAlIzwuko58WKRkAG0KNNYwUEVLWSyf0jfGRIB3dDaZ7QeEJ/TyQQKDUMfNMZgO6r+doY/ldrxrp70UqYiGJNBZku6sYc6xCPw8QdJinRfGgMEMnMXzHpgwSiTeQ5E4I7f/KiqZWK7lnx9PYkXy6lcWTRATpEBeSic1RG16iCqoigR/SK3tGH9WS9WZ/W17Q1Y6Uz++iPrO8fPZytTw==</latexit>

XL(a|0̄i+ b|1̄i = a|1̄i+ b|0̄i results in a logical bit flip

Are there two qubit errors 
that can be corrected? 

• Only weight t=1 Pauli errors can be corrected ☞ Code distance 𝑑 = 2𝑡 + 1 = 3
<latexit sha1_base64="Cwcwqn6lI0I9tFpPLYLezI68Na4=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEF6Ek9b0QCm5cVrAPSIcymUzboZNJmJkIJRT8FTcuFHHrd7jzb5y2WWjrgQuHc+7l3nuChDOlXffbKiwtr6yuFddLG5tb2zv27l5TxakktEFiHst2gBXlTNCGZprTdiIpjgJOW8HwduK3HqlULBYPepRQFOG+YD1GsDZS1z7wfeEMnRAheAN9/9rxnFOEunbZrbhTwEXi5aQMctS79lcnjEkaUaEJx0r5nptolGGpGeF0XOqkiiaYDHGf+oYKHFGFsun5Y3hslBD2YmlKaDhVf09kOFJqFAWmM8J6oOa9ifif56e6d4UyJpJUU0Fmi3ophzqGkyxgyCQlmo8MwUQycyskAywx0SaxkgnBm395kTSrFe+icn5/Vq5V8ziK4BAcgRPggUtQA3egDhqAgAw8g1fwZj1ZL9a79TFrLVj5zD74A+vzB7wek14=</latexit>

[[n, k, d]] = [[9, 1, 3]]• Shor’s code is a                                code. 
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• Unencoded qubit: failure with probability p
• Shor’s logical qubit
– Logical phase error requires two bits on the same cluster to flip

• Upper bounded by 

– Logical bit flip error requires two bits on different clusters to undergo phase error 
• Upper bounded by 

– Encoding is advantageous for 

• Encoded qubit has smaller failure rate for small enough physical failure rate

Error probability

<latexit sha1_base64="vhvxSfq0IflAr/zLvfTSUF7SHCM="></latexit>

pL,bit 
✓
3

2

◆
32
⇣2
3
p
⌘2

= 12p2

<latexit sha1_base64="vmu+eA+R0lM7eCxa73nkd6eORQQ="></latexit>

pL,phase  3

✓
3

2

◆⇣2
3
p
⌘2

= 4p2

<latexit sha1_base64="/b/ND+qowsKISMaK5WMv2BUssR0="></latexit>

pL,tot = 16p2  p2 ) p < 1/16
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• Define set of correctable errors
– Typical example: all Pauli errors of weight ≤ 𝑡 

• Starting from any state            , wish to undo any action composed of errors in 

Conditions for Quantum Error Correction
<latexit sha1_base64="XGbU3PmoLrb1yaEelqrbidOkXg4="></latexit>

E ✓ Pn = {I,X, Y, Z}⌦n

<latexit sha1_base64="wWdPo0z5L35++Mr/RBDxoIR9OGo=">AAAB83icbVDLSgMxFL2pr1pfVZdugkVwVWaKr2VBBJcV7AM6Q8mkmTY0kxmSjFCG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnSATXxnG+UWltfWNzq7xd2dnd2z+oHh51dJwqyto0FrHqBUQzwSVrG24E6yWKkSgQrBtMbnO/+8SU5rF8NNOE+REZSR5ySoyVPC8iZkyJyO5meFCtOXVnDrxK3ILUoEBrUP3yhjFNIyYNFUTrvuskxs+IMpwKNqt4qWYJoRMyYn1LJYmY9rN55hk+s8oQh7GyTxo8V39vZCTSehoFdjLPqJe9XPzP66cmvPEzLpPUMEkXh8JUYBPjvAA85IpRI6aWEKq4zYrpmChCja2pYktwl7+8SjqNuntVv3y4qDUbRR1lOIFTOAcXrqEJ99CCNlBI4Ble4Q2l6AW9o4/FaAkVO8fwB+jzB869kX8=</latexit>

E
<latexit sha1_base64="w85Fm+hThcP6WK9gQOdBskkRF9Q=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJWk+FoWunFZwT6gCeVmOmmHTiZhZiKUtAt/xY0LRdz6G+78G6dtFtp64MLhnHu5954g4Uxpx/m2CmvrG5tbxe3Szu7e/oF9eNRScSoJbZKYx7ITgKKcCdrUTHPaSSSFKOC0HYzqM7/9SKVisXjQ44T6EQwECxkBbaSefTLxApAZm2JPghhwij0mcL1nl52KMwdeJW5OyihHo2d/ef2YpBEVmnBQqus6ifYzkJoRTqclL1U0ATKCAe0aKiCiys/m90/xuVH6OIylKaHxXP09kUGk1DgKTGcEeqiWvZn4n9dNdXjrZ0wkqaaCLBaFKcc6xrMwcJ9JSjQfGwJEMnMrJkOQQLSJrGRCcJdfXiWtasW9rlzdX5Zr1TyOIjpFZ+gCuegG1dAdaqAmImiCntErerOerBfr3fpYtBasfOYY/YH1+QNRhZWa</latexit>

|̄ii 2 C
<latexit sha1_base64="LlVO4yy1XAfEXM4SftSq8gU0hRM="></latexit>

|̄ii|0iE !
X

µ

Mµ |̄ii|µiE

Kraus operators
<latexit sha1_base64="TC+Vbqkot9GpWhKU+CipigOJjXU=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiTF10YouHEjVLAPaEq4mU7boTNJmJkIJXTlxl9x40IRt36DO//GSZuFth64cDjnXu69J4g5U9pxvq3C0vLK6lpxvbSxubW9Y+/uNVWUSEIbJOKRbAegKGchbWimOW3HkoIIOG0Fo+vMbz1QqVgU3utxTLsCBiHrMwLaSL59eOt7IsH4CnsqET5g4qeZABNc98G3y07FmQIvEjcnZZSj7ttfXi8iiaChJhyU6rhOrLspSM0Ip5OSlygaAxnBgHYMDUFQ1U2nb0zwsVF6uB9JU6HGU/X3RApCqbEITKcAPVTzXib+53US3b/spiyME01DMlvUTzjWEc4ywT0mKdF8bAgQycytmAxBAtEmuZIJwZ1/eZE0qxX3vHJ2d1quVfM4iugAHaET5KILVEM3qI4aiKBH9Ixe0Zv1ZL1Y79bHrLVg5TP76A+szx8Dn5eI</latexit>

Mµ =
X

a

cµaPa

orthonormal states

Error map (Stinespring 
dilation representation):

Error entangles system 
with environment!

• Can reverse errors if there exists a recovery superoperator defined via          such 
that 

<latexit sha1_base64="a10KF5u3o7K+1IYczRclCIUK+TY=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBA8hd3g6xjw4jGKeWB2CbOTSTJkdnaZ6RXCkr/w4kERr/6NN//GSbIHTSxoKKq66e4KEykMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3Q2q4FIo3UKDk7URzGoWSt8LRzdRvPXFtRKwecJzwIKIDJfqCUbTSo5/dd32VEn/SLZXdijsDWSZeTsqQo94tffm9mKURV8gkNabjuQkGGdUomOSTop8anlA2ogPesVTRiJsgm108IadW6ZF+rG0pJDP190RGI2PGUWg7I4pDs+hNxf+8Tor96yATKkmRKzZf1E8lwZhM3yc9oTlDObaEMi3srYQNqaYMbUhFG4K3+PIyaVYr3mXl4u68XKvmcRTgGE7gDDy4ghrcQh0awEDBM7zCm2OcF+fd+Zi3rjj5zBH8gfP5AzuJkJg=</latexit>

{R⌫}
<latexit sha1_base64="r4+TAslTqfIYPmbT0LqpCRmn0jc="></latexit>X

⌫,µ

R⌫Mµ |̄ii|µiE |⌫iA = |̄ii|stu↵iEA
• Entanglement has been shifted to 

occur between environment & ancillas
• State |stuff>EA must not depend on i 
• 𝑅%𝑀& acts as identity on codespace C<latexit sha1_base64="lqDIJULedxPNI+LmWrr00hH+AME=">AAACKnicbVDLSgMxFM3UV62vqks3wSK4KjPF10aouHEjVLEP6AzDnUzahmYyQ5IRytjvceOvuOlCKW79ENPHQlsPBA7nnJvkniDhTGnbHlu5ldW19Y38ZmFre2d3r7h/0FBxKgmtk5jHshWAopwJWtdMc9pKJIUo4LQZ9G8nfvOZSsVi8aQHCfUi6ArWYQS0kfzizaPvihTf+26U4hc3AJmxIXYliC6n+Bq73NwVgp9NUiYzXAr5xZJdtqfAy8SZkxKao+YXR24YkzSiQhMOSrUdO9FeBlIzwumw4KaKJkD60KVtQwVEVHnZdNUhPjFKiDuxNEdoPFV/T2QQKTWIApOMQPfUojcR//Paqe5ceRkTSaqpILOHOinHOsaT3nDIJCWaDwwBIpn5KyY9kEC0abdgSnAWV14mjUrZuSifP5yVqpV5HXl0hI7RKXLQJaqiO1RDdUTQK3pHH+jTerNG1tj6mkVz1nzmEP2B9f0DlYWnXQ==</latexit>R⌫Mµ |̄ii = �⌫µ |̄ii
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• Using completeness condition                      , we find

Conditions for Quantum Error Correction

<latexit sha1_base64="lqDIJULedxPNI+LmWrr00hH+AME=">AAACKnicbVDLSgMxFM3UV62vqks3wSK4KjPF10aouHEjVLEP6AzDnUzahmYyQ5IRytjvceOvuOlCKW79ENPHQlsPBA7nnJvkniDhTGnbHlu5ldW19Y38ZmFre2d3r7h/0FBxKgmtk5jHshWAopwJWtdMc9pKJIUo4LQZ9G8nfvOZSsVi8aQHCfUi6ArWYQS0kfzizaPvihTf+26U4hc3AJmxIXYliC6n+Bq73NwVgp9NUiYzXAr5xZJdtqfAy8SZkxKao+YXR24YkzSiQhMOSrUdO9FeBlIzwumw4KaKJkD60KVtQwVEVHnZdNUhPjFKiDuxNEdoPFV/T2QQKTWIApOMQPfUojcR//Paqe5ceRkTSaqpILOHOinHOsaT3nDIJCWaDwwBIpn5KyY9kEC0abdgSnAWV14mjUrZuSifP5yVqpV5HXl0hI7RKXLQJaqiO1RDdUTQK3pHH+jTerNG1tj6mkVz1nzmEP2B9f0DlYWnXQ==</latexit>

R⌫Mµ |̄ii = �⌫µ |̄ii

<latexit sha1_base64="Ijo5RyHEKXVAEAc7/C4XEWIiy+Y=">AAACB3icbZBNS8MwGMfT+TbnW9WjIMEheBrt8O0iDLzobYp7gbWWNE23sDQtSSqMspsXv4oXD4p49St489uYbj3o5gMJP/7/5yF5/n7CqFSW9W2UFhaXllfKq5W19Y3NLXN7py3jVGDSwjGLRddHkjDKSUtRxUg3EQRFPiMdf3iZ+50HIiSN+Z0aJcSNUJ/TkGKktOSZ+45MI8/hKbzN73snQP0pwgt4DT2zatWsScF5sAuogqKanvnlBDFOI8IVZkjKnm0lys2QUBQzMq44qSQJwkPUJz2NHEVEutlkjzE81EoAw1jowxWcqL8nMhRJOYp83RkhNZCzXi7+5/VSFZ67GeVJqgjH04fClEEVwzwUGFBBsGIjDQgLqv8K8QAJhJWOrqJDsGdXnod2vWaf1k5ujquNehFHGeyBA3AEbHAGGuAKNEELYPAInsEreDOejBfj3fiYtpaMYmYX/Cnj8wf+JJgM</latexit>X

⌫

R†
⌫R⌫ = I

<latexit sha1_base64="pDeFAgoADCQQT2wKQX+whJjGR5U="></latexit>

M†
�Mµ |̄ii = M†

� (
X

⌫

R†
⌫R⌫)Mµ |̄ii =

X

⌫

�⇤
⌫��⌫µ |̄ii

Also acts as identity on 
codespace C

• Necessary and sufficient condition on codespace C for allowing errors in    to be 
corrected is

<latexit sha1_base64="wWdPo0z5L35++Mr/RBDxoIR9OGo=">AAAB83icbVDLSgMxFL2pr1pfVZdugkVwVWaKr2VBBJcV7AM6Q8mkmTY0kxmSjFCG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnSATXxnG+UWltfWNzq7xd2dnd2z+oHh51dJwqyto0FrHqBUQzwSVrG24E6yWKkSgQrBtMbnO/+8SU5rF8NNOE+REZSR5ySoyVPC8iZkyJyO5meFCtOXVnDrxK3ILUoEBrUP3yhjFNIyYNFUTrvuskxs+IMpwKNqt4qWYJoRMyYn1LJYmY9rN55hk+s8oQh7GyTxo8V39vZCTSehoFdjLPqJe9XPzP66cmvPEzLpPUMEkXh8JUYBPjvAA85IpRI6aWEKq4zYrpmChCja2pYktwl7+8SjqNuntVv3y4qDUbRR1lOIFTOAcXrqEJ99CCNlBI4Ble4Q2l6AW9o4/FaAkVO8fwB+jzB869kX8=</latexit>

E
<latexit sha1_base64="xAtIrMmqYdrd5XfYGuFm5yWxhm0="></latexit>

hj̄|M†
�Mµ |̄ii = C�µ�ij

Arbitrary Hermitian matrix that 
is independent of i,j

<latexit sha1_base64="TC+Vbqkot9GpWhKU+CipigOJjXU=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovgqiTF10YouHEjVLAPaEq4mU7boTNJmJkIJXTlxl9x40IRt36DO//GSZuFth64cDjnXu69J4g5U9pxvq3C0vLK6lpxvbSxubW9Y+/uNVWUSEIbJOKRbAegKGchbWimOW3HkoIIOG0Fo+vMbz1QqVgU3utxTLsCBiHrMwLaSL59eOt7IsH4CnsqET5g4qeZABNc98G3y07FmQIvEjcnZZSj7ttfXi8iiaChJhyU6rhOrLspSM0Ip5OSlygaAxnBgHYMDUFQ1U2nb0zwsVF6uB9JU6HGU/X3RApCqbEITKcAPVTzXib+53US3b/spiyME01DMlvUTzjWEc4ywT0mKdF8bAgQycytmAxBAtEmuZIJwZ1/eZE0qxX3vHJ2d1quVfM4iugAHaET5KILVEM3qI4aiKBH9Ixe0Zv1ZL1Y79bHrLVg5TP76A+szx8Dn5eI</latexit>

Mµ =
X

a

cµaPaSince

this implies
<latexit sha1_base64="jcQBLAx2qjop9RJOtlo1OYbhNVU=">AAACJ3icbVDLSgMxFM34tr6qLt0Ei+CqzBRfG0Vw47KC1UKnDHfS2zY1kxmSjFDG+Rs3/oobQUV06Z+YPhbaeiBwOOdcbu4JE8G1cd0vZ2Z2bn5hcWm5sLK6tr5R3Ny60XGqGNZYLGJVD0Gj4BJrhhuB9UQhRKHA2/DuYuDf3qPSPJbXpp9gM4KO5G3OwFgpKJ75AmRHIPVDUFkvpw/VIKTVAOjDUOE59dUocUovgiwEK7RQGAgy3suDYsktu0PQaeKNSYmMUQ2Kr34rZmmE0jABWjc8NzHNDJThTGBe8FONCbA76GDDUgkR6mY2vDOne1Zp0Xas7JOGDtXfExlEWvej0CYjMF096Q3E/7xGatonzYzLJDUo2WhROxXUxHRQGm1xhcyIviXAFLd/pawLCpix1RZsCd7kydPkplL2jsqHVwel88q4jiWyQ3bJPvHIMTknl6RKaoSRR/JM3si78+S8OB/O5yg644xntskfON8/xn2l3Q==</latexit>

hj̄|PbPa |̄ii = Cba�ij
<latexit sha1_base64="cYzABHxaJazScY1dFYs48GWmqAw=">AAACAXicbVDLSsNAFL2pr1pfVTeCm8EiuJCSFF/LggguK9gHNCFMppN26GQSZiZCCXXjr7hxoYhb/8Kdf+O0zUJbD1w4nHMv994TJJwpbdvfVmFpeWV1rbhe2tjc2t4p7+61VJxKQpsk5rHsBFhRzgRtaqY57SSS4ijgtB0Mryd++4FKxWJxr0cJ9SLcFyxkBGsj+eWDho9PUcMPkMsEciOsBwTz7Gbslyt21Z4CLRInJxXI0fDLX24vJmlEhSYcK9V17ER7GZaaEU7HJTdVNMFkiPu0a6jAEVVeNv1gjI6N0kNhLE0Jjabq74kMR0qNosB0Tk5U895E/M/rpjq88jImklRTQWaLwpQjHaNJHKjHJCWajwzBRDJzKyIDLDHRJrSSCcGZf3mRtGpV56J6fndWqdfyOIpwCEdwAg5cQh1uoQFNIPAIz/AKb9aT9WK9Wx+z1oKVz+zDH1ifP/C9leg=</latexit>

Pa, Pb 2 Efor
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• Consider the code block is in any state      and then an error acts:

• The reduced density matrix of the environment must not carry any information 
about the state 

Alternative derivation of QEC condition
<latexit sha1_base64="otf4O1wC8nh0ChOXUP4XkhOYR+g=">AAAB/XicbVDJSgNBEK1xjXEbl5uXxiB4CjPB7Rjw4jGCWSATQk+nkjTp6Rm6e4Q4Bn/FiwdFvPof3vwbO8tBEx8UPN6roqpemAiujed9O0vLK6tr67mN/ObW9s6uu7df03GqGFZZLGLVCKlGwSVWDTcCG4lCGoUC6+HgeuzX71FpHss7M0ywFdGe5F3OqLFS2z18DEKqsiDRfEQCRWVPIGm7Ba/oTUAWiT8jBZih0na/gk7M0gilYYJq3fS9xLQyqgxnAkf5INWYUDagPWxaKmmEupVNrh+RE6t0SDdWtqQhE/X3REYjrYdRaDsjavp63huL/3nN1HSvWhmXSWpQsumibiqIick4CtLhCpkRQ0soU9zeSlifKsqMDSxvQ/DnX14ktVLRvyie354VyqVZHDk4gmM4BR8uoQw3UIEqMHiAZ3iFN+fJeXHenY9p65IzmzmAP3A+fwB1hZUv</latexit>

| ̄i
<latexit sha1_base64="KS1gSYgK23l3R/KKpFmFKugjsUA="></latexit>

| ̄i|0iE !
X

µ

Mµ| ̄i|µiE

<latexit sha1_base64="otf4O1wC8nh0ChOXUP4XkhOYR+g=">AAAB/XicbVDJSgNBEK1xjXEbl5uXxiB4CjPB7Rjw4jGCWSATQk+nkjTp6Rm6e4Q4Bn/FiwdFvPof3vwbO8tBEx8UPN6roqpemAiujed9O0vLK6tr67mN/ObW9s6uu7df03GqGFZZLGLVCKlGwSVWDTcCG4lCGoUC6+HgeuzX71FpHss7M0ywFdGe5F3OqLFS2z18DEKqsiDRfEQCRWVPIGm7Ba/oTUAWiT8jBZih0na/gk7M0gilYYJq3fS9xLQyqgxnAkf5INWYUDagPWxaKmmEupVNrh+RE6t0SDdWtqQhE/X3REYjrYdRaDsjavp63huL/3nN1HSvWhmXSWpQsumibiqIick4CtLhCpkRQ0soU9zeSlifKsqMDSxvQ/DnX14ktVLRvyie354VyqVZHDk4gmM4BR8uoQw3UIEqMHiAZ3iFN+fJeXHenY9p65IzmzmAP3A+fwB1hZUv</latexit>

| ̄i
<latexit sha1_base64="kgu6NpxrJYaHEkP4PQ4l/06Rea0="></latexit>

⇢E =
X

µ,⌫

|µiEh ̄|M†
⌫Mµ| ̄ih⌫|E

Must be independent of
<latexit sha1_base64="MvUPcXNeH4YAm+lhH9DpOsG+z0c=">AAACHHicbVDLSsNAFL3xWesr6tLNYBFclaQ+N0LBjcsK9gFNCJPptB06mYSZiVBiP8SNv+LGhSJuXAj+jdM2oLYeGDiccy537gkTzpR2nC9rYXFpeWW1sFZc39jc2rZ3dhsqTiWhdRLzWLZCrChngtY105y2EklxFHLaDAdXY795R6VisbjVw4T6Ee4J1mUEayMF9vG9F2KZeYliI+RJLHqcokvkqTQKMiORgKFp5McP7JJTdiZA88TNSQly1AL7w+vEJI2o0IRjpdquk2g/w1Izwumo6KWKJpgMcI+2DRU4osrPJseN0KFROqgbS/OERhP190SGI6WGUWiSEdZ9NeuNxf+8dqq7F37GRJJqKsh0UTflSMdo3BTqMEmJ5kNDMJHM/BWRPpaYaNNn0ZTgzp48TxqVsntWPr05KVUreR0F2IcDOAIXzqEK11CDOhB4gCd4gVfr0Xq23qz3aXTBymf24A+sz28sF6IB</latexit>

| ̄i =
X

i

ci |̄ii
<latexit sha1_base64="HIdsE0357GO5qNxIiNCzZRVKiP0="></latexit>

⇢E =
X

i,j

X

µ,⌫

c⇤i cj |µiE h̄i|M†
⌫Mµ|j̄ih⌫|E

Independence from     implies that                                                 . Used that                            .  <latexit sha1_base64="reTdVi4CPpcNiiEXA2njeNI9xDs=">AAAB63icbVDLSgMxFL3xWeur6tJNsAiuykzxtSy4cVnBPqAdSibNtKFJZkgyQhn6C25cKOLWH3Ln35hpZ6GtBy4czrmXe+8JE8GN9bxvtLa+sbm1Xdop7+7tHxxWjo7bJk41ZS0ai1h3Q2KY4Iq1LLeCdRPNiAwF64STu9zvPDFteKwe7TRhgSQjxSNOic0lOuB4UKl6NW8OvEr8glShQHNQ+eoPY5pKpiwVxJie7yU2yIi2nAo2K/dTwxJCJ2TEeo4qIpkJsvmtM3zulCGOYu1KWTxXf09kRBozlaHrlMSOzbKXi/95vdRGt0HGVZJapuhiUZQKbGOcP46HXDNqxdQRQjV3t2I6JppQ6+IpuxD85ZdXSbte869rVw+X1Ua9iKMEp3AGF+DDDTTgHprQAgpjeIZXeEMSvaB39LFoXUPFzAn8Afr8AZWVjec=</latexit>ci
<latexit sha1_base64="xj8XOrNooiUR20XvJ2NBu6D5S5s=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSK4KknxtREKblxWsA9oY5hMJ+3QySTMTMSS9lfcuFDErT/izr9x2mahrQcuHM65l3vvCRLOlHacb2tldW19Y7OwVdze2d3btw9KTRWnktAGiXks2wFWlDNBG5ppTtuJpDgKOG0Fw5up33qkUrFY3OtRQr0I9wULGcHaSL5d6qo08hkaE5+NH6roGrm+XXYqzgxombg5KUOOum9/dXsxSSMqNOFYqY7rJNrLsNSMcDopdlNFE0yGuE87hgocUeVls9sn6MQoPRTG0pTQaKb+nshwpNQoCkxnhPVALXpT8T+vk+rwysuYSFJNBZkvClOOdIymQaAek5RoPjIEE8nMrYgMsMREm7iKJgR38eVl0qxW3IvK+d1ZuVbN4yjAERzDKbhwCTW4hTo0gMATPMMrvFkT68V6tz7mrStWPnMIf2B9/gBkkZNT</latexit>X

i

|ci|2 = 1
<latexit sha1_base64="RprZCEFf9PbyQvfkmmvhqeB7H6I="></latexit>

h̄i|M†
⌫Mµ|j̄i = C⌫µ�ij
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Example: Shor’s code and one weight Pauli errors
<latexit sha1_base64="C5mb4/U04cNjnboMZ8dO0l/6q5Y="></latexit>

|0i ! |0̄i = 1

23/2
(|000i+ |111i)(|000i+ |111i)(|000i+ |111i)

|1i ! |1̄i = 1

23/2
(|000i � |111i)(|000i � |111i)(|000i � |111i)

<latexit sha1_base64="jcQBLAx2qjop9RJOtlo1OYbhNVU=">AAACJ3icbVDLSgMxFM34tr6qLt0Ei+CqzBRfG0Vw47KC1UKnDHfS2zY1kxmSjFDG+Rs3/oobQUV06Z+YPhbaeiBwOOdcbu4JE8G1cd0vZ2Z2bn5hcWm5sLK6tr5R3Ny60XGqGNZYLGJVD0Gj4BJrhhuB9UQhRKHA2/DuYuDf3qPSPJbXpp9gM4KO5G3OwFgpKJ75AmRHIPVDUFkvpw/VIKTVAOjDUOE59dUocUovgiwEK7RQGAgy3suDYsktu0PQaeKNSYmMUQ2Kr34rZmmE0jABWjc8NzHNDJThTGBe8FONCbA76GDDUgkR6mY2vDOne1Zp0Xas7JOGDtXfExlEWvej0CYjMF096Q3E/7xGatonzYzLJDUo2WhROxXUxHRQGm1xhcyIviXAFLd/pawLCpix1RZsCd7kydPkplL2jsqHVwel88q4jiWyQ3bJPvHIMTknl6RKaoSRR/JM3si78+S8OB/O5yg644xntskfON8/xn2l3Q==</latexit>

hj̄|PbPa |̄ii = Cba�ij
<latexit sha1_base64="cYzABHxaJazScY1dFYs48GWmqAw=">AAACAXicbVDLSsNAFL2pr1pfVTeCm8EiuJCSFF/LggguK9gHNCFMppN26GQSZiZCCXXjr7hxoYhb/8Kdf+O0zUJbD1w4nHMv994TJJwpbdvfVmFpeWV1rbhe2tjc2t4p7+61VJxKQpsk5rHsBFhRzgRtaqY57SSS4ijgtB0Mryd++4FKxWJxr0cJ9SLcFyxkBGsj+eWDho9PUcMPkMsEciOsBwTz7Gbslyt21Z4CLRInJxXI0fDLX24vJmlEhSYcK9V17ER7GZaaEU7HJTdVNMFkiPu0a6jAEVVeNv1gjI6N0kNhLE0Jjabq74kMR0qNosB0Tk5U895E/M/rpjq88jImklRTQWaLwpQjHaNJHKjHJCWajwzBRDJzKyIDLDHRJrSSCcGZf3mRtGpV56J6fndWqdfyOIpwCEdwAg5cQh1uoQFNIPAIz/AKb9aT9WK9Wx+z1oKVz+zDH1ifP/C9leg=</latexit>

Pa, Pb 2 Efor
<latexit sha1_base64="pH9YN7qCWtvV4r4FkrbS7hrj5sg="></latexit>

h0̄|XaXb|0̄i = �ab

h1̄|XaXb|0̄i = 0

h1̄|XaXb|1̄i = �ab
<latexit sha1_base64="ADOIbEdRzorv1WK1FHVLTa9o14M="></latexit>

h0̄|ZaZb|0̄i = �ab

h1̄|ZaZb|0̄i = 0

h1̄|ZaZb|1̄i = �ab

• Same holds for 𝑌' operators
• But, if one of the Paulis is X2*X3  

<latexit sha1_base64="ss4LgdeAIbzHWCp2mcbIrjVpURg="></latexit>

h0̄|X1X2X3|0̄i = 1

h1̄|X1X2X3|0̄i = 0

h1̄|X1X2X3|1̄i = �1

No longer 
independent of i,j.
Thus, X2*X3 cannot 
be corrected.
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• Pauli group
• Stabilizer code subspace is defined by a (stabilizer) subgroup              as the vector 

subspace that is fixed by all the elements in

– Stabilizer group must not contain (-I) and it is Abelian
– Sufficient to define the codespace via the generators of the stabilizer group only

• For 3-qubit bit flip code: 
• For Shor’s 9-qubit code: 

• Set of logical Pauli gates = set of Pauli operators that commute with all stabilizers = 
centralizer of 
– Example:                                                        and   

Shor’s code as stabilizer code
<latexit sha1_base64="Kk9pi3RyPrf9dB0eZ2wpOairtq8="></latexit>

Pn = {±1,±i}⇥ {I,X, Y, Z}⌦n
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S ⇢ Pn

Joint +1 eigenspace of set of 
commuting Pauli strings
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S = hZ1Z2, Z1Z3i
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Z̄ = X1X2X3Alternatively: 
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• Planar version of Kitaev’s toric code

• Data qubits (open circles) on bonds of 
square lattice

• Local Z and X stabilizers
– Z checks are product of four Z’s around 

plaquette
– X checks are product of four X’s along star

• GS space is stabilizer space

Surface code

Kitaev (1997); Dennis et al. (2002); Fowler et al. (2012); 
Cleland, Sci. Post Lecture Notes (2022)
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• 41 qubits = 2 x 41 degrees of freedom
• 20 Z and 20 X checks = 2 x 40 

constraints
• 2 unconstrained degrees of freedom left 

= 1 qubit
• State 

Logical qubit in surface code
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2 240

dimensional space. Fixed 
to be a unique state by 
stabilizer measurements.Logical qubit

• Logical operators
– XL bit flips five qubits, ZL phase flips five 

qubits ((change state of array)
– XL connects X boundaries, ZL connects Z 

boundaries. Here, code distance d = 5.
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• Compute directly on encoded logical qubits (no decoding necessary)
• Must prevent propagation and accumulation of errors
• Example: logical CNOT for 3-qubit bit flip code

Fault-tolerant quantum computations

Assume that the only sources of errors are individual controlled-not gates
which produce bit-flip errors in their outputs. Which of the two implementations is fault-tolerant?

Further reading: 
• Nielsen, Chuang, Ch. 10.6
• Cleland, Sci. Post Lecture 

notes on fault-tolerant 
gate implementation in 
surface code
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• Quantum Error Correction protects quantum memory from a chosen set of 
correctable errors
– Typically chosen as Pauli errors below some weight

• Quantum information is encoded nonlocally (locality assumption of the errors)
• Failure probability reduced for sufficient small failure rate of physical qubits
• Different codes exist [[n, k, d]], specified by n = number of physical qubits per block, 

k = number of logical qubits per block, d = distance determines the maximal weight 
of errors that can be corrected: 𝑑 = 2	𝑡 + 1

• Examples discussed: bit-flip, phase-flip, Shor code, surface code
• Outlook: 
– Classical codes, CSS codes, stabilizer codes, Qudit codes, 
– Bosonic codes for continuous variable systems
– Fault-tolerant implementation of universal gate set

Summary of Quantum Error Correction part

Check out: 
• arthurpesah.me/blog
• J. Roffe, arXiv:1907.11157
• Nielsen, Chuang, Ch. 10
• Preskill, Lecture Notes, Ch.6
• Rieffel, Polak “Introduction to QC” book



Quantum Computing Applications in Condensed Matter Physics 
Focus on near-term applications in pre-fault-tolerant era
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• Fueled by the many possibilities to combine atoms into (periodic) structures

Condensed Matter Physics & Materials Science

• Goal: Understand & predict quantum materials’ properties
– Equilibrium behavior: phase diagrams, response functions at T=0 and T>0
– Nonequilibrium behavior: driven systems, quenches, metastable states, kinetic pathways

+ emergence
due to 
electronic 
correlations

2D (moire)
 materials

Unconventional 
superconductors

Exotic magnets
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• Workflow of building realistic effective models for solids
– Start with atomistic description (theory of everything)

Common theoretical approach: separation of scales 

• so: spin-orbit coupling
• hyper: hyperfine coupling
• rel: relativistic corrections
• ext: external fields
Neglect of simplicity on 
following slides, but can be 
quite important, e.g. in 
topological materials
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• Workflow of building realistic effective models for solids
– Start with atomistic description (theory of everything) ➣ Born-Oppenheimer approximation
➣ treat Coulomb interactions approximately, e.g. within Density Functional Theory (DFT)

Common theoretical approach: separation of scales 
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• Workflow of building realistic effective models for solids
– Start with atomistic description (theory of everything) ➣ Born-Oppenheimer approximation
➣ treat Coulomb interactions approximately, e.g. within Density Functional Theory (DFT)

– Downfold to low-energy states near Fermi surface (e.g. derive electronic Wannier 
wavefunctions) and build an effective (Hubbard-like) model

– Effective model treats Coulomb interactions more accurately

Downfolding to most important electronic orbitals

Example for illustration: NdNiO2, taken from Been et al, PRX (2021). 

Wannier dx2-y2 function 

Multiorbital Hubbard model
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• Workflow of building realistic effective models for solids
– Start with atomistic description (theory of everything) ➣ Born-Oppenheimer approximation
➣ treat Coulomb interactions approximately, e.g. within Density Functional Theory (DFT)

– Downfold to low-energy states near Fermi surface (e.g. derive electronic Wannier 
wavefunctions) and build an effective (Hubbard-like) model

– Effective model treats Coulomb interactions more accurately
– Apply further approximations to the model, e.g. derive spin model in strong interaction limit
– Compute phase diagram and response functions of effective model

Effective multiorbital Hubbard-Hund models & spin models

Single-band Hubbard model Multiorbital Hubbard model

Strong coupling
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H =
X

i,j

JijSi · Sj + . . .

obtain spin models
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• Solve a small instance of the effective model 
– Exact Diagonalization, Quantum Monte Carlo, Matrix Product States, Tensor Networks, QC
– Extrapolate to larger systems

Numerical approaches to effective models

Example: Exact diagonalization of 
spin-1/2 models. Limited to N < 40.

From Sandvik, Lecture Notes (2009)
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• Embedding Methods
– Map lattice problem onto impurity model (= small part of the system) coupled to a reservoir 

(= the rest of the system)
– Solve self-consistently using ED, QMC, etc to treat the interacting impurity model
– Becomes exact as the size of the impurity cluster increases

Numerical approaches to effective models

From Yao, …, PPO, PRR (2021). 
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• QC avoids memory bottleneck of classical methods
– Exponential growth of Hilbert space with system size limits classical methods such as ED
– Instead: quantum computer can handle exponentially many wavefunction amplitudes

(“Nature is not classical”, Feynman)

Opportunities for Quantum Computing
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• QC avoids memory bottleneck of classical methods
– Exponential growth of Hilbert space with system size limits classical methods such as ED
– Instead: quantum computer can handle exponentially many wavefunction amplitudes

(“Nature is not classical”, Feynman)
• QC can deal with highly entangled states
– Matrix Product States and Tensor Networks are efficient ways to compress a wavefunction
– The memory requirement is set by the bond dimension that grows as 𝑒(, where 𝑆 is the 

entanglement entropy after tracing out part of the system
– Essentially exact if the wavefunction carries a limited amount of entanglement: constant or 

logarithmically growing 𝑆 with system size
– Breaks down if 𝑆 grows with system size (volume law)
– Ground states are often area law entangled (1D gapped states)
– Excited states generically carry volume law entanglement

• Relevant at T>0 & in nonequilibrium

Opportunities for Quantum Computing



Algorithms for Ground State Preparation
• Variational quantum eigensolver (VQE)
• Other notable directions (not covered here)

• Quantum imaginary time evolution
• Motta et al., Nature Physics (2020); Ardle et al., (2019) 
• Gomes et al., Adv. Qu. Tech. (2021)

• Subspace expansion techniques
• McClean et al., (2017)
• Bharti et al., Review of Modern Physics (2022). 
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Variational Quantum Eigensolver

From Bharti et al., RMP (2022)

Example from tutorial 
yesterday 
(Kagome_gs.ipynb): 

Early work: Peruzzo et al., (2013)
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VQE for Kitaev square-octagon lattice model in magnetic field

Kitaev model on square-octagon lattice matches Rigetti’s QPU geometry. No 
SWAP gates needed as connectivities match. 

From: 
Li et al. (SQMS), PRR (2023). 
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Parametrized quantum circuit (HVA ansatz)
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Statevector and QASM simulations

Noiseless: 16 qubits
Noisy: 8 qubits 
(8000 shots)

Conclusions 
• Shot noise makes optimization more 

challenging
• Start from preoptimized solutions for 

larger systems
• Subspace expansion techniques avoid 

classical optimization loop (still require 
many measurements)

From: 
Li et al. (SQMS), 
PRR (2023). 
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Variational quantum eigensolver for excited states

• Variational quantum eigensolver to prepare highly excited states (VQE-X)
• Minimize energy variance (instead of energy): 

Full coverage of energy spectrum 
for operator pool with long-
range Pauli strings

• Adaptive ansatz 
construction instead of 
fixed ansatz

• Nontrivial pool 
dependence

Can investigate properties of 
volume law highly excited states

Zhang, Gomes, Yao, PPO, Iadecola, PRB 
104, 075159 (2021). 
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Variational quantum eigensolver for excited states

• Variational quantum eigensolver to prepare highly excited states (VQE-X)
• Minimize energy variance (instead of energy): 

Zhang, Gomes, Yao, PPO, Iadecola, PRB 
104, 075159 (2021). 

• Exponential scaling of # CNOTs with 
system size

• Relax convergence condition to 
represent microcanonical averages 
instead, see Pollock, PPO, Iadecola, 
arXiv:2301.04129 (2023).



Algorithms for Quantum Dynamics Simulations
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• Investigate nonequilibrium behavior
– Chemical reactions
– Scattering experiments
– Phase transformations, synthesis, metastable states, kinetic pathways, quenches
– Fundamental questions: thermalization of a closed quantum system (eigenstate 

thermalization hypothsis, many-body localization)
– Scaling behavior in nonequilibrium: transport, nonequilibrium dynamics of order 

parameters and correlation functions (coarsening, aging)
• Adiabatic state preparation
– Preparing ground states of Hamiltonians

Applications of real-time dynamics

<latexit sha1_base64="S2EYSBNETnL0xGSTzDoFJIg/iWg=">AAACGXicbVDJSkMxFM2rU61T1aWbi0VoUet7xQlEKLjpskInaEvJS1MbmjeY3CeU0t9w46+4caGIS135N6bDQlsPhJyccy8397ihFBpt+9uKLSwuLa/EVxNr6xubW8ntnYoOIsV4mQUyUDWXai6Fz8soUPJaqDj1XMmrbu9m5FcfuNIi8EvYD3nTo3e+6AhG0UitpF1IYwauodCyIe0c40kpA4fm5YChR9C4Ahsakt8DTq5SK5mys/YYME+cKUmRKYqt5GejHbDI4z4ySbWuO3aIzQFVKJjkw0Qj0jykrEfveN1Qn3pcNwfjzYZwYJQ2dAJljo8wVn93DKindd9zTaVHsatnvZH4n1ePsHPZHAg/jJD7bDKoE0nAAEYxQVsozlD2DaFMCfNXYF2qKEMTZsKE4MyuPE8quaxznj27PU3lc9M44mSP7JM0ccgFyZMCKZIyYeSRPJNX8mY9WS/Wu/UxKY1Z055d8gfW1w8IPJq9</latexit>

H(t) = H0(1� t/T ) +H1t/T, 0  t  T

Here, we focus on far-from-equilibrium behavior
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• Classically hard due to rapid growth of entanglement in nonequilibrium for generic 𝐻
– Reason: contains highly excited states ➣ Volume-law entanglement entropy. 
– Need many parameters to classically represent the quantum state

• Quantum simulators and computers can naturally time-evolve a quantum state

Quantum dynamics simulations
Initial state

Dynamics

Energy eigenstate of many-body H

Dynamics of an observable 𝑂
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• Time-evolved state                                is strongly entangled
• Contains highly excited states of H ➣ Volume-law entanglement

Entanglement growth makes classical simulations hard

Prosen, Znidaric (2007)

Growth is polynomially for integrable 
models (transverse-field Ising model)

Bo
nd

 d
im

en
si

on

Minimal dimension of matrix product operators 
(MPO) grows exponentially in time for 
nonintegrable models (mixed-field Ising model)
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• Time-evolved state                                is strongly entangled
• Contains highly excited states of H ➣ Volume-law entanglement

Entanglement growth makes classical simulations hard

Prosen, Znidaric (2007)

Growth is polynomially for integrable 
models (transverse-field Ising model)

Bo
nd

 d
im

en
si

on

Quench dynamics in Heisenberg model

Entanglement entropy 
grows ballistically ∝ 𝑡	after 
global quench

Entanglement entropy

Reduced density matrix

Minimal dimension of matrix product operators 
(MPO) grows exponentially in time for 
nonintegrable models (mixed-field Ising model)

Saturation due to 
finite size L=14
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• Time-evolved state                                is strongly entangled
• Contains highly excited states of H ➣ Volume-law entanglement

Dynamics simulations are opportunity for quantum advantage

Prosen, Znidaric (2007)

Bo
nd

 d
im

en
si

on

Quench dynamics in Heisenberg model

Saturation due to 
finite size L=14

Entanglement = complexity of 
classical calculation

Opportunity for 
quantum computing

Exponential growth of 
classical resources like the 
bond dimension in tensor 
networks.
Exact diagonalization is 
limited by memory.
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• Lie-Suzuki-Trotter Product formulas (PF)
– Simple yet limited to early times for current hardware 

noise
– Trotter circuit depth scales as                ➣ fixed 𝑡) 

• Algorithms with best asymptotic scaling have 
significant overhead
– Linear combination of unitaries (TS) [1], quantum walk 

methods [2], quantum signal processing (QSP) [3]
• Hybrid quantum-classical variational methods [5,6]
– Work with fixed gate depth ☞ ideally tailored for NISQ 

hardware
– Trading gate depth for doing many QPU 

measurements

Overview of quantum algorithms for dynamics simulations

From [4]

System size

C
N

O
T 

ga
te

 c
ou

nt

[1] Berry et al. (2015); [2] Childs (2004); [3] Low, 
Chuang (2017); [4] Childs et al., PNAS (2018); [5] Li, 
Benjamin, Endo, Yuan (2019); Y. Yao, PPO, T. 
Iadecola et al. (2021). 
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• Trotter decomposition of time evolution operator
• Decompose Hamiltonian into sum of terms that include commuting operators
• Example: Mixed-field quantum Ising model 

Trotter Product Formula approach

Time evolution operator in 1st order Trotter approximation
One step of Trotter circuit in L=5 
system, starting in Neel state.

Standard decomposition 
of RZZ into CNOT and RZ
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• Benchmark Trotter simulations of mixed-field Ising model on current NISQ 
hardware

• Naïve Trotter simulation limited to short times due to finite device coherence time

NISQ Trotter simulations of mixed field Ising model

Displays many-body coherent 
dynamics for 𝑉 ≫ Ω

Bernien, Lukin (2017)

Use pulse level control and error mitigation to extend simulation time

Trotter simulation on QPU 
ibmq_guadelupe
12 qubits, periodic boundary conditions

One step of Trotter circuit in L=5 
system, starting from Neel state.

Chen et al, PRR (2022)
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• Pulse level control allows to make optimal use of finite coherence time on device
– Direct implementation of 𝑅ZZ gate via cross-resonance pulse ➣ cuts program in half

• Quantum error mitigation further extends final time of simulation
– Readout error mitigation (tensor product assumption):
– Zero-noise extrapolation (ZNE) after increasing noise via gate folding
– Pauli twirling: transforming noise to Pauli error channel
– Dynamical decoupling: apply 𝑋(𝜋) and 𝑋(−𝜋) during qubit idle time
– Symmetry-based postselection: physically motivated

Pulse level control and quantum error mitigation (QEM)

ZNE using 
Wallmann, Emerson; Li, 
Benjamin (2017)

Pauli twirling converts 
noise to stochastic form
➣ justification for ZNE 

Pauli twirling

Postselection into physically 
relevant part of Hilbert space
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Extending simulation time using pulse control and QEM

Pulse and zero-noise extrapolation (ZNE) are effective strategies to reduce errors.
But: ZNE is heuristic and cannot extend simulation time beyond coherence time of device.

Pulse control

QEM

Postselection only

See also the work by the 
IBM group 

Chen et al., PRR (2022)
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• Recent Nature publication from the IBM group: transverse-field Ising model 
dynamics simulations on 127 qubits

• Uses Zero-Noise Extrapolation (ZNE) informed by sparse Pauli noise tomography

Scaled up simulations: approaching quantum utility regime

• Stimulated several classical simulation works, e.g. Tindall et al., arXiv:2306.14887; 
Begusic, Chan, arXiv:2306.16372.

• Demonstration of fruitful interplay of quantum and classical simulations

Hamiltonian

Initial state
<latexit sha1_base64="VnMNanrnKrUIXwR4YzNeI3O/irE=">AAACFHicbZDLSgMxFIYz9VbrrerSTbAIFaHMFLVuCgU3LivYC3RqyaRpG5rJDMkZoUz7EG58FTcuFHHrwp1vY9rOQlt/CHz85xxOzu+Fgmuw7W8rtbK6tr6R3sxsbe/s7mX3D+o6iBRlNRqIQDU9opngktWAg2DNUDHie4I1vOH1tN54YErzQN7BKGRtn/Ql73FKwFid7NnYDTXPQ9k+dRWRfcFwGY/thO9jNwDuM42dYmnSyebsgj0TXgYngRxKVO1kv9xuQCOfSaCCaN1y7BDaMVHAqWCTjBtpFhI6JH3WMiiJ2dSOZ0dN8IlxurgXKPMk4Jn7eyImvtYj3zOdPoGBXqxNzf9qrQh6V+2YyzACJul8US8SGAI8TQh3uWIUxMgAoYqbv2I6IIpQMDlmTAjO4snLUC8WnMvCxe15rlJM4kijI3SM8shBJVRBN6iKaoiiR/SMXtGb9WS9WO/Wx7w1ZSUzh+iPrM8f9QedeQ==</latexit>

| (t = 0)i = |0i⌦127
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Trotter dynamics of 127 qubit transverse-field Ising model

• Trotter circuit contains 
three layers

• Pauli twirling transforms 
the noise to Pauli noise

• Efficient noise tomography 
using a sparse Pauli noise 
model ansatz

• Can precisely tune the 
noise for ZNE since noise 
is well characterized 
(probabilistic noise 
amplification)
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Trotter dynamics of 127 qubit transverse-field Ising model
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Classically verifiable regime
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Classically “challenging” regime

Classical simulations 
using sparse Pauli 
dynamics method 
(Begusic, Chan, arXiv 
(2023). 

Even if this work is not yet beyond 
classical capabilities, it is clear 
that Trotter dynamics is a leading 
candidate for quantum advantage
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Variational Quantum Dynamics

Von Neumann equation

MacLachlan distance b/w exact 
and variational time evolution

Variational form of quantum state

Variational parameters evolve in time

[1] Li, Benjamin, Endo, Yuan (2019). 
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Variational Quantum Dynamics

Von Neumann equation

MacLachlan distance b/w exact 
and variational time evolution

Variational form of quantum state

Variational parameters evolve in time

[1] Li, Benjamin, Endo, Yuan (2019). [1] Li, Benjamin, Endo, Yuan (2019). 

Minimize 𝐿!

EOM for variational parameters

Matrix 𝑀"#  and vector 𝑉"  measured on QPU

Scaling to large system sizes challenging as 𝑵𝒎𝒆𝒂𝒔 ∝	𝑵𝜽𝟐 and 𝑵𝜽 
can grow exponentially with system size for nonintegrable models
☞ Opportunity at early times and for integrable models 

M measures state 
change under 
parameter change

V depends on Hamiltonian
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• Linear quench of anisotropic XY chain in transverse magnetic field 

• Follows exact solution during and after quench, shown for 𝑁=8
• Circuit depth saturates at 100 CNOTs << Trotter circuit depth 〖𝟏𝟎〗^𝟒 CNOTs
• Simulate system with gate depth independent of time 𝑡 ➣ can simulate to arbitrary 

times!

Application: continuous quench in spin chain

with

Y. Yao, .., PPO, PRX Quantum (2021)
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• Condensed Matter Physics provides a rich set of problems that are relevant for 
domain specialists in physics, chemistry, material science

• Problems are often tunable and thus ideal for benchmarking and tuning into the 
quantum advantage regime

• Promising directions: 
– Simulation of nonequilibrium quantum dynamics

• Trotter product formula approach is conceptually simple: combined with quantum error 
mitigation this is good candidate to reach beyond classical regime soon (maybe already)

• Multi-product formulas (2207.11268, 2212.14144)
• Variational methods can in principle extend simulation time further out, but suffer from 

measurement overhead and difficult classical optimization task
– Subspace expansion methods avoid classical optimization and are closer in spirit to ED: not 

covered here, but promising approach both for ground state and dynamics simulations
– Finite temperature simulations in d > 1: hard classically, so worth trying QC approaches

Summary of CMP applications part 


