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Exercise 1 (10 Points). Let f(z) =Y~ a,2" (a, € C) be a power series with radius of
convergence 0 < R < oo.

a) Let H be a Hilbert space and A € B(H) such that ||A|| < R. Show that there is a
well defined operator f(A) € B(H).

b) Now consider f(z) = e*. Show that ¢ is unitary if A is self-adjoint.

Exercise 2 (10 Points). a) Let #H be a finite-dimensional Hilbert space. Show that the
image ran(A) of any operator A € B(H) is a closed set.

b) Construct an example of a bounded operator A € B(#) on a Hilbert space H, such
that ran(A) is not closed.

Exercise 3 (20 Points). Let 1 < p < oo and consider the Banach spaces

b= L) | o € €l < oo,
where
o0 1
o0 P o0
laialyi= (Xlol) (<p<o0)  and @) =suplal
n=1 "

a) Let 1 < p<ooand 1 < g < oo such that % + % = 1. Show that the dual space of [,
is isometrically isomorphic to /.

Hint. Use Holders inequality [|(anbn)51)|l1 < [[(an)sqllg - [[(0n)oq |-
b) Let 1 <p < ¢ < oco. Show that I, C 1y, I, # l; and |[(an)52 ]l < [[(@n)22 ],

c) Let 1 < p < oo and (a,);2; €1, (and thus also in all [, with ¢ > p). Show that

lim [ (an)nZillg = [[(@n)7Z lloo-
q—o0

d) We can define [, as above also for 0 < p < 1. Why is this not a normed space?



