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Problem 47. For ( € S' C C and n € N we define:

Let ¥ € R and put A := e>™ ¢ S'. Let [ € Z.

(a) Show that (a,(¢))nen converges to 0 if ¢ # 1.
Hint: Show that Z;‘:_n ¢’ is bounded using geometric series.

(b) Let ¥ ¢ Q. Show that (a,(\))nen converges to 1 if [ = 0 and to 0 otherwise.

(c) Let ¥ =£ € Q with ged(p, ¢) = 1. Show that (an(A))nen converges to 1if | € ¢Z and
to 0 otherwise. In particular, (a,(\))nen converges to 1 for infinitely many powers
M, I € Z. Hence, in the rational case, the map x — lim,_, ﬁ Z;.l:_n wxuTl is
very different from ;.

Problem 48. Let ¢ = § € Q.
(a) Find a representation 7 : Ay — M (C).

(b) Find unital C*-algebras B and D as well as unital *-homomorphisms ¢ : Ay — B
and ¢ : Ay — D such that p(v?) =1 and ¢ (v?) # 1.

(c) Conclude that Ay is not simple.

(d) Show that there is a *-homomorphism ¢ : C(S*x S') — C*(u?,v?) C Ay which maps
the generators @ and v of C'(S! x S') to u? and v?. (In fact, this is a *-isomorphism.)

(e) Convince yourself, that none of these statements is true for Ay with 9 ¢ Q.
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Problem 49. Let 51,...,S5, € O, be the standard generators of the Cuntz algebra.

(a) Let p1,...,pn € A be projections in a C*-algebra A such that > "  p; = 1. Show
that p;p; = 0 whenever 7 # j. From this deduce that (5;S;)(95;57) = 0 for i # j and
thus Sz*Sj = 61]

Hint: Use the fact that Ziyi# p;pip; = 0 is a sum of positive elements.

(b) Let u, v be multi-indices. Show:

If [u] = |v], then S}.S, = 6,

Sy ifv =/

0 otherwise

If [u] < [v],then S7.S, = {

Sy iftp=vy
If ] > ||, then S35, = 2 DA
0  otherwise
Conclude that all monomials in O,, are of the form 5,5} for multi-indices p, v.

(c) Let k € N and denote by M(k) the set of all multi-indices of length k. Show that
Zae/\/t(k) SaSy = 1.

(d) Let p,v be multi-indices with |u| # |v| and |ul, |v| < k. Let o, 8 € M(k). Put
S, == 57%S,. Show that S%S%(5,S;)SsS, = 0.

Problem 50. For n € N consider the extended Cuntz algebra

£, = C*(S1,.... S| SIS, = 6.

(a) Show that p:=1—>"" 5,5 € &, is a projection.

(b) Let u,v be multi-indices. Show that the elements f,, = S,pS; fulfill the relations
f:y = fzzu and fuufu’u/ = 5uu’fuu"

(c) Show that there is a short exact sequence of the form
(H being a separable Hilbert space). How does this sequence look like for n = 17

(d) Find a representation of &, which is not a representation of O,,.

One defines Oy = £ (why does the definition of O,, only make sense for n < c0?). It
can be shown that O is also purely infinite, which is false for &, with n < oo (why?).



