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Recall from the lecture that an injective representation of a C∗-algebra is called faithful.
A state φ on a C∗-algebra is called faithful, if φ(x∗x) = 0 already implies x = 0 for every
element x.

Problem 19 (4 points). Let A be a C∗-algebra, let φ be a state on A and let (Hφ, πφ, ξφ)
be the GNS-representation of A corresponding to φ. Prove the following statements.

(a) For every closed ideal I in A we have I ⊆ ker (πφ) if and only if I ⊆ ker (φ).
(b) If φ is a faithful state, then πφ is a faithful representation.

Problem 20 (4 points). Let N ∈ N be fixed. We denote by tr the normalized trace on
MN(C), i.e. the linear functional MN(C) → C, T = (Tij)

N
i,j=1 7→ 1

N

∑N
i=1 Tii. For a positive

matrix B ∈ MN(C) we denote by τB the linear functional MN(C) → C, T 7→ tr (BT ).
(a) Show that tr is a faithful state on MN(C).
(b) Show that the mapping B 7→ τB defines a bijection between the positive matrices

in MN(C) and the positive linear functionals on MN(C).
Hint: The matrix units from Problem 4 constitute a basis of MN(C). Moreover,
Problem 14 may be useful.

(c) Determine the preimage of the set of states on MN(C) under the mapping from (b).

Problem 21 (4 points). We fix N ∈ N. Consider A = MN(C) together with the norma-
lized trace tr as in Problem 20.

(a) What does the GNS-construction yield for tr? Determine all components of (Htr, πtr, ξtr).
Is this representation faithful?

(b) Let B = E11 = (δ1,iδ1,j)
N
i,j=1 ∈ MN(C). Consider τB as in Problem 20. Determine

the components of the GNS-representation of MN(C) with respect to τB. Is this
representation faithful? Is τB faithful?
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Problem 22 (4 points). Let A be a separable C∗-algebra, i.e. there exists a countable
dense subset {an | n ∈ N} ⊆ A. For n ∈ N let φn be a state on A with φn(a

∗
nan) =

∥an∥2 (Theorem 5.13 guarantees the existence of such a state). Let (Hn, πn, ξn) be the
corresponding GNS-construction and put H :=

⊕
n∈NHn, π :=

⊕
n∈N πn.

(a) Show that Hn is separable for each n ∈ N and decuce that H is separable.
(b) Given a ∈ A and 0 < ε < 1

2
∥a∥, let n ∈ N such that ∥a− an∥ < ε. Show that

∥πn(a)∥ > 0.
(c) Deduce that π : A → B(H) is faithful.


