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Introduction

A finite graph I' consists of a set of n vertices and a set of edges encoding connections
between its vertices. One of the natural things to look at when examining a graph
are its symmetries which are operations on the set of vertices under which the set of
edges is invariant. All of the symmetries of a graph form the group Aut(I") called the
automorphism group of I'. This automorphism group is a subgroup of the symmetric
group S,. If Ar denotes the adjacency matrix of I' then Aut(I') can be written as
{o € S,, permutation matrix | cAp = Apo}.

There has been a movement in mathematics started by Murray and von Neumann
in the 1930s with von Neumann algebras [20] and furthered by Gelfand and Naimark
in the 1940s with their work on C*-algebras |13] of considering “non-commutative”—
or “quantum”—versions of known concepts. Here, the theory of von Neumann alge-
bras can be seen as non-commutative measure theory and the theory of C*-algebras
can be seen as non-commutative topology. The term “quantum” comes from the fact
that quantum mechanical systems are modelled using bounded operators acting on
Hilbert spaces which in general do not commute with each other. We are particu-
larly interested in the theory of quantum groups introduced by Woronowicz in the
1980s as a non-commutative version of group theory in order to study the “quan-
tum symmetries” of a graph. Further notable examples of quantized theories include
among others quantum probability theory introduced by Accardi in the 1970s (with
an overview published in 1981 [1]) and free probability introduced by Voiculescu
in 1985 [31] as non-commutative versions of probability theory, free analysis intro-
duced by Taylor in 1972 |28| as a non-commutative version of complex analysis and
non-commutative geometry introduced by Connes in 1985 [9].

In order to formulate what the “quantum automorphism group of a graph” should
be, we first take a look at the quantized version of the permutation group on n points.
It is given by the quantum permutation group S;" proposed by Wang in 1998 |[32]
which is a compact matrix quantum group (C(S;"),u) where C(S;") is the universal
C*-algebra defined by

C(S:):(U”,Z,]E[ ] 1|uz]—u = z]?ZuZS_Zusl_l

The concept of a compact matrix quantum group (CMQG) was introduced by
Woronowicz in 1987 [34]. As the classical automorphism group of a graph with n
vertices is a subgroup of S,, the quantum automorphism group analogously should
be a compact matrix quantum subgroup of the quantum permutation group S;.
In fact, two definitions for the quantum automorphism group of a graph have been
proposed—one denoted by G, (I") introduced by Bichon in 2003 [5] and one de-
noted by G, ,(I') introduced by Banica in 2005 [2]. Both definitions are compact
quantum matrix subgroups of S;'—and even further we have G, (I') C G ,(T) C
St as CMQGs. However, in this thesis we are concerned only with G, ,(T') =
(C(GF,, (1)), u) where C(G,,(T)) is the universal C*-algebra defined by

C(G(—zi_ut( )) = (Uij,i,j € [ ] 1 | Ui = 'LL z]?Zqu - Zusz =1 AFU _UAF)



This definition clearly shows the similarity to the classical automorphism group as a
subgroup of the symmetrical group respecting the graph structure.

Banica and Bichon then went on to define the notion of quantum symmetries in
2006 [3]. A graph is said to have no quantum symmetries if its quantum automor-
phism group is commutative or equivalently if we have C(GJ. ,(T)) = C(Aut(T)).
The question of which graphs do or do not have quantum symmetries has been
studied for specific examples and classes of graphs in the past twenty years. In
2018, Schmidt and Weber determined the quantum automorphism groups of all sim-
ple graphs with four vertices [25]. In 2019, Eder, Levandovskyy, Schanz, Schmidt,
Steenpass and Weber algorithmically computed the existence of quantum automor-
phisms for all connected, simple graphs on up to six vertices and on seven vertices
for graphs whose automorphism groups have order up to two [17]. The quantum
automorphism groups of vertex-transitive graphs of order up to 13 have been deter-
mined in the years 2006 to 2024 by Banica and Bichon |3|, Schmidt 23], Chassaniol
[7] and Schanz [22]|. In 2025, van Dobben de Bruyn, Kar, Roberson, Schmidt and
Zeman gave a characterization of quantum automorphism groups of trees |29]. Ad-
ditionally, in 2025, van Dobben de Bruyn, Roberson and Schmidt also constructed
a graph with trivial classical automorphism group that admits quantum symmetries
[30] which answered a previously open question.

These results have been found using a wide variety of tools. However, a central
part of almost all of these computations is using the defining relations of C'(G,,(T))
or relations derived from them. In particular, it often comes to pass that these
algebraic transformations show that certain monomials are equal to zero which in
turn then can be used to find that certain pairs of generators of C(G. ,(I") commute.
If this can be done for all pairs of generators the graph has no quantum symmetries.

So far, we are only aware of the approaches taken in [17] and [22] that tried
generalized algorithmic approaches in order to compute the quantum automorphism
groups of graphs. They both rely on the same implementation of a non-commutative
version of Buchberger’s algorithm introduced in [17] in order to compute the Grobner
bases of the quantum automorphism groups. However, unlike in the commutative
case, Buchberger’s algorithm is not guaranteed to terminate here.

In this thesis, we propose a different algorithmic approach that mimics the manual
approach of using the relations of the quantum automorphism group of a graph to
find that certain monomials are zero and using this information in order to try to
conclude whether the quantum automorphism group is commutative. Our approach
relies on propagating zeros among monomials according to specified rules derived
from the defining relations of the quantum automorphism group of the graph.

The Algorithm

We propose an algorithm that takes a graph I with n-many vertices and the maximal
length k& of monomials one wants to allow as an input. It then computes a number of
zeros in the quantum automorphism group of the graph I' and tries to use them to
determine whether the graph has quantum symmetries. Limiting the maximal length
of monomials ensures termination, but as a trade-off the output of the algorithm
becomes ambiguous in the following sense: If the algorithm outputs that G, ,(T') is

commutative this is true and the output of the algorithm serves as a proof. However,
if the algorithm does not it is uncertain if increasing k& would yield a different result



or if I' does have quantum symmetries. Even in this case the algorithm can give a

list of monomials that have been determined to be zero, and that can then be used

in further manual computations. Our approach can also be an additional tool to

automatically check large volumes of graphs in conjunction with other methods.
The algorithm itself can be split into four different sub-algorithms:

(1) Monomial graph creation: This sub-algorithm creates a directed hypergraph
called the monomial graph with vertices corresponding to monomials up to a
predetermined length k. The edges of the graph are chosen such that if all
vertices in the source set of an edge are zero so are the vertices in the range
set of the edge. The monomial graph is constructed inductively by increasing
k. The induction step is the main part of this sub-algorithm and is shown in

Algorithm [7]

(2) Finding start zeros: This sub-algorithm determines monomials that can be seen
to be zero from the structure of the graph and the relations of the quantum
automorphism group. This step is designed to be modular such that additional
criteria may be added.

(3) Monomial graph traversal: This sub-algorithm is the main part of the entire
algorithm and is shown in Algorithm It iteratively traverses the monomial
graph along its edges in order to propagate zeros starting with the zeros found
in the previous step. This is repeated until the monomial graph cannot be
explored further. While traversing the monomial graph, simple commutation
relations are also noted down and used in the exploration.

(4) Post-processing: This sub-algorithm finds additional commutation relations
from the zeros found in the previous steps. As with the second step, this step
is designed to be modular such that additional criteria may be added.

Finally, the sub-algorithms (2) to (4) are iterated until either the input graph T’
is found to have a commutative quantum automorphism group or until no additional
information is found.

For example, let I' = K7 3 be the claw graph with n = 4 vertices.

Figure 1: The claw graph Kj 3

C(G,,(T")) has the generators u;; for 4,5 € {1,2,3,4}. The most straight forward
case for propagating a zero is multiplication: If we know that the monomial uiju1o
is zero multiplying it with any generator ug; obviously results in another zero. One
of the more interesting rules makes use of the fact that we have Z§:1 ujs = 1 for
any i € {1,2,3,4} as one of the defining relations of C(G7. ,(T")). Thus, if we know

aut



that the monomials uq;u11u12 are equal to zero for every i then it follows that

4 4
0= g UlsU11U12 = E Uls | U11U12 = UL1U12-

s=1 s=1

In this way we have both methods for propagating zeros to monomials of longer and
shorter length. The entirety of our propagation rules are laid out in Section [ The
first sub-algorithm creates the (n, k)-monomial graph according to these rules.
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Figure 2: Part of the (4,3)-monomial graph with edges coloured according to the
propagation rules they are derived from.

Having created the (n, k)-monomial graph, we next aim to find initial zeros. In
the case of the claw graph we can use among others a criterion that states that for
two vertices ¢ and j with differing degrees, the generator u;; is equal to zero. Thus,
we would be able to add the monomials w2, 113, U14, u21, u31 and ugy to the list of
start zeros. The list of criteria and their proofs are shown in Section 2] For the
claw graph, using the parameter k = 3, we are able to find 174 start zeros using the
different criteria.

Next, the traversal sub-algorithm is a graph traversal algorithm that explores the
monomial graph starting from the start zeros. In our example with the claw graph
and k = 3, the traversal finds 3804 additional zeros bringing the number of all found
zeros up to 3978. Further, in this step we also already mark those commutation
relations that we can deduce by a product of two generators being zero. In our
example, we find 186 such commutation relations.

Finally, the post-processing sub-algorithm uses the found zeros to extract addi-
tional commutation relations. The criteria used in this step are laid out in Sections
and [4 In our example, we find an additional 54 commutation relations.

Thus, at the end of one iteration of all of our sub-algorithms, we find 16 trivial
commutation relations (each generator trivially commutes with itself), 186 commu-



tation relations during the traversal step and 54 commutation relations during the
post-processing step for a total of 162 = 256 commutation relations. Therefore, any
two generators commute with each other and we can determine that C(G, ,(T)) is

commutative.

Results

Using this algorithm, we are able to find all graphs on 4 vertices without quan-
tum symmetries in around one seconds, all graphs on 6 vertices without quantum
symmetries in under five minutes, and 507 graphs without quantum symmetries on
connected graphs on 7 vertices in 45 minutes, improving on a result in [17] that only
considered connected graphs on 7 vertices whose classical automorphism group is
either trivial or Zy. Combining our tool with another criterion that can show that
certain graphs have quantum symmetries, we are able to show that these 507 graphs
without quantum symmetries are in fact all connected graphs on 7 vertices that do
not have quantum symmetries. Further, our algorithm is also able to show that the
Petersen graph does not admit quantum symmetry which has been shown previously
in [23] but as far as we are aware could not be found algorithmically. These results
are shown in more detail is Section [

Table 1: Results of running our algorithm on different classes of graphs

# of graphs
# of graphs without
Graph/Class # of without quantur.n Run time
of Graphs graphs quantum symmetries
symmetries found by our
algorithm
Graph§ on 4 11 5 ) 1.116 seconds
vertices
Graphs on 6 156 68 68 250 seconds
vertices
Connected
graphs on 7 853 507 507 45 minutes
vertices
Petersen
Graph 1 1 1 5.95 hours




1 Preliminaries

In this section we present the terminology for graphs used in this thesis, the C*-
algebraic objects studied with a focus on quantum groups and introduce the compu-
tational model underlying the algorithms in this thesis.

1.1 Notation. In this thesis we write [n] as a shorthand for the set {1,...,n}.

1.1 Graphs

1.2 Definition. A finite graph I' = (V, E) is a pair consisting of a finite non-empty
set V of vertices and a set £ C V x V of edges. A graph is called undirected if for
any edge (u,v) € E the edge (v,u) is also in E. A undirected graph is called simple
if it contains no loops or multiple edges. In this thesis we consider only finite simple
graphs unless otherwise specified. We say that vertices u and v are adjacent if (u,v)
is an edge. In this case we also write u ~ v. Otherwise we write u 7 v.

1.3 Definition. Let I' = (V, E) be a graph and u,v € V. The degree of u is
defined as deg(u) = #{v € V | v ~ u}. A path p of length k from u to v is
a sequence of vertices w; for ¢ € {0,...,k} such that ug = u and up = v and
ui—1 ~ u; for all i € {1,...,k}. The distance d(u,v) of u and v is defined as
d(u,v) = min{k € Ny | 3 path of length £k from u to v} and is set to oo if u and v
are not in the same connected component. The adjacency matriz Ar is the |V| x |V|-
matrix defined by
1 ifu~o,

(Ar)uy = { 0 if uo.
and the distance matriz Dr is the |V| x |V|-matrix defined by

(Dr)u,v = d(u,v).

1.4 Example. Consider the graph I" with V' = [6] and adjacency matrix

010000
101100
010100
AF_011010
000101
000O0T10

Its graphical representation is shown in Figure

()
076060

Figure 3: Graph with 6 points



Its distance matrix is given by

012 2 3 4
1011 2 3
2101 2 3

Dr=19 1101 2
322101
433210

1.5 Definition. Let I' = (V, E) be a graph. An automorphism of ' is a bijective
map o : V — V such that

u~v <= o(u) ~o(v).

The set of all automorphisms of I forms the group Aut(I") and is a subgroup of the
symmetric group S|y|. As such it may be represented through permutation matrices
which allow for the following characterization using the adjacency matrix Ap

Aut(F) = {U € S|V| | cAr = AFO‘}.

1.6 Definition. A (directed) hypergraph is a pair (V, E) consisting of a finite non-
empty set of vertices V' and a set E of pairs of subsets of V. We call the elements
(S, R) € E hyperedges and the sets S and R the source set and range set respectively.
If it is clear from context we may omit the prefix hyper and the word set and speak
of the edges of a hypergraph with their sources and ranges.

1.2 Universal C*-Algebras

In this section we broadly introduce C*-algebras. The contents of this section have
been primarily sourced from [33].

1.7 Definition. A C*-algebra is a complex Banach algebra A with an involution,
i.e. an anti-linear map

T A— A
[

such that 2** =z, (vy)" = y*z* and ||x*z| = ||z||*>. We say that A is unital if 1 € A.

If H is a Hilbert space then B(H), the space of bounded operators acting on
‘H, is a unital C*-algebra. In fact, the following theorem by Gelfand and Naimark
shows that bounded operators acting on Hilbert spaces can be considered the canon-
ical representations of C*-algebras. See [13| for the original proof by Gelfand and
Naimark or Theorem I11.6.4.10 in 6] for a modern version.

1.8 Theorem (Second Gelfand-Naimark Theorem). Every C*-algebra A admits a
faithful representation m : A — B(H), i.e. an injective x-homomorphism, on a Hilbert
space H. Hence, A is isomorphic to a C*-subalgebra of B(H).



1.9 Definition. Let I be an index set and E = {z; | i € I} a set of generators.

Further, let P(E) bet the involutive C-algebra of non-commutative %-polynomials in
E and let R C P(E) be a set of relations. Let J(R) C P(E) be the two-sided ideal
in P(E) generated by R. Define

A(E,R) = P(E)/J(R)
as the universal *-algebra with generators E and relations R. For z € A(E, R) put
|z|| = sup{p(z) | pis a C*-seminorm on A(E,R)}.

If now ||z|]| < oo for all x € A(FE, R) define

C*(B | R) = A(E, B)/{r € AE,R) [ =0}

as the universal C*-algebra with generators E and relations R.

In particular, a universal C*-algebra admits the following universal property

1.10 Proposition. Let A = C*(E | R) be a universal C*-algebra as in Definition[1.9
and let B be a C*-algebra such that ' = {y; € B |i € I} C B is a subset satisfying
the relations R. Then there is a unique x-homomorphism ¢ : A — B with p(z;) = y;.
1.11 Example. Consider the following universal C*-algebra

* _ 2
ij — Wijs

n n
E Uis = g Usj = 1,
s=1 s=1

UijUk = UpUi; Vi, §, k, 1 € [n])

A= C"(wij,i,5 € [n], 1 |uy; = u

defined by projections u;;. In particular, this universal C*-algebra does exist since
for a projection u;; we observe that

i = [Jujjuii|| = |lui;||* € {0,1}.

It turns out that this universal C*-algebra is isomorphic to the continuous functions
on the symmetric group 5,,. To show this, we need the following theorem by Gelfand
and Naimark.

1.12 Theorem (Commutative Gelfand-Naimark Theorem, Theorem I11.2.2.4 in [6]).
Let A be a commutative unital C*-algebra. Then there exists a compact topological
space X such that A = C(X). In fact, X = Spec(A) is the set of all characters of
A.

To see that the universal C*-algebra A from Example is, in fact, isomorphic
to the continuous functions on the symmetric group, we show that the spectrum
Spec(A) is homeomorphic to S,. Then, Theorem[1.12]yields that A = C(Spec(A)) =
C(Sp). To this end, we consider the mapping

U : S, — Spec(A),0 — ¢,

where ¢, is the character defined by ¢q(u;;) = 9

.o (i) Then, ¥ defines a homeo-
morphism showing the claim.



1.3 Quantum Groups

In Theorem [1.12f we have seen that any commutative unital C*-algebra is isomorphic
to the continuous functions on a compact topological space X. Conversely, for such
a compact space X, the pair (C(X),| - |lec) is a commutative unital C*-algebra
again. Thus, the theory of such C*-algebras may be considered as the theory of
continuous functions on compact groups. By omitting the commutativity of a C*-
algebra one may thus think of “continuous functions on a quantum group”. This
motivated Woronowicz to formulate a definition for compact quantum groups.

1.13 Definition ([35]). A compact quantum group (CQG) is a pair G = (A, A) where
A is a separable unital C*-algebra and A : A - A ® A is a unital *~homomorphism
such that

(a) (A®Id)oA = (Id®A)oA and
(b) the sets
(b2 DA(®C) | byc e A}
(T2 B)A®) | byce A
are linearly dense subsets of A ® A.

In this thesis we are only concerned with a special class of CQGs also introduced
by Woronowicz in 1987 eight years before general CQGs.

1.14 Definition (|34]). A compact matriz quantum group (CMQG) is a pair A =
(C(A),u) where

e C(A) is a unital C*-algebra generated by elements w;;,%,j € [n| which are the
entries of the matrix u,

o u = (u;j);; and u’ = (uj;); ; are invertible and

e the map A : C(4) — C(A) ® C(A) defined by A(uij) = > 5 wir @ ug; is a

*_homomorphism.

If we have two compact matrix quantum groups A = (C(A),u) and B = (C(B),v)
we say that B C A is a compact matriz quantum subgroup of A if there is a surjective
s-homomorphism ¢ : C(A) — C(B) mapping generators to generators. We further
say A= B as CMQGs if A C B and B C A holds.

With this definition we see that the C*-algebra A = C(S,,) from Example
is in fact a CMQG with the matrix u = (u;;);j. Since we set out to consider the
quantum version of S,,, we get the CMQG S, = (C(S;}),u) defined by

n n
s=1 s=1

This CMQG was introduced by Wang in 1998 in [32] and is indeed the non-
commutative version of C(S,,), i.e.it holds that

C(Sy) = C(Sf{)/<uijukl:wzuij>~

10



In terms of CMQGs, we have S,, C S,/ where the surjective *-homomorphism re-
quired is given directly by the universal property of C(S;"). This also means that we
have S, = S;F whenever C(S;") is commutative and we are thus particularly inter-
ested in the case where C(S;") is non-commutative. The following two propositions
show when this is the case.

1.15 Proposition (Proposition 4.3.3 in |15]). Let n € {1,2,3}. Then C(S;}) is
commutative.

Proof. We need to show that the generators of C(S;") commute with each other.
For n =1 this is trivially true. For n = 2, observe that the rows and columns of «
summing to one means that we have

_ (51 1—up
u =
I—upip  un
and thus C(S5") is commutative. For n = 3, recall first that projections p; in a unital
C*-algebra satisfying >, p; < 1 are mutually orthogonal, i.e. p;p; = 0 for i # j. By
the rows and columns summing to one, we thus already have w;juy = 0 = upu;; if

either 7 = k or j = [. It remains to show that the generators u;; and wuj; commute
for i # k and j # [. We show this now for u;; and ues.

3

urttipy = uiyup () k)
k=1

= U11u22U11 + U1 U22UI2 + UT1U22UL3

= U11U22U11 + U1 U22UI3

= uprugaury + urr (1 — ug1 — ug3)u13

= U11u2U1l + UI1UI3 — UT1URI U3 — UT1U3UT3

= U11U22U11-

Here, we also repeatedly used that the product of two generators from the same row
or column of u is zero. Next, we can analogously show that wooui; = uiiuseui; by
multiplying from the left rather than from the right and get

Up1U22 = U22U11-

Similar computations can be done for the remaining pairs of generators and thus
C(S5) is commutative. O

1.16 Proposition (Proposition 4.3.5 in [15]). Let n > 4. Then C(S;) is non-
commutative.

Proof. Let H be a Hilbert space and let p,q € B(H) be projections with pg # gp.
Call A the C*-subalgebra of B(H) that is generated by p,q and 1. Further, let v be

11



the n X n-matrix defined by

p 1-—p
1-p p

1

Then, by the universal property of C(S;") there is a *~homomorphism ¢ : C(S;) — A
mapping u;; to v;;. In particular, we have pg = ¢(uj1ugs) and gp = ¢(us3ui1) and
by pg # qp we get that w11 and ugs do not commute. ]

1.4 Computational Model and Asymptotic Notation

In this section we present the notations of and assumptions on the computational
model underlying the algorithms and their analysis in this thesis. In general, we
follow the notions given in [10] which acts as a source for this section. This means
in particular, that we assume a random-access machine model in which

e we have atomic data types such as Boolean (i.e. True or False), Integer, Char-
acter,

e we have lists in the form of Arrays and Strings, which are arrays of characters,
e we have composite data types in the form of Objects.

e Each instruction is executed after the previous one (in particular this rules out
concurrent computation),

e data accesses (including access into an array) take constant time,

e common arithmetic instructions, i.e. addition, subtraction, multiplication, di-
vision and remainder (denoted by mod), and logic operations, i.e. conjunction,
disjunction and negation (denoted by and, or and not respectively) take con-
stant time,

e comparisons of atomic size objects take constant time and

e control flow statements, i.e. branching instructions, subroutine calls and return,
take constant time.

1.17 Remark. We assume that each atomic datatype has an upper bound on the
amount of information it may represent. This is clear for boolean values but for
integers this means that there is a maximal value that may be represented as one
integer in our model and for characters this means that the characters come from
a finite alphabet. Because we are ultimately interested in running algorithms on
computers in the real world, this upper bound on the size of integers is required, as
it is a reality in modern computing architecture. Further, if one were to remove this
constraint, we could encode arbitrarily large data in a single integer and transform
it in constant time. This would render run time analysis meaningless.

12



In order to compute run times of algorithms, we count the number of constant-
time steps an algorithm takes on a given input instance before terminating. As inputs
grow in size, we also expect an algorithm’s run time to increase. Therefore, we are
interested in expressing the run time of an algorithm as a function of the input size.
In order to compare algorithms and find general statements about the performance
of an algorithm, we use asymptotic notation for run times; that is we want to know
how an algorithm behaves as the inputs grow arbitrarily large. In order to do so, we
use the following notation.

1.18 Definition. Let f be a real-valued function defined on a subset D of R. The
set O(f(x)) of functions asymptotically bounded by f is defined as

O(f(x)) = {g(x) real-valued function |
de > 0,z € R such that 0 < g(z) < cf(x) Vo € D,z > zp}.

1.19 Remark. While O(f(z)) is a set, it has established itself to write g(z) =
O(f(z)) (pronounced “g is big-Oh of f” or just “g is Oh of f”) rather than g(z) €
O(f(x)) (pronounced “g is in (big-)Oh of f”). In this thesis we usually write that
something happens in time O(f(z)) or that an algorithm has a run time of O(f(x)).
Since O(f(z)) is an upper bound, we have the transitivity property that if g(x) =
O(f(x)) and h(z) = O(g(z)), then h(z) = O(f(x)) holds as well. In such a case
we might say “h is in O(g(z)) which is in O(f(z))” or “h is in O(g(x)) which is
dominated by O(f(z))”.

The big-Oh notation is not reserved for run times but could also be used for
expressing the asymptotic size of some other parameter like the number of elements
in a list where only the rate of growth is of importance for us and not the exact size
of the list. In this thesis we usually give f via the term used to define it as in O(n?)
where we mean O(f(n)) with f(n) = n?. In the cases that a function specification
could be interpreted in two or more ways it is either clear from context which variable
is meant to be the function’s argument or it will be mentioned explicitly. The
notation naturally extends to multivariate functions if an input is defined in terms of
several variables (for example, an algorithm whose run time is linear in the number
of vertices n and edges m of a graph would have a run time of O(n +m)). For more
details and an overview how this notation is typically used we refer to Chapter 3.2 in
[10]. There are other classes of asymptotically-bounded functions like Q(f(x)) and
O(f(z)) which we do not consider in this thesis. They correspond to asymptotic
lower and tight bounds respectively.

We give algorithms using pseudocode, largely following the conventions from [10].
The pseudocode abstracts away details specific to a particular programming language
but shares its overall structure with modern programming languages like C++, Java
or Python. Therefore, it should also be understandable by anyone that is familiar
with such a programming language. Importantly, the pseudocode can also include
natural language to convey its meaning. This will be the case when it is helpful
for the understanding of the ideas involved and when being closer to a programming
language does not yield more insights. On the other hand, sometimes the pseudocode
will appear more technical. This will be the case when the specificity is required in
the analysis of the algorithm. We now give a few notational choices we made for our
pseudocode.
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e Assignments to variables are indicated by < and not by = which instead is
used to test for equality.

e Arrays are indexed into using brackets, i.e. A[i] is the i-th element of the array
A. An array of length [ is generated using the function call new_array (1),
whereupon the memory for the array is allocated. The time to create an array
is therefore proportional to its length. Once created, assigning an array to a
variable happens in constant time because we assume it is passed by reference
rather than by value. A “real” copy of the array A is generated by copy (A)
which takes time proportional to the length of A. The function copy is as-
sumed to work recursively if the array it is called on is an array of arrays. We
assume that upon creation each array cell contains the special value unde fined.
We assume that all arrays are 1-origin indexing, i.e. the first element of the ar-
ray A is A[l] and not A[0]. We use brackets and colons to indicate subarrays,
i.e. Afi: j] denotes the subarray of A whose first entry is A[i] and whose last
entry is A[j]. Arrays can be extended by using the methods push (A,z) and
pushfirst (A,z), which insert the element = at the end or at the beginning
of the array A respectively. They also take time proportional to the length of
the array A. We also assume that the array A keeps track of its length which
can be accessed using length (A) in constant time.

e Matrices are denoted by 2D-Array and also indexed into using brackets, i.e.
Ali, j] is the (i, j)-th component of the matrix A.

e Objects are defined using the keyword structure and contain the names of
the fields such an object has as well as the field’s data types. If an object
a has a field b, this field is accessed via a.b. Further, we allow for an object
oriented approach, where objects may have functions which can then access
the object’s fields. If a structure a has a function f, calling that function with
the argument x is done via a.f(z). This object oriented flavour is not required
for the functionality of the algorithms in this thesis but is rather done with the
intention of improving readability. As such, one can write a.f(z) rather than
f(a,z). However, as can be seen for example with the method push, not all
functions or methods belong to an object.

e Function and method definitions have their input arguments marked using the
keyword Input and their output using the keyword return. Upon encounter-
ing the keyword return, a routine immediately stops. Further, arguments to
functions and methods are passed by value if they are atomic data types and
passed by reference otherwise.

1.20 Remark. Generally, when we speak of an algorithm’s run time we consider
its worst-case run time. This means, we assume the input instance to an algorithm
to be such that it has to do the maximal amount of work. We could also consider
the best-case or average-case run time, but because we want to get upper bounds on
the run time of an algorithm, we use the worst-case run time. However, there is one
case in this thesis where we consider the average-case run time which is when using
dictionaries.
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1.21 Definition. A dictionary is a data structure for a dynamic set that allows
for insertion and deletion of elements as well as for membership tests. We assume
that our dictionaries are implemented using hash tables with chaining which yields
an average run time of O(1) for the dictionary operations. For more details on
dictionaries and hash tables we refer to Chapter 11 in [10].

1.22 Remark. We rarely also require exponentiation and square root operations in
this thesis. For arbitrary inputs, these operations are not constant time. Instead,
computing a® takes time O(logb) using repeated squaring and computing Vb takes
time O(M()) using the Newton-Raphson method where b is a (-digit number and
M(p) is the time it takes to multiply two [-digit numbers. However, as we re-
marked previously, we consider integers of bounded size and therefore assume these
operations to take constant time.

Another data structure we will need for our algorithm is a stack.

1.23 Definition. A stack is a data structure for a dynamic set that allows for
insertion and deletion of elements according to a last-in, first-out or LIFO policy.
The insertion operation is called push and the deletion operation is called pop.
Additionally, a stack supports a query for whether it is empty or not. Both push,
pop as well as the query for emptiness take constant time. A stack may be internally
represented through arrays or linked lists. For more details we refer to Chapter 10
in |10].
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2  Quantum Automorphism Groups of Graphs

For this section and the remainder of the thesis, we assume that I' = (V, E) is a
graph with |V| = n unless otherwise specified. The automorphism group Aut(T)
of I is a subgroup of the symmetric group S,, consistent with the graph structure.
Analogously, the quantum automorphism group G ,(T') is a quotient of the CMQG
ST respecting the graph structure.

2.1 Definition. The quantum automorphism group G, ,(T) of the graph I = (V, E)
with |V| = n is given by the CMQG G, ,(T') = (C(G.,(T)), u) where C(G}, ,(T)) is
the universal C*-algebra defined by

C(GFu (D)) = C*(ugj,i,j € [n], 1 |ugy = ujj = ujj,
Zuik = Zukj =1, (1)
k=1 k=1
UAF = Ar‘u)

Here, uAr = Aru is a shorthand for >}, uu(Ar)r; = > (Ar)aw; for all
i,7 € [n]. We say that T has no quantum symmetries if C(G, ,(T)) is commutative,

i.e. C(Ggyu(T)) = C(Aut(I)).

The previous definition of G\, ,(T') is due to Banica in 2005 [2] and the definition
of quantum symmetries is due to Banica and Bichon in 2006 [3]. In 2003, Bichon
gave a definition for a quantum automorphism group called G%,,(I') [5]. It holds
that

AUt( ) < Gaut( ) c G;—ut( )

as CMQGs as described in more detail in [27] and with

C(GH

aut

( )) &~ C(Si)/<uAp=AFU>

we further get
Aut(T') € GF,,(T) C G,

aut

(T) C S;.
In this thesis we only consider the quantum automorphism group due to Banica.

2.2 Lemma. The relations given in Equation imply that

Uikl = Ok J Uik,

wigugy = 04f i ~k, 5 41
wijug, = 0 if i £k, j ~1

Proof. Equations and follow immediately from the fact that the gener-
ators u, k € [n] and uyj, k € [n] are mutually orthogonal projections, where the
orthogonality follows from >} u; =1 and >}, ug; = 1 respectively.

For equation , take i, k, j,1 such that ¢ ~ k and j +¢ [. The relation uAr =
Aru implies in particular that

(R1)
UpjUp; = Of | Uk; (R2)
(R3)
(R4)

n n

D (Ar)puir =Y (Ar) ity

r=1 r=1
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Multiplying with u;; from the left yields

n n

Z(Ar)rluijuir = Z(Ar)iruij“rl

r=1 r=1
which due to equation (R1]) simplifies to

n

(Ar)jiuig = Y (Ar)irtiji

0= Z Wi Uyl -

ren],re~i

Multiplying with wuy; from the right finally yields 0 = w;jug;. Equation (R4) is shown
analogously. 0

The relations given in the previous lemma are useful to determine relations in the
quantum automorphism group of I". However, even further than that, Relations (R3|)
and (R4)) give an equivalent characterization for C(G. ,(T")) as follows.

aut

2.3 Proposition. LetI' = (V, E) with |V| = n be a graph and consider the universal
C*-algebra B defined by

B = C*(vij,1,j € [n], 1|vzj—vj—vfj,

E Vi = E v = 1,
k=1 k=1

vijvi = 0 df i ~ kK, j £ 1,
vijup = 0 if i b K, j ~1).

Then B = C(G/,,(T)).

Proof. By Lemma[2.2] the universal property of B gives a *-homomorphism ¢ : B —
C (G}, () mapping v;; to u;;. On the other hand, let v = (v;;) denote the matrix

aut
with entries v;;. For any ¢ and j and using > ;" vy = 1, we get

Z (Ar)ivr; = szl Z (Ar)ikvk;
k=1 =1 k=1
= Z Z(AF)ikUilUkj-

k=1 1=1
With (Ar);x = 0 for k o4 4 this can be rearranged as

n

Z(AF ikVkj = Z Z Vil Uk

k=1 ke[n) ki 1=1
and with vyvp; = 0 for i ~ k,l o j we get

n

D (Ao = > D vk

k=1 ke[n],k~ilen],l~j

17



On the other hand, using symmetric arguments, we get

szz (Ar)i; szz (Ar)i kaj
= ZZ(AF)ljUiZUkj

k=11=1

n
= g g Vi1 Vkj

k=11€[n],l~j

Z Z vilvkj'

ke[n],k~ilen],l~j

Thus, we have Arv = vAr and the universal property of C (G ,(T)) gives a *-
homomorphism ¢ : C(G, ,(T')) — B mapping u;; to v;;. Since ¢ and ¢ are inverse

to each other, B and C(G,,(T)) are isomorphic to each other. O

The previous lemma and proposition are close to the results presented in Section
3.1 in [12| but are translated into a more C*-algebraic language. In the remainder
of this section we give some tools that help with finding relations in C(G,,(T)).

2.4 Remark. Denote by R the defining relations of C(G,(T")). Since the x-algebra
A = A(uij,i,j € [n],1|R) is dense in C(G,

aut(I)) it suffices to show that A is com-
mutative in order to conclude that C(G,(I")) is commutative.

2.5 Lemma. Let A be a C*-algebra and a,b € A projections satisfying ab = aba.
Then ab = ba holds as well.

Proof. This follows immediately as
ab = aba = a*b*a™ = (aba)* = (ab)* = b*a™ = ba.
O

2.6 Remark. Lemma is not specific to C(G,(I')) but will be useful in this
setting because the generators u;; are projections and we are interested in finding out

whether a graph has quantum symmetries, i.e. whether C(G, (")) is commutative.

2.7 Lemma. Let i,j € V such that deg(i) # deg(j). Then 0 = u;; € C(GF,(T))
holds.
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Proof. This follows from straightforward computation as

deg(i) . uij = Z uij

ke€n],k~i
= Z (%’jZ%l)
ke[n],k~i =1
= Z Uiz Z Ukl
ken],k~i le[n],l~j
= Z Z Ui UK
ken],k~t \l€[n],l~j
= Z Z Ui U]
le[n],l~j \k€[n],k~i
= Z Uij Z Ukl
le[n],l~j ke[n],k~i
S (z)
le[n),l~j k=1
le[n],l~g
= deg(j) - wij
O
2.8 Lemma. Let i,j,k,l € V such that d(i, k) # d(j,1). Then 0 = w;juy €
C(GL (1) holds.

Proof. Assume d(i,k) < d(j,1) without loss of generality and let i ~ i3 ~ ... ~
id(ik)—1 ~ k be a path of minimal length d(i, k) from i to k. Then we get

n
Ui UK = Uij E Usy51 | Uki
Jj1=1
= Uij g Uirgr | Ukl
J1€[n].j1~j

= Uiy E: Wiygy | -+ E: Wigi ky—1ddciky—1 | Whi-

J1€[n],j1~g Ja(i,k)—1€M]Jai, k) —1~Jd(i k) —2

However, since we assumed that d(i, k) < d(j,1), there must be an index r € [d(i, k) —
1] with j, % jr+1. Therefore the sum is equal to zero as required. O
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Note that the previous lemma generalizes the relations mentioned in Lemma

2.9 Definition. Let I' = (V, E) be a graph. We say that two automorphisms
o,7 € Aut(T") are disjoint automorphisms if and only if (i) # ¢ implies 7(i) = 7 and
if 7(i) # ¢ implies (i) =i for all i € V.

2.10 Lemma (Lemma 2.5 in [17], Theorem 2.2 in [24]). Let I be a graph and let
o,7 € Aut(T") be two non-trivial, disjoint automorphisms of I'. Then I has quantum
symmetries.

Proof. In order to show that I' has quantum symmetries, we find a surjective *-
homomorphism from C(G,,(T')) to the C*-algebra B = C*(p,q,1 | p = p* =

aut
p?,q = q* = ¢°) generated by two projections which is not commutative.

We define the (n x n)-matrix u’ via
uj; = Og(i);D + 07514 + 0i;(1—p—q) € B

for i,j € [n]. By distinguishing different cases for i and j, we see that the entries u;j
are all projections again:

(1) Let i = j.

(a) If (i) =4 and 7(i) = i, then uj; = 1.

(b) If o(i) 7& i, then 7'( )) = i since o and 7 are disjoint automorphisms and
then u =1-

(c) If 7(7) 75 i, then a(z’) = ¢ since o and 7 are disjoint automorphisms and
then u =1-—gq.

(2) Let i # 5.
(a) If o(i) =4 and 7(i) = 4, then u;; = 0.

(b) If o(i) 7é i, then 7'( /) = i since o and 7 are disjoint automorphisms and
then wj; = d,(;);p

(c) If 7(7) ;é i, then J(i) = ¢ since o and 7 are disjoint automorphisms and
then u = 07(i)54-

Further, the rows and columns of «/ sum to one:
n n
D i = Sawp + 6ra + 0l —p—q) =1

k=1 k=1
and

> = 25 k)P + Or(k)jq + 0kj(1 —p—q) = 1.

Finally, since o and 7 are automorphisms of ', we get 0 Ar = Aro~—! and TAp =
Ar7~! when considering o and 7 as permutation matrices. This means that

(AF) (@7 — (Ar)zofl(j)

20



and
(Ar),a); = (Ar)ir1(j)
for all 4, j € [n] and thus

n

(Aru,)z‘j = Z (Ar)ik%

(Ar) 100(k);P + (A1) 1.07(k)54 + (Ar) 1.0k (1 — p — q)

—_ E
IIM3 Il
— —

= AF)z‘o*I(j)P + (AF)z'T*l(j)q + (AF)ij(l —p—q)
AF)o(i)jp + (AF)T(i)jq + (AF)ij(l )

—~

= Oo(iyk(Ar) ;P + 0ryr(Ar)g;q + ik (Ar)g; (1 —p — q)

for all 4, j € [n] and therefore Apu’ = ' Ap.
The universal property of C(G. ,(I')) then yields a *-homomorphism

aut

o : C(Gh

aut

(I')) - B

mapping u;; to u;j In particular, the cases (2) @ and show that ¢ is surjective
and thus C(G,

a(I) is not commutative. O
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3 Manual Propagation of Zeros

In this section, we give concrete examples of graphs and how their quantum automor-
phism group is computed. We will see that by applying the relations of Lemma
and by multiplying with specific sums that equal 1, we can already determine a lot of
the structure of the quantum automorphism groups. More precisely, these relations
will allow us to show that certain monomials are equal to zero which in turn will
allow us to conclude that some—or all—of the generators commute. A takeaway
from this section should be that choosing the “correct” next relation—by which we
mean a relation that will yield new insights—to apply may be non-obvious but since
the relations follow a strict scheme this approach lends itself to being automated.

The manual approach starts by examining a monomial of interest and shows
that it is equal to zero through algebraic transformations. On the other hand, the
automated approach will start with all known zeros and propagate them among the
elements of the quantum automorphism group. In this sense, the manual method is
a more targeted method but relies on experience or experimentation on the user’s
part whereas the automated method is untargeted but applies all relations without
prejudice.

3.1 Asymmetric Graph with Six Vertices
Consider the graph I" from Example [T.4]

e
020202020

Figure 4: The graph from Example is the smallest non-trivial graph with trivial
automorphism group.

It is the smallest non-trivial graph with trivial automorphism group. Since the
classical automorphism group of a graph is a CMQ-subgroup of its quantum auto-
morphism group, this is also the smallest non-trivial graph that might have a trivial
quantum automorphism group. Indeed, we have the following result.

3.1 Proposition. The quantum automorphism group G;‘ut(f‘) of the graph T" from
Ezample is trivial.

We can use the structure of the graph to immediately conclude that many of the

generators of C(G. ,(T)) are equal to zero.

3.2 Lemma. Let I' = (V, E) be the graph from Ezample and let (i,7) € V x
V\{(1,6),(6,1),(2,4),(4,2),(3,5),(5,3)} be a pair of distinct vertices in I'. Then
uij =0.

Proof. The graph T is such that for any k € {1,2,3} there are exactly two vertices

i # 7 with deg(i) = deg(j) = k. For k = 1 they are the vertices 1 and 6, for k = 2
they are the vertices 3 and 5 and for k = 3 they are the vertices 2 and 4. Therefore,
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by excluding the pairs of vertices with equal degrees and by also requiring ¢ # j, we
have deg(i) # deg(j). By Lemma the claim follows. O

With this lemma, we can now conclude the proof of the previous proposition.

Proof of Proposition [3.1 In order to show that G ,(T') is trivial, we show that u;; =
0 for every generator u;; with i # j. Then, u; = 1 for all i € {1,...,6} follows from
S L ug = 1 and therefore C(Gf,,(T)) = C. By Lemma we only have to

aut
consider the six elements u1g, u24, U35, Us2, Us3 and ugy.

(1) u1e: We use the fact that S35 ugy = 1 to get

6
U116 = U16 E U2k
k=1

= u1pU21 + U16U22 + U1eU23 + UL6U24 + U16U25 + UL6U26

Again by Lemma ugg = 0 for k ¢ {2,4}. Thus, the only surviving sum-
mands are ujgugy and wuiguog. Since 1 is adjacent to 2 in I but 6 is neither
adjacent to 2 nor to 4, Relation from Lemma then gives ujguos = 0
and ujgueq = 0 and therefore u1g = 0. We also get uy; = 22:1 Uy = 1.

(2) ug4: We multiply with 1 = u1; to get ugq = ugquqy. Because 2 ~ 1 and 4 £ 1,
Relation (R3] yields ugqui; = 0. We also get uge = 1.

(3) uss: We multiply with 1 = wugs to get uss = ugsuge = 0. Because 3 ~ 2 and
5 o 2, Relation (R3] yields ugqui; = 0. We also get uss = 1.

4) uy9: We observe that 1 = 6: upo and by Lemma [3.2[this is equal to ugo+u4o.
k=1
However, we have previously seen that use = 1 and therefore uge = 0.

(5) us3: We conclude analogously to wuys2.

(6) ug1: We conclude analogously to uys2.

O]

3.3 Remark. We have relied heavily on Lemma [2.7] to simplify the computation of
C (G} () in the proof of Proposition However, using only the relations from
Lemma [2:2) and multiplying with specific sums that sum to 1 we can also show the
same result. Doing so requires to use monomials of length 3 during the computations.
This will be shown again in the coming section so we refrain from showing an example

at this point.

3.2 Graphs with Four Vertices

We know that the graph from Example [[.4] with six vertices is the smallest graph
with trivial automorphism group. Therefore, all graphs with fewer vertices have
non-trivial automorphism groups and we know that their quantum automorphism
groups are also non-trivial. Further, we know from Definition [2.1| that C(G, ,(T")) is
a quotient of C'(S;/) and from Propositionsandthat S;I is non-commutative
if and only if n > 4. Thus, we know that the first candidates for graphs admitting

quantum symmetries are graphs with four vertices.
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3.4 Definition. Let I' = (V, E) be a simple graph. The graph complement of T is
the graph I' = (V, E¢) that has the same vertices as I' and whose edge set is given
by E¢ = {(u,v) € V XV | u# v, (u,v) ¢ E}. This means that for any two vertices
u,v € V with u # v we have u ~ v in I if and only if u % v in I'“.

There are eleven different simple graphs with four vertices—ten of which are pairs
of graphs and their graph complements and the eleventh graph whose compliment
is itself again. In [25], the authors computed both G, ,(T') and G, () for each
of these graphs. We summarize their findings in Table 2] Since we only consider
the quantum automorphism group due to Banica in this thesis, we omit the results
concerning Bichon’s version of the quantum automorphism group. Each graph in the

table is clustered with its complement. This is due to the following observation.

3.5 Lemma. Let I' = (V,E) be a graph and I'° = (V, E°) its complement. Then
Aut(T') = Aut(I'®) as groups and G, ,(T') = G}, (T¢) as CMQGs.

aut aut

Proof. Let n = |V| be the number of vertices in T', Id,, the n x n-identity matrix
and call B the n x n-matrix with all one entries. Observe that Apc is given by
Ape = B —1d,, —Ar.

For the classical case, take o € Aut(I'). By the definition of the automorphism
group, o commutes with Ap. Further, since o is a permutation matrix, both its rows
and columns sum to one and therefore 0B = B = Bo. Thus,

ocAre =oB —old,, —0Ar = Bo — 1d,, 0 — Aro = Arco

and therefore o € Aut(I'*). With (I'“)¢ =T" we get the first claim.

Next, take Gy (T) = (C(Giky (D)) and Gy (T9) = (C(Gy(T9)), 0) as the
quantum automorphism groups of I' and its complement. Since the rows and columns
of u sum to one again, u also commutes with Ape. The universal property of

C(GF,4(T)) then gives a *-homomorphism mapping u;; to v;; which is obviously

aut
surjective. Therefore, G}, ,(I'*) C G ,(T') and using the same symmetry argument
as in the classical case, we get the second claim. O
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Table 2: Automorphism groups and quantum automorphism groups of graphs with-
out loops and without multiple edges on four points.

re Aut(T') = Aut(I®) Gt.()=GH

aut
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For concrete computations and more details on the quantum automorphism
groups in Table [2] we refer back to the original paper. However, we want to highlight
the way the authors determined the graphs in the third and fifth row to not have
quantum symmetries. In either case, the authors determined that

Uig =0 = ug;

in C(G},(T)) with 7 € {1,2,3} using a statement that follows directly from the re-
lations given in Lemma and which we generalized in Lemma From this they
infer that G ,(T") is a compact matrix quantum subgroup of S5~ which is commu-
tative. While this certainly works, we can also arrive at G ,(T') being commutative
through purely algorithmic means. For example, take the graph I' in the fifth row
of Table 2| which is sometimes referred to as the full bipartite graph K 3 or as the
claw graph.
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Figure 5: The claw graph Ki 3

3.6 Proposition. The claw graph K13 does not admit quantum symmetries.

Proof. We need to show that C(G,

aut (K1 3)) is commutative. We partition the set of
pairs of generators into four sets Py, Ps, Ps, Py with

(1) P = {(wij,uw) | 4,5,k,0€{1,2,3,4},1 € {i,4,k,(}}
(2) Pr = {(uij, uiz) | i,j € {2,3,4}}

(3) Pz = {(uij, wir), (wjs, urs) | 3,5,k € {2,3,4}, 5 # k}
(4) Py = {(wij,uw) | 1,7, k,1 € {2,3,4}, k #14,1 # j}

Clearly, P; is disjoint with all other sets because one of the indices is required to be
1 and all other sets do not allow 1 as an index. The set P» is disjoint with the sets
P; and P, because it is made up of diagonal pairs and P3 and P do not contain
diagonal pairs by definition. Finally, the sets P3 and P, are disjoint because the
generators in the pairs in P5 either have the same first or second indices and this is
prohibited in Py. Therefore the sets are pairwise disjoint.

Next, we note that there are 162 = 256 pairs of generators and

(1) Py has 175 elements:

e Fixing i = 1, there are 4% = 64 elements.

e Fixing i # 1,j = 1, there are 3 - 42 = 48 elements.

e Fixing i,j # 1,k = 1, there are 3% - 4 = 36 elements.
e Fixing 4, j,k # 1,1 = 1, there are 33 = 27 elements.

(2) P, has 3% = 9 elements because we have a choice of 7,5 € {2,3,4}.

(3) P has 3% 2% = 36 elements because we have a choice of i,j € {2,3,4} and
ke {2,3,4}\ {j} and we have two elements for each such choice of i, j, k.

(4) Py has 3222 = 36 elements because we have a choice of ,j € {2,3,4} and
ke{2,3, 43\ {i},1 €{2,3,4}\ {j}.

Therefore |_|Z-€{172’374} P; has 175 + 9 + 36 + 36 = 256 elements and is a partition of
the set of all pairs of generators indeed.
We now show for each set P; that its elements are pairs of commuting generators.

(1) Pi: We have deg(1) = 3 and deg(i) = 1 for i € {2,3,4}. By Lemma we
get uy; = 0 and u;; = 0 for ¢ € {2,3,4} and therefore also u;; = 1. Thus, uy;
and wu;; are zero or one for i € {1,2,3,4} and commute with all generators.
Since each element in P; contains u1,, u;1, or both, these elements are pairs of
commuting generators.
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(2) P»: The elements of P» consist of pairs of the same generator and therefore
trivially commute.

(3) P3: Take an element of the form (u;;,u;;) € P3. By definition we have j # k
and therefore Relation (R1) yields u;ju;x = 0 = w;rui;. For elements of the
form (u;;,ur;) € P3, Relation (R2)) gives the same result.

(4) Py: Let (ugj,u;) € Py and consider the monomial u;juy. By definition i €
{2,3,4} and k € {2,3,4} \ {i} and we denote by s € {2,3,4} \ {7, k} the third
element of the set. Then, by multiplying with 1 = 22:1 Upj, We compute

4

Ui Ukl = UijUk] § Upj
p=1
= Ui URIUL; + UigURI U5 + Ui Uk UL T Ui UK Us; -

We examine the summands individually.

e ujjupui;: We have deg(l) = 3 and deg(j) = 1, so Lemma gives
u1j = 0 and therefore u;jupu1; = 0.

o u;jupugi: We have | # j by definition, so Relation (R1) gives upuy; =0
and therefore u;jupug; = 0.

o u;jup s Recall that ¢ # s and therefore u;jus; = 0 by Relation (R2).
Then, by inserting 1 = 22:1 Upy, we get

0= uijusj

4
= Uij E :“plusj
p=1

= UjjUUsj T UjjUilUsj + UijUkIUsj + UjjUs Us; -

Again, we examine these summands individually.
— uijuusj: As before, uy; = 0 by Lemma@ SO uzjuyusj = 0.
— ujjujusj: As before, u;;u; = 0 by Relation , SO iU ts; = 0.
— Ujjugusj: As before, ugus; = 0 by Relation , S0 Ujjugusj = 0.

Thus, we have 0 = u;jus; = uijugts;-

Going back to our initial element wu;juy; we thus have
4
Wi Ukl = Wij Ukl Z Upj = Wij Ukl Wij
p=1

and Lemma [2.5] yields that u;; and ug commute.

We have thus shown that any two generators of C(GJ, ,(K13)) commute and so K 3

does not have quantum symmetries. O
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3.3 Petersen Graph

The Petersen graph P is a vertex-transitive graph with 10 vertices whose importance
in graph theory can be summarized by the following quote by Donald Knuth [16]: It
is “a remarkable configuration that serves as a counterexample to many optimistic
predictions about what might be true for graphs in general.”. For general statements
regarding the Petersen graph we refer to [14].

Figure 6: The Petersen graph P

Being vertex-transitive, we cannot apply Lemma to find generators that are
equal to zero. Still, using the only the defining relations from the quantum automor-
phism group, the relations from Lemma [2.2] and Lemma [2.5] we can compute that
the Petersen graph has no quantum symmetries. We give a short review of the proof
from [23] here. The proof is split in to two parts. First, we show that u;; and wuy
commute for ¢ ~ k and j ~ [ and second, that u;; and uz; commute for i o¢ k and
j o 1. All other cases are already covered by the relations from Lemma [2.2] The
proof also relies on the fact that the Petersen graph is 3-regular, meaning that each
vertex has degree 3, and even strongly regular with A = 0 and g = 1, meaning that
any two adjacent vertices have no common neighbours and any two non-adjacent
vertices have exactly one common neighbour.

3.7 Proposition (Theorem 3.2 in [23|). Let i,j, k,l be vertices of the Petersen graph
P with i ~k and j ~ 1. Then ujjug = uguij in C(GL (P)).

Proof. (1) Let s be a vertex with s ~ [,s # j. Then, vertex [ is a common
neighbour of both j and s by assumption. Using the strong regularity of the
Petersen graph, this yields that j and s are not adjacent and that [ is their
unique common neighbour. Thus, for r # [, either u;jug, = 0 or ug,u;s = 0 by
Relation (R3). Further, u;ju;s = 0 holds by Relation (R1) since we assumed
that s # j. Using 271«0:1 ug = 1 then gives

10
0 = ujjuis = ugj § UkrUis = Ui j UK Ujs.
r=1
. 10
(2) Using > .2, ujs = 1 we get
10
Ujj Ukl = UijjUk] § Ujs
s=1
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and, because we have i ~ k, Relation (R3] yields that ugu;s = 0 for all s 7 [.
This gives

UjjUk] = E Ujj Uk Uis -
s€[10],s~1

Now, using Step we get
UijUR] = Ui U] Usj -

Then, Lemma [2.5] yields the proof.
O

3.8 Proposition (Theorem 3.3 in |23|). Let i, 7, k,l be vertices of the Petersen graph
P withi b k,j &1 andi#k,j # 1. Then ujjup = uguij in C(GL(P)).

aut

Proof. (1) By the strong regularity of the Petersen graph, there is exactly one

common neighbour s of ¢ and k and one common neighbour ¢ of j and . Since
the Petersen graph is 3-regular, ¢ has exactly one remaining neighbour which
we denote by ¢g. Using Proposition [3.7, we have

UjjUst = UstUij (1*)

and
Ust Ukl = Uk Ust- (2%)

By Eiozl Ugr = 1, we have
10
Ujj Ukl = Ui g Ugr Ukl -
r=1

Let r # t. Since t is the only common neighbour of j and I, either r + j or
r o0 1 and thus u;jus = 0 or ug,up = 0 by Relation (R3). Thus, we have

10
Uij Ukl = Uij Z Ugr Ul = Ui Ut U] -
r=1
By using Step and Equation (2%), we have
Ugj Ukl = UjjUst U] = Ui U Ust - (3%)

Multiplying with Z;il uip = 1 yields

10
Ui Ukl = Ujj Uk Ust g Uip-
p=1

Now, observe that s ~ i. Therefore, ugu;, = 0 for all p ¢ t by Relation (R3).
By Step we know that the neighbours of t are j,I and ¢q. Therefore, we
now have

Ui Ukl = Wij Uk Ust (Ui + Wip + Uig)
and by applying Equation (2%) again, we have
iUk = UijUstUi (Uij + Uip + Uig).

We examine the summands individually:
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o ujjuguru;: Since we have assumed i # k, Relation (R2) yields
0 = upiuy = UijUstUpr U -

® UjjUstUpUiq: Consider w;jugiusq. Multiplying with Z}f;l Upq = 1 yields

10

Ui UstUiqg = UjjUst E UleqUig-
a=1

As before, k and s are adjacent and therefore ugur, = 0 for all a +¢ t by
Relation (R3|). Again, the neighbours of ¢ are 7,1 and ¢. Thus, we have

UijUstUiq = Uijust(ukj + ug + ukq)uiq'

We now examine these summands individually:

— UjjUstUpjUiq: Since s ~ k and ¢ ~ j, Proposition yields ugug; =
Ug;juse and thus
UjjUstUkjUiq = UijUjUstUiq-

Since we have assumed i # k, Relation (R2) then yields
0= uijukj = uijukjustuiq.

— UjjUstUkqUiq: As with the previous summand, Relation (R2)) directly
yields
0 = UpqUiq = UijUstUkqUiq-

Therefore, we get
Ui UstUiq = Ui Ust Uk Uig-

Now, since j # ¢, using Relation (R1)) and applying Equation again,
we get
0 = UjjUiqg = UjjUstUiq = UjjUst Ui Uig

for the summand we were examining.

Thus, we now have
Wi Ul = Uij UstUpe Usj -

Finally, applying Equation yields
Wi Ukl = Ujj Uk U]

and then Lemma [2.5] gives the desired result.

O]

3.9 Remark. Unlike in the examples from Sections [3.1] and the proof of Propo-
sition [3.8] did not exclusively rely on propagating zeros and optionally applying one
of the lemmas of Section 2|, even though it appears very similar to the other proofs.
This proof uses the fact, that the non-zero monomial u;;uy; is equal to certain other
monomials to ultimately conclude that it is equal to u;juzu;; and is thus not suited
for the automated approach we hinted at in the introduction of this section.
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This automated approach would instead have to find that for example all mono-
mials u;;upu; are equal to zero for r # j and could then also conclude that w;;ug
is equal to w;juru;; with Lemma It is in general not clear that this can be
achieved using only this propagation of zeros but finding that such an approach is
fruitful for the Petersen graph would be a good indicator that the approach may also
be powerful enough for many other graphs of interest.
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4 Algorithm Design

As mentioned previously, there are already algorithmic methods used for working
with quantum automorphism groups of graphs. They rely on Grobner bases of
the ideal of relations used to define the C*-algebra C(G. ,(T')) which then can be
used to answer for example membership in that ideal. In order to compute the
Grobner basis in a non-commutative setting a generalized Buchberger’s algorithm
(or a more optimized algorithm like F4 or F'5) are used. Unlike in the commutative
case, the algorithm is only guaranteed to terminate if the ideal has a finite Grobner
basis. However, the problem of deciding whether an ideal has a finite Grobner
basis is undecidable. Further, the problems of the classical Buchberger’s algorithm
remain—mainly that intermediate monomials may grow very large. For an overview
on Grobner bases we refer to [19].

Instead of following in this path, we propose an algorithmic approach that mimcs
the manual approach to computing commutation relations seen in Section The
general idea of the algorithm is “propagating zeros” using relations and properties of
the quantum automorphism group of a graph. More precisely, this means that given
the knowledge that a—or some—monomials are equal to zero certain others are also
zero. The propagation rules in question are the following;:

Propagation rules

(Pi) Let u = wjj, - .-, € C(GF,(T)) be a monomial of length m such that
u = 0. Then for any generator ug; of C(G.. ,(T')) the monomials uug, and ugu

are also equal to zero.

(Pii) Let r € [m] and 41,...,%—1,%r41,---,im € [n] and ji,...,jm € [n] be fixed
indices such that w;j, ... %, _yj,_ Ukj, Uiy 1jis - - Wimjm = O for all k € [n].
Then the monomial w;,j, ... Ui, 1, Wi,y 1oy - - - Wipyjn, 18 €qual to zero.

(Piii) Let s € [m] and i1,...,i6m € [n] and j1,...,Js—1,Js+1s---,Jm € [n] be fixed
indices such that wg,j, ... Ui, s Ui Wiy, 1jory - - Yimjm = 0 for all I € [n].
Then the monomial w;,j; ... Ui, _yj, 1 Uiyyijosr -+ Uinjm 15 €qual to zero.

(Piv) Let w;j, ... %, j,, = 0and r € [m— 1] such that w; j, wi, .., = Wi, 1j41 Wiy -
Then gy jy Wiy g, Wipsy - - - Wiy g, 18 €qual to zero.

(Pv) Let r € [m] and iy1,...,0—1,%941,---,%m € [n] and ji,...,5m € [n] be fixed
indices such that w; j, ... wi,_ 15 Ukj Wiry 1oy - - - Yije = 0 for all k& € [n]
but one k" and such that wj, ... Ui, _1j,_Wirsrjpis - - - Yipjme = 0. Then the
monomial w;yj, ... Uk/j, - . . Uj,,j, 15 equal to zero.

(Pvi) Let s € [m] and iy,...%y, € [n] and j1,...Js—1,Js+1,---,Jm € [n] be fixed in-
dices such that w;,j, ... 15, Ui Wiy 15y - - - Wi j, = O for all I € [n] but one
I" and such that w;,j, ... Wi,_j,_Wis1jsrs - - - Yipjm = 0- Then the monomial
Uiyjy - - - Wil - - Ui, 18 €qual to zero.

We also add the following rule that does not propagate a zero but rather knowl-
edge of commutation.
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(Ci) Let u = ujjup € C(GL,4(T)) be a monomial of length two such that u = 0.

aut
Then u;; and uy; commute.

4.1 Remark. The rules follow directly from the relations of (G, ,(I')). In order to
make sense of them in a more mathematical sense, we give the following explanations.

(1) Rules|(P1) [(Piv) and |(Ci)| are trivially true.

(2) Rule codifies the following. Let wu; j, ... ukj, ... i, j,, = 0 for all k& € [n].
Then, with >~} ugj, = 1 we compute

n
0= E uiljl...uij...uimjm
k=1

n
= uiljl tte u’ir—ljr—l (Z uk]1> uir+1jr+l A U’Lm]m

k=1

= Wiygy « - Wiy gr—1 Wi 1frgr o Win i -
Rule |(P1ii)| holds analogously for the second index.

(3) Rule codifies the following. Let w;j, ... ugj, - .- i, = 0 for all k €
[n] but one k" and let w;j; ... wi_j,_ Wi i1jpir - - Wirjm = 0. Then, with
Y p_q Ukj, = 1 we compute

0= iy, - Wip 1o Wipy1jpyn - - Wi

n
= Wiygy - Wiy jry (E :ukjr> WUirg1jrgr -+ Wimfim

k=1

= Uiy -+ - Uk gy - Ui i -
Rule |(Pvi)| holds analogously for the second index.

As one can see, both Rule |(Pii){and |(Pv)| use the same relation at their core but “in
opposite directions”.

The propagation rules are the integral part of this approach. However, in order
to apply them for once and in order to find commutation relations (other than the
ones covered by Rule we also need additional building blocks. The first one
are monomials we can determine to be zero due to some properties of the graph.
We denote these monomials as start zeros. The second building block we need are
additional criteria that take into account some monomials being zero and yield com-
mutation relations. Since this second step requires knowledge of all (or at least
many) zeros found by the application of the propagation rules it cannot happen dur-
ing the propagation but must rather happen afterwards. Therefore, we refer to it as
the post-processing step. Both of these will use the criteria introduced in Section
With this, the broad outline of our algorithm is the following:

(1) Find start zeros.

(2) Apply propagation rules.

33



(3) Find commutations in post-processing.

In a more technical sense, the propagation of zeros is realized by building and
traversing a hypergraph called the monomzial graph where the vertices of the mono-
mial graph correspond to monomials in C(G, ,(T")) and the hyperedges of the mono-
mial graph correspond to the propagation rules. There is therefore an additional

first step in the outline of our algorithm.

1) Create monomial graph.

2) Find start zeros.

3) Apply propagation rules.

(1)
(2)
(3)
(4)

Find commutations in post-processing.

Finding start zeros then can be thought of as selecting vertices in the monomial
graph and applying the propagation rules corresponds to a hypergraph traversal
algorithm with the selected vertices as start points.

4.2 Remark. When examining the propagation rules, we notice that they rely only
on the relations from S;" and do not take the relation uAr = Aru into consideration.
This second relation instead is used when selecting the start zeros.

4.3 Remark. If one were to simply apply the propagation rules freely and unguided,
the monomials in question may become arbitrarily large due to Rule Then, the
monomial graph would also become infinitely large and a traversal algorithm would
never terminate. This would negate any advantage to Groébner basis approaches.
Therefore, we need to impose additional restrictions.

A natural way for this is to limit the size of monomials we want to allow. The
monomial graph therefore only relies on the number of vertices of I' and the maximal
length of monomials. This limit comes with its own trade off—the algorithm is
guaranteed to terminate and, depending on the chosen maximal length, very fast
but the results have to be interpreted in the following way: If the algorithm returns
that the quantum automorphism group of the graph is commutative this is true. If
the algorithm does not return that the quantum automorphism group is commutative
it is not clear whether choosing a larger maximal length of monomials would yield a
different result or whether the graph does indeed have quantum symmetries.

The remainder of this section is dedicated to the design of the algorithm with the
data structures used in Section[4.I] the creation of the monomial graph in Section [£.2]
finding start zeros in Section applying the propagation rules in Section [£.4] and
the post-processing in Section (4.5

4.1 Data Structures

We first give a precise definition for the monomial graph which we will then use to
translate it into a data structure.

4.4 Definition. Let n,k € N. The (n,k)-monomial graph is a tuple M, =
(V,Com, Ep,Ep, Ec, Es, F¢') where
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V is a set of Vertices such that there is a vertex associated to any monomial
made up of the n? generators of C(G,(I')) of length up to k. We use “the
monomial ©” as a shorthand for “the vertex associated to monomial v’ whenever
it is clear from context.

e Com is a set of vertices such that there is a vertex Com(u;j, uy) for any un-
ordered pair (u;;, ug;) of generators of C(G. ,(T)). Thus, we implicitly identify
Com(usj, ug) with Com(ug, u;;. We call such a vertex a commutation vertex.

o Ep CV xV istheset of all edges (u, uug;) and (u, ugu) where u is a monomial
of length m < k and wuy; is a generator of C(G. ,(T")).

e Ep C 2V x V is the set of all hyperedges (Bl(f},ﬁ) and (Bff,,)n,ﬂ) where u is
a monomial u;,j, ..., of length 2 < m < k, r < m denotes a position,
U = Ujyjy Wiy gy Wiy 1joiq - - - Winyjpn 15 w Without the r-th generator and
BZ(LZ} = {uiljl ce s Ut Wi, | i e [n]} and ngﬂ)« = {uiljl e Ut e Wy, ’
j' € [n]} are sets of monomials that correspond to u except for the i or j
component of the r-th generator respectively (including u).

o Ec C 2VUCom »« V/ is the set of all hyperedges (Cuﬂ«,ugc)) where u is a
monomial w;, j, . ..U, , of length 2 < m < k, r < m denotes a position,
W = Wiy jy - Wiy jogs Wirjr - - - Wipje 1S w With the r-th and (r 4 1)-th gen-

erator swapped and C., = {u, Com(u;,j,, i, j.,)} are sets consisting of a

monomial v and the commutation vertex corresponding to the generators at

positions r and r + 1 in u.

o Eg C 2V x V is the set of all hyperedges (Sq(fzﬂ,u) and (Sq(l'?)a, u) where u is a
monomial ;, j, ... U;,,j, of length 2 < m < k, r < m denotes a position and
SO = {uigjy - iy, - iy | 7€ 0]\ i} U{a} = (BON {u}) U {a} and
S8 = {uijy - Uiy, | 3 € [\ G} U {0} = (B {u}) U {a} are
sets of monomials that correspond to u except for the ¢ or j component of
the r-th generator respectively (excluding u) united with the monomial 4 =

Uiygr - Uip_1gr—1Wirga1grs1 -+ - Wimgm

o Fo CV x Com is the set of all edges (ujjup, Com(u;j, ug)) where wijug is a
monomial of length 2.

We call f € Er a forward edge, b € Ep a backward edge, ¢ € E¢c a commutation
edge and s € Eg a sum edge. We call fo € Fo a commutation propagation edge.
For the sets S&B« and 5’52, we call the unique monomial @ that has length m — 1
the short monomial and all other monomials long monomials of the respective set.
Further, we call the sets iji and Bff ) backward vertices and the sets Sy (@ )r and Sy s (] )
sum vertices.

4.5 Remark. The backward vertices are ambiguous in their naming in the sense
that by their definition any monomial u’ € BS; may be used to name them. More

(4)

precisely, this means that for monomials u;,...,u, € By we have that
B’U,Z,?/' = B?Sl),’f’ = = BT(hZﬂ“
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The same holds for the sets BI(,,])_ but not for the sum vertices Sff;r and S’Q(fz Here,
the monomial u in the index is the one monomial not included. However, using the

equality from above, we can write the sum vertex as

SO = B\ {up)ufa}t = (BO) \{u}p) u{a} =...= (BY \ {u}) U{a}
where @ is the short monomial.

4.6 Remark. The monomial graph is a hypergraph in the sense that edges may
connect sets of vertices to other sets of vertices (although the ranges of edges in the
monomial graph always consist of just single vertices). However, it does not conform
precisely to our definition of a hypergraph given in Definition [I.6] In order to fit
this definition we would for example have to write ({u}, {uug;}) for the forward edge
(u, uug;) and (Bf,(f)r, {u}) for the backward edge (Bq(j),,,a) which would only reduce
legibility further. This can be thought of as a notational simplification.

4.7 Remark. The (n, k)-monomial graph encodes the propagation rules |[(P1)H(Ci)]
in a natural fashion. Fach monomial and commutator of generators corresponds to a
vertex or commutation vertex respectively and each rule corresponds to a type of edge
in the monomial graph. We have the following correspondence between propagation
rules and types of edges in the monomial graph.

1) Rule [(Pi)| corresponds to the edges (u, uug;) and (u,ugu) in Ep.

2) Rules [(Pii)| and |(Piii)| correspond to elements of Ep.

(
(
(
(

4) Rules|(Pv)|and |(Pvi)| correspond to elements of Eg.

)
)
3) Rule corresponds to elements of E¢.
)
)

(5) Rule|(Ci)| corresponds to propagation edges in Fc.

Therefore, propagating zeros according to the rules outlined is translated to graph
exploration of the (n, k)-monomial graph.

4.8 Example. The (n, k)-monomial graph grows large quickly and has lots of con-
nections and showing it in its entirety graphically is not practical even for small
values of n and k. Therefore, we show only some representative parts of such a
monomial graph to give an intuitive idea of its structure here. Consider the (4, 3)-
monomial graph. Starting with the monomial w11, we first show all of the vertices
reached by forward edges and some of the vertices subsequently reached by forward
edges from the monomial ujjui; in Figure [7]
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Ug4UT1ULL

Ug4U11 { U21U11UTLL
{ U14U11ULL
U12U11 U13UI1ULL
U1l U11U11 U12U11U11
U11U12 U11U11U11

{U11U13

U114 {U11U11U44

Up1uU21

U11U44

Figure 7: Part of the (4, 3)-monomial graph, showing only forward edges in black.

Next, we add the commutation vertex Com(uq1,u44) and the commutation prop-
agation edges (u11u44, Com(uyn, ugq)) and (ugquir, Com(ugg, uip)) going toward it in
Figure

U44UT1ULL

U21UI1UL1

 U14U11UL1

U3UI1U11
U2U11U11

Up1U11U11

i

U11UI1U44

Com(u11,uq4)

Figure 8: Part of the (4, 3)-monomial graph, now also showing a commutation vertex
and the corresponding commutation propagation edges in blue.

Next, we mark the backward vertices B () o and B () 1 and the backward

() () ullu1l, ujlullUll,
] ] . .
edges (BU11U11,27U11) and (Buuuuulhl’ullun) in Figure
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Ug4UT1UL1L

U21UT1ULL

B
uqlull U]l

A U14U11U11
U3UI1U11

L
[— U12U11U11

U1U11U11

i

U11UI1U44

Com(u11, ua4)

Figure 9: Part of the (4, 3)-monomial graph, now also showing two backward edges
and backward vertices in green.

Next, we add the vertex uiiugqquq; to our figure and mark the commutation edges
(Curyuaa, 1> aati11); (Cugyugyugg,2> Ur1tagun1) and (Cupyugguny 2, Ur1u11u44) in Figure[10]

U44UT1U11

U21 U1 UL
5

wyquiqullsl

Up4UI1ULL

U13UIIU11
Up1UI1U1L
\' U11U11U44

upiug,2

funiuaa)  —comtuiua)  (Uriuagun)

Figure 10: Part of the (4, 3)-monomial graph, now also showing three commutation
edges in orange.

Finally, we also mark the sum vertices S’q(i)lul .

edges (ng)luu,mullulél) and (Séizuuumullullull) in Figure Note that in any

o and S’S{)lullull as well as the sum
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of these figures we have only marked representatives of the different types of edges
rather than all of them in order to minimize visual occlusion.

Ug4UT1ULL

U21UI1ULL

(€)]
wiiuiiull,l

I

5()
U14UI1ULT || “wrrwrrvrrst

B s U13UT1UL

Uil {Ullull U2U11UI1
Ur1U11UI1
N\ | )

fuiiuag)  —fcomunuwn)  (Ur1tsquan)

Figure 11: Part of the (4,3)-monomial graph, now also showing two sum edges in
red.

The figures from this example only showcase a very small part of the (4, 3)-
monomial graph which also has the relatively small parameters n = 4 and k£ = 3.
This might give an intuition for the size of the (n,k)-monomial graph. While the
figures might seem hard to follow, they should give a feeling for the types of (hyper-
)Jedges given in the monomial graph. They illustrate how the vertices can be thought
of as being “in layers” where the length of the monomials determine which layer they
are a part of. Then, one can quickly see that forward edges go from a vertex in one
layer to one in the next layer, commutation edges require an additional commutation
vertex and stay within a layer, backward edges go from several vertices in one layer
to one in the previous layer and sum edges go from vertices in subsequent layers to
one in the higher of the two.

4.9 Remark. The layering of the (n, k)-monomial graph also has another effect. If
one discards the vertices associated to monomials of lengths [ for ¥’ < I < k and any
edges they are a part of—that is the layers ¥’ + 1 to k—what remains is the (n, k’)-
monomial graph. Thus, the (n,k)-monomial graph contains all (n, k’)-monomial
graphs as subhypergraphs for ¥’ < k. On the other hand, this gives a natural way
to construct the (n, k)-monomial graph iteratively by subsequently adding layers.

We now need to find a suitable data structure for the (n,k)-monomial graph
that later facilitates an algorithm for the traversal of the monomial graph. Here,
we will differentiate between the operations such a data structure should offer and
a concrete implementation. First however, we define an index that helps enumerate
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the monomials and vertices of the (n, k)-monomial graph. This in turn will make it
easier to access a specific monomial using this identifier.

4.10 Definition. Let M, ;, be the (n, k)-monomial graph and v the vertex associated
to the monomial u = wu;,j, ... u;,,;, of length m < k. Then the monomial index of
u is defined as

MI(’LL) =1+ Z(zr — 1)n2(m774)+1 4 (]r _ 1)n2(mfr)

r=1
and the vertex index of v is defined as the pair VI(v) = (m, MI(u)).

4.11 Remark. The monomial index simply enumerates the monomials of a given
length by considering the indices i, and j,. as digits in base n shifted by 1, i.e.the
digits run from 1 to n rather than from 0 to n — 1. Thus, given the monomial
U = Ujyj, - - - Ui, jn, the shifted indices (i1 — 1)(j1 — 1)... (4m — 1)(jm — 1) form the
base n representation of the base 10 number M1I(u) — 1 and so the mapping MI
restricted to monomials of length m is a bijection onto [n?™]. Since the monomial
index of u is clearly unique among all monomials of length m, the vertex index
uniquely identifies the vertex v.

Since the monomial index maps the monomials to natural numbers, this also
induces an ordering on the monomials of the same length. In fact, this is exactly
the lexicographical order of the monomial’s i and j indices. Using the vertex index,
one can define an order that first compares the length of the monomial and in case
of equality then uses the previous order. This turns out to be the shortlex order.

The monomial index of the vertex v associated to the monomial u of length m
may be computed using the function compute_monomial_index (v, n) in time
O(m) which is upperbounded by O(k). Additionally, the function is overloaded to
also accept the arguments (u,n).

To encode a monomial graph, we propose the following data structure interfaces
for the monomial graph itself as well as substructures such as vertices.

4.12 Proposition. Let n,k € N. The (n, k)-monomial graph interface supports the
following operations:

o get_vertex (VI(u)): Return the vertex associated to monomial w via its
vertex index VI(u).

e get_vertexlist (m): Return a list of all vertices of length m.

e get_commutation (ujj, ur) : Return True if the generators u;; and uy are
known to commute.

e set_commutation (u;j,uk): Set the commutation status of the generators
uij and ug to commuting.

4.13 Proposition. The vertex interface for the vertexr associated to the monomial
u supports the following operations:

e get_visited(): Return True if the vertex has been visited while traversing
the monomial graph. This means that the associated monomial is equal to zero.
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e set_visited (val): Set the visited status to val.
e monomial () : Return the monomial u the verter is associated to.
e length () : Return the length m of the associated monomial .

e forwardedges () : Return a list of all forward edges (u,v) € Er.

e backwardedges () : Return a list of all backward edges (Bffl, u) € Ep where

ce{"1i",7 3"} is a character and r € [length (u) ],B&?«, Bg?)n, and 4 are as
described in Definition [{.4} i.e. a list of backward edges that have u in their
source set.

e commutationedges (): Return a list of all commutation edges (Cy.r, ugc)) c

Ec wherer € [length (u) —1],Cy, and u&c) are as described in Deﬁnition
i.e. a list of commutation edges that have u in their source set.

)

e sumedges () : Return a list of all sum edges (Sfﬁj,u’) where c € {"1",7 3"}
is a character, r € [length (u) + 1] is a position, u' is a monomial such
that removing the r-th generator from v’ wyields the monomial u, and S’fff)r 18
as described in Definition i.e. a list of sum edges where u 1is the short
monomial.

4.14 Remark. The operation u.sumedges () only returns the sum edges (Sf;)r, u’)
)

where u € SQ(L(,EW is the short monomial. This is because in all other cases where u
is one of the long monomials, we can construct the sum edge from a backward edge
obtained by the operation u.backwardedges (). If we want to get the sum edge
(Si?,)’r,u”) where we know that u is a long monomial of Sl(j,)’r and u” # wu is any

monomial in Bq(f)r we can use the formula from Remark

Sk = (BY) A\ {u"y) u{a} = (B \ {u"}) U {a}
where ¢ is the short monomial. Thus, the backward edge (Bq(ﬁ)n,ﬂ) obtained from
u.backwardedges () gives the option of constructing (n — 1)-many sum edges with
u as the long monomial—one for each element of Bq(fl other than u. In Section
we show how this is done in more detail.

4.15 Remark. In Proposition [I.13] we have kept it deliberately ambiguous, how
the monomial, forward, backward, commutation and sum edges returned by the
respective functions of the vertex interface are encoded. This will depend on the
chosen data structure used to implement the interface. The interfaces’ operations
have been designed with the goal of traversing the monomial graph in mind. Thus,
both these and the following implementations will ultimately make sense in the
context of the traversal algorithm defined in Section [4.4]

4.16 Definition. To implement the (n, k)-monomial graph interface we propose a
composite data structure combining a boolean matrix for the commutation vertices
and a list of lists storing the vertices. Here, the m-th list contains all vertices associ-
ated to monomials of length m < k and is sorted by the monomial index. The boolean
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matrix commutationtable is of size n? x n? and encodes the commutation status of

the generators u;j and ug; at the position (MI(u;j), MI(uy)). Additionally, both n
and k are stored by the monomial graph data structure for future computations.

Data structure 1: Monomial graph

1 structure Monomialgraph

2 n::Integer

3 k::Integer

4 vertexlist::Array

5 commutationtable::2D-Array

This data structure implements the (n, k)-monomial graph interface as follows.
o get_vertex (VI(u)): Let VI(u) = (m,i). Return vertexlist[m][d].

e get_vertexlist (m): Return vertexlist|m].

e get_commutation (uj;,uk): Return commutationtable[M I (w;;),MI(uk)].

e set_commutation (uj;,uy): Set commutationtable[M](u;;),MI(uk)] and
commutationtable[M I (ux;),MI(u;;)] to True.

e A new monomial graph is instantiated using the function
new_monomial_graph (vertexlist, commutationtable) .

4.17 Remark. The constructor new_monomial_graph does not need n and k
explicitly as arguments. Instead, it extracts them as n = length (vertexlist[l])%
and k = length (vertexlist) . This is due to vertexlist being a list of length k with its
m-~th entry being a list of vertices associated to monomials of length m. Therefore,
vertexlist[1] is a list of all monomials of length 1 which is a list of the n? generators
of C(G ,(I')).

aut

4.18 Proposition. With the data structure from Definition [{.16] the functions
get_vertexlist, get_vertex, get_commutation, set_commutation and
the constructor new_monomial_graph have constant run time.

Proof. Both get_vertexlist and get_vertex are getters that simply access
arrays. This happens in constant time. The function get_commutation and the
method set_commutation with arguments u;; and uy; both require the monomial
indices of the generators u;; and ug;. Since compute_monomial_index runs in
time proportional to the length of the monomial passed as an argument, these calls
also happen in constant time and so get_commutation and set_commutation
do as well. The constructor new_monomial_graph does not copy the arrays ver-
texlist and commutationtable but rather stores them by reference. It runs in the time
that the computation of v/n2 takes which is O(1) as mentioned in Remark O

4.19 Remark. The edges of the monomial graph seem to be missing in this data
structure. They are instead encoded within the vertices.

4.20 Definition. To implement the vertex interface, we propose a composite data
structure combining a monomial u = u;,j, ... u;,,;, With a list encoding the forward

edges (u,v) € Ep, a dictionary encoding the backward edges (B&fi,a), (Bq(ﬂ)a,ﬁ) €
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Ep, a dictionary encoding the sum edges (S(i) o), (S(j) u’) that have u in its

u',r? u',r?
sources as the short monomial, a list encoding the commutation edges (Cy, ugc))
and a field denoting whether the monomial has been visited during the traversal
algorithm.
The monomial w;, j, ... u;,,j, is encoded as a list of pairs of integers as

[(ihjl)a SRR (Zm7]m)]

The list encoding the forward edges is simply a list of the ranges v € V' such that
(u,v) € Ep.

The dictionary of backward edges maps a pair (7, ¢) to a pair (VI (upezt), VI(1)).
Here, r € [m] denotes a position in w and c € {"1",” j’ } distinguishes between the
7 and the j index. Again, @ is defined as in and Upext = Uiyjy - - - Uit o« - Wiy g, 1S
understood via

y (ipmodn)+1 ife="1",
ZT’ = . .
iy otherwise

and

o Jr ife="4",

Ir (jrmodn)+1 otherwise.
Thus, upert increases one the index specified by ¢ at position r by one with the
modular arithmetic being used to “wrap around” from the index n back to 1.

Similarly, the dictionary of sum edges maps a tuple (7, ¢, s) to a vertex index

VI(u'). Here, the monomial v’ is of length length (u) + 1, 7 € [Llength (u’)] is a
position, ¢ € {"1’,” j’ } is a character and s € [n] is used as an index of a generator.
Further, v’ is of the form that

(a) its r-th generator is of the form uy, if c =71’ and ugy if ¢ =" 37 with 7’ € [n]
and j’ € [n] arbitrary and

(b) u is obtained from ' by removing the r-th generator.

L /- (o)
This simply means, that u’ is an element of B/’ .

Finally, the list of commutation edges is a list of length length (u) — 1 where
the r-th element of the list is VI (ugc)).

Data structure 2: Vertex
structure Vertex
monomial::Array

1
2
3 forwardedges::Array

4 backwardedges::Dictionary
5 sumedges::Dictionary

6 commutationedges::Array
7 visited::Boolean

This data structure implements the vertex interface as follows.

e get_visited(): Return visited.
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e set_visited (val): Set visited to val.

e monomial (): Return monomial.

e length (): Return length (monomial).

e forwardedges (): Return forwardedges.

e backwardedges (): Return backwardedges.

e commutationedges (): Return commutationedges.
e sumedges (): Return sumedges.

e A new vertex is instantiated using the function new_vertex (monomial).

4.21 Remark. A newly instantiated vertex’ forwardedges, backwardedges,
commutationedges and sumedges are empty and have to be added in a further
step.

4.22 Proposition. With the data structure from Definition [[.20 the functions from
the vertex interface and the constructor new_vertex run in constant time.

Proof. The functions get_visited, set_visited, monomial, forwardedges,
backwardedges, commutationedges and sumedges simply return a stored
value which happens in constant time. The function length queries the length
of monomial which takes constant time as mentioned in Section [[.4l The construc-
tor new_vertex also runs in constant time because the array monomial is not
copied but rather saved by reference. O

4.23 Remark. The dictionary backwardedges may seem unintuitive but will
make sense in the context of the traversal step. For now, we remark that a back-

ward vertex Bq(f% with 7 and ¢ as in Definition is determined entirely by w,r

and c. Further, given a fixed pair (r,c¢) and a first vertex v € Bl(fza, the back-
ward vertex Bq(f?n may be obtained by iteratively taking the “next” vertex vpey =
M.get_vertex (v.backwardedges () [(r,¢)][1]) n-times.

Similarly, the dictionary sumedges does not directly return a sum vertex .S (?)

u',r?
(c)
’U/

»» Which may then be used to obtain the entire

but rather also a representative of B

set as mentioned in Remark [£.14]
The concrete logic giving access to the entire backward and sum edges is thus not

directly stored in the data structure but rather happens during the traversal. This

is shown explicitly in Algorithm [9

4.2 Monomial Graph Creation

In this section we show the first step of our algorithm which is creating the (n, k)-
monomial graph. Because the (n, k)-monomial graph is contained in the (n, k + 1)-
monomial graph as a subhypergraph, we opt to use an iterative approach for the
construction of the monomial graphs. First the (n, 1)-monomial graph is created as
follows:
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Algorithm 3: Create (n,1)-monomial graph

Input: n

commutationtable < I,,2,,,2;
vertexlist <+ new_array (1);
vertexlist[1] +— new_array (n?);
for i < 1 to n do
for j + 1tondo
v < new_vertex ([(i,7)]) ;
vertexlist[1][compute_monomial_index (v, n)] < v;

BN B NN SN SR

[0.4)

return new_monomial_graph (vertexlist, commutationtable)

4.24 Proposition. Algorithm[d creates the (n,1)-monomial graph M in time O(n*).

Proof. The (n,1)-monomial graph M = (V,Com, Er, Eg, Ec, Es, Fc) contains n?
vertices in V. Each vertex v € V corresponds to a different monomial of length 1
which is simply one of the n? generators u; j. The algorithm creates all of these
vertices in the nested for-loops. Since all edges and hyperedges require monomials of
length m > 2, the sets Ep, Ep, Ec, Es and F¢ are all empty. Therefore, the newly
created vertices are already complete. By default, we only know that each generator
commutes with itself. Therefore, the commutation vertices Com(u; j, ur;) € Com
are represented as a (n? x n?)-identity matrix.

The call to compute_monomial_index takes time O(1) because we know that
the length of the monomials passed as an argument is 1. Therefore, both the creation
of the array in line [3| as well as the nested for-loop take time O(n?). However, the
run time is dominated by the creation of the (n? x n?)-identity matrix in line Which
takes time O(n?). O

Before we can give the algorithm that creates the (n,k + 1)-monomial graph
given the (n, k)-monomial graph, we require three additional helpful functions that
compute specific monomial indices used for the backward, sum and commutation
edges.

Algorithm 4: compute_target_index: Compute the monomial index
of 4
Input: monomial u = u;,j, ... ui,,;j, of length m, position r € [m], n

1 target < new_array (m —1);

2 target[l :r — 1] < uf[l: 7 —1];

3 target[r : m — 1] «+ u[r+1:m];

4 return compute_monomial_index (target, n);

4.25 Corollary. Let u be a monomial of length m < k and r € [m] a position in u.
Further, let @ be as in Definition [{.4} Algorithm[f] computes the monomial index of
@ in time O(m) which is in O(k).
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Algorithm 5: compute_next_index: Compute the monomial index of
Unext
Input: monomial u = u;,j, ..., , of length m, position r € [m],
character c€ {"i’"," 3"}, n

1 if c="1" then
2 | numC « 1;
3 else

4 L numC + 2;

currentlndex < compute_monomial_index (u,n);
if u[r][numC] # n then

5

6

7 ‘ return currentindex + n2(m—7)+(numCmod2)
8

9

;
else

L return currentindex — (n — 1) % p2(m=7)+(numCmod?2)

)

4.26 Proposition. Let u = wu;,j, ... u;,j,, be a monomial of length m < k. Further,
let r € [m] be a position in u, c € {"1"," 3’} a character and upest be defined as
in Definition[{.20. Then Algorithm[J computes the monomial index of upezt in time
O(m) which is in O(k).

Proof. Recall from Definition that the formula for the monomial index of u is
given by

MI(’U,) =1+ Z('Ll — 1)n2(m—l)+1 + (]l _ 1)n2(m—l)
=1

and that upegt = wiyj, - Uit jr - . U, 4, is identical to u except for the r-th com-
ponent. For the r-th component, the index corresponding to c is increased by 1,
wrapping around back to 1 if it is already equal to n. Thus, if ¢ is equal to " 1’ and
ir #n we get that Upept = Uiy j, - - - Uip 41, - - - Uiy, j,, aDd thus

Ml(unezt) = MI(U) + n2(m_7’)+1_
If ¢ is again equal to "1’ but i, = n, we get Uneat = Uiyjy - - - Uj, - - - Uiy, j,, and then
MI(upert) = MI(u) — (n — 1)n2(m—r)+1‘

Similarly, if ¢ is equal to ’ j’, we again distinguish whether j,. is equal to n or not
and get
MI(u) + n20m=7) if j. #n,

MI(unext) =
(tnest) {MI(u)—(n—l)nQ(m_’") otherwise.

Comparing the exponents of n, we see that assigning numC as we do in lines
yields the correct result.
The run time comes entirely from the call to compute_monomial_index and

is therefore O(m) which is dominated by O(k). O
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Algorithm 6: compute_switch_index: Compute the monomial index
(@)
of u,

Input: monomial u of length m, position r € [m — 1] in u, n

1 mon < copy (u);
2 switch(mon, r, r+1);
3 return compute_monomial_index (mon, n);

4.27 Remark. The method switch (arr, i, j) switches the entries ¢ and j of the
array arr in constant time.

4.28 Corollary. Let u be a monomial of length m < k and r € [m — 1] a position
in u. Further, let u'? be as in Definition @ Algom'thm@ computes the monomial

index of W' in time O(m) which is in O(k).

With these functions and given the (n, k)-monomial graph, the (n, k+1)-monomial
graph is created as follows:

Algorithm 7: Create (n, k + 1)-monomial graph

Input: (n,k)-monomial graph M

1 vertexlist’ <+ copy (M.vertexlist) ;

2 leaflist « new_array (n2kt1)y;

3 foreach v in vertexlist'[k] do

4 for i,j < 1 to n do

5 m' <— push (copy (v.monomial), (4,7));

6 index <~ compute_monomial_index (m’, n);
7 if leaflist[index] is undefined then

8 V' < new_vertex (m');

9 leaflist[index] < v';

10 else
11 L v' « leaflist[index];
12 push (v.forwardedges, V') ;

13 for i,j < 1 to n do

14 m' < pushfirst (copy (v.monomial), (4,7));
15 index - compute_monomial_index (m’, n);
16 if leaflist[index] is undefined then

17 V' < new_vertex (m');

18 leaflist[index] < v';

19 else

20 L v' < leaflist[index];

21 push (v.forwardedges, v') ;

22 push (vertexlist’, leaflist) ;
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Algorithm 7: Create (n, k 4+ 1)-monomial graph, continued

23 foreach v in leaflist do

24 for /< 1tok+1do

25 V + compute_target_index (v.monomial, [, n);

26 v;' < compute_next_index (v.monomial, "i’, [, n);

27 VJ-' < compute_next_index (v.monomial, " j’, 1, n);

28 v.backwardedges[(l,” 1" )] < ((k+ 1,vi"), (k,¥));

29 v.backwardedges[(l,” 37 )] + ((k +1,v;'), (k,¥));

30 vertexlist'[k][0].sumedges[(l,” 1" ,v.monomial[l][2])] + (kK + 1,v;");
31 vertexlist'[£][V].sumedges[(l, ” *,v.monomial[l][1])] = (kK + 1,v;');
32 v.commutationedges < new_array (k);

33 for r < 1 to k do

34 v(©) compute_switch_index (v.monomial, 7, n);

35 v.commutationedges[r] « (k + 1,v(9));

36 return new_monomial_graph (vertexlist’, copy (M.commutationtable) ) ;

4.29 Proposition. Given the (n,k)-monomial graph M, Algorithm @ creates the
(n, k + 1)-monomial graph M' in expected time O(n**+1)(n* 4+ n2k 4 k2)).

Proof. The (n,k+1)-monomial graph differs from the (n, k)-monomial graph only in
the vertices corresponding to monomials of length k and of length k+ 1. The former
now also have new forward edges and sum edges connecting them to vertices of the
latter kind which are completely new and have backward and commutation edges.
Thus, the algorithm has to create all new vertices corresponding to monomials of
length k£ + 1 and add all types of edges where appropriate.

First, we note that we call copy on M.vertexlist in line [I|in order to not alter the
input monomial graph M. We do the same with M.commutationtable in the call to
the constructor of the new monomial graph in line

There are n2(*+1) monomials of length k+ 1. The vertices corresponding to them
will be stored in the array leaflist allocated in line Crucially, as mentioned in
Section this array by default has entries of undefined. Next, the loop in line
iterates over all vertices corresponding to monomials of length k. Consider such
a vertex v corresponding to the monomial u = w;,j, ... u;,j,. The nested loops in
line [4] then create all monomials uu’ where v is any generator and the nested loops
in line |13[ create all monomials u'u. Because vertexlist[k] contains all monomials of
length k, every monomial of length k 4 1 gets created twice in this fashion—once
via the prefix of length k& and once via the suffix of length k. However, we only
want to create the corresponding vertex once. This is done by checking the entry
of the array leaflist at the corresponding position in lines [7] and [16] If this entry is
still undefined, the vertex has not been created before. It is then created, added to
leaflist and the corresponding forward edge is added to the vertex v. Otherwise, the
previously created vertex is directly used to create the forward edge. In this way, all
n2k+1) new vertices are created and all new forward edges are created.

What remains is adding the backward and commutation edges to these new
vertices as well as adding the sum edges to the vertices of length k. Note that a
vertex corresponding to a monomial u of length k + 1 is part of (2(k + 1))-many
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backward vertices Bfffz,, where ¢ € {"1i’,7 3’} is a character and r € [k + 1] is a

position in u. As mentioned in Definition [£.20 the backward edges are stored as a
dictionary mapping the pair (r,¢) to the pair (VI(unest), VI(1)), where upe,r and
4 are again defined as in Definition [4.20} The functions compute_target_index
and compute_next_index exactly compute MI(a) and MI(upeyt) respectively
and the vertex indices are then given by VI(upest) = (k+1, MI(upest)) and VI(4) =
(k,u). By iterating over all new vertices v and all positions r € [v.length ()] =
[k + 1] in lines [23| and we can compute all required indices and assign them to
the new vertices.

The sum edges of the vertices of length k are also added in this step, due to the
sum edges being very similar to the backward edges. Given the same r and c as
before, the target of each backward edge computed in line [25]is a vertex associated
to a monomial of length k. Therefore, it is the short monomial in the sum vertices
Sq(fz, and should have a sum edge assigned to the tuple (r, ¢, s) where s is either i, if
c="73" or j, if c="1". The value assigned is a vertex index belonging to a vertex
in Bq(fz, so we can reuse the value VI(upert). In this way, each tuple (r,¢,s) gets

assigned n times—once with each of the elements of Bl(fz, This is superfluous as just
assigning it once would suffice but also does no harm as any of the n assignments is
correct to our specification.

Finally, all that remains is adding the commutation edges to the new vertices. In
order to do so, for every new vertex u and position r € [u.length () — 1] = [k], the
index of ufnc) gets computed in line |34] and gets assigned to the correct position.

The run time breaks down as follows. The copy command in line [I] takes time
proportional to the number of vertices in the (n,k)-monomial graph. There are
n?! different monomials of length ! and therefore this copy command takes time
(’)(Zle n?!) = O(n?*). The copy command in linetakes time O(n?), the creation
of leaflist in line [2| takes time O(n?*+1)) and the call of push in line [22] also takes
time O(k).

However, the most time is taken by the creation of the new vertices, the as-
signment of the new forward edges and of the new backward edges. The loop in
line |3 iterates over n?* elements. The nested loop in line [4 then iterates over n?
elements. Both the push and the copy calls in line [5| as well as the computation of
the monomial index in line[6] take time O(k) and the push call in line [I2] takes time
O(n?). The remaining part of the loops body runs in constant time. This yields a
run time of O(n?(k 4 n?)) = O(nk +n*) for the nested loop in line . Analogously,
this also holds for the next nested loop in line [I3] Overall, this yields a run time of
O(n?*+1) (n2k 4+ n*)) for the loop in line .

Next, the loop in line iterates over n2**1)_many elements and the loop in
line iterates over (k + 1)-many elements. As mentioned in Corollary and
Proposition[4.26] the calls to compute_target_index and compute_next_index
in the loop body will run in time O(k) and as mentioned in Section [1.4] the dictio-
nary assignments happen in expected constant time. Thus, the loop in line 24] runs
in expected time O(k?). Finally, creating the array of length & in line [32] takes time
O(k), as does the computation of the switch index in line Thus, the loop in
line [33| takes time O(k?) and the loop in line [23| runs in expected time O(n2F+1k2),
Overall, the two big loops dominate the run time and we get an expected run time
of O(n2++D (n* 4 n2k + k2)). O
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4.30 Remark. In our use cases, we typically expect n to be larger or equal than k.
In this case, the run time of Algorithm |7| simplifies to O(n?#+6).

4.3 Start Zeros

So far, other than the size n of the input graph I', the graph structure has not been
used further. In this section, the graph structure is used together with the relations
from Lemma 2.2 and the derived results from Lemmas 2.7 and 2.8 in order to find
monomials that are known to be 0 in C(G.,(T')). We denote these monomials as
“start zeros” since they will be the start points for the propagation in the next step.
As mentioned before, Lemma is stronger than the relations from Lemma [2.2] and
we therefore do not specifically check them when also using the stronger criterion.

In order to apply Lemma [2.8 we need access to the distance matrix Dr. This is
a well-known graph problem known as All Pairs Shortest Path (APSP) introduced
by Shimbel in 1953 [26] and as such there are many published results on how to solve
it efficiently. Since the input graphs I'' we consider tend to be small in context of the
APSP problem, we simply compute it as the n-fold Min-Plus power of a modified
adjacency matrix.

4.31 Definition. The Min-Plus product C = A% B of two n x n-matrices A = (4;;)
and B = (B;;) (also allowing entries of co) is the matrix defined via

C;; = min (A + Brs).
j z?éﬁﬁ( k + Brj)

For k € N, we define #*A to mean the k-fold Min-Plus product of A with itself.

This corresponds to a “normal” matrix multiplication where one applies a sum
instead of a multiplication and the min operator instead of a sum. It is, in fact, the
matrix multiplication over the min tropical semiring. Naively, this yields a run time
of O(n?) for the computation of a Min-Plus product.

4.32 Definition. Let I' be a graph with n vertices. We call the n x n-matrix D%k)

defined by
(D) = {d(uw) if d(u,v) <k,

u,v .
00 otherwise

the k-distance matriz of I'. It encodes the length of the shortest path of length at
most k connecting any pair of vertices while the entry oo denotes that there is no
path of length at most k connecting the pair of vertices.

4.33 Remark. The 1-distance matrix Dl(}) is closely related to the adjacency matrix
Ar of the graph I'. The shortest paths of length at most 1 between two vertices u
and v is trivially either 0 if u = v or 1 if u ~ v. Thus, one obtains D(Fl) from Ar by
changing all off-diagonal 0 entries to co. Crucially, for this we assumed all graphs to
have no loops and therefore the diagonal of Ar already consists of all zeros. On the
other hand, the distance matrix Dr is exactly the n-distance matrix D(Fn).

4.34 Proposition. Let I' be a graph with n vertices and k be natural number. We
get DIV = p®) , p).
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Proof. Let u and v be vertices in I'. Note that min,ey (d(u, w) + d(w,v)) > d(u,v)
holds in general. Otherwise, let @ be a vertex minimizing the sum. Then a shortest
path from w to w concatenated with a shortest path from @ to v would be a path
connecting u and v of length shorter than d(u,v) which contradicts the minimality
of the distance function. Note also that for any ¥ € N and any vertices u/,v" € V,
that (D%k ))ur’v/ > d(u/,v") and thus together this yields
min (D) + (DF unw) 2 d(u,v).
weV
Next, we distinguish three cases. First, let d(u,v) < k+ 1. Then (Dl(ﬂk))uﬂ, =
(Dl(ﬂkﬂ))uﬂ, = d(u,v) and (Dl(}))v,v =0. We get
. k
A, v) < min((DF ) + (DR o)
weV
< (DF)uw + (D)o
=d(u,v) +0
=d(u,v)

and thus mingey (D) + (DM)iy) = (DEHD),, .

Next, let d(u,v) = k + 1. This means that there is a minimal path p of length
k + 1 connecting u and v. Denote by w’ the second to last vertex of p. Then we get
d(u,w’) = k and d(w’,v) = 1 and therefore

A(u,0) < min((DF o+ (D))
k
< (Dl(" ))u,w’ + (Dl("l))w',v
=d(u,w) + d(w',v)
=k+1
=d(u,v).

This again means that minwev((D(pk))u,w + (D(Fl))w,v) = (Dl(ﬂkﬂ))u’v.

Finally, let d(u,v) > k+ 1. Then, assume that minwev((D(Fk))u,w + (D%l))ww) =
[ < 0o and let w’ be a vertex minimizing the sum. Since the sum is finite, so are the
summands and by the definition of the k-distance matrix, we also get (Dl(ﬂk))ww/ <k
and (Dlgl))w/’v < 1. Taken together, this would yield
(s, 0) < min((DF Yu + (DF)ue)
weV
k
< (DI + (D)
<k+1
< d(u,v)

which is a contradiction. Thus, minwev((Dgﬁ?f + (Dl(ﬂl))wvv) =00 = (D§k+1))u,v.
In all three cases we get

k . k
(D)0 = min((D)+ (D))
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and thus
pU+) — p® , pO,

4.35 Corollary. The 1-distance matrix D%l) s obtained via

0 ifu=wv,
(Dlg))uﬂ, =191 ifu#v,u~w,
oo ifuFv,udov.

Then, the distance matrix Dr may be computed as Dl(,”) = *”Dl(})—the n-fold Min-
plus product of Dl(}) with itself—in time O(n*).

Alternatively, should one wish to improve the run time of this step, one may
consider a more efficient algorithm for the APSP problem. An overview is given in
[8]. However, since checking the condition from Lemma requires n* comparisons

as is shown in Algorithm [§] no significant speed up from this is expected.
For the condition given by Lemma one needs the degrees of all vertices.

4.36 Remark. The degree of the vertex u is computed in time O(n) via
deg(u) = Z(Ar)u,v-
veV

The degrees of all vertices are gathered in the vector deg with deg, = deg(u) in time

O(n?).

Finally, given the distance matrix Dr and the degree vector deg, we may compute
the start zeros using Lemmas and

Algorithm 8: Marking start zeros

Input: distance matrix Dr, degree vector deg, (n, k)-monomial graph M

1 for i, j,k,l+ 1tondo

2 if (Dp)i’k 75 (DF)JJ then

3 index <— compute_monomial_index ([(¢,7), (k,1)], n);
4 Mark the vertex M.get_vertexlist (2) [index] as zero;
5 for i,j + ton do

6 if deg; # deg; then

7 index <— compute_monomial_index ([(7,7)], n);

8 Mark the vertex M.get_vertexlist (1) [index] as zero;

4.37 Remark. Marking a vertex as zero means setting the field visited to True and
adding it to a stack visited vertices. This stack is used in the traversal step to
keep track of all the next vertices used to propagate zeros from. As mentioned in
Section adding an element to a stack takes time O(1).

4.38 Proposition. Algorithm [8§ marks all vertices as zero whose associated mono-
mials satisfy the conditions from Lemmas and [2.8 The algorithm runs in time
O(n%).
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Proof. Lemma[2.7requires comparing the degrees of all vertices in I and Lemma [2.8
requires comparing the distances between all pairs of vertices in I'. Since both the
degrees and pairwise distances are given already via the degree vector deg and the
distance matrix Dr, the only thing that remains are the comparisons that happen
in the loops in lines [I] and [5] respectively.

Notably, the calls to compute_monomial_index in both loops happen in con-
stant time rather than in the usual time of O(k) because we know that that the
length of the monomials are at most two. Therefore, the bodies of the loops take
constant time and the run time is equal to the number of repetitions of the loops,
which is n* and n? respectively. O

4.39 Remark. While we use the relations stemming from the pairwise distance of
vertices and the degrees of the input graph I' here to find our start zeros, this may
of course be improved upon by finding further relations and adding them here. For
example, Lemmas 3.2.2 and 3.2.3 in [12]| are easy to implement and provide a lot
of information for graphs with little regularity. In particular the second criterion
applied to the graph from Example directly yields that the graph has trivial
quantum automorphism group.

In a similar vein, should one know of a specific monomial that is zero due to
some other computations they can also be added here manually. The same holds
true for commutation relations. During the creation of the (n,1)-monomial graph
we set the commutation matrix that encodes the commutation of the generators as
the (n? x n?)-identity matrix. When creating the (n,k + 1)-monomial graph, we
also just transfer the known commutation relations from the (n, k)-monomial graph
by copying the commutation matrix. However, if one is aware of some generators
commuting this knowledge should be added before the traversal step.

4.4 Traverse

Given the (n, k)-monomial graph M and the stack visited vertices, the traversal step
is similar to other graph traversal algorithms like depth-first search in that from a
visited vertex on the stack all reachable vertices are again recursively added to the
stack. However, due to M being a hypergraph, regular vertices are checked several
times and thus the algorithm performs significantly worse than depth-first search.
More precisely, when the vertex associated to the monomial u is “being visited” its
outgoing edges’ ranges are added to the stack visited _vertices provided that the edges’
source has been completely visited. For the forward edges this corresponds to just
this vertex, but for the backward, sum and commutation edges we need to check the
backward, sum and commutation vertices respectively.

In order to check how many of the vertices of a backward or sum vertex have
been visited we make use of the similarity between backward and sum vertices.
Indeed, recall from Remark that given a monomial u of length m, a position

r € [m] in v and an index ¢ € {"1i’,” 3}, the set Buc% gives rise to the sets

s = (Bq(ﬁ)n \ {«'})U{a} for all vertices v’ € Bq(f?n and @ as defined in Definition

u’,r
Therefore, we are interested in how many elements of Bz(fz« haven been visited—if
that number is equal to n, the backward vertex Bq(f,r has been visited completely and

if that number is equal to n — 1 and the vertex 4 has also been visited, a sum vertex
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SI(;,:)T has been visited. The vertex 4 is already given in the vertex data structure.
However, the non-visited vertex v’ must be dynamically determined during the check.
Therefore, we propose the following function check_hypervertex.

Algorithm 9: check hypervertex

Input: (n,k)-monomial graph M, vertex v associated to a monomial of
length m, position 7 € [m], index c€ {"1"," 3"}

1 num_ visited < 0;

2 non_ visited vertex <— undefined;
3 current < v;

4 for i <+ 1 ton do

5 if current.get_visited is True then

6 ‘ num_ visited <— num_ visited + 1;

7 else

8 L non_ visited vertex < current;

9 if ¢ — num_ visited > 1 then

10 L break;
11 | current < M.get_vertex (current.backwardedges () [(r, ¢)][1]) ;

12 return (num_ visited, non visited vertex);

4.40 Proposition. Given a verter v associated to a monomial u of length m, a
position 7 € [m] in u and an index ¢ € {' 1,7 3"}, Algorithm [q returns the pair
(n, undefined) if the vertex Bl(f} has been completely visited. If instead there is exactly
one elementu’' € B&?« that has not been visited, Algom'thm@ returns the pair (n—1,v")
where V' is the vertex associated to u'. In all other cases, Algorithm[q returns a pair
(k,v"), where k <n —1 and V" is a non-visited vertez.

The run time of Algorithm B is O(n — 1), where l is the number of non-visited

vertices in Bq(ﬁ)« Without any assumption on l, we get a run time of O(n).

Proof. First, note that by construction of the monomial graph, starting with the
assignment of v to the variable current and fixing a position r € [m] in v and an index
ce{ri"," 3"}, the up to n calls of line [l 1|iterate over all elements of Bi(f,)n by always
getting the “next” monomial. Next, note that the variable num visited is increased
in every iteration if and only if the currently looked at vertex has been visited, it
thus keeps a running total of the number of visited vertices. Conversely, the number
of non-visited vertices checked up to the i-th iteration is given by ¢ — num _ visited.
The if clause in line [9] therefore stops the iteration as soon as the second non-visited
vertex is met and num_visited will be equal to the number of visited vertices seen
until the iteration in line 4|stops. Finally, note that non_visited vertex gets assigned
the currently looked at vertex current if and only if it has not been visited. Therefore,
at the end of the iteration in line [4] it will be equal to the last non-visited vertex
seen.

So, if Bq&c,)ﬂ has been completely visited, the iteration will not stop early, num _ visited
will be equal to n and non_visited vertex will not have been assigned a new value.
The algorithm will return the pair (n,undefined) as required. Similarly, if there is
exactly one vertex u’ € Bq(fz« that has not been visited, at the end of the iteration
num _visited will be equal to n — 1 and non_visited vertex will have been set to the
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vertex v/ associated to u'. The algorithm will return the pair (n — 1,v’). Finally, in

all other cases, we call [ > 2 be the number of non-visited elements in Bf,(f; The
iteration will stop early and after the loop num visited will be at most n — [ and
non_ visited vertex will have been assigned a non-visited vertex, indeed.

The run time is equal to the number of iterations which in turn is equal to n—1742.
This is made up from the number of visited vertices n — [ and up to two non-visited
vertices before aborting the loop. O

4.41 Remark. Let v be the vertex associated to a monomial u. Then, we can check
whether Bq(fz, for a position 7 € [m] in v and an index ¢ € {"i’,’ '} has been
entirely visited by calling check_hypervertex on v, r and ¢. This is the case if
and only if the first returned value is n. In the upcoming pseudocode of the traversal
algorithm we have marked this case with the comment “backward edges”.

We can also check whether Sq(ﬁ?r for a position 7 € [m] in wu, an index ¢ €
{"i7,7 3’} and a monomial v’ € qufz with « # u has been completely visited. In
order to do so we would call check_hypervertex on v, r and ¢, again. If the
first return value is n — 1 and the second returned value is the vertex associated to
the monomial v’ we have a potential candidate for a sum vertex Sq(ﬁ?r being visited.
What remains is that the short monomial @ has also been visited. This can be
examined using v.backwardedges () [(r, ¢)][2] which yields the vertex index of the
vertex associated to 4. This corresponds to the case where u is one of the long
monomials of a sum vertex. In the upcoming pseudocode of the traversal algorithm
we have marked this case with the comment “sum edges, long monomial”.

In the case where u is the short monomial of a sum vertex we are interested in
the set Sfﬁ’),r for a position 7 € [m] in u, an index ¢ € {*1’,” 3’ } and a monomial

VANS Bi?,)yr that is obtained by inserting a generator at position r in u. Such a set
can be determined by calling check_hypervertex on v.sumedges () [(r,¢, s)], r
and c. Here, s € [n] is an index of the inserted generator with ¢ determining whether
it is the first or second index. As before, if the first returned value is n — 1 then the
second returned value is the vertex associated to the monomial »”. In the upcoming
pseudocode of the traversal algorithm we have marked this case with the comment

“sum edges, short monomial”.

4.42 Remark. The forward and commutation edges are more straightforward. When
visiting the vertex v associated to the monomial u the forward edges can simply be
followed by marking each element from v.forwardedges () as zero. In the up-
coming pseudocode of the traversal algorithm we have marked this case with the
comment “forward edges”.

The commutation edges similarly only require checking the commutation of the
generators at positions r and r + 1 in uw. If they are found to commute we can
follow the commutation edge by marking the vertex whose vertex index is found at
v.commutationedges () [r] as zero. In the upcoming pseudocode of the traversal
algorithm we have marked this case with the comment “commutation edges”.

The last thing that remains to be mentioned, is that the commutation propaga-
tion edges also need to be followed if applicable. This is exactly the case, when the
vertex one visits corresponds to a monomial u;jug; of length two. The commutation
vertices are handled differently to the monomial vertices. They are not added to the
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stack visited vertices but are rather marked in the matrix commutationtable. In the
upcoming pseudocode of the traversal algorithm we have marked this case with the
comment “commutation propagation edges”.

Since a commutation vertex is also part of the source C,, of a commutation
edge we would theoretically also have to check every monomial that contains the
monomial wu;ju or ugu;; as a substring every time we mark a new commutation
relation. However, due to the type of commutations we find during the traversal step
we can omit this. This is detailed in the proof of Theorem [4.49

Given all this, we can now give the traversal algorithm in Algorithm [10], which
iteratively takes vertices from the stack visited _vertices, adds all possible new vertices
to the stack and repeats until visited vertices is empty.

4.43 Remark. Analogously to Algorithm [§] marking a vertex as zero means setting
the corresponding field visited to True and adding it to the stack visited vertices.
This again takes constant time.
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Algorithm 10: Monomial graph traversal

Input: (n, k)-monomial graph M, stack visited vertices

1 while visited vertices is not empty do

2
3

10
11
12

13
14

15
16

17
18

19

20

21

22
23

v < pop (visited vertices) ;
if v.length() =2then /x commutation propagation edges
*/

L M.set_commutation (v.monomial ()[1], v.monomial ()[2]);

foreach w in v.forwardedges () do /+ forward edges x/
if w.get_visited() s False then
L Mark the vertex w as zero;

for i < 1 to v.length () —1do /* commutation edges =/
if M.get_commutation (v.monomial () [i], v.monomial () [i + 1])
is True then
w < M.get_vertex (v.commutationedges () [i]);
if w.get_visited() is False then
L Mark the vertex w as zero;

foreach (r,c) in keys (v.backwardedges () ) do

(num_visited, non_visited vertex) < check_hypervertex (M, v,
r, C);

target < M.get_vertex (v.backwardedges () [(r, ¢)][2]) ;

if num_visited = n and target.get_visited () is False then
/+ backward edges =/
‘ Mark the vertex target as zero;

else if num_visited = n — 1 and target.get_visited() is True
then /* sum edges, long monomial x/
L Mark the vertex non_visited vertex as zero;

foreach (r, ¢, s) in keys (v.sumedges () ) do /* sum edges,
short monomial «*/
(num _visited, non_visited vertex) <— check_hypervertex (M,
v.sumedges () [(r,¢,8)], r, ¢);
if num_visited = n — 1 then
L Mark the vertex non_visited vertex as zero;

Before computing the run time of Algorithm we first give some statistics
about the number of vertices, edges and hyperedges in the (n,k)-monomial graph

which we will then use for the run time analysis.

4.44 Lemma. The number of vertices in the (n,k)-monomial graph is given by

k 2l o n2_n2(k+1)
D=t = .

Proof. The sum Zle n? follows directly from counting—for a given length [ there
are n?! different monomials of that length and we have a vertex for every monomial
of length up to k. For the closed form, we consider the sum as a finite geometric

1-n?2

series for which the closed form may be derived via a telescoping sum.
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4.45 Lemma. The number of forward edges in the (n,k)-monomial graph is given
4_p2(k+1)

by Zéf;ll on2(+1) — 2“*177”2

Proof. Again, the sum follows from direct counting. For every vertex associated
to a monomial of length up to k — 1, there are n? forward edges corresponding
to multiplying the monomial with a generator from the left and n? forward edges
corresponding to multiplying the monomial with a generator from the right. This
gives S0 n?(2n?) = Zf:_ll 2n2(41) | Using the closed form from Lemma in
order to count the vertices of length up to & — 1, the closed form follows from direct
multiplication. O

4.46 Lemma. The number of all commutation edges in the (n,k)-monomial graph

_ (k+1) _fop 2k
s given by Zle n2(l —1) = n? (k 1)712(”;1_1)5712 +n2

Proof. For every vertex associated to a monomial of length [ € {2,...,k} switching
any two consecutive generators gives rise to a commutation edge. Therefore, there
are (I —1)-many commutation edges for each vertex of length {. Summing up over all
vertices of length at least two then almost yields the sum from the claim and noting
that the summand for [ = 1 is zero yields the claimed sum. The closed form of the
sum is again derived using a telescoping sum. Since this might be less well known
than the derivation used for Lemma [£.44] we show it here. Denote by s the sum
Zle(l — 1) for any constant ¢ # 1. Next, consider the telescoping sum

(c— 1)25k = s — 2¢sk + S
k

(1= =201 —= 1) + (1 - 1)

=1

k
=0c' + 2+ (Z(z —3-2(1—-2)+1— 1)cl> — kPt 4 (k= 1)
=3
— 62 . kck+l + (k . 1)Ck’+2

= c((k — 1)t — kck 4 ¢).
Dividing both sides by (¢ — 1)? and putting ¢ = n? yields the claim. O

4.47 Lemma. The number of backward edges in the (n,k)-monomial graph is given

by Zf:g 2n2-1 = (ng’j?’l)Q (kn?* — (k4 1)n2¢=1 —n2 4+ 9),

Proof. In order to count the number of backward edges we count the number of
sources of backward edges. Recall that for a vertex associated to a monomial u of
length [ with [ € {2,...,k} each choice of character ¢ € {"i”,’ 5’} and position
r € [l] in u yields a backward vertex Bq(fz that vertex is part of. Thus, we count 2!
backward edges per vertex of length I of which there are n?. However, recall also that
each backward vertex Bq(f?n has n elements and thus we have counted each backward
edge n times. To remedy this, we have to divide by n and get the sum 2512 20n2-1,
The closed form follows again from a telescoping sum, this time multiplying the sum
with (n? — 1)2. The remaining derivation is analogous to the one in the proof of

Lemma [4.46] O
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4.48 Lemma. The number of sum edges in the (n,k)-monomial graph is given by

ZLQ 2n% = (n§7_‘41)2 (kn?* —(k+1)n2¢=Y —n242). The number of all representations

of sum edges stored in the (n,k)-monomial graph data structure M, i.e. the sum of
length (v.sumedges () ) over all vertices v in M, is given by Zf:_ll 2(1+1)n2H+t =

7(71%31)2 (k:nzk — (k+ l)nQ(kfl) —n?+2).

Proof. First, we count the actual number of sum edges. For every vertex v associated
to a monomial u of length | € {2,...,k} and choice of position r € [I] in u and
character ¢ € {"1’,” 3"} we get exactly one sum edge (Sﬁc?»,u) € Eg. Summing
over all vertices of length at least two yields the desired sum and using a telescoping
sum again gives the closed form.

In order to count the number of all elements of sumedges () we similarly get
that for every vertex v associated to a monomial u of length [ € [k — 1] and choice of
position r € [l + 1], character ¢ € {"1’,’ 3’ } and index s € [n] there is a sum edge
representation stored at v.sumedges () [(r, ¢, s)]. Again, summing over all vertices
of length at most £ — 1 and using a telescoping sum yields the claims. O

4.49 Theorem. Starting with the initial zeros on the stack visited vertices, Algo-
Tithmﬁnds any zero in C(G/ ,(T')) that a repeated application of the propagation

rules limited to monomials of mazimal length k can produce. The algorithm

terminates in time O(kn?+1).

Proof. For the correctness claim, note that when limiting the maximal length of
monomials considered, there is only a finite number of possible applications of the
propagation rules. Further, there may be several sequences leading to fulfilling the
conditions for any particular rule. However, as the number of possible applications
of rules is finite so is the length of any such sequence. In order to show that any zero
produced by a sequence of the propagation rules is found by our algorithm we will
show that for any rule whose prerequisites are met the algorithm finds the zero that
this rule would yield. Applying this iteratively then yields the claim.

We now perform a case-by-case analysis of the different types of propagation rule.
Note here that every vertex w gets added to the stack visited vertices at most once
which happens when v gets marked as a zero and which is always preceded by a
check for w.get_visited. Thus, since there are only finitely many vertices in the
(n, k)-monomial graph and since in every iteration of the outermost while loop one
vertex is removed from the stack, the algorithm terminates. Further, every found
zero will have been added to the stack at some point and will be removed from it
to be the vertex v in the main while loop of the algorithm. We say that the vertex
v is being visited when v is the vertex obtained by calling pop (visited vertices) in
line ] The vertex associated to any known zero will thus be added to the stack
visited vertices at some point and later be visited.

For our analysis, we assume that the conditions for applying the given rule are
met. The rule gets applied correctly if the resulting zero is marked as zero before the
algorithm terminates. We assume that the resulting zero has not been found before
as then the step would be correct by default.

(Pi) The prerequisites for applying the forward propagation rule is that the we have

U = Ujyjp - -« Uiy = 0.
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(Pii)

(Piii)

(Piv)

We want to show that for a generator uy; the monomials wug; and ugu are
equal to zero.

Since u = 0 is known we will eventually visit its associated vertex v. By design
of the monomial graph both wuy; and ugu are in the list v.forwardedges ()
and thus they get marked as zero (see lines [5H7)).

The prerequisites for applying the first backward propagation rule is that we
have

uiljl . -uk’jr . 'uimjm =0

for all k£ € [n]. We want to show that & = w;j; ... Ui,y j, 1 Wiry1josy - - - Uiy
is equal to zero.

The condition can be shortened by saying that every element of Bffz« is equal
to zero and therefore every associated vertex v will be visited. Recall, that

v.backwardedges () is a dictionary mapping every pair (r,c) for r € [m],c €

{717,735’} to data used to determine the backward edge (Bz(f}, @). The num-
ber of visited vertices of Bq(Z)r—and if available the non-visited vertices—are
then found using the function check_hypervertex as mentioned in Re-
mark In lines and every set Bq(fl of which the vertex v is a part
of gets examined in this way. At the latest when visiting the last vertex of
Bz(f} all n vertices must previously have been marked as zero and num_ visited
returned by check_hypervertex will be equal to n. By design of the mono-
mial graph the vertex associated to the monomial % is obtained and marked as

zero in lines [BHIT

The second backward propagation rule follows analogously to the first one with
the condition being that every element of Bq(ﬂ)n is zero.
The prerequisites for applying the commutation propagation rule is that we
have
U= Uiy gy« Uiy gy = 0

and

Wirjr Wirg1frpr = Wipg1rgr Wirgr-
We want to show that w;,j; ... %; 1,1 Ui, j, - - Ui, j, 18 €qual to zero.
As our condition consists of two parts, we need to distinguish several cases

again. Depending on which part of the condition was met first the resulting
vertex is reached through differing ways.

(1) If the commutation of w;,;, and u;, ;.. is known by the time that v is
visited, then lines [§] yield the desired result.

(1) If v is visited before the commutation of wu;,;, and w;, ;. ,, is known we
need to consider how the new information of the commutation is obtained.
In the traversal algorithm the only way a new commutation is found is
by noticing that a monomial of length two is equal to zero. Thus, we
either require that w;,j u; .5, = 0 or that u; ., u;; = 0. We can
assume, that the vertex v' associated to the monomial w;, ;. %, is
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the one being visited. Otherwise, when visiting the vertex associated to
Ui, j, Wiy i 1jryy line B marks the commutation and then lines B2 add the
vertex v' to the stack visited vertices. When visiting v’ iterated applica-
tions of the forward propagation rule eventually yields that the monomial
Ujy4p - - - uir+1jr+1u“jr v Ui i, is equal to zero.

(Pv) The prerequisites for applying the first sum propagation rule is that we have

=0

Wug, 5, TR
for all k € [n],k # kK’ and that

u = uiljl M uir—ljr—luir+ljr+l ct ulm]m = O

We want to show that v = u;,j, ... ugrj,. ... U, is equal to zero.

)

The condition can be shortened by saying that every element of Sl(f;,« is equal to
zero and therefore every associated vertex v will be visited. Due to the nature

of Sl(f)r = (BfLZ)T \ {u}) U{a}, we again need to distinguish two cases.

(1) If the short monomial % is not the last element of Si(fz« that is visited
then one of the long monomials is. Once it is visited the same examina-
tion as for the backward propagation rule in lines [I3] and [I4] will return
num _visited = n—1 as mentioned in Remark By design of the mono-
mial graph the vertex associated to 4 is given by target and the vertex
associated to u is given by non_ visited _vertex. In line[I§|the vertex target
is then also examined to see that @ = 0 and the monomial « is found to
be zero.

(1) Otherwise the short monomial @ is the last element of 5’1% to be visited.
Recall that v.sumedges () is a dictionary mapping a tuple (r,” 1’ ,s) for
r € [m],s € [n] to an element v = w;j, ... Ujs... U, ;5, with i € [n]
arbitrary (that is an element of Bg}) As mentioned in Remark if

calling check_hypervertex on this element v’ returns num _visited =

n—1 then both 4 and all elements of Bq(f)r except for one are zero. This non-
zero element is returned as non_visited vertex. Due to the assumptions
we have made we know this missing element to be u. Therefore, in line
u is marked as zero.

(Pvi) The second sum propagation rule follows analogously to the first sum one with
the condition being that every element of SL(LJ,), is zero.

For the run time consider the following. Any vertex gets added to and removed
from the stack at most once and is therefore visited at most once. Observe that
commutation propagation edges take constant time to be followed. Further, for both
forward and commutation edges note that each edge gets followed at most once while
incurring only constant time costs. Next, each backward vertex gets checked up to
n-times, once for each of its elements. Each of these checks incurs a cost of O(n)
for the call to check_hypervertex in line Following a backward edge in
lines [T6HI7] only takes constant time as does following a potentially found sum edge
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in lines Finally, for each element stored the dictionaries sumedges we again
incur a cost of O(n) for the call to check_hypervertex in line Following the
sum edge in line [23| happens in constant time.

Thus, the run time can be found as the sum of the number of vertices, the number
of forward and commutation edges, the number of backward edges multiplied with
nO(n) and the number of stored elements in the dictionaries sumedges multiplied

with O(n). By Lemmas this yields
O(an + n2k + ank + anan—l + nank—l) — O(kn%-i-l)'
O

4.50 Remark. As mentioned in the proof of Theorem the only new commuta-
tion relations found are those that occur due to a monomial of length two being zero.
Thus, the commutation edges will only yield “new” zeros if the commutation relation
is known beforehand and is non-trivial. However, by default the only commutation
relations we know are trivially those of each generator commuting with itself as can
be seen by the commutation matrix being initialized as the identity matrix. There
are still good reasons to both track the commutations of generators during the traver-
sal algorithm and to include the commutation edges in the monomial graph. Firstly,
if we know of a non-trivial commutation relation we can add it before running the
traversal algorithm. Then, the commutation edges can find zeros that might oth-
erwise not be discovered. Secondly, tracking the commutations of generators allows
us to check after the traversal algorithm whether all generators commute. If so the
quantum automorphism group C(G7,(T')) commutes. By Definition [2.1] this means
that I' has no quantum symmetries. Lastly, after running the traversal algorithm
we can extract additional commutation relations and rerun the algorithm. This is
shown in the following section.

4.5 Post-processing

Having run the traversal algorithm, we may still find out additional structure from
the traversed monomial graph by utilising further algebraic relations. They do not
yield additional zeros as these should have been found during either the start ze-
ros step or the traversal step to be used during the traversalstep, but rather give
additional commutation relations. We present two such post-processing steps here.
The first of them utilises Lemma 2.5l The second one uses the fact that if there are
i,7" € [n] and u; = 0 for all r # 7/, then we get

n
Ugpr = E Uy =1
r=1

and thus w;,» commutes with all other generators. The same holds true for uy; if
there are j, s’ € [n] with uy; = 0 for all s # s’. Analogously to the start zeros step, if
one finds additional relations that yield further commutation relations one may add
them here to find more commutations.

For the first post-processing step we consider the following algorithm that checks
for a single monomial w; ju, s of length 2 whether it is equal to w; ju, su; ;.
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Algorithm 11: Criterion 1: Lemma [2.5]
Input: (n,k)-monomial graph M, vertex v = u;ju,, of length 2 such that
v.get_visited() is False and M.get_commutation (Uij, Urs) 1S

False

1 i_flag < True;

2 j flag < True;

3 foreach w in v.forwardedges () do

4 if not v.monomial () = w.monomial ()[1: 2] then

5 L continue;

6 if v.monomial () [1] = w.monomial () [3] then

7 if w.get_visited() s True then
L return False;

9 else if v.monomial () [1][1] = w.monomial () [3][1] then

10 if w.get_visited() s False then

11 L j_flag < False;

12 else if v.monomial () [1][2] = w.monomial () [3][2] then

13 if w.get_visited() is False then

14 L i_flag « False;

15 returni_flag or j flag;

4.51 Proposition. Given the (n,k)-monomial graph M and a vertex v associated to
a monomial u;jurs that is not known to be zero in M and where u;; and u,s are not
known to commute, Algorithm returns True if and only if either w; ju, su;p, = 0
is known for all h # j or u; ju,sugj = 0 is known for all g # i or both in M. The
algorithm runs in time O(n?).

Proof. Let v be a vertex in the (n,k)-monomial graph M associated to a mono-
mial wu;ju,s such that v.get_visited() is False and such that u;j and u,s are
not known to commute. Note that this already excludes monomials of the form
u;ju;; as any generator is known to commute with itself. Further, let w be a vertex
in v.forwardedges (). Then w is either associated to a monomial of the form
UghUijUrs OF to a monomial of the form u;;u,sugn. In the first case the condition
in line [l is met and w is not further examined. In the second case the condition in
line [4] is not met and we may distinguish more cases.

First, let w be the vertex associated to the monomial u;ju,su;;. Then the con-
dition in line [6] is met. If now the monomial is known to be zero we have that
Uijrs # 0 = uijursui; in M. The condition in line [7]is also met and the algorithm
returns False.

If instead w is associated to a monomial u;ju,su;, with h # j then the condition
in line [9] is met and if the monomial is not known to be zero in M j_flag is set to
False. Analogously, this applies to monomials u;ju,sug; With g # ¢ and the variable
i flag.

In all other cases, that is if w is associated to a monomial u;ju,suge, With both
g # i and h # j, nothing happens.

After the loop terminates in line the variable i flag only remains True, if
all monomials u;;u,su;;, with h # j are known to be zero in M and is set to false

63



otherwise. Again, the same applies to j_flag and monomials w;ju,sug; with g # 1.
Thus, the algorithm returns True if either u;ju,su;, = 0 is known for all h # j or if
u;jUurstg; = 0 is known for all g # i or both.

Since the body of the for loop in line [3| runs in constant time and there are 2n?
elements in v.forwardedges () the whole algorithm runs in time O(n2). OJ

4.52 Corollary. Algorithm called on the vertex v associated to the monomial
u;jurs returning True is a sufficient condition for u;; and u,s commuting.

Proof. If the algorithm returns true, without loss of generality, we may assume that
u;jursusn = 0 for all b # j. This gives

n
UjjUps = UjjUrs § Uip = UjjUprsUis
h=1

and with Lemma [2.5] this yields the claim. O

For the second post-processing step we want to check if u;; = 1. Once again, we
achieve this by examining how many elements of the set {u;s | s € [n]} or the set
{urj | 7 € [n]} are zero. If (n — 1) elements of either set are zero then the remaining
element is 1. We once again use the function compute_next_index to handle the
“wrapping” modular arithmetic when iterating over the sets.

Algorithm 12: Criterion 2: u;; =1
Input: (n,k)-monomial graph M, vertex v associated to monomial w;; of
length 1

1 for index in {’i”,7 5’} do
2 break flag < False;
3 W v
4 forr<1ton—1do
5 w < M.vertexlist[1][compute_next_index (w.monomial (), index,
L n);
if w.get_visited() is False then
break flag < True;
L break;

N O

9 if break flag is False then
10 L return True;

11 return False;

4.53 Proposition. Algorithm[19 called on a vertex v associated to a monomial
that has not been visited in M returns True if v is known to be equal to 1 in M. The
algorithm runs in time O(n).

Proof. Let v be a vertex associated to a monomial u;; such that v.get_visited()
is False. First, we consider the case where index is set to “i’. The function
compute_next_index (v.monomial (), “i’, 1,n) returns the index of u;; where
i" = (i mod n)+ 1. Thus, the up to (n — 1)-many calls of line [5| iteratively return
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the vertices w associated to the monomials u,; where r # 4. If all of these vertices
are found to be zero in M we can infer that u;; is equal to 1 due to the relation
> m_j ur; = 1. This is handled in the algorithm by using the variable break _flag. If
all of the vertices have been found to be equal to zero break flag remains False until
line [9] and the algorithm returns True. Otherwise, we are in the case where index is
’ 957 and we repeat the check for the set of vertices associated to the monomials wu;,
where s # j. If at the end of this check u;; could still not be determined to be equal
to 1 the algorithm returns False.

The call to compute_next_index takes time O(length (w.monomial ())) =
O(1) and therefore the run time depends only on the number of repetitions of the
loops which is 2(n — 1). Thus, the entire algorithm runs in time O(n). O

With these two functions, the post-processing step is given by the following al-
gorithm.

Algorithm 13: Post-processing

Input: (n,k)-monomial graph M

// Criterion 1
1 if £ > 2 then

2 foreach v in M.vertexlist[2] do

3 if v.get_visited () s False and
M.get_commutation (v.monomial (1), v.monomial (2)) s
False then

4 if Criterion 1 returns True then

M.set_commutation (v.monomial ()[1],
v.monomial ()[2]);

// Criterion 2

6 foreach v in M.vertexlist[1] do

7 if v.get_visited () is False then

8 if Criterion 2 returns True then

9 for 7,5 < 1 ton do

10 L L M.set_commutation (v.monomial ()[1], (4,4));

4.54 Proposition. Algorithm marks all commutation relations that can be in-
ferred from Algorithms and in M. It runs in time O(n%).

Proof. Algorithm is called on every vertex corresponding to a monomial wu;juy
of length two that is not known to be equal to zero and whose two generators w;;
and uy; are not known to commute in lines By Corollary Algorithm
returning True is a sufficient condition for u;; and uz; commuting. This is set in
line (B

Algorithm is called on every vertex corresponding to a generator u;; that is not
known to be equal to zero in lines If Algorithm [I2] returns True the generator
u;; is equal to 1 and commutes with all generators of C(G,,(I')). This is set lines |§I
and
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There are n* vertices in M.vertexlist[2]. Algorithm [11] may be called with each
of them which by Proposition takes time O(n?). The remainder of the loop
in lines takes constant time. This yields a run time of n*O(n?) = O(n®) for
the first loop. The loop in lines iterates over all monomials of length one, of
which there are n?. For every one of them Algorithm may be called which by
Proposition takes time O(n). Next, the nested loop in line @ iterates over n?
elements and its body runs in constant time. This yields a run time of O(n*) for the
second loop and thus the entire algorithm runs in time O(n"). O

Finally, in order to utilize the commutation relations found in the post-processing
step the traversal step is run again. In order to do so, all vertices in the monomial
graph M are marked as non-visited and Algorithm [§]is called again to mark the start
zeros. This is repeated until no new zeros or commutations are found or until the
quantum automorphism group is found to be commutative.

Algorithm 14: Tterated traversal of (n, k)-monomial graph

Input: (n, k)-monomial graph M, input graph I'

1 repeat

2 Reset all vertices in M to non-visited;

3 Compute start zeros of M using I';

4 Run traversal algorithm on M;

5 Run post-processing on M;

6 until C(G, ,(T")) is found to be commutative or the number of zeros and

aut
commutations is no longer increased;

4.55 Remark. The end conditions of Algorithm [14] are computed as follows. If all
entries of the commutation matrix commutationtable are equal to one, C(G, ,(T')) is
commutative. Checking this requires checking each entry which takes time O(n?).
The number of zeros is determined by iterating over all vertices and counting the
visited vertices. This takes time O(n2¥).

Importantly, since there are only finitely many vertices in the (n,k)-monomial

graph Algorithm [14]is guaranteed to terminate.
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5 Julia Implementation and Results

The algorithms and data structures presented in the previous section have been
implemented in the Julia programming language [4]. We list the essential functions
here.

e createklmonomialgraph (A): Implementation of Algorithm [3] Takes an ad-
jacency matrix A of a graph I', extracts the number of vertices n and returns the
(n, 1)-monomial graph. The monomial graph is represented as a Julia object
whose type is a struct according to Data structure [T}

e createnextmonomialgraph (m): Implementation of Algorithm [7] Takes the
(n, k)-monomial graph m and returns the (n, k + 1)-monomial graph. We also
provide the function createmonomialgraph (A, k) that automatically uses the
functions createklmonomialgraph and createnextmonomialgraph in order
to return the (n, k)-monomial graph.

e startzeros! (g, m, A): Implementation of Algorithm [§] Takes the stack g,
the (n, k)-monomial graph m and the adjacency matrix 2 of the graph T, then
computes the distance matrix Dr and degree vector deg of I' and marks the
start zeros according to Section [4.3] The stack provided is simply an empty
Vector of Vertex (created via g = Vertex[]) where Vertex is a struct
according to Data structure This is due to the fact that Julia’s vector
already implements a stack using the functions push'!, pop! and isempty. In
order to compute the distance matrix we use the package MaxPlus.jl that
provides the Min-plus product used in Corollary

e traverse! (g, m): Implementation of Algorithm [I0] Takes the stack g of
known zeros and the (n, k)-monomial graph m and runs the traversal algorithm
outlined in Section .4l The function returns the number of zeros found.

e postprocessing (m): Implementation of Algorithm . Takes the (n,k)-
monomial graph m and runs the post-processing steps outlined in Section [4.5

We also provide useful functions like computemonomialindex (u, n) that gives
the monomial index of the monomial u, getvertex(vi, m) that takes a vertex
index and a monomial graph and returns the vertex corresponding to the index, or
getcommute (v, m) that takes a monomial v of length 2 and a monomial graph m
and returns true if and only if the generators making up v are found to commute
in m.

The workflow for creating the (n, k)-monomial graph, finding start zeros, running
the traversal algorithm and running the post-processing steps on a graph I' then is
as follows. We assume that the graph is represented via its adjacency matrix stored
in the variable A.

m = createmonomialgraph (A, k);
g = Vertex|[];

startzeros! (g, m, A);
traverse! (q, m);
postprocessing! (m) ;
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Afterwards one may for example inspect individual monomials on having been
found to equal zero or directly check the commutation of any two generators. These
two things would be achieved with the following code.

# ul contains the monomial one is interested in

mi = computemonomialindex(ul, n);

vi = Vertexindex (mi, ul.length);

v = getvertex(vi, m);

@show(v.visited); # show whether ul has been found to be zero

# u2 contains the monomial ab where one is interested in the commutation of
generators a and b

@show (getcommute (u2, m)); # show whether a and b have been found to commute

If one wants to rerun the traversal algorithm after the post-processing step one
may call the function resetvisit! (m) after which startzeros!, traverse! and
postprocessing! may be called again. In order to simplify this, we have also imple-
mented the function iteratetraverse! (g, m, I') that implements Algorithm [14]
i.e.it automatically reruns the traversal and post-processing algorithms until either
all generators are found to commute with each other or no new information is found.
It returns © rue if and only if Aut(T") has been found to be commutative. Using this
function the workflow is simplified to the following:

m = createmonomialgraph (A, k);
q = Vertex|[];
iteratetraverse! (g, m, A);

In the following sections we will present the results running the algorithm on
different input graphs with different choices of the parameter k. In general there is
a trade off between the run time increasing exponentially with k£ on the one hand
and the possibility to find more zeros and commutation relations on the other hand.
As we know for many of the graphs in this section whether they have quantum
symmetries or not this will serve as a way to validate the theoretical results from
Section [l Recall that Algorithm [I4] showing that all generators commute pairwise
is a sufficient condition for the graph not having quantum symmetries. However, if
the algorithm does not give this result we cannot infer the converse. Rather, it is
unclear whether the graph does have quantum symmetries indeed or if choosing a
larger value for k would yield the desired result.

We have benchmarked these trials using the package TimeroOutputs.jl. We
have run the implementation on both a laptop (Lenovo Thinkpad 13 2nd Gen with
Intel i7-7500U and 8Gb RAM) and a server cluster with state of the art hardware.

5.1 Simple Graphs with Four Vertices

As mentioned in Section there are eleven different simple graphs with four ver-
tices; six of which do have quantum symmetries and five of which do not. We enu-
merate them here again and give them names in order to reference them throughout
this section.
(1) o o :
(N

c
4
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The claw graph K3 is one of the graphs that does not admit quantum symme-
tries. Recall from Proposition that we can show that any two generators of
C(G/,,(K13)) commute through purely algebraic means. Doing so did require con-
sidering monomials up to length 3. Since Algorithms and [I[3] are modelled after
this algebraic method we expect them to also get to the same result. And indeed,
with £ = 3 calling iteratetraverse! does indeed return thus showing that
the claw graph does not have quantum symmetries. Running the algorithm with
k = 2 returns , implying that our calculations from Proposition are opti-
mal in the sense that we cannot find an algebraic proof using only the relations we
consider as propagation rules that does not require monomials of length at least 3.

Indeed, when considering all graphs with four vertices and using the parame-
ter kK = 2 the algorithm did not find any graph to have a commutative quantum
automorphism group. We show the results for k = 3 in the Table[3].
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Table 3: Comparison of existence of quantum symmetries and output of
iteratetraverse! with k = 3 for all simple graphs with four vertices

Graph has quantum iteratetraverse!
Graph name .
Symmetries returns true

K¥ Yes No
Ky Yes No
diamond® Yes No
diamond Yes No
paw® No Yes
paw No Yes
Ci=Ks5, Yes No
C4 = KQ’Q Yes No
claw® = K7 4 No Yes
claw = Ky 3 No Yes
Py No Yes

As one can immediately see, with the choice of k& = 3 the values returned by
iteratetraverse! correlate with the existence of quantum symmetries.

Running the implementation with k = 3 on the Lenovo Thinkpad, we got the
following run times presented in Table [d]

Table 4: Run times of Julia implementation for graphs on four vertices (n = 4,k = 3)
on the Lenovo Thinkpad. If there are multiple calls to startzeros!, traversal!
and postprocessing! during iteratetraverse! we show each call of traversal
! and postprocessing! but only the first call of startzeros! since the starting
conditions for each call of startzeros! stay the same.

Graph has
Algorithm step Time in seconds quantum
symmetries
createklmonomialgraph 15% 107 -
createnextmonomialgraph 11.5% 1073 -
createnextmonomialgraph 229 % 1073 -
startzeros! 95 % 1076
traversal! 40.1 %1073
K¥ postprocessing! 900 % 1076 Yes
traversal! 40.7 %1073
postprocessing! 1.07 %1073
startzeros! 99.1 %10
traversal! 41.3%1073
Ky postprocessing! 868 x 1076 Yes
traversal! 64.2 %« 1073
postprocessing! 945 % 1076
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Table 4: Continued

Graph has
Algorithm step Time in seconds quantum
symmetries

startzeros! 113 %107
traversal! 58.4 %1073

diamond® postprocessing! 290 % 106 Yes
traversal! 58.1 %1073
postprocessing! 240 % 106
startzeros! 109 % 10~
traversal! 58.8 % 1073

diamond postprocessing! 299 % 1076 Yes
traversal! 58.4 % 1073
postprocessing! 238 % 106
startzeros! 152 % 1076

paw® traversal! 61.4 %1073 No
postprocessing! 203 % 106
startzeros! 125 % 1076

paw traversal! 181.4% 1073 No
postprocessing! 215 % 1076
startzeros! 144 % 107
traversal! 96.8 % 1073

Ci=Ks5, postprocessing! 570 1076 Yes
traversal! 56 % 1073
postprocessing! 470 % 1076
startzeros! 151 % 10~
traversal! 55.4 % 1073

Cy= Koo postprocessing! 578 % 1076 Yes
traversal! 55.5 % 1073
postprocessing! 482 % 1076
startzeros! 141 %« 107
claw® = _3

K traversal! 58.9 % 10 No
1,3 postprocessing! 401 % 1076
startzeros! 128 « 10~

claw = K1 3 traversal! 58.6 % 1073 No
postprocessing! 401 % 1076
startzeros! 176 % 106

Py traversal! 61.3%10°3 No
postprocessing! 219 % 106

5.1 Remark. There are a few main takeaways from this data.

e Each individual step takes less than 0.25 seconds.
e The step that takes the longest is the call to createnextmonomialgraph
that creates the (4, 3)-monomial graph from the (4,2)-monomial graph. How-

ever, when running the traversal step for several graphs with the same num-
ber of vertices, the corresponding monomial graph may be reused by calling
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resetvisit! instead of building the monomial graph up from scratch every
time.

e The algorithm terminated after the first iteration for the graphs without quan-
tum symmetries. This is due to the fact that the first iteration already got the
result showing that the quantum automorphism group is commutative. For the
graphs with quantum symmetries the second iteration does not yield any new
commutations or zeros and thus leads to a termination of iteratetraverse!.

e The longest complete computation (excluding the creation of the monomial
graph) was the computation of the paw graph with just over 0.181 seconds.
Running iteratetraverse! for all simple graphs with four vertices takes
1.115 seconds. Given this minimal run time on the Lenovo Thinkpad, we did
not test the graphs with four vertices on the server cluster.

5.2 Simple Graphs with Six and Seven Vertices

There are 156 simple graphs with six vertices of which 112 are connected. One of
these graphs, the smallest non-trivial graph with trivial automorphism group, has
been presented previously in this thesis.

e
020202020

Figure 12: The smallest non-trivial graph with trivial automorphism group.

We showed in Proposition [3.1] that this graph does not have quantum symme-
tries. The proof again relied on the relations we used in the design of our traversal
algorithm and did not require monomials of length greater than two. Indeed, calling
iteratetraverse! with k = 2 on this graph confirms that the graph does not have
quantum symmetries. Running the implementation with £ = 2 on both the Lenovo
Thinkpad and the server cluster, we got the following run times shown in Table

Table 5: Run time of Julia implementation of createmonomialgraph and
iteratetraverse! with n = 6,k = 2 for the smallest non-trivial graph with trivial
automorphism group.

Time in seconds Time in seconds
Algorithm step on Lenovo o server cluster
Thinkpad

createklmonomialgraph 19.2 % 107° 17.6 %107
createnextmonomialgraph 88.6% 1073 16.2 %1073
startzeros! 600 % 1076 460 % 1076
traversal! 24.2 %1073 13.1%1073
postprocessing! 58.8 % 1076 58.0 % 1076

As is expected, the server cluster is consistently faster compared to the laptop.
However, for n and k as small as here even the laptop takes less than a second to
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terminate.

In order to interpret the results further, we included a logging function in traversal
! and iteratetraverse!. The log consists of several parts. The first part contains
general information about the graph and statistics about the traversal. The second
part contains run time information. The third part finally lists all zeros found during
the traversal.

In case of this example graph (which here is called ECZG in the graph6 format),
the first part of the log of iteratetraverse! will look as follows.

Graph: ECZG

Adjacency Matrix:

0 0 0 1 0 1
0o 0 0 0 1 1
0 0 0 0 1 0
1 0 0 0 0 O
0 11 0 0 1
1 1 0 0 1 0
Parameters: n = 6, k = 2

Start iterated traversal of graph ECZG
There are currently 1000 zeros and 36 commutations known.

Iteration 1:
Traverse Monomialgraph with n = 6 and k = 2
Number of starting zeros: 1000
Visited 1290 vertices of which
1000 are starting zeros,
113 were added through forward edges,
6 were added through backward edges,
67 were added through commutation edges and
104 were added due to sum rule.
Found 290 new zeros and 1260 new commutations,
of which 30 were added by post processing.
The quantum automorphism group is commutative! Stopping iteration.
Finished iterated traversal after 1 iterations ,
finding 1290 zeros and 1296 commutations.

The quantum automorphism group is commutative!

In [17] the authors determined which simple connected graphs with six vertices
have quantum symmetries using either the disjoint automorphism criterion we have
shown in Lemma [2.10] to determine their existence or a Grobner basis approach to
prove their non-existence. They showed, that of the 112 graphs 55 have quantum
symmetries. We can compare this result to the output of our algorithm.

We use the tool suite gt ools from the nauty package [18] to generate all simple,
connected graphs with six vertices. In order to be as efficient as possible we first call
iteratetraverse! with £ = 2 and only then call it with £ = 3 for all graphs that
have not already been found to have no quantum symmetries. Doing so, we obtain
the following results.
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e For k = 2 the algorithm finds 8 graphs that do not have quantum symmetries.

e For k£ = 3 the algorithm finds 49 additional graphs that do not have quantum
symmetries.

e For the remaining 55 graphs the algorithm could not determine that they do
not have quantum symmetries.

If we compare this result with the results in |17], we see that our algorithm finds
all connected, simple graphs with 6 vertices that do not have quantum symmetries.
In fact, the cited work shows that all 55 graphs with quantum symmetries have
disjoint automorphisms. Combining an automated check for the disjoint automor-
phism criterion with our algorithm would thus give the same characterization as
the previous work. Interestingly however, is the speed at which these results were
obtained.

By reusing and resetting the (6, k)-monomial graphs between runs we could min-
imize the most costly step which is the creation of the monomial graph. We have
already seen before that the creation of the (6,2)-monomial graph took around 90
milliseconds on the laptop and around 16 milliseconds on the server cluster. For the
(6,3)-monomial graph we have a run time of around 3.5 seconds on the laptop and
a run time of around 1 second on the cluster. For the entire trial we got a combined
run time of 193 seconds on the laptop. Unfortunately, we do not have access to the
implementation from [17], but typically the run time for Grébner basis computation
far exceeds this.

Next, we also computed not just all connected graphs on six vertices but all 156
graphs on six vertices. Running the algorithm with £ = 3, we found 68 graphs
without quantum symmetries. The run times on both the laptop and cluster are
very close with 286 and 250 seconds respectively.

Finally, we also computed all connected graphs on seven vertices and ran our
implementation on them using the parameter k£ = 3. There are 853 connected graphs
on seven vertices. In |17] the authors already showed that all graphs on seven vertices
with either the trivial group or Zs as automorphism group do not admit quantum
symmetries. This accounts for 461 of the 853 graphs. With our implementation, we
found a total of 507 graphs without quantum symmetries. The automorphism groups
of the additional 46 graphs without quantum symmetries can be seen in Table [6]

Table 6: Connected graphs on seven vertices without quantum symmetries and their
classical automorphism groups

Classical automorphism group | Order | Amount

{e} 1 144
Zo 2 317

Z2 X ZQ 4 10
Ss 6 31
Dy 10 1
Do 12 2
Dyy 14 2
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In particular, this shows that all connected graphs with seven vertices and auto-
morphism group of order 6 do not have quantum symmetries as has been conjectured
in [17]. However, the general conjecture that a graph’s automorphism group having
order 6 (or being a specific automorphism group in general) might be mutually ex-
clusive with a graph having quantum symmetry has been disproved by van Dobben
de Bruyn, Roberson and Schmidt in 2025 [30]. Further, we used the Julia package
Oscar [21], |11] to implement the disjoint automorphism criterion. Running it in
conjunction with our algorithm we found that all remaining 346 graphs admit dis-
joint automorphisms and thus they have quantum symmetries. Our algorithm thus
correctly identifies all connected graphs on seven vertices without quantum symme-
tries with the parameter k = 3. Using the parameter £k = 2 we only managed to
determine that 144 of the 853 graphs have no quantum symmetries.

The run times for running the algorithm for all 853 graphs on the laptop where 49
minutes and on the cluster 45 minutes. Throughout this section, we have repeatedly
seen that running the implementation on the laptop is only marginally slower com-
pared to running it on the server cluster. This is due to the fact that the algorithm
at this point is not optimized for parallelization. The main advantage of running the
code on the server cluster will be seen in the following section when examining the
Petersen graph.

5.3 Petersen Graph

Finally, we revisit the Petersen graph P.

Figure 13: The Petersen graph P

As the Petersen graph has n = 10 vertices, Lemma [1.44] gives us the number of
vertices in the (10, k)-monomial graph which grows exponentially with k. The (10, 2)-
monomial graph has 10100 vertices, the (10, 3)-monomial graph has 1010100 vertices
and the (10,4)-monomial graph has 101010100 vertices. Since the entire monomial
graph gets created by our algorithm this exponential growth poses a problem for
the required memory. Indeed, on the Lenovo Thinkpad with 8 Gb of RAM we
are only able to create the (10,2)-monomial graph before running out of memory.
Thus, running the algorithm on the server cluster is not necessary for the improved
computational speed but for the increased available memory. Running the algorithm
on the server cluster, we got the results shown in Table [7]
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Table 7: Results of running the algorithm on the Petersen graph P for different &

Time for creating . . .
1 (10, k)-monomial | Time of running Required Output
iteratetraverse! memory
graph
2 5.7 milliseconds 1.5 milliseconds 8 Gb false
3 37.6 seconds 88.9 seconds 40 Gb false
4 1.99 hours 3.95 hours 400 Gb true

Thus, we see that our algorithm with & = 4 is indeed capable of determining
that the Petersen graph does not have quantum symmetry. To our knowledge this is
the first time that this result has been found algorithmically. The required memory
given in the previous table is an upper bound but is still an indication for the large
cost of memory an increase in k£ can incur.

5.2 Remark. Even the output log of our algorithm is unwieldily large for & =
4: Tt is a text file with almost 10® lines and measures 3.2 Gigabytes. Examining
this log file, we notice that the traversal algorithm is only called once and of the
10000 commutation relations 4500 were found in the post-processing step. This
means that the commutation relations found in the post-processing step are required
to determine that the quantum automorphism group is commutative but they are
not needed for a second iteration of the traversal algorithm. In particular, this is
interesting in the context of the known proof for the commutativity of the Petersen
graph from [23]| which we have reiterated in Section

As mentioned in Remark the proof of Proposition which states that w;
and ug; commute for i ¢ k and j 7 [, relies on the commutation of generators ug and
Upq where s ~ p and t ~ ¢. This commutation in turn is the result of Proposition
which uses Lemma [2.5] However, our algorithm only applies Lemma[2.5in the post-
processing step which means that the commutations found this way are only available
in the second iteration of the traversal step. Thus, the algorithm terminating after
just one iteration of the traversal step and outputting that C(G. ,(P)) is commuta-
tive means that our algorithm has found an alternative proof for the commutativity
of u;; and wuy with i ¢ k, j o¢ [. Examining the commutation relations found before
and after the post-processing step shows that these commutation relations are also
a result of Lemma In order for it to be applicable in the post-processing step
our algorithm must have found a way to show that certain monomials of the form
U;j Uk Ust are zero where we have 7 o0 k o0 s and j ¢ 1 A t.

In order to further examine this we modified the logs that are written by our
algorithm to not only output the zeros that are found but to also add the propagation
rule—or in other words the (hyper-)edge in the monomial graph—that has led to the
zero being added.

5.3 Example. In the case of the Petersen graph, the part of the log showing the
last zeros of length two and the first zeros of length three looks as follows:

VI(2,9998): [(10, 10), (10, 8)] due to
Startzero with rule distance

VI(2,9999): [(10, 10), (10, 9)] due to
Startzero with rule distance
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length 3
VI(3,2): [(1, 1), (1, 1), (1, 2)] due to Backward edge
from Vertexindex (4, 660002), pos=2, index=j
VI(3,3): [(1, 1), (1, 1), (1, 3)] due to Sum edge
from long monomlal Vertexindex(S, 10003), pos=1, index=]j

We can interpret this in the following way.

e The monomial ujgiouips has vertex index (2,9998). It has been found to
be zero due to being a start zero. The criterion that determined it being a
start zero was Lemma which states that the monomial u;;uy; is zero if the
distance of vertices ¢ and k is unequal to the distance of vertices j and [. The
monomial u1919u109 wWith vertex index (2,9999) has been found to be zero for
the same reason.

e The monomial ujju11ui2 has vertex index (3,2). It has been found to be zero
due to Propagation rule |(Piii)| which corresponds to a backward edge. The

source of the backward edge is the set B(% where © = ujiur7uiiuie is the

monomial with vertex index VI(u) = (4,660002). Recall that the set BO% is
defined as {ui1urjuiiuiz |7 € {1,...,10}}. Thus, we know that the monomial
up1u11u12 has been found to be zero due to all ten monomial in ij% having
been found to be zero. In particular, we (a)lso can deduce that the monomial
J

upiurruriui2 was the last monomial in B, that was found to be zero in this

instance of running the algorithm.

e The monomial wujjuijuis has vertex index (3,3). It has been found to be
zero duo to Propagation rule |(Pvi)| which corresponds to a sum edge. The
source of the sum edge is the set Sfj% where u = ujouiiu1g is the monomial
with vertex index VI(u) = (3,10003). Recall that the set S(J ) is defined
as {urjuniuig | j € {1,...,10}, 4 # 2} U {unuiz}. Thus, we know that the
monomial u11u11u13 has been found to be equal to zero due to all ten monomials
in S; U % having been found to be zero. In particular, we also know that « is one

of the long monomials in Si }—so it is not the short monomial u17u13—and we

can deduce that the monomial ujouij1u13 was the last monomial in Sz(f % that
was found to be zero in this instance of applying the algorithm.

While not pictured here, we have similar outputs for forward edges and commutation
edges.

Next, we created an additional interpretation program that, given the output
log and a particular monomial one is interested in, examines the log and recursively
finds all of the monomials that needed to be zero in order for the input monomial to
be zero. This program either outputs a text file or can create an image of a graph
showcasing the propagation of zeros.

5.4 Example. Take the monomial u = u1g10u19uss in C(G,(P)). In the Petersen
graph P we have that 10 % 1 ¢ 4 and 10 % 9 % 5. Our algorithm states that u = 0.
Using the interpretation program we could obtain a proof that we show in Table [8]
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Table 8: Proof for u = ujg19u19uss = 0 as found by our algorithm. The rightmost
column contains the reasoning why the monomials on the left are zero. In the case
of a backward or sum edge, the rightmost column gives the source of the hyperedge.
In the case of a forward edge it simply states this. If the monomial is a start zero the
rightmost column gives the concrete application of one of the rules used to determine
this. On the left side of the table, all of the monomials below and indented one column
to the right relative to a certain monomial are the monomials that have to be zero
in order for this monomial to be zero.
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41010119445 1({]1)0 10U19U54U45,3
U10 10U19U54U45 uZ1010u19u54U45 )
U10 10U54U45 Forward
[ u1010us5s =0 since 10 ~ 5,10 4 4
U10 10U29U54U45 Forward
U29U54U45 Forward
\ Uogusg = 0 since 2 £ 5,9 ~ 4
U10 10U39U54U45 Forward
U39U54U45 Forward
\ uzguss = 0 since 3 £ 5,9 ~ 4
U1010U49U54U45 Forward
U49U54U45 SI% vagtgs?
Ugougs = 0 since 9 # 5
U49U51U45 Forward
\ ugousy = 0 since 4 ~ 5,9 % 1
U49U52U45 Forward
usolgs = 0 since 5 ~ 4,245
U49U53U45 Forward
\ us3ugs = 0 since 5 ~ 4,3 4 5
U49U55U45 Forward
| ussuas =0 since 5 # 4
U49U56U45 Forward
usglgs = 0 since 5 ~ 4,6 £ 5
U49U57U4S Forward
\ us7Ugs = 0 since b ~ 4,7 £ 5
U49U58U45 Forward
‘ Us8U45 — 0 since 5 ~ 4, 8 74 5
Ug9U59U45 Forward
‘ usgys = 0 since 5~ 4,95
Uq9U5 10U45 Forward
‘ Ugotis 10 = 0 since 4 ~ 5,9 ¢ 10
U10 10U59U54U45 Forward
U59U54U45 Forward
| usguss =0 since 9 # 4
U1010UEIU54U45 Forward
U9 Us4U45 Forward
| ugouss =0 since 6 ¢ 5,9 ~ 4
U1010UT9U54U45 Forward




U79U54U45 Forward

\ Urguss = 0 since 7 % 5,9 ~ 4
U1010USI US4 U45 Forward
UgYU54U45 Forward

| uggusy = since 8 ¢ 5,9 ~ 4
U10 10U99Us4U45 Forward
U9 U54U45 Forward

\ Uuggs4 = 0 since 9 ¢ 5,9 ~ 4
10 10U10 9U54U45 Forward
U1010U109U54 Forward

| u1010u109 =0 since 10 # 9
U1010U19U55U45 Forward
U19U55U45 Forward
| ussss =0 since 5 # 4

U1010U19U56U45 Forward
U19U56U45 Forward

| useuas =0 since 5 ~ 4,6 £ 5
U1010U19U57U45 Forward
U19U57U45 Forward

| usruss =0 since 5 ~ 4,7 %45
U1010U19U58U45 Forward
U19U58U45 Forward

| usgas =0 since 5 ~ 4,8 % 5
U1010U19U59U45 Forward
U19UB9U45 Forward

| usguas =0 since 5 ~ 4,9 £ 5
U1010U19U5 10U45 Forward
U19U510U45 Forward

[ u1gus10 =0 since 1 ~ 5,9 % 10
U1010U19U51U45 Forward
U19U51U45 Forward

| u1gusy =0 since 1 ~ 5,9 £ 1
U1010U19U52U45 Forward
U19UB2U45 Forward

\ usoUgs = 0 since 5 ~ 4,2 %4 5
U1010U19U53U45 Forward
U19U53U45 Forward

| ussugs =0 since 5~ 4,3 45

Rather than having the data presented in a table we
as follows.
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can also show it as a tree
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Figure 14: A graph showcasing the propagation of zeros from start zeros (green)
to the monomial u = ujgigouigugs (red). Marked in blue are the monomials that
triggered the propagation (meaning they were the last monomial of the source of the
corresponding (hyper-)edge to be visited). For reasons of legibility we have split the
tree in two parts and the red monomials should be assumed to be combined.

Figure [14] corresponds to a partial spanning tree of the explored monomial graph
rooted at u = ujgiouiouqs. We call this partial spanning tree the propagation tree
of u. As is clearly visible, for every backward or sum edge explored in the traversal
algorithm we get n = 10 additional monomials in the propagation tree of u. There-
fore, the tree structure leads to an exponential growth leading to the propagation
trees soon also growing too large to display.

In fact, when simply using a stack in the algorithm as we have proposed so
far in Section [4] the start zeros remain on the stack until the very end. This is
rather unhelpful for following the propagation of zeros until one only finds start
zeros. However, as we have shown in the proof of Theorem the order in which
one visits the monomials in the traversal step does not change which monomials will
have been visited when the algorithm terminates. Thus, we have exchanged the stack
with a list of stacks where each of the new stacks only takes monomials of a certain
length. When calling pop on this list of stacks, we find the stack corresponding to
the shortest monomials that is not empty and call pop on this stack. In this way we
now prioritize shorter monomials to be visited earlier. As currently all our start zeros
have length 1 or 2 they are now visited quicker leading to less deep propagation trees.
Another approach one could take would be exchanging the stack with a queue which
is a data structure for a dynamic set governed by a first-in, first out or FIFO policy.
This would correspond to a traversal in the spirit of breadth-first search rather than
depth-first search.

The monomial u191ou19uss was the first monomial of the form w;jugu,s with
1bko&rand j 1A s the algorithm encountered and yet the propagation tree has
depth six and has 76 vertices. This is the reason why we have chosen to display it at
this point as opposed to another monomial. For example, the monomial u1jusquqo
was also found to be zero by our algorithm. This is an important intermediate result
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in order to show that all monomials uijusqu; for j € {2,...,10} are equal to zero
so that we may conclude that ujiuss = ui1usqui; and thus by Lemma @ the gen-
erators u11 and ug4 commute. However, when attempting to create the propagation
tree of ujjusqu12, we reached a depth of 98 before stopping to probe further. This
computation was additionally made more complicated by the fact that even using
the server cluster to compute the propagation tree we were limited to a depth of 6
per computation due to memory constraints.
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6

Outlook

The primary and immediate continuation of the research on and with this algo-
rithm lies within applying it to new classes of graphs whose quantum symmetries
have not been found to exist or not exist yet. This is particularly interesting for
highly regular and connected graphs where the disjoint automorphism criterion is
less likely to immediately yield quantum symmetries. The fact that our algorithm
was able to compute that the Petersen graph does not have quantum symmetries is
an encouraging sign that it might also give results for other highly regular graphs.

Another avenue for continued research lies in improving the algorithm itself fur-

ther. Here, some areas that come to mind are the following.

e Add additional criteria for finding start zeros and commutations in the post-

processing step. As mentioned in Section the criteria shown in Lemmas
3.2.2 and 3.2.3 in [12]| good candidates for this.

Improve the space efficiency of the algorithm. Even if the number of vertices in
the (n, k)-monomial graph cannot be reduced it might be fruitful to improve the
implementation. Since the number of vertices and edges grows exponentially
with k£ even small improvements can pay off quickly here.

Implement heuristics that determine the ordering in which the monomials are
visited. If one wants to traverse the entire monomial graph this will not make
a difference in the run time, but if one is interested in a specific monomial
one might try to steer the algorithm towards it in the hopes of not having to
blindly explore the entire monomial graph. Another use for this could be an
improvement in the interpretation of the results. If “interesting” monomials
are visited earlier in the traversal creating the propagation tree might be more
feasible and give insights quicker.

In a similar fashion to the previous point, it could be interesting to further
examine the output the algorithm has given for the Petersen graph. It might
be possible to generalize a proof in a more “mathematical” language from the
computer-based proof that simply gives a list of zeros.

Finally, in order to speed up the computation significantly the algorithm should
be parallelized as much as possible.
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