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Introduction

In this master’s thesis, we study the partial solution to a classification problem
formulated by Woronowicz in [Wor88]. In that seminal work, Woronowicz established
Tannaka-Krein duality for compact quantum groups and stated the following problem:

Determine all compact quantum groups G of SU(N)-type for N ≥ 2, i.e. all compact
quantum groups for which there exists a dimension-preserving isomorphism between

the fusion semiring of G and the fusion semiring of SU(N).

This problem was resolved in the non-Kac case by Neshveyev and Yamashita, see
[NY17b; NY16] for an overview and detailed treatment. The objective of this thesis
is to present a self-contained exposition of the known solutions to Woronowicz’s
problem, largely following, the approach developed by Neshveyev and Yamashita in
the 2010s.

Quantum groups emerged from two perspectives, an algebraic one and an analytic
one. In 1985, Drinfeld and Jimbo [Dri85; Jim85] used Hopf algebraic methods
in the context of the Yang-Baxter equation and R-matrices, which originate in
quantum physics, more precisely in quantum many-body problems. They introduced
deformations of the universal enveloping algebras of semisimple Lie algebras. It is
the algebra, not the group, that is deformed, in this sense the term quantum group
can be misleading. A few years later, Woronowicz’s analytical approach was inspired
by the Gelfand philosophy for C∗-algebras: if G is a compact group, then the pair
(C(G),∆), consisting of the C∗-algebra of continuous functions on G together with the
comultiplication, contains enough information to reconstruct the group. Replacing
the commutative C∗-algebra C(G) by a non-commutative C∗-algebra equipped with
a ∗-homomorphism, the comultiplication, leads to the notion of compact quantum
groups. It turns out that we can generalise different notions of duality for compact
quantum groups, which might fail for non-abelian compact groups, as the Pontryagin
duality. Woronowicz proved, in [Wor88], that for compact quantum groups we
have a reconstruction theorem, namely Tannaka-Krein duality. Given a rigid C∗-
tensor category C, i.e. a category with a tensor structure and C∗-like properties,
e.g. the category Hilbf of finite-dimensional Hilbert spaces, with a fiber functor,
one can reconstruct a compact quantum group from these data. More precisely we
obtain a compact quantum group G, such that its representation category Rep(G) is
monoidally equivalent to C. Hence the representation theory of compact quantum
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groups is central for understanding their structure and properties. This motivates
the classification problem for compact quantum groups, whose representation theory
resembles that of a semisimple compact Lie group, such a G is then said to be of
Lie-type. More precisely, our aim is to classify non-Kac compact quantum groups
of SU(N)-type. In the spirit of Tannaka-Krein, this classification proceeds in three
steps as stated in [NY16]:

• classification of rigid C∗-tensor categories with the fusion rules of SU(N),
[KW93; Jor14],

• classification of monoidal autoequivalences, [NT11b; NT12],
• classification of unitary dimension-preserving fiber functors, [NY16].

Before giving a brief overview of the contents of this thesis, let us note that the
classification of SU(N)-type quantum groups is not merely a mathematical problem.
Lie groups such as SU(N) are of considerable physical relevance and constitute the
backbone of many theories in mathematical physics, including the Standard Model of
particle physics and approaches to quantum gravity via non-commutative geometry.
For instance, quantum gravity suggests that spacetime may become non-commutative
at very small scales. Understanding quantum deformations of such fundamental Lie
groups is therefore essential.

As an overview of the chapters, the following will serve:
Chapter I introduces compact quantum groups in the sense of Woronowicz, and

provides concrete examples, such as the class of compact matrix quantum groups. We
also recall the basics of the representation theory of compact quantum groups in order
to access the representation category and its structure. The chapter concludes with
cohomology theory for the discrete dual of a compact quantum group. Cohomology
theory is, in a sense, a tool to control deformations of compact quantum groups, for
example, the unitary 2-cohomology H2(Ĝ,T) yields a full parametrisation of unitary
dimension-preserving fiber functors up to natural unitary monoidal isomorphisms,
and the invariant unitary 3-cohomology H3

G(Ĝ,T) can be used to construct new
associativity morphisms in the representation category Rep(G), hence providing
another deformation. The main sources for this chapter are [Tim08] and [NT13].

In Chapter II, our goal is to understand the categorical structure of the representa-
tion category and therefore define rigid C∗-tensor categories. This chapter is rather
technical and abstract, but it provides the language needed throughout the thesis.
We also sketch the basic idea of the proof of Woronowicz’s Tannaka-Krein duality
and mention the connection between cohomology theory and the classification of
fiber functors. Finally, we introduce twisted q-deformations of compact Lie groups.
For this, we recall the necessary notions for compact Lie groups G and their corre-
sponding Lie algebras g. We then define the Drinfeld-Jimbo algebra Uq(g), which is
a deformation of the universal enveloping algebra U(g), and construct the quantum
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group Gq via Tannaka-Krein duality. By studying its C∗-tensor category, we can
then apply a cochain twist.

Chapter III begins by introducing the categorical Poisson boundary. This is a
suitable analogue of the non-commutative Poisson boundary for compact quantum
groups introduced by Izumi, now formulated in the language of C∗-tensor categories.
It consists of a pair (P,Π), where P is a C∗-tensor category and Π is a tensor functor,
satisfying a universal property with respect to the intrinsic dimension. This tool
yields a bijection between the isomorphism classes of unitary fiber functors on the
maximal Kac quantum subgroup and dimension-preserving unitary fiber functors.
We then determine the maximal Kac quantum subgroup of twisted q-deformations
Gcq of a simply connected semisimple compact Lie group G. As in the easier case
of Gq, [Tom07], it turns out that the maximal torus T ⊆ G is the maximal Kac
quantum subgroup. This implies that compact quantum groups of the form SU cq (N)
are closed under cocycle twisting.

In Chapter IV we present the classification result for all non-Kac compact quantum
groups of SU(N)-type:

Theorem. Let N ≥ 2 and G be a non-Kac compact quantum group of SU(N)-type.
Then there exist q ∈ (0, 1) and a T-valued 2-cochain c such that ∂c descends to a
3-cocycle on Ẑ(G) ∼= Z/NZ and G ∼= SU cq (N).

To prove this, we rely on the results established in earlier chapters and, in particular,
on the Kazhdan-Wenzl-Jordans theorem [KW93; Jor14], which we prove in the first
section of this chapter. Kazhdan and Wenzl showed in the algebraic case that every
rigid monoidal category with the same fusion rules as SL(N) must be monoidally
equivalent to a category of the form (Rep(SLq(N)),Φ). The C∗-analogue was then
proved twenty years later by Jordans [Jor14]. This establishes the first step of the
classification mentioned above, which is also the most important step. We then study
monoidal autoequivalences, which turn out to be quite concrete.

The answer to the non-Kac case follows directly from this and the preceding results.
We also briefly explain why we restrict our answer to Woronowicz’s question to this
specific case, rather than treating the problem in full generality.

Comment on the use of AI tools. AI tools, such as ChatGPT, Gemini and
DeepL, were used exclusively for literature research, for generating summaries of
articles for personal orientation, and for language support (spell and grammar check).
All referenced sources were independently verified. The content, explanations and
arguments presented in this thesis are entirely human-generated. No text passages
were adopted verbatim from AI-generated output.
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Chapter I.

Compact Quantum Groups

In this first chapter, we recall the basics of compact quantum groups, introduced by
Woronowicz in [Wor87; Wor98], and look at their representation theory as well as
the cohomology theory on their duals. We also discuss further structural properties
and the algebraic description via Hopf algebras. This chapter is mostly based on
[Tim08] and [NT13].

Remark on prior knowledge and notation. We assume the reader has a solid
knowledge of functional analysis, C∗-algebras and some basics of category theory.
The precise meaning of the tensor product ⊗ should be clear from the context, for
C∗-algebras we always use the minimal tensor product. Moreover, for compositions
of maps we will most of the time omit the symbol ◦.

1. Basics of compact quantum groups
As already mentioned, the notion of compact quantum groups has two origins. One
is mostly algebraic, and goes back to the independent work of Drinfeld [Dri85] and
Jimbo [Jim85] in connection with the Yang-Baxter equation, we elaborate on this at
a later point. The other origin is analytical as done by Woronowicz [Wor87; Wor98],
where compact quantum groups are understood as non-commutative function spaces,
in the spirit of the Gelfand-Naimark philosophy for C∗-algebras. This approach was
motivated by generalising the Pontryagin duality.

Definition 1.1 (Compact quantum group): Let A be a unital C∗-algebra and let
∆: A → A⊗A be a unital ∗-homomorphism such that

• (id ⊗∆)∆ = (∆ ⊗ id)∆ holds and
• the spans of (A⊗ 1)(∆(A)) and (1 ⊗A)(∆(A)) are dense in A⊗A.

We call ∆ the comultiplication of A. In the sense of Gelfand-Naimark we write C(G)
for the unital C∗-algebra and denote G = (C(G),∆) for the compact quantum group.
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If G and H are compact quantum groups, a unital ∗-homomorphism φ : C(G) →
C(H) that intertwines the comultiplications, i.e. (φ ⊗ φ)∆G = ∆Hφ, is called a
homomorphism of compact quantum groups. We also write φ : G → H. We call
H a quantum subgroup of a compact quantum group G if there exists a surjective
homomorphism G → H.

Before discussing the existence of a Haar state and further algebraic properties,
we present two basic examples of compact quantum groups and introduce a large
class of compact quantum groups, namely compact matrix quantum groups.

Example 1.2: (i) Let G be a compact group. Define

∆: C(G) → C(G) ⊗ C(G) ∼= C(G×G)

via

∆(f)(s, t) = f(st), s, t ∈ G.

Then (C(G),∆) is a compact quantum group. Conversely, if (A,∆) is a
commutative compact quantum group, then by the Gelfand-Naimark theorem
we find a compact group G such that there is an isomorphism A ∼= C(G).

(ii) Historically, the following is the first example of a compact quantum group.
Define the q-deformation of the special unitary group SU(2) by

C(SUq(2)) = C∗
(

1, α, γ
∣∣∣∣∣
(
α −qγ∗

γ α∗

)
is unitary

)

for q ∈ [−1, 1]\{0}, and define a comultiplication on the generators by

∆(α) = α⊗ α− qγ∗ ⊗ γ, ∆(γ) = γ ⊗ α+ α∗ ⊗ γ.

Then SUq(2) = (C(SUq(2)),∆) is a compact quantum group, called the q-
deformation of SU(2).

In the first example, the pair (C(G),∆) contains complete information about the
compact groupG, since the group structure can be recovered from the comultiplication.
The last example, in the more general case SUq(N) for N ∈ N, will be our most
important example in this thesis, thus we will return to it later again.

Definition 1.3 (Compact Matrix Quantum Groups): Let N ∈ N and let C(G) be a
unital C∗-algebra, which is generated by the entries of an invertible matrix u =
(uij) ∈ MN (C(G)), such that u∗ is also invertible. Assume that the map

∆: C(G) → C(G) ⊗ C(G), uij 7→
N∑
k=1

uik ⊗ ukj

2



is a ∗-homomorphism. The pair (C(G), u) is called a compact matrix quantum group
and the matrix u is called the fundamental representation. One can show that every
compact matrix quantum group is indeed a compact quantum group, hence we will
also write G for it.

This class of compact matrix quantum groups contains quite interesting quantum
analogues of classical matrix groups such as SN , ON and UN as we introduce in the
following example.

Example 1.4: Let N ∈ N. We define the following compact matrix quantum groups.

CMQG Additional relations on uij

U+
N u and uT unitary

O+
N u∗

ij = uij , u is orthogonal
S+
N u2

ij = u∗
ij = uij ,

∑
i uik = ∑

i uki = 1

These examples were introduced by Wang in [Wan93; Wan98]. One can see that these
constructions are indeed generalisations. For instance, in the case of the quantum
permutation group S+

N , one has

C(SN ) ∼= C(S+
N )/⟨uijukl − ukluij⟩,

i.e. the continuous functions on SN are isomorphic to the “abelianization” of C(S+
N ).

By the Riesz representation theorem, any compact group G has a unique (left-
and right-invariant) Haar measure µ, which means that

ˆ
G
f(gx)dµ(x) =

ˆ
G
f(x)dµ(x) =

ˆ
G
f(xg)dµ(x)

for g ∈ G. Using the defined comultiplication from Example 1.2, and defining
h(f) =

´
G f(x)dµ, we can rewrite this as

(id ⊗h)∆(f) = (h⊗ id)∆(f) = h(f)1.

The same holds for compact quantum groups.

Theorem 1.5 (Haar state): Let G be a compact quantum group. Then there exists a
unique state h : C(G) → C such that

(id ⊗h)∆(x) = h(x)1 = (h⊗ id)∆(x).

The existence of the Haar state was first proved by Woronowicz under additional
assumptions on the C∗-algebra in [Wor87], and later in full generality for any compact
quantum group in [Wor98].
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Definition 1.6 (Kac-type): A compact quantum group G is said to be of Kac-type, if
its Haar state h is a trace, i.e. h(xy) = h(yx).

In Proposition 1.24 we see other equivalent characterisations of being Kac for a
compact quantum group.

Already at this point, it should be mentioned that our goal, the classification of
compact quantum groups of SU(N)-type, will only hold for the non-Kac case. This
may appear counterintuitive, since compact quantum groups of Kac-type are usually
“easier” to describe. We will return later to why in this setting, the Kac-case is
harder (and probably not solvable).

Until now, we have only considered the C∗-algebraic theory of compact quantum
groups due to Woronowicz. There is also an algebraic approach via Hopf ∗-algebras,
see [Tim08].

Definition 1.7 (Hopf ∗-algebra): A Hopf ∗-algebra is a unital ∗-algebra A, together
with

• a comultiplication ∆: A → A⊗A, which is a ∗-homomorphism,
• a counit ε : A → C, which is a ∗-homomorphism, such that (ε⊗ id)∆ = id =

(id ⊗ε)∆,
• an antipode S : A → A, which is a linear map such that µ(S ⊗ id)∆ =
µ(id ⊗S)∆ = η ◦ ε.

Here µ : A ⊗ A → A denotes the multiplication a ⊗ b 7→ ab, η : C → A the natural
embedding λ 7→ λ1.

Recall that an algebra with a comultiplication and a counit is a bialgebra, i.e. it
carries both an algebra structure and a coalgebra structure.

One can prove that any compact quantum group contains a dense Hopf ∗-algebra,
which allows us to work in both worlds and use for instance additional algebraic
structure and properties.

Proposition 1.8: Let G be a compact quantum group. Then there exists a dense Hopf
∗-algebra (C[G],∆|C[G]) in C(G).

We will also denote the comultiplication of this dense Hopf ∗-algebra by ∆. The
meaning should be clear from the context.

In the next section we describe this dense Hopf ∗-algebra. Before doing so, let us
emphasise that historically Hopf algebras are one of the original starting points of
quantum groups. They arise quite naturally in the context of physics, more precisely
in the study of the Yang-Baxter equation, quantum integrable systems and the
quantum inverse scattering method. The first appearance of the notion of quantum
groups in the 1980s came from Drinfeld and Jimbo, [Jim85; Jim86] and [Dri85], who
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introduced Hopf algebras arising from deformations of universal enveloping algebras
of semisimple Lie groups. For more historical comments, see the preface of [NT13]
and later in Remark 2.29.

At the same time, the analytic C∗-algebraic object (C(G),∆) is tightly linked
to finite-dimensional corepresentation theory: matrix coefficients of representations
span the Hopf ∗-algebra C[G] and encode much of the structure of G. For this reason
we now turn to representation theory, which will later provide the input for the
categorical approach and reconstruction results discussed in Chapter II.

2. Representation Theory
In this section we introduce the representation theory of compact quantum groups,
which will be quite essential throughout this thesis. In particular, Chapter II
will be on C∗-tensor categories and Tannaka-Krein duality and we will show how
representation-theoretic data can be used both to analyse the structure of a compact
quantum group and, in a precise meaning, how to reconstruct it.

Throughout we will only consider finite-dimensional representations.

Remark on leg-numbering notation. The leg-numbering notation is very useful
when defining and working with representations, see [NT13]. Let A be a unital
algebra and let n ≤ m then we can define embeddings A⊗n → A⊗m via injective
maps σ : [n] → [m]. For X ∈ A⊗n we denote its image by Xj1...jn where ji = σ(i).
For example, for n = 2 and m = 3 we have

(x⊗ y)13 = x⊗ 1 ⊗ y.

One may also consider different algebras in the tensor factors, one only has to ensure
that all expressions are well-defined.

Definition 1.9 (Representation, Intertwiner): (i) Let G be a compact quantum
group. A representation of G on a N -dimensional Hilbert space HU (N ∈ N)
is an invertible element U ∈ B(HU ) ⊗ C(G) ∼= MN (C(G)) such that

(id ⊗∆)(U) = U12U13 ∈ B(HU ) ⊗ C(G) ⊗ C(G) ∼= MN (C(G) ⊗ C(G)).

The representation is called unitary, if the matrix U is unitary. We write
dim(U) := dim(HU ) = N .

(ii) Given representations U and V on finite-dimensional Hilbert spaces HU and
HV , a linear map T : HU → HV is called an intertwiner of U and V if

(T ⊗ id)U = V (T ⊗ id).

We denote the space of intertwiners by Mor(U, V ). We call U and V equivalent
if there exists an invertible element in Mor(U, V ). If U and V are unitary
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representations and there exists a unitary element in Mor(U, V ), then U and V
are called unitarily equivalent. Finally a representation U is called irreducible,
if End(U) := Mor(U,U) = C.

We will later see that for a compact quantum group G one can form the repre-
sentation category Rep(G) by taking finite-dimensional unitary representations as
objects and intertwiners as morphisms. This category and its categorical properties
will be our main object of interest in Chapter II, in particular because of its rich
tensorial structure, see Example 2.2.

The representation theory of compact quantum groups shares many familiar
features with the classical theory (e.g. Schur’s lemma) and in addition the following
fundamental fact holds, see [NT13].

Proposition 1.10: Let G be a compact quantum group. If U is a finite-dimensional
representation of G, then it is equivalent to a unitary representation.

Moreover every irreducible representation is known to be finite-dimensional, see
[Wor87]. Thus, when studying irreducible representations, we may restrict ourselves to
finite-dimensional unitary ones. For readability, from now on we will simply speak of
(unitary) representations, always meaning finite-dimensional unitary representations,
unless stated otherwise.

As in the classical representation theory of groups, starting with two representations
we can form new representations, by taking direct sums, by taking tensor products
and by constructing the contragredient representation.

Definition 1.11: Let U and V be two representations, on Hilbert spaces HU and HV

of dimensions n and m.

(i) The direct sum U⊕V is defined as the matrix direct sum U⊕V ∈ Mn+m(C(G)),
which is a representation on HU ⊕ HV .

(ii) The tensor product U ⊗ V is the representation on HU ⊗ HV defined by
U ⊗ V = U13V23 ∈ Mnm(C(G)).

Other symbols for the tensor product are sometimes used in literature, but we always
use the classical tensor product symbol ⊗. It will be clear from the context, what is
meant.

Proposition 1.12: Every finite-dimensional representation decomposes as a direct
sum of irreducible representations.

Let j : B(H) → B(H∗) be the map that sends an operator to its dual operator.
Here, H∗ denotes the dual space of H.

6



Definition 1.13: Let U be a representation of a compact quantum group G. Define

U c = (j ⊗ id)(U−1) ∈ B(H∗) ⊗ C(G).

We call U c the contragredient representation.
If U = (uij) is a unitary representation, then U c = (u∗

ij). The contragredient has the
following properties, see again [NT13].
Proposition 1.14: Let U be a representation. Then

(i) U c is invertible,
(ii) U cc is equivalent to U ,
(iii) U c is irreducible if and only if U is irreducible.

Moreover, if U is irreducible then Mor(U,U cc) is one-dimensional.

Now let U be an irreducible representation. By the previous proposition, the
space Mor(U,U cc) is one-dimensional and hence is generated by a positive invertible
operator, write ρU , unique up to a scalar factor. Normalizing this operator ρU , such
that Tr(ρU ) = Tr(ρ−1

U ), we define the quantum dimension of U by

dimq(U) := Tr(ρU ).

By the Cauchy-Schwarz inequality dimq(U) ≥ dim(U), with equality if and only
if ρU = 1. Moreover ρU = 1 is equivalent to U c being unitary, thus the ratio
dimq(U)/ dim(U) measures how far the contragredient representation is from being
unitary.

Using the contragredient representation we can define the conjugate representation.
Definition 1.15: Let U be a representation of a compact quantum group G. The
conjugate representation U is defined by

U = (j(ρU )1/2 ⊗ 1)U c(j(ρU )−1/2 ⊗ 1) ∈ B(H∗
U ) ⊗ C(G).

Proposition 1.16: Let U, V be representations of a compact quantum group G. Then

(i) U = U ,
(ii) U ⊕ V = U ⊕ V ,
(iii) dimq(U) = dimq(U).

The next two propositions provide the basic bridge between the analytic C∗-
algebraic object (C(G),∆) and the algebraic data coming from finite-dimensional
representations. In analogy with the classical Peter-Weyl theorem, one isolates
the polynomial part of C(G), which is the linear span of matrix coefficients of
representations. This span forms a Hopf ∗-algebra that is dense in C(G). This
Hopf ∗-algebra is the starting point for the reduced and universal completions, and
conversely it allows one to reconstruct a compact quantum group from purely algebraic
corepresentation data. Hence these propositions can be seen as reconstruction results.
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Proposition 1.17: Let G be a compact quantum group. The linear span of all matrix
coefficients of representations is a dense Hopf ∗-algebra in C(G). We denote it by
C[G].

We may also consider reduced and universal versions of the compact quantum group
(C(G),∆). Let Cr(G) be the image of C(G) under the induced GNS-representation
πh : C(G) → B(L2(G)) with respect to the Haar state h on C(G). The universal
version Cu(G) is the C∗-enveloping algebra of the Hopf ∗-algebra C[G], which exists
since C[G] is spanned by matrix coefficients of representations. Both Cr(G) and
Cu(G) can be equipped with comultiplications ∆r and ∆u, yielding reduced and
universal forms of (C(G),∆).

Proposition 1.18: Let A be a Hopf ∗-algebra generated by matrix coefficients of finite-
dimensional unitary corepresentations of a Hopf ∗-algebra. Then there exists a
compact quantum group G such that (A,∆) = (C[G],∆).

Having isolated the Hopf ∗-algebra C[G] of matrix coefficients, it is natural to
pass to its linear dual. In the classical case, the dual of the algebra of representative
functions can be identified with finitely supported functions on the discrete dual
group, equipped with convolution. For compact quantum groups, this viewpoint
leads to the discrete dual quantum group Ĝ, whose algebra of functions is defined as
the convolution ∗-algebra dual to C[G]. This algebra will serve as our main algebraic
model for working on the dual side.

Definition 1.19: Let G be a compact quantum group. We define the algebra of
functions on the discrete dual quantum groupĜ of a compact quantum group as the
∗-algebra U(G) = C[G]∗, with convolution ω ∗ ν = (ω ⊗ ν)∆ as multiplication and
involution defined by ω∗ = ωS.

We have the following isomorphism

U(G) ∼=
∏

[U ]∈Irr(G)
B(HU ), ω 7→

(
(id ⊗ω)(U)

)
[U ]∈Irr(G)

where Irr(G) denotes the set of equivalence classes of irreducible representations. We
can equip the ∗-algebra U(G) with a Hopf ∗-algebra structure as follows:

• ∆̂: U(G) → U(G2) with ∆̂(ω)(a⊗ b) = ω(ab) for a, b ∈ C[G],
• ε̂ : U(G) → C with ε̂(ω) = ω(1),
• Ŝ : U(G) → U(G) with Ŝ(ω) = ωS.

One can now prove that with these maps, (U(G), ∆̂) becomes a Hopf ∗-algebra.
This Hopf ∗-algebra will play an important role in this thesis. Moreover, we will also
consider the space of n-point functions on the discrete dual Ĝ

U(Gn) = (C[G]⊗n)∗ ∼=
∏

[U1],...,[Un]∈Irr(G)
B(HU1) ⊗ . . .⊗B(HUn).
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We will not go into further details on the discrete dual Ĝ, since for our purposes
we will mostly work with (U(G), ∆̂).

In combination with U(G), the positive invertible operator ρU introduced above
can also be used to define a family of linear functionals.

Definition 1.20: Let G be a compact quantum group. The family (fz)z∈C of linear
functionals fz : C[G] → C, defined by

(id ⊗fz)(U) = ρzU

for all unitary representations U of G, is called the Woronowicz characters.

The Woronowicz characters are well-defined and admit an explicit description. Let
(eij) denote the standard matrix units, and write

U =
∑
i,j

eij ⊗ uij .

Then define

fz(uij) = (ρzU )ji.

In particular

(id ⊗fz)(U) =
∑
i,j

eij ⊗ fz(uij) =
∑
i,j

eij(ρzU )ji = ρzU .

Since C[G] is spanned by the matrix coefficients of representations, this defines fz
for every z ∈ C. Note that f0 = ε.

Moreover, one has fz = fz1 . Indeed, fz ∈ U(G) = C[G]∗ and U(G) is as mentioned
above a product of matrix algebras. Hence we may identify fz with the family(
(id ⊗fz)(U)

)
[U ]∈Irr(G) = (ρzU )[U ]∈Irr(G), and functional calculus yields fz = fz1 .

Proposition 1.21: Let G be a compact quantum group, let (fz)z∈C be its Woronowicz
characters and let h be its Haar state. Then

h(ab) = h(bσ(a)),

for all a, b ∈ C[G], where σ(a) = f1 ∗ a ∗ f1 with a ∗ fz = (fz ∗ id)∆(a) and
fz ∗ a = (id ⊗fz)∆(a).

This proposition follows from the orthogonality relations for the Haar state on
matrix coefficients of irreducible representations, see [Wor87].

Consequently, the Woronowicz character f1 can be used to decide whether the
compact quantum group is of Kac-type. If G is Kac, then σ(a) = a for all a ∈ C[G],
hence f1 = 1. Conversely if f1 = 1 then obviously h(ab) = h(ba) for all a, b ∈ C[G],
so G is Kac. We also introduce the scaling group.

9



Definition 1.22: Let G be a compact quantum group, define τz : C[G] → C[G] by

τz(a) = (fiz ∗ a ∗ f−iz).

The one-parameter group (τt)t∈R of ∗-automorphisms is called the scaling group of G.

The next lemma records two basic facts.

Lemma 1.23: Let G be a compact quantum group, then

(i) S2 = τ−i,
(ii) if H is a quantum subgroup of G with surjection ιH : C(G) → C(H), then

τHt ◦ ιH = ιH ◦ τGt

for all t ∈ R, where (τHt ), (τGt ) are the scaling groups of H and G, respectively.

For a proof of the second part of the previous lemma, we refer to [Tom07, Lemma 2.9].
We conclude with the following characterisation of Kac compact quantum groups.

Proposition 1.24: Let G be a compact quantum group with Haar state h. The follow-
ing are equivalent:

(i) G is Kac, i.e. h is tracial,
(ii) fz = f1 = ε for all z ∈ C,
(iii) S2 = id (hence S is also ∗-preserving),
(iv) τt = id for all t ∈ R,

where ε is the counit and S the antipode of C[G].

Example 1.25: We consider SUq(2) from Example 1.2. Its antipode is given on
generators by

S(α) = α∗, S(γ) = −qγ.

Hence S2(α) = α and S2(γ) = q2γ and SUq(2) is Kac if and only if q = ±1. More
generally SUq(N) for N ≥ 2 (see Example 2.31) is Kac if and only if q = ±1.

Having introduced the basic structure theory on the C∗-algebraic and Hopf-
algebraic levels, we next discuss a cohomology theory on the discrete dual side. In
low degrees, these cohomology groups provide a convenient language for deformation
problems (in particular twists and associators), which will reappear from a categorical
perspective in the next chapter.
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3. Cohomology Theory
In this section we look at basic cohomology theory for compact quantum groups.
The construction is strongly motivated by classical cohomology theory for groups, so
we begin by recalling some standard definitions and basic constructions for discrete
groups.

Let G be a discrete group and let A be an abelian group equipped with an action
of G. Define Cn(G,A) to be the set of all functions from Gn to A. For n ∈ N0 we
define

∂n : Cn(G,A) → Cn+1(G,A),

(∂f)(g1, . . . , gn+1) =
n+1∑
i=0

(∂ni f)(g1, . . . , gn+1).

Here

∂n0 f(g1, . . . , gn+1) = g1f(g2, . . . , gn+1),
∂nk f(g1, . . . , gn+1) = f(g1, . . . , gk−1, gkgk+1, gk+2, . . . , gn+1), for 1 ≤ k ≤ n,

∂nn+1f(g1, . . . , gn+1) = f(g1, . . . , gn).

Note that ∂n+1 ◦ ∂n = 0. We call ∂ = (∂n)n the coboundary operator and we obtain
the cobar complex

0 → C0(G,A) ∂0
→ C1(G,A) ∂1

→ C2(G,A) ∂2
→ C3(G,A) ∂3

→ . . . .

Set Zn(G,A) = ker(∂n+1) and Bn(G,A) = im(∂n) for n ∈ N (with B0(G,A) = 0).
The cohomology group Hn(G,A) is defined as the quotient

Hn(G,A) = Zn(G,A)/Bn(G,A).

Elements of Zn(G,A) are called n-cocycles and elements in Bn(G,A) are called
n-coboundaries.

The first three cohomology groups admit concrete interpretations:

• H0(G,A) is the fixed point group AG with respect to the action, in particular
H0(G,A) = A if the action is trivial.

• If the action is again trivial, then H1(G,A) = Hom(G,A).
• If the action is again trivial, then H2(G,A) corresponds to a set of extensions

of G and A.

For H3(G,A) there is no equally direct interpretation. One can say, however, that it
classifies strict 2-groups, which is a groupoid, “which looks like a group”, and that
3-cocycles play the role of associators. A 3-cocycle ω satisfies

gω(h, k, l) − ω(gh, k, l) + ω(g, hk, l) − ω(g, h, kl) + ω(g, h, k) = 0,
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which is the pentagon equation, see Definition 2.1. In this sense 3-cocycles can be
viewed as deformations of associativity morphisms, a point of view that will also be
relevant for compact quantum groups.

As we have seen many interesting group invariants already appear in low-degree
cohomology groups. Our goal is therefore to develop an analogous cohomology theory
as a tool for compact quantum groups.

Recall that U(G) = C[G]∗ ∼=
∏

[U ]∈Irr(G)B(HU ). More generally, we can define the
space of k-point functions on the discrete dual Ĝ by

U(Gk) := (C[G]⊗k)∗ ∼=
∏

[U1],...,[Uk]∈Irr(G)
B(HU1) ⊗ . . .⊗B(HUk

).

We now need a suitable coboundary map. For a n-cochain, which is an invertible
element ω ∈ U(Gn), define

∂n0ω = 1 ⊗ ω,

∂nkω = (id ⊗ . . .⊗ id ⊗∆̂ ⊗ id ⊗ . . .⊗ id)(ω), for 1 ≤ k ≤ n,

∂nn+1ω = ω ⊗ 1,

where ∆̂ is placed in the k-th position. Then we set

∂nω = ∂n0 (ω)∂n2 (ω) . . . ∂n1 (ω−1)∂n3 (ω−1) . . . ,

continuing in this alternating fashion up to k = n+ 1.

Definition 1.26: A C∗- (T)-valued n-cocycle on Ĝ is a (unitary) n-cochain ω ∈ U(Gn),
such that ∂nω = 1.

Two (unitary) n-cochains ω1, ω2 ∈ U(Gn) are called cohomologous, if there exists a
(n− 1)-cochain ρ ∈ U(Gn−1) such that

ω1 = ω2ρ := (∂n0 (ω)∂n2 (ω) . . .)ρ(∂n1 (ω−1)∂n3 (ω−1) . . .).

If for some ω ∈ U(Gn) there exists ρ ∈ U(Gn−1) such that ω = ∂ρ, we call ω
n-coboundary.

Finally, we call a n-cochain invariant if it commutes with the images of ∆̂(n−1).

With this construction we do not obtain a complex as in the group case and several
familiar properties fail. Nevertheless, the resulting cohomologies in degrees n = 1, 2, 3
are useful for controlling deformation problems for compact quantum groups. We
discuss their interpretation in the context of C∗-tensor categories in the next chapter,
Section 3.

To conclude this section and this chapter, let us look at 1-, 2- and 3-cocycles.
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Remark 1.27: (i) Let n = 1, a 1-cochain ω is a 1-cocycle on Ĝ if and only if
∆̂(ω) = ω ⊗ ω. This follows directly from the definition. Such elements are
called group-like. They form the group H1(Ĝ,C∗). Restricting to unitaries we
obtain the group H1(Ĝ,T). Moreover invariant 1-cocycles are precisely the
central group-like elements, i.e. those commute with everything. Hence we
obtain two further groups, denoted H1

G(Ĝ,C∗) and H1
G(Ĝ,T).

(ii) For n = 2, the 2-cocycle condition is

(ω ⊗ 1)(∆̂ ⊗ id)(ω) = (1 ⊗ ω)(id ⊗∆̂)(ω).

This is the already mentioned Yang-Baxter equation, which is satisfied by
R-matrices. We need to define H2(Ĝ,C∗) in a different manner, namely as the
set of equivalence classes with being cohomologous as equivalence relation. As
above one similarly constructs H2(Ĝ,T), H2

G(Ĝ,C∗) and H2
G(Ĝ,T). However,

only the last two are indeed groups, since the product of two 2-cocycles is in
general not a 2-cocycle. Counital 2-cocycles are also called (Drinfeld) twists.
Note that every 2-cocycle is cohomologous to a counital one.

(iii) Finally for n = 3 we obtain

(1 ⊗ ω)(id ⊗∆̂ ⊗ id)(ω)(ω ⊗ 1) = (id ⊗ id ⊗∆̂)(ω)(∆̂ ⊗ id ⊗ id)(ω).

Observe that we cannot construct H3(Ĝ,C∗) and H3(Ĝ,T) in the same way as
for n = 2, since being cohomologous is not symmetric as a relation in general.
Fortunately, for invariant 3-cocycles it is again an equivalence relation, and
we can construct H3

G(Ĝ,C∗) and H3
G(Ĝ,T). A counital element Φ ∈ H3

G(Ĝ,T)
is called an associator for G. This terminology reflects the fact, that such
elements induce a new associativity morphism (U ⊗ V ) ⊗W → U ⊗ (V ⊗W )
in Rep(G). We will return to this in the following chapter.

These three low-degree cases are the only ones of interest for compact quantum
groups.
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Chapter II.

C∗-Tensor Categories and
Woronowicz’s Tannaka-Krein Duality

This chapter aims to explain Woronowicz’s Tannaka-Krein duality for compact
quantum groups. We begin by introducing the category-theoretic framework for
C∗-tensor categories. We assume the reader is familiar with basic notions from
category theory. We then discuss the categorical meaning of low-degree cohomology
and its interpretation in terms of C∗-tensor categories and deformations. Finally we
recall the necessary background on compact Lie groups and Drinfeld-Jimbo quantum
groups, and introduce twisted q-deformations via cochain twisting. This chapter is
mainly based on [NT13] with additional background and perspectives from [Eti+15;
LR97; KS97] and [NY15].

1. C∗-Tensor Categories
Given a category C, we denote its class of objects by Ob(C). For objects A,B ∈
Ob(C), the set of morphisms from A to B by Mor(A,B). In particular, we write
Mor(A,A) =: End(A).

The main idea of this section is to study structural properties of the representation
category of a compact quantum group G. This category carries substantial additional
structure, and our goal is to capture the properties shared with the category of
Hilbert spaces with bounded linear operators as morphisms, see Example 2.2.

Definition 2.1 (C∗-tensor category): A C-linear category C is called a C∗-category if

• each Mor(U, V ) is a Banach space and if

Mor(V,W ) ⊗ Mor(U, V ) → Mor(U,W ), (S, T ) 7→ ST

is bilinear and satisfies ∥ST∥ ≤ ∥S∥ ∥T∥ for all U, V,W ∈ Ob(C),
• it is equipped with an antilinear contravariant functor ∗ : C → C, which is the

identity on objects, and for T ∈ Mor(U, V ), then T ∗ ∈ Mor(V,U) and that
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satisfies T ∗∗ = T and the C∗-identity ∥T ∗T∥ = ∥T∥2 for every T ∈ Mor(U, V )
and U, V ∈ Ob(C).

Moreover we call C a C∗-tensor category if it is equipped with

• a bilinear bifunctor ⊗ : C × C → C, (U, V ) 7→ U ⊗ V ,
• a unit object I ∈ Ob(C), such that U ⊗ I ∼= U for all U ∈ Ob(C),
• natural unitary isomorphisms αU,V,W : (U ⊗ V ) ⊗ W → U ⊗ (V ⊗ W ) for
U, V,W ∈ Ob(C), called associativity morphisms, and

• natural unitary isomorphisms λU : I ⊗ U → U and ρU : U ⊗ I → U for U ∈
Ob(C),

such that the pentagon diagram

((U ⊗ V ) ⊗W ) ⊗X

(U ⊗ (V ⊗W )) ⊗X (U ⊗ V ) ⊗ (W ⊗X)

U ⊗ ((V ⊗W ) ⊗X) U ⊗ (V ⊗ (W ⊗X))

α⊗id α

α α

α

and the triangle diagram

(U ⊗ I) ⊗ V U ⊗ (I ⊗ V )

U ⊗ V
id ⊗ρ

α

id ⊗λ

commute for U, V,W,X ∈ Ob(C), where we suppress the indices of α, λ and ρ.
Moreover we assume the following properties

• (S ⊗ T )∗ = S∗ ⊗ T ∗ for all morphisms S and T ,
• the category C has finite direct sums, i.e. for any objects U, V there exist

an object W and isometries u ∈ Mor(U,W ) and v ∈ Mor(V,W ) such that
uu∗ + vv∗ = 1,

• the unit object I is simple, i.e. End(I) = C1,
• the category has subobjects, meaning that for any projection p ∈ End(U) there

exist an object V and an isometry v ∈ Mor(V,U) such that p = vv∗,
• the category is small, i.e. the class of objects is a set.

We call C strict if (U ⊗ V ) ⊗W = U ⊗ (V ⊗W ), I ⊗ U = U = U ⊗ I and α, λ, ρ are
the identity morphisms.

16



At first glance, this definition may seem rather overwhelming. However it is
essentially a formalisation of the basic properties and constructions familiar from the
category of finite-dimensional Hilbert spaces. The assumption that C needs to be
small, is a technical assumption, and we will not discuss it in detail.

For technical convenience we will always assume our categories to be strict. By
MacLane’s coherence theorem, see [Eti+15], every monoidal category is monoidally
equivalent, see Definition 2.5, to a strict one. While the notion of a monoidal category
is slightly more general than that of a C∗-tensor category, every C∗-tensor category
is, in particular, a monoidal category.
Example 2.2: (i) The basic example of a C∗-tensor category is the category of finite-

dimensional Hilbert spaces Hilbf , whose objects are finite-dimensional Hilbert
spaces, and whose morphisms are bounded linear maps. This category becomes a
C∗-tensor category with the usual tensor product. The associativity morphisms
are given by (ξ ⊗ η) ⊗ µ 7→ ξ ⊗ (η ⊗ µ). To obtain a strict C∗-tensor category,
one may fix a realization of the tensor product using the Cuntz algebra O∞.
Namely consider a linear map βH : H → O∞ such that βH(ξ)∗βH(η) = ⟨η, ξ⟩1
and define H1 ⊗ H2 the closed span of elements ξ ⊗ η = βH1(ξ)βH2(η). In this
setting strictness holds because
(ξ ⊗ η) ⊗ µ = (βH1(ξ)βH2(η))βH3(µ) = βH1(ξ)(βH2(η)βH3(µ)) = ξ ⊗ (η ⊗ µ).
Clearly I = C and by construction we also have C ⊗ H = H ⊗ C = H.

Note that in order to make Hilbf small, one should fix a set of finite-
dimensional Hilbert spaces, that is sufficiently large for our purposes.

(ii) The main example of a C∗-tensor category in this thesis is the representation
category Rep(G) of a compact quantum group G. Its objects are unitary finite-
dimensional representations of G and its morphisms are the intertwiners. To
ensure compatibility and smallness, we should fix the same underlying Hilbert
spaces as in the first part of the example. The tensor product is given by the
tensor product of representations as defined in Chapter I. In general strictness is
not automatic, nevertheless, by the coherence theorem, we will assume Rep(G)
to be strict.

As usual we now need to introduce a mapping, which respects our C∗-tensor
structure on a category.
Definition 2.3: Let C and C′ be C∗-tensor categories. A functor F : C → C′ is
called a tensor functor if it is linear on morphisms, together with an isomorphism
F0 : I ′ → F (I) and natural isomorphisms F2 : F (U) ⊗ F (V ) → F (U ⊗ V ) such that
the diagrams

(F (U) ⊗ F (V )) ⊗ F (W ) F (U ⊗ V ) ⊗ F (W ) F ((U ⊗ V ) ⊗W )

F (U) ⊗ (F (V ) ⊗ F (W )) F (U) ⊗ F (V ⊗W ) F (U ⊗ (V ⊗W ))

F2⊗id

α

F2

F◦α
id ⊗F2 F2
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and

F (I) ⊗ F (U) F (I ⊗ U) F (U) ⊗ F (I) F (U ⊗ I)

I ′ ⊗ F (U) F (U) F (U) ⊗ I ′ F (U)

F2

F◦λ

F2

F◦ρF0⊗id

λ′

id ⊗F0

ρ′

commute for all U, V,W ∈ Ob(C).
A tensor functor is called unitary if F (T )∗ = F (T ∗) for every morphism T and if

both F2 : F (U) ⊗ F (V ) → F (U ⊗ V ) and F0 are unitary.

As mentioned in [NT13] the morphism F0 is uniquely determined by F and F2.
Moreover there is usually a canonical choice for F0, hence we will omit F0. Thus we
will sometimes write the tensor functor F as a pair (F, F2) := (F0, F, F2).

Example 2.4: (i) Let H be a quantum subgroup of a compact quantum group G.
Then the restriction functor F : Rep(G) → Rep(H) sends a representation of
G to its restriction to H and intertwiners to their restrictions. Let F2 be the
identity. Then F is a tensor functor.

(ii) The forgetful functor F : Rep(G) → Hilbf given by U 7→ HU and acting as the
identity on morphisms, is a tensor functor when equipped with F2 = id. This
is an example of a fiber functor, which we will discuss in the next section.

Definition 2.5: Let C, C′ be C∗-tensor categories.

(i) Let F,G : C → D be two tensor functors. A natural isomorphism η : F → G is
called monoidal if the two diagrams

F (U) ⊗ F (V ) F (U ⊗ V ) I ′

G(U) ⊗G(V ) G(U ⊗ V ) F (I) G(I)

F2

η⊗η η
F0 G0

G2 η

commute for all U, V ∈ Ob(C).
(ii) If there exist tensor functors F : C → C′ and G : C′ → C such that the composi-

tions FG and GF are naturally monoidally isomorphic to the identity functors
on C′ and on C, respectively, then we call C and C′ monoidally equivalent.

In this thesis we will work with semisimple categories, i.e. categories in which every
object is semisimple (equivalently, a direct sum of simple objects). The following
lemma is a useful criterion.

Lemma 2.6: Let C and C′ be semisimple C∗-tensor categories and (Uα) a family of
representatives of the isomorphism classes of simple objects of C. Then a tensor
functor F : C → C′ is a monoidal equivalence if and only if the objects F (Uα) are
simple, F (Uα) ̸∼= F (Uβ) for α ̸= β and every simple object V in C′ is isomorphic to
F (Uγ) for some γ.
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This lemma follows from a standard criterion, that is F is a monoidal equivalence
if and only if F is fully faithful (that means Mor(U, V ) ∼= Mor(F (U), F (V )) and
essentially surjective, i.e. for every object V in C′, we have V ∼= F (U) for an object
U in C.

Besides semisimple C∗-tensor categories, we will also mainly work with rigid
C∗-tensor categories.

Definition 2.7: Let C be a C∗-tensor category. It is called rigid, if for every object
U , there exist an object U in C and morphisms RU ∈ Mor(I, U ⊗ U) and RU ∈
Mor(I, U ⊗ U) such that the conjugate equations

(R∗
U

⊗ id)(id ⊗RU ) = id and (R∗
U ⊗ id)(id ⊗RU ) = id,

hold. We call U conjugate to U .

Recall that R∗
U and R∗

U
are morphisms U ⊗ U → I and U ⊗ U → I respectively.

The morphisms RU and RU are sometimes called coevaluation maps, and R∗
U , R

∗
U

the evaluation maps. This terminology is standard in classical literature about
C∗-tensor categories, see e.g. [LR97] and [Eti+15]. A quite natural approach is to
use string diagrams, as in [HM23]. The evaluation maps are depicted as cups and the
coevaluation maps as caps, and our conjugate equations become the snake equations.

=
and

=

By the Joyal-Street-Verity theorem, [JSV96], any two topologically equivalent
string diagrams represent the same morphisms in a symmetric monoidal category,
hence we can freely apply topological deformations to string diagrams.

Proposition 2.8: Let C be a rigid C∗-tensor category.

(i) The conjugate objectU to an object U is unique up to isomorphism. Moreover
given two solutions (RU , RU ) and (R′

U , R
′
U

) of the conjugate equations for U,U
there exists an invertible morphism T ∈ End(U) such that

R′
U = (id ⊗T )RU , and R′

U
= (T−1 ⊗ id)RU .

(ii) For every object U the C∗-algebra End(U) is finite-dimensional. In particular
C is semisimple.

Example 2.9: (i) The C∗-tensor category Hilbf is rigid. Fix an ONB (ei)i=1,...,n
of H and define RH : C → H∗ ⊗ H be the usual embedding 1 7→

∑n
i=1 e

∗
i ⊗ ei.

Then R∗
H : H∗ ⊗ H → C is the usual evaluation map. Likewise we define the
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corresponding morphisms RH and R∗
H, where H = H∗ is the dual space. These

maps clearly satisfy the conjugate equations. If we instead consider the category
of (possibly infinite-dimensional) Hilbert spaces Hilb, then the category is not
rigid, since such a coevaluation map does not exist.

(ii) The representation category Rep(G) of a compact quantum group G is rigid.
Recalling the construction of the conjugate representation U , one may consider
the operators

R = (1 ⊗ ρ
−1/2
U

)RHU

and

R = (ρ1/2
U ⊗ 1)RH

U
.

Then (R,R) fulfils the conjugate equations.

We can now define the intrinsic dimension of an object U .

Definition 2.10 (Intrinsic dimension): Let C be a rigid C∗-tensor category. The
intrinsic dimension of U is defined by

dC(U) = inf ∥RU∥
∥∥RU∥∥ ,

where (RU , RU ) ranges over all solutions of the conjugate equations.

For a simple object U , we have

dC(U) = ∥RU∥
∥∥RU∥∥

for any solution (RU , RU ). Since rigid C∗-tensor categories are semisimple, every
object U = ⊕

k Uk decomposes as a direct sum of simple objects, and the intrinsic
dimension decomposes as

dC(U) =
∑
k

dC(Uk).

In particular, this dimension is independent of concrete realisations. A solution
(RU , RU ) such that dC(U)1/2 = ∥RU∥ =

∥∥RU∥∥ is called a standard solution.

Example 2.11: (i) Consider again C = Hilbf . Since every object is a finite number
of copies of the simple object C, we have dC(H) = dim(H).

(ii) Now consider C = Rep(G) and let U be a simple object, hence an irreducible
representation, and fix an ONB (ei)i=1,...,n for HU . Then

∥R∥ =
∥∥∥(1 ⊗ ρ

−1/2
U )RHU

(1)
∥∥∥ =

∥∥∥∥∥
n∑
i=1

e∗
i ⊗ ρ

−1/2
U ei

∥∥∥∥∥
= Tr(ρ−1

U )1/2 = dimq(U)1/2.

Likewise
∥∥∥R∥∥∥ = dimq(U)1/2, and hence dC(U) = dimq(U).
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For two rigid C∗-tensor categories unitary tensor functors are contractive as shown
in the following proposition.

Proposition 2.12: Let C, C′ be two rigid C∗-tensor categories and let F : C → C′ be a
unitary tensor functor. Then

dC′(F (U)) ≤ dC(U)

for all objects U in C.

Proof. Let U be an object of C and let (RU , RU ) be a standard solution. We
construct a solution for F (U), such that the product of the norms equals dC(U).
Define morphisms R : I → F (U) ⊗ F (U) and R : I → F (U) ⊗ F (U) by

R = F ∗
2F (RU )F0, and R = F ∗

2F (RU )F0.

Then (R,R) is a solution for the conjugate equations of F (U). Clearly,

R∗R = F ∗
0F (R∗

U )F ∗
2F2F (R)F0 = F ∗

0F (R∗
URU )F0 = ∥RU∥2 1,

and R
∗
R =

∥∥RU∥∥2 1. Hence ∥R∥
∥∥∥R∥∥∥ = dC(U) and by definition of the intrinsic

dimension, we obtain dC′(F (U)) ≤ dC(U). □

We call a compact quantum group G coamenable if the canonical map Cu(G) →
Cr(G) is an isomorphism. In this case the intrinsic dimension is the smallest dimension
function, see [NT13]. As assumption for equality in the previous proposition, we need
the notion of amenability and therefore we need to introduce the fusion semiring of
a C∗-tensor category C.

Definition 2.13: Let C be a semisimple C∗-tensor category. Two objects U, V in C
are called isomorphic if Mor(U, V ) contains an isomorphism. The equivalence class
of U under isomorphism is denoted by [U ]. The fusion (or Grothendieck) semiring
R+(C) is the semiring generated by the equivalence classes of simple objects [U ] with
addition and multiplication defined as follows

[U ] + [V ] = [U ⊕ V ], [U ] · [V ] = [U ⊗ V ].

Right multiplication by a simple object [U ] ∈ Irr(C) on R+(C) defines an operator
ΓU ∈ ℓ2(Irr(C)). A dimension function d : R+(C) → R, i.e. d([U ]) > 0 and d([U ]) =
d([U ]) for all [U ] ∈ Irr(C), is called amenable if

∥ΓU∥ = d([U ])

for all [U ] ∈ Irr(C). If the intrinsic dimension on C is amenable, then C is called
amenable.
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In general one has

∥ΓU∥ ≤ d([U ]).

Additionally, we may define the fusion semiring K+(G) of a compact quantum
group G as

K+(G) := R+(Rep(G)).

We are especially interested in rigid C∗-tensor categories, respectively compact
quantum groups, with the same fusion semiring.

Definition 2.14 (Lie-type): Let C be a rigid C∗-tensor category. We say that C is
of Lie-type, if there exists a connected compact Lie group G such that there is a
dimension-preserving isomorphism R+(C) ∼= R+(G). A compact quantum group G
is of Lie-type, if Rep(G) is of Lie-type.

Now, with the notion of amenability, we can state the following.

Proposition 2.15: Let C, C′ be two rigid C∗-tensor categories, and let F : C → C′ be a
unitary tensor functor. If C is amenable, then

dC′(F (U)) = dC(U)

for all objects U in C.

Since any compact group G is coamenable (indeed Cr(G) = Cu(G)), we obtain the
following corollary by using the fact that the coamenability of the compact quantum
group coincides with the amenability of the representation category if and only if G
is of Kac-type.

Corollary 2.16: Let G be a compact group, and F : Rep(G) → Hilbf be a unitary
fiber functor, see Definition 2.17, then dim(F (U)) = dim(U).

This corollary is one reason why our classification result will not hold in the Kac-
case, since every fiber functor on a representation category Rep(SU(N)) gives rise
to a compact quantum group of Kac-type. We will comment on why a classification
in this setting is not feasible in Remark 4.15.

2. Tannaka-Krein Duality
After our preparatory work on rigid C∗-tensor categories, we are now in a position to
explain the connection between these categories and compact quantum groups. This
provides in some sense an additional “philosophical” viewpoint on compact quantum
groups. Rather than describing them in C∗-algebraic or Hopf-algebraic terms, one
can reconstruct them from their representation theory. The resulting duality goes
back to Woronowicz’s first articles on compact quantum groups, [Wor88].

22



Definition 2.17 (Fiber functor): Let C be a rigid C∗-tensor category. A tensor functor
F : C → Hilbf is called a fiber functor.

More generally, for an arbitrary C∗-tensor category, one requires F to be faithful,
i.e. F is injective on morphisms, and exact. In the rigid case these properties are
automatic.

The simplest example is the canonical fiber functor F : Rep(G) → Hilbf defined
by F (U) = HU and with F2 equal to the identity.

Theorem 2.18 (Woronowicz’s Tannaka-Krein duality): Let C be a C∗-tensor cate-
gory with conjugates and let F : C → Hilbf be a unitary fiber functor. Then there
exist a compact quantum group G and a unitary monoidal equivalence E : C → Rep(G)
such that F is naturally (unitarily) monoidally isomorphic to the composition of E
with the canonical fiber functor.

Sketch of the proof.
By MacLane’s coherence theorem, we may assume that C is strict, and we may

also assume that F (I) = C and F0 to be the identity. The first step is to construct
a suitable Hopf ∗-algebra that will turn out to be isomorphic to (U(G), ∆̂) for a
suitable compact quantum group G. Denote by End(F ) the ∗-algebra of natural
transformations from F to itself. A natural transformation η ∈ End(F ) is determined
by maps ηUα : F (Uα) → F (Uα), where {Uα}α is a family of representatives of the
isomorphism classes of simple objects. Hence

End(F ) ∼=
∏
α

B(F (Uα)).

On this ∗-algebra we can define a comultiplication

∆̃ : End(F ) → End(F⊗2) ∼=
∏
α,β

B(F (Uα) ⊗ F (Uβ)).

Together with the remaining structure maps this yields a Hopf ∗-algebra (End(F ), ∆̃).
This structure is in some sense the dual of the Hopf ∗-algebra we want to construct.
Let

A =
⊕
α

B(F (Uα))∗.

The algebra A can be equipped with the structure of a Hopf ∗-algebra, for instance
the comultiplication is given by

∆: A → A⊗A, ∆(a)(η ⊗ µ) = a(ηµ).

One shows that this Hopf ∗-algebra is generated as an algebra by matrix coefficients
of finite-dimensional unitary corepresentations. Hence by Proposition 1.18, we obtain
(A,∆) ∼= (C[G],∆) for some compact quantum group G.
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Uniqueness follows from duality arguments, since our construction depends func-
torially on (End(F ), ∆̃), which is isomorphic to (U(G), ∆̂). More precisely if
F ′ : Rep(G) → Hilbf is the canonical fiber functor for some other compact quantum
group G′, then one can identify (End(F ′), ∆̃′) = (U(G′), ∆̂′), and we can construct a
natural unitary monoidal isomorphism

(U(G), ∆̂) ∼= (U(G′), ∆̂′).

By duality this implies (C[G],∆) ∼= (C[G′],∆′).
□

A weaker variant is the following.

Theorem 2.19: Let (A,∆) be a Hopf ∗-algebra, and let D ⊆ Rep(A) (the corepresen-
tation category of the Hopf ∗-algebra) be a full rigid C∗-subcategory. Then there exists
a compact quantum group G and a unitary monoidal equivalence F : D → Rep(G).

Not every C∗-tensor category admits a fiber functor. Moreover two different
fiber functors may yield non-isomorphic compact quantum groups, even though the
resulting representation categories are monoidally equivalent. Hence in order to
classify compact quantum groups one needs to classify monoidal autoequivalences as
well as fiber functors. This was already mentioned in the introduction.

Before turning to the connection between the classification of C∗-tensor categories
Rep(G) and their cohomology theory, which we introduced in Chapter I, we explain
how to deform a compact quantum group.

Let G be a compact quantum group and let ω ∈ H2(Ĝ,T) be a T-valued 2-
cocycle. Define a fiber functor F : Rep(G) → Hilbf to be the identity on objects and
morphisms and with F2 given by the action of ω∗. This is well-defined. Via Tannaka-
Krein duality this produces a new compact quantum group Gω. By construction, Gω is
unitarily monoidally equivalent to G, which means that Rep(G) is unitarily monoidally
equivalent to Rep(Gω). However the Hopf ∗-algebraic structure of (U(Gω), ∆̂ω) differs
from that of (U(G), ∆̂). Indeed the comultiplication is deformed by

∆̂ω = ω∆̂(·)ω∗.

Its antipode is also obtained by a deformation of Ŝ

Ŝω = uŜ(·)u∗, where u = m(id ⊗Ŝ)(ω).

In the language of Hopf ∗-algebras we call (U(Gω), ∆̂ω) a (cocycle-) twisting of
(U(G), ∆̂). One can also describe the twisting on the level of the dual (C[Gω],∆),
but it is more difficult to describe, hence in the spirit of Tannaka-Krein we therefore
stay on the level of (U(Gω), ∆̂ω). This kind of twisting is not particularly interesting,
since the representation category is not substantially deformed.
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3. Categorical Meaning of Low-degree Cohomology
In this section we explain the connection between deformations of quantum groups and
cohomology theory, which, as already mentioned, can be viewed as a framework for
controlling deformations of compact quantum groups. See the chapter on cohomology
theory in [NT13].

Categorical interpretation of H1(Ĝ,C∗), H1(Ĝ,T).
As we saw in the proof sketch of Theorem 2.18, we may identify U(G) with the

algebra End(F ) for the canonical fiber functor F : G → Hilbf . Hence by construction,
H1(Ĝ,C∗) is the group of monoidal automorphisms of the canonical fiber functor
and H1(Ĝ,T) is the group of unitary monoidal automorphisms of the canonical fiber
functor.

Categorical interpretation of H2(Ĝ,C∗), H2(Ĝ,T), H2
G(Ĝ,T).

Let F denote the forgetful functor, i.e. the functor Rep(G) → Hilbf sending
U 7→ HU and acting as the identity on morphisms. For an invertible element
ω ∈ U(G2) we obtain a natural isomorphism given by the action of ω−1,

F2 : F (U) ⊗ F (V ) ω−1
−→ F (U ⊗ V ).

Then ω is a 2-cocycle if and only if the diagram

F (U) ⊗ F (V ) ⊗ F (W ) F (U ⊗ V ) ⊗ F (W )

F (U) ⊗ F (V ⊗W ) F (U ⊗ V ⊗W )

ω−1⊗id

1⊗ω−1 (∆̂⊗id)(ω−1)
(id ⊗∆̂)(ω−1)

commutes. Equivalently (F, ω−1) is a tensor functor. Moreover two 2-cocycles are
cohomologous if and only if the induced tensor functors are naturally monoidally
equivalent.

These tensor functors, which are also fiber functors, exhaust all dimension-
preserving fiber functors E : Rep(G) → Hilbf , i.e. those satisfying d(E(U)) =
dim(U). This follows from the discussion above and from the observation that
every dimension-preserving functor is naturally equivalent to the forgetful functor
Rep(G) → Hilbf . If E is in addition a tensor functor, then as mentioned above, it is
induced by some 2-cocycle.

Consequently H2(Ĝ,C∗) is the set of naturally monoidal isomorphism classes of
dimension-preserving fiber functors. Analogously H2(Ĝ,T) is the set of natural
unitary monoidal isomorphism classes of dimension-preserving unitary fiber functors.
Finally if ω is an invariant unitary 2-cocycle, then multiplication by ω−1 on HU ⊗HV

can be viewed as a unitary endomorphism of U ⊗ V in the representation category,
and hence induces then a natural unitary transformation of the tensor bifunctor. The
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cocycle condition then means that this transformation is a monoidal autoequivalence
of Rep(G). In this way, any autoequivalence of Rep(G), that fixes the isomorphism
classes of irreducible objects is obtained up to equivalence. Thus H2

G(Ĝ,T) can be
seen as the subgroup of (tensor-) autoequivalences Aut⊗(Rep(G)), consisting of those
that preserve the isomorphism classes of objects.

Categorical interpretation of H3
G(Ĝ,T).

As stated in Remark 1.27, every unitary counital 3-cocycle Φ is also called an
associator, since such a cocycle defines new associativity morphisms, and hence gives
rise to a different C∗-tensor category (Rep(G),Φ). Two associators are cohomolo-
gous if and only if the corresponding C∗-tensor categories are unitarily monoidally
equivalent, in such a way that this equivalence preserves the isomorphism classes of
objects. Note that (Rep(G),Φ) need not be rigid, however, if Φ acts as a scalar on
HU ⊗ HV ⊗ HW , then (Rep(G),Φ) is rigid, see later.

Moreover, every unitary invariant 3-cocycle is cohomologous to a unitary counital
invariant 3-cocycle. In particular, Φ and Ψ are cohomologous, if there exists ω ∈ U(G2)
such that

Ψ = Φω = (1 ⊗ ω)(id ⊗∆̂)(ω)Φ(∆̂ ⊗ id)(ω−1)(ω−1 ⊗ 1).

This is again an invariant 3-cocycle.
In summary, H3

G(Ĝ,T) parametrises the C∗-tensor categories of the form (Rep(G),Φ)
up to equivalence, preserving the isomorphism classes of objects. In the case of
H3

G(Ĝ,C∗), there is no similarly convenient categorical description.

4. Twisted q-deformations of Compact Lie Groups
In this section we recall basic notions from compact Lie groups and introduce twisted
q-deformations.

Recall that a Lie group G is a smooth manifold G that is also a group such that
the multiplication and inversion maps are smooth. We call a Lie group G compact if
the underlying manifold is compact. Associated to a Lie group G is its Lie algebra
g. This is a vector space g equipped with a bilinear Lie bracket [·, ·] : g × g → g,
satisfying the Jacobi identity

[x, [y, z]] + [y, [z, x]] + [z, [x, y]] = 0

and [x, x] = 0 for all x, y, z ∈ g. For instance, for an algebra A one may take the
commutator [x, y] = xy − yx as a Lie bracket. Note that a Lie algebra is in general
not an associative unital algebra.

We will only work with finite-dimensional semisimple Lie algebras, so we briefly
recall the necessary notions in this setting. An element x ∈ g is called semisimple
if ad(x) = [x, ·] is diagonalizable. A maximal commutative Lie subalgebra h ⊆ g
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consisting of semisimple elements is called a Cartan subalgebra. Then g decomposes
as a direct sum of a Cartan subalgebra h and the root subspaces

g = h ⊕
⊕
α ̸=0

gα.

The roots α ∈ h∗ are those linear functionals for which there exists nonzero x ∈ g
with [h, x] = α(h)x for all h ∈ h, i.e. such that gα is a non-trivial eigenspace. These
root spaces are one-dimensional, we refer to [KS97] for further details and properties.
We may choose a basis h1, . . . , hl of h, where l is called rank of g, such that α(hi) ∈ R
for all 1 ≤ i ≤ l and all roots α. Moreover one can choose basis vectors eα such
that [eα, e−α] = hα (−α is also a root). This yields a basis for g, which we call a
Cartan-Weyl-basis, which fulfils the commutation relations

[hi, hj ] = 0, [hi, eα] = α(hi)eα, [eα, e−α] = hα.

A root α is called positive if the first non-zero entry among α(h1), α(h2), . . . , α(hl)
is positive, we write α > 0. A positive root α is simple if it cannot be written as a
sum of two other positive roots. The number of simple roots equals the rank of g,
and every positive root is a linear combination of simple roots. We also have the
following decomposition

g = g+ ⊕ h ⊕ g−,

where g± = ∑
α>0 g±α. For a fixed choice of simple roots α1, . . . , αl (not uniquely

determined) the Lie subalgebra g+ is generated by the generators of the root subspaces
Eα1 , . . . , Eαl

and likewise g− is generated by elements E−α1 , . . . , E−αl
. Moreover

Hi = [Eαi , E−αi ] forms a basis of the Cartan subalgebra h. Hence for a fixed set of
simple roots α1, . . . , αl the elements Eα1 , . . . , Eαl

, E−α1 , . . . , E−αl
generate g.

An important tool for the classification of semisimple Lie algebras g is the Cartan
matrix A = (aij) ∈ Ml(C), defined by

aij = 2⟨αi, αj⟩
⟨αi, αi⟩

.

Here ⟨·, ·⟩ on h∗ is induced by the Killing form

⟨·, ·⟩ : g × g → C, (x, y) 7→ Tr(adx ◦ ad y).

Using the vector space isomorphism h → h∗, we obtain the induced pairing on roots
in h∗. If i ̸= j, then aij ≤ 0 and aii = 2, note det(A) ̸= 0. A finite-dimensional
semisimple Lie algebra is determined up to isomorphism by its Cartan matrix.

Finally, we define the root lattice Q and the weight lattice P of a semisimple Lie
algebra g. We set

Q = Z⟨α | α is a root⟩ and,

P =
{
λ ∈ h∗

∣∣∣∣λ( 2α
⟨α, α⟩

)
∈ Z ∀α

}
.
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The weight lattice P is generated by the fundamental weights ωi, characterized by

ωi

(
2αj

⟨αj , αj⟩

)
= δij ,

for the fixed set of simple roots. We call a weight integral if

λ

( 2α
⟨α, α⟩

)
∈ N0.

We call an integral weight dominant if it is a non-negative integer combination of
fundamental weights.

The root lattice Q is contained in the weight lattice P . This yields a useful
connection to its underlying Lie group. The Pontryagin dual of the maximal torus
T , which is the maximal connected compact abelian Lie subgroup, whose Lie algebra
is a Cartan subalgebra, is naturally identified with P , i.e.

T̂ = P.

If moreover G is simply connected as a Lie group, then we have an isomorphism

Ẑ(G) ∼= P/Q.

As a final Lie-theoretic object, let us briefly introduce the so-called Weyl group.
For a root α define

sα : h → h, x 7→ x− ⟨α, x⟩
⟨α, α⟩

α,

where we use the identification of h and h∗. The map sα is called Weyl reflection.
The group W generated by these reflections is called Weyl group. Equivalently one
can also define it as the quotient of the normalizer of the maximal torus T in G by
the torus T , i.e.

W = NG(T )/T.

There exists a longest element w0 in W , which reflects all roots, i.e. it sends all
positive roots to negative ones.

Before defining the Drinfeld-Jimbo q-deformation, we introduce the universal
enveloping Lie algebra U(g). Since a Lie algebra g is only equipped with a non-
associative Lie bracket, it does not come with an associative multiplication. The
universal enveloping algebra provides an associative algebra associated to g.

Definition 2.20 (Universal enveloping algebra): Let g be a semisimple Lie algebra
with fixed simple roots α1, . . . , αl and Cartan matrix A. The universal enveloping
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algebra U(g) is the algebra generated by Ei = Eαi , Fi = E−αi and Hi = [Ei, Fi] for
1 ≤ i ≤ l with the following relations

[Hi, Hj ] = 0, [Ei, Fj ] = 0 for i ̸= j,

[Hi, Ej ] = aijEj , [Hi, Fj ] = −aijFj
(adEi)1−aijEj = 0, (adFi)1−aijFj = 0, for i ̸= j.

It is also possible and perhaps more intuitive to define U(g) as the quotient of the
tensor algebra T (g) = C⊕

⊕
k≥1 g

⊗k by the two-sided ideal ⟨x⊗y−y⊗x−[x, y] | x, y ∈
g⟩. Serre, [Ser66], showed that U(g) admits the above presentation by generators
and relations, which we take as our definition. Moreover the algebra U(g) carries a
natural Hopf ∗-algebra structure.

Before turning to the quantized version, let us make a brief “philosophical” remark.
Compact Lie groups are known to be rigid, in the sense that they admit no non-
trivial deformations. This is a result due to Nijenhuis and Richardson, [NR67]. Since
compact groups are inverse limits of compact Lie groups, the same holds for compact
groups in general. Thus, rather than deforming the group (or the Lie algebra) itself,
one should instead deform an associated algebraic object such as the group algebra
or the universal enveloping algebra, which both can be deformed within the category
of Hopf ∗-algebras. This point of view is similar to the Gelfand-Naimark philosophy.

Definition 2.21 (Drinfeld-Jimbo algebra): Let g be a finite-dimensional semisimple
Lie algebra of rank l with a fixed set of simple roots α1, . . . , αl and Cartan matrix A.
Fix q > 0 and q ≠ 1, set di := ⟨αi, αi⟩/2 and qi := qdi . The Drinfeld-Jimbo algebra
or quantized universal enveloping algebra Uq(g) is the algebra generated by elements
Ei, Fi, Ki and K−1

i for 1 ≤ i ≤ l such that the following relations hold

KiKj = KjKi, KiK
−1
i = K−1

i Ki = 1, KiEjK
−1
i = q

aij

i Ej ,

KiFjK
−1
i = q

−aij

i Fj , EiFj − FjEi = δij
Ki −K−1

i

qi − q−1
i

,

1−aij∑
r=0

(−1)r
(

1 − aij
r

)
qi

E
1−aij−r
i EjE

r
i = 0 =

1−aij∑
r=0

(−1)r
(

1 − aij
r

)
qi

F
1−aij−r
i FjF

r
i ,

where (
n

r

)
q

= [n]q!
[r]q![n− q]q!

and [n]q = qn − q−n

q − q−1

defines the q-binomial coefficient.

These relations are motivated by those of the universal enveloping algebra. The
last two relations are the q-analogues (the q-Serre relations) of the Serre relations in
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the definition of U(g). Indeed one checks that

(adEi)1−aijEj =
1−aij∑
r=0

(−1)r
(

1 − aij
r

)
qi

E
1−aij−r
i EjE

r
i = 0.

An analogous identity holds for Fi.

Proposition 2.22: There is a unique Hopf ∗-algebra structure on Uq(g) with comulti-
plication ∆̂q and antipode Ŝq determined on generators by

∆̂q(Ki) = Ki ⊗Ki, ∆̂q(Ei) = Ei ⊗ 1 +Ki ⊗ Ei, ∆̂q(Fi) = Fi ⊗K−1
i + 1 ⊗ Fi

Ŝq(Ki) = K−1
i , Ŝq(Ei) = −K−1

i Ei, Ŝq(Fi) = −FiKi.

We now construct a compact quantum group from this data. For this we need to
find a suitable rigid C∗-tensor category, namely the category of admissible Uq(g)-
modules.

Definition 2.23: A Uq(g)-module V is called admissible if it admits a weight decom-
position

V =
⊕
λ∈P

V (λ)

with

V (λ) = {x ∈ V | Kix = q
λ(i)
i x for all i},

where λ(i) is the i-th coefficient of λ in the basis of fundamental weights ω1, . . . , ωr
of the weight lattice P .

We denote by Cq(g) the C∗-category of finite-dimensional admissible Uq(g)-modules.

Remark 2.24: In the representation theory of semisimple Lie algebras, the highest
weight theorem says that irreducible finite-dimensional representations (equivalently,
simple modules) are classified by their highest weights. We order weights by saying
λ ≥ µ if λ − µ is a non-negative integer linear combination of positive roots. The
theorem then asserts that every irreducible representation has a (unique) highest
weight, which is integral and dominant, two irreducible representations with the same
highest weight are isomorphic, and conversely every integral dominant weight occurs
as the highest weight of some irreducible representation. For details, see [Hal15].
This also works in the case of Uq(g).

Lemma 2.25: The C∗-category of finite-dimensional admissible Uq(g)-modules is a
rigid C∗-tensor subcategory of RepUq(g).

Therefore by Theorem 2.19, we obtain a compact quantum group.
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Definition 2.26 (Drinfeld-Jimbo quantum group): Let q > 0, q ≠ 1. The Drinfeld-
Jimbo q-deformation of a simply connected semisimple compact Lie group G is
the compact quantum group Gq with Hopf ∗-algebra (C[Gq],∆q), where C[Gq] is
the subspace of Uq(g)∗ spanned by the matrix coefficients of all finite dimensional
admissible unitary modules. The multiplication, comultiplication and involution are
given by

(ab)(ω) = (a⊗ b)∆̂q(ω), ∆q(a)(ω ⊗ ν) = a(ων), a∗(ω) = a(Ŝq(ω)∗).

Let us note that the C∗-tensor categories Rep(Gq) and Rep(G) need not be monoidally
equivalent. One way to see this is to compare the intrinsic dimensions of simple
objects with the following lemma, see [NT13].

Lemma 2.27: Let G be a simply connected semisimple compact Lie group and q > 0,
then the Woronowicz character f1 is given by f1 = q−2ρ∗ , where ρ∗ is half the sum of
the simple positive roots.

Remark 2.28: Let q > 0 and let G be a simply connected semisimple compact Lie
group, then Gq and Gq−1 are isomorphic since Uq(g) and Uq−1(g) are isomorphic as
Hopf ∗-algebras.Concretely, an isomorphism is given by

Ẽi 7→ q−1
i E∗

i , F̃i 7→ qiF
∗
i , K̃i 7→ Ki,

where E,F,K are the generators of Uq(g) and Ẽ, F̃ , K̃ are the generators of Uq−1(g).

Before considering a concrete example, namely SUq(2), let us briefly place the
work of Drinfeld and Jimbo in a historical context.

Remark 2.29: In the 1980s Drinfeld-Jimbo quantum groups emerged from close
interactions between mathematical physics and quantum mechanics, in particular
through the study of integrable systems in statistical mechanics and QFT. Drinfeld’s
approach was motivated by the study of quantum Yang-Baxter equation and R-
matrices. Drinfeld worked with quantized Lie algebras, while Jimbo independently
introduced q-deformations of universal enveloping algebras via symmetries appearing
in integrable systems. Both physical starting points are closely connected to the
quantum inverse scattering method, which is an algebraic method for solving integrable
systems in 1 + 1 dimensions. A standard example is the Heisenberg-spin-1/2-chain,
describing interacting spins on a one-dimensional lattice chain. Given a suitable
R-matrix in this physical setting solving the quantum Yang-Baxter equation, the
quantum inverse scattering method produces a matrix whose entries generate a
Drinfeld-Jimbo quantum group, equivalently the algebra generated by these entries
is a Drinfeld-Jimbo quantum group. See [TF79; Fad98] for further details on the
physical aspects.
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Example 2.30 (SUq(2)): Consider the Lie group SU(2) and its corresponding Lie
algebra sl(2). We verify that SUq(2) defined above coincides with the one from
Example 1.2. In this example the latter will be denoted as S̃Uq(2). We will show
that the corresponding Hopf ∗-algebras are isomorphic.

Since sl(2) has rank 1, we work with the generators K,E, F . For Lie algebras
of type AN , see also Chapter IV, which are Lie algebras of the form sl(N + 1), it
suffices to consider the fundamental corepresentation (ρ, V ), here V = C2 and

ρ(K) =
(
q 0
0 q−1

)
, ρ(E) =

(
0 q1/2

0 0

)
, ρ(F ) =

(
0 0

q−1/2 0

)
,

see [Ros90].
The contragredient representation ρc defined by ρc(x) = ρ(Ŝq(x))t, is given by

ρc(K) =
(
q−1 0
0 q

)
, ρc(E) = −

(
0 0

q−1/2 0

)
, ρc(F ) = −

(
0 q1/2

0 0

)
.

The matrix

J =
(

0 −q1/2

q−1/2 0

)
intertwines ρ and ρc. If now we let

U =
(
a b
c d

)
∈ M2(C[SUq(2)]).

From the equation JU c = UJ , where U c was defined by taking the adjoints entrywise,
we obtain d = a∗ and b = −qc∗. Hence by this we obtain a surjective Hopf ∗-algebra
homomorphism

C[S̃Uq(2)] → C[SUq(2)], α 7→ a, γ 7→ c.

Injectivity follows by considering monomials in α, α∗, γ, γ∗. Therefore Woronowicz’s
SUq(2) agrees with Drinfeld’s and Jimbo’s SUq(2).

Similar arguments apply to SUq(N).

Example 2.31 (SUq(N)): We describe the Hopf ∗-algebra C[SUq(N)]. It is gener-
ated by the matrix entries of U = (ui,j)1≤i,j≤N satisfying the relations

uikujk = qujkuik, ukiukj = qukjuki, for i < j,

uilujk = ujkuil, for i < j, k < l,

uikujl − ujluik = (q − q−1)ujkuil, for i < j, k < l,

detq(U) = 1,
u∗
ij = (−q)j−i detq(Ui,j),
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where Ui,j denotes the minor matrix, obtained by deleting the i-th row and the j-th
column, and

detq(U) =
∑
σ∈SN

(−q)l(σ)uσ(1)1 · · ·uσ(N)N .

Here l(σ) is the number of inversions of σ, i.e. the number of pairs i < j with
σ(i) > σ(j).

The matrix U is the fundamental representation of SUq(N). If q = 1, we recover
the classical Hopf ∗-algebra C[SU(N)]. Indeed, all generators commute, detq reduces
to the usual determinant, and the last relation becomes U−1 = U∗.

Having defined the Drinfeld-Jimbo q-deformation, we can now introduce twisted
q-deformations of a simply connected semisimple compact Lie group G.

We first define twisting on Rep(G) by an invariant 3-cocycle Φ ∈ H3(Ĝ,T) for
some compact quantum group G. Letting Φ act on HU ⊗HV ⊗HW by multiplication,
we obtain a new associator (U ⊗ V ) ⊗ W → U ⊗ (V ⊗ W ) on the representation
category of Rep(G). This yields a new C∗-tensor category, which we will denote
by (Rep(G),Φ). Since this C∗-tensor category will not necessarily correspond to a
compact quantum group, we need to do some assumptions. Assume that (Rep(G),Φ)
is rigid and that there exists a unitary 2-cocycle F ∈ H2(Ĝ,T) such that Φ = ∂F
that is

Φ = (id ⊗∆̂)(F ∗)(1 ⊗ F ∗)(F ⊗ 1)(∆̂ ⊗ 1)(F ).

As in Theorem 2.19, we can construct a compact quantum group GF . Let
ψ : (Rep(G),Φ) → Rep(GF ) be the forgetful functor, which is the identity on objects
and morphisms, and on the tensor structure ψ(U) ⊗ψ(V ) → ψ(U ⊗ V ) it is given by
the action of F ∗, namely

HU ⊗ HV → HU ⊗ HV , x⊗ y 7→ F ∗(x⊗ y).

This tensor functor is a unitary monoidal equivalence, see [NY15]. Intuitively twisting
associativity on the categorical side corresponds to twisting the comultiplication on
the algebraic side via F .

We now turn to cochain twistings of q-deformations, which we call twists of q-
deformations, and for this we consider and construct T-valued 2-cochains on P = T̂ .

Let G be a simply connected semisimple compact Lie group. We are interested
in associators Φ that arise as 3-cocycles on Ẑ(G) = P/Q. The reason why we only
consider these associators will be seen in Chapter IV. For this we need to explain
how to lift such 3-cocycles and we need to construct a suitable extension of Uq(g).

Definition 2.32 (Extended Uq(g)): Let G be a simply connected semisimple compact
Lie group, and let Uq(g) be its Drinfeld-Jimbo algebra. The extended Drinfeld-Jimbo
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algebra Ũq(g) is the universal ∗-algebra generated by Uq(g) together with unitary
central elements C1, . . . , Cr, where r is the rank of g. It also carries a Hopf ∗-structure,
and there is a Hopf ∗-algebra homomorphism Ũq(g) → Uq(g) sending Ci 7→ 1 and
restricting to the identity on the remaining generators.
For Uq(g) we introduced the notion of admissibility, for the extension we need the
notion of τ -admissibility, where τ = (τ1, . . . , τr) ∈ Z(G)r.
Definition 2.33: Let τ = (τ1, . . . , τr) ∈ Z(G)r be a r-tuple. A representation of Ũq(g)
is called τ -admissible, if its restriction on Uq(g) is admissible and each central element
Ci acts on V (λ) by the scalar ⟨τ, λ⟩.
As in Definition 2.26 and Theorem 2.19 we can define the compact quantum group
Gτq .

We can identify U(Gq) ∼= U(Gτq ). Indeed every admissible representation of Uq(g)
extends uniquely to a τ -admissible representation on Ũq(g) and conversely every
τ -admissible representation of Ũq(g) arises in this way. Under this identification let
U τq (g) denote the image of Ũq(g). This ∗-algebra is generated by Ei, Fi,Ki,K

−1
i , τi,

and it carries a deformed comultiplication and can be seen as a quotient of Ũq(g) by
the relations identifying the set of central elements C1, . . . , Cr with τ1, . . . , τr.

We now explain how to lift τ in some appropriate sense to a 3-cocycle on Ẑ(G).
We consider the following T-valued map, a 2-cochain, on P × P

cτ : P × P → T, such that cτ (λ, µ+Q) = cτ (λ, µ), cτ (λ+ αi, µ) = ⟨τi, µ⟩cτ (λ, µ).
One then can compute that

∂cτ (λ, µ, ν) = cτ (λ, µ)cτ (λ+ µ, ν)−1cτ (λ, µ+ ν)cτ (λ, µ)−1,

which is invariant in each component under translation by Q. Hence we may identify
∂cτ as 3-cocycle on P/Q = Ẑ(G). Moreover its cohomology class only depends on τ
and also the twisted coproduct ∆̂cτ = cτ ∆̂qc

∗
τ is independent on the choice of cτ . We

also have (∂cτ )∗ ∈ U(Z(G)3) and can therefore be seen as an invariant 3-cocycle Φτ ,
with

Φc = (id ⊗∆̂q)(c∗)(1 ⊗ c∗)(c⊗ 1)(∆̂q ⊗ id)(c),
where c := cτ , as already discussed below Theorem 2.19. This defines a group
homomorphism

Θ: Z(G)r → H3(P/Q,T)
by sending τ to the cohomology class of Φτ in H3(P/Q,T). Finally for τ, ν we have
Gτq

∼= Gνq if and only if
n−1∏
i=1

τ ii =
n−1∏
i=1

νii . (∗)

For more details, including the following two propositions, see [NY15].
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Proposition 2.34: The comultiplications ∆̂f on U(Gq) and ∆̂ on U τq (g) coincide.
Moreover Rep(Gτq ) is unitarily monoidally equivalent to (Rep(Gq),Φτ ).

Proposition 2.35: Let G be a simply connected semisimple compact Lie group then
every 3-cocycle Φ ∈ H3(P/Q,T) is cohomologous to Φτ for τ ∈ Z(G)r if and only if
Φ lifts to a coboundary of P .

If P/Q = Ẑ(G) is generated by at most two elements, then every 3-cocycle Φ ∈
H3(P/Q,T) is cohomologous to Φτ for τ ∈ Z(G)r. Hence the compact quantum
groups Gτq exhaust all associators of RepGq in this case.

Remark 2.36: Note that in the case G = SU(N) one has

P/Q = Ẑ(G) ∼= Z/NZ

and therefore

H3(P/Q,T) = H3(Z/NZ,T) ∼= Z/NZ.

Via this identification, we can explicitly define a generator ϕ by

ϕ(a, b, c) = ω
αN (a,b)c
N , αN (a, b) =

⌊
a+ b

N

⌋
−
⌊
a

N

⌋
−
⌊
b

N

⌋
,

where ωN = e2πi/N , hence we may identify H3(P/Q,T) with the group of units of
order N . Since Z(G) = Z/NZ we can also identify it with the group of N -th roots
of unity and thus τ ∈ Z(G)N−1 as a tuple of N -th roots of unity.

Let us also consider 2-cochains c, which we want to decompose, see [NY16, below
Theorem 5.1].

For this it is useful to enlarge the maximal torus T of SU(N) by the maximal
torus TN−1 of U(N), and we view T as T = TN−1 ∩ SU(N). Then 2-cocycles on
T̂ can be lifted to T̂N−1, and can be seen (up to coboundaries) as skew-symmetric
bicharacters ω : ZN × ZN → T as the dual of TN−1 is given as ZN , which needs to
satisfy ω(L1 + . . .+ LN , x) = 1 for all x ∈ ZN , where (Li) is the base of ZN dual to
the base of the Lie algebra of diagonal matrices. The matrix (ωij) ∈ MN defined
by ωij = ω(Li, Lj) satisfies ωii = 1, ωij = ωji and ∏i ωij = 1 for every 1 ≤ j ≤ N .
Two matrices (ωij) and (ω̃ij) represent the same element of H2(P,T) if and only if
ω2
ij = ω̃2

ij for all 1 ≤ i, j ≤ N .
Now fix 2-cochains c1, . . . , cN , such that ∂c1, . . . , ∂cN exhaust H3(P/Q,T). Let

the simple roots of SU(N) be given as αi = Li − Li+1 and define | · | : P → Z via
|L1| = N − 1 and |Li| = −1 otherwise, then the cochain cτ for a N − 1-tuple τ of
N -th roots of unity fulfils

cτ (λ, µ+ αi) = cτ (λ+ µ), cτ (λ+ αi, µ) = ⟨τi, µ⟩cτ (λ, µ) = τ
|µ|
i cτ (λ, µ).
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By (∗) we may choose ck := cτk
with

τk = (e2π(k−1)i/N , 1 . . . , 1).

Then we can first twist SUq(N) by ck and then we can twist it by the skew-
symmetric bicharacter ω. In some sense the bicharacter ω encodes the difference of c
and a suitable ck, to obtain c = ckω. See also Corollary 4.19.
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Chapter III.

The Poisson Boundary and
Factorisation of Fiber Functors

In this chapter we aim to construct the Poisson boundary of a C∗-tensor category,
generalising the Poisson boundary for compact quantum groups, see [Izu04]. The
Poisson boundary will be useful for determining the dimension-preserving unitary
fiber functors, since these can be factorised through the maximal Kac quantum
subgroup of a compact quantum group.

Throughout this chapter let C be a strict rigid C∗-tensor category, in particular
closed under finite direct sums and subobjects, and such that Irr(C) is at most
countable.

This chapter is mainly based on [NY17a] and [NY16].

1. Poisson Boundary
In this section we briefly introduce the construction of the classical Poisson boundary
for groups. We then generalise it to the categorical Poisson boundary of a rigid
C∗-tensor category, and prove its universality.

Let G be a discrete group, and let µ be a probability measure on G. A function
f : G → C is called µ-harmonic if

f(g) = Pµf(g) :=
∑
h∈G

µ(h)f(gh), for all g ∈ G.

We call Pµ the Markov operator and we denote by H∞(G,µ) the space of bounded
(with respect to the sup-norm) µ-harmonic functions. Endowed with a suitable
product and involution, this space is a unital commutative C∗-algebra, hence it is
isomorphic to C(Πµ) for some compact space Πµ. Moreover there exists a measure
ν on Πµ such that P ν defines an isomorphism C(Πµ) → H∞(G,µ). We call (Πµ, ν)
the Poisson boundary of (G,µ).
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One can also construct the Poisson boundary of (G,µ) via right random walks on
(G,µ), which encode the asymptotic behaviour of the random walk on G. A (right)
random walk on (G,µ) is a time-discrete Markov chain with transition probability
p(g → h) = µ(g−1h), i.e. the position is given by the previous position by right
multiplication with a random element in G. The boundary Πµ can then be realised
as quotient of the trajectory space GN by a suitable equivalence relation.

This Poisson boundary has interesting applications in group theory, such as the
proved Fürstenberg conjecture; see [Für73]. It states that G is amenable if and
only if G possesses a probability measure µ with full support for which no non-
trivial µ-boundaries exist. Here, µ-boundaries are quotients of the Poisson boundary.
Motivated by this, Izumi [Izu04] defined the non-commutative Poisson boundary for
discrete quantum groups. We will not review this construction here, and instead
study the Poisson boundary of C∗-tensor categories. Note that an analogue of the
Fürstenberg conjecture holds for the Poisson boundary of C∗-tensor categories.

Our starting point is a rigid C∗-tensor category C and a probability measure µ
on the set of isomorphism classes of simple objects Irr(C). We now need to find a
suitable analogue of the Markov operator. For this let us fix some notation.

Notations. We mainly follow the notation in [NY17a]. For an object U ∈ Ob(C)
we define the functor

id ⊗U : C → C, X 7→ X ⊗ U.

Recall that a natural transformation between two functors F,G : C → D is a family
of morphisms (ηX : F (X) → G(X))X such that ηY ◦ F (f) = G(f) ◦ ηX for every
f ∈ Mor(X,Y ) and X,Y ∈ Ob(C). We denote the set of natural morphisms between
two functors F and G by Nat(F,G). On the space Nat(id ⊗U, id ⊗V ) for objects
U, V ∈ Ob(C) we may define a linear operator

PX : Nat(id ⊗U, id ⊗V ) → Nat(id ⊗U, id ⊗V ), (ηY ) 7→ (trX ⊗ id)(ηX⊗Y ),

where (trX ⊗ id) denotes the partial categorical trace: Let U ∈ Ob(C) and let (RU , RU )
be a fixed standard solution of the conjugate equations. Then first define the
categorical trace

trU : End(U) → C, trU (T ) = dC(U)−1R∗
U (id ⊗T )RU .

At first we give an example for this, before considering the partial categorical trace.

Example 3.1: In the setting of Example 2.9, for an object H with dimension d(H) =
dim(H) = n and an operator T ∈ B(H) ∼= Mn(C), we obtain

trH(T ) = 1
n
R∗

H(id ⊗T )RH(1) = 1
n
R∗

H

(
n∑
i=1

e∗
i ⊗ Tei

)
= 1
n

n∑
i=1

⟨Tei, ei⟩ = tr(T ),

which is the normalised trace on H.
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The abstract categorical trace is tracial. This can be seen by considering string
diagrams,

trU (ST ) =
T

S

=
S

T

= trU (TS).

The diagrams are topologically equivalent by passing S through the circle clockwise.
By the mentioned Joyal-Street-Verity theorem, trU is tracial. Note that this spherical
property is in a sense a consequence of the assumed rigidity.

We now define the partial trace: for fixed object U , X and Y , set

trU ⊗ id : Mor(U ⊗X,U ⊗ Y ) → Mor(X,Y ),
(trU ⊗ id)(T ) = dC(U)−1(R∗

U ⊗ id)(id ⊗T )(RU ⊗ id).

In the same manner as above, one checks that for C = Hilbf , this is indeed the
classical normalised partial trace. Both kinds of traces were introduced in [JSV96].

Moreover let

Ĉ(U, V ) = {(ηY ) ∈ Nat(id ⊗U, id ⊗V ) | sup
Y

∥ηY ∥ < ∞} ⊆ Nat(id ⊗U, id ⊗V ).

Then Ĉ(U, V ) is a Banach space and it is isomorphic to the ℓ∞-direct sum by choosing
representatives Us for each simple object in Irr(C)

Ĉ(U, V ) ∼=
⊕

s∈Irr(C)
Mor(Us ⊗ U,Us ⊗ V ).

This follows from the fact that natural transformations are already determined by
their action on simple objects.

The operator PX defined above is a contraction on this Banach space, and depends
only on the isomorphism class of X. Hence we fix representatives (Us) in Irr(C) and
only consider Ps := PUs . We can define the Markov operator by

Pµ =
∑
s

µ(s)Ps,

which is again a contraction on Ĉ(U, V ). We call a natural transformation η ∈ Ĉ(U, V )
Pµ-harmonic if Pµ(η) = η. Note that both the classical Markov operators and the
categorical Markov operators are kind of averaging operators and share similar
properties.

The composition of two Pµ-harmonic natural transformations is not necessarily
Pµ-harmonic. However we can define the following associative product, which exists
by arguments in [Izu12].
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Proposition 3.2: Let ν, η : id ⊗U → id ⊗V be bounded Pµ-harmonic natural transfor-
mations, then

(ν · η)X := lim
n→∞

Pnµ (νη)X

exists for all objects X and defines a bounded Pµ-harmonic natural transformation
id ⊗U → id ⊗V . Moreover · is associative.

Before constructing the Poisson boundary of C, we need a categorical auxiliary
construction.

Remark 3.3 (Idempotent completion): Given a C∗-category C with morphism sets
Mor(X,Y ) for objects X,Y , one can construct a new category C̃0 by taking the
same objects and enlarging the morphism sets, i.e. we consider morphism sets

˜Mor(X,Y ) ⊇ Mor(X,Y ). This category is in general not closed under subobjects,
since there may be projections p ∈ Ẽnd(X), that are not contained in End(X). We
apply the idempotent completion on it, sometimes called Karoubi envelope, by adding
projections p ∈ Ẽnd(X) as objects of C̃, and taking q ˜Mor(X,Y )p as the morphism set
from the object p ∈ Ẽnd(X) to q ∈ Ẽnd(Y ). We denote the resulting C∗-category as
C̃. Furthermore the natural embedding Mor(X,Y ) → ˜Mor(X,Y ) can be considered
as a C∗-functor.

If one works with C∗-tensor categories, one first needs to define a suitable tensor
bifunctor

⊗ : C̃0 × C̃0 → C̃0,

before performing the completion. In this case the idempotent completion preserves
rigidity.

Construction of the Poisson boundary. In this spirit, let P0 be the category with
the same objects as C and let the morphism set M̃or(U, V ) be the space of bounded
Pµ-harmonic natural transformations η : id ⊗U → id ⊗V , and with composition given
by the product in Proposition 3.2 as composition. Note that Mor(U, V ) ⊆ M̃or(U, V ),
indeed for any morphism T ∈ Mor(U, V ) the natural transformation (idY ⊗T )Y is
contained in Nat(id ⊗U, id ⊗V ), is bounded and is Pµ-harmonic, since

PX(idY ⊗T )Y = (trX ⊗ id)(idX⊗Y ⊗T )
= (trX ⊗ id)(idX ⊗(idY ⊗T )) = idY ⊗T

for all X, and hence the same holds for Pµ.
The tensor product on objects is the same as in C, but we need a different tensor

product on morphisms.
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Let η : id ⊗U → id ⊗V and ν : id ⊗W → id ⊗Z be bounded Pµ-harmonic natural
transformations and define

η ⊗ ν = (η ⊗ idZ) · (idU ⊗ν),

where

η ⊗ idZ : id ⊗U ⊗ Z → id ⊗V ⊗ Z, with (η ⊗ idZ)X = ηX ⊗ idZ ,
idU ⊗ν : id ⊗U ⊗W → id ⊗U ⊗ Z, with (idU ⊗ν)X = νX⊗U .

By construction clearly η⊗ idZ and idU ⊗ν are Pµ-harmonic. Moreover by naturality
of η we have (η ⊗ ν) = (id ⊗ν) · (η ⊗ id). Thus ⊗ : P0 × P0 → P0 is a bifunctor.

Applying the idempotent completion to P0, which yields a strict rigid C∗-tensor
category P. Finally define

Π: C → P, identity on objects and on morphisms T 7→ (idX ⊗T )X .

This is a well-defined unitary tensor functor.

Definition 3.4 (Poisson boundary): Let C be a rigid C∗-tensor category and let µ be
a probability measure. The pair (P,Π), constructed above, is called the Poisson
boundary of (C, µ). The Poisson boundary (P,Π) is called trivial, if the only bounded
Pµ-harmonic natural transformations id ⊗U → id ⊗V are transformations of the
form (idX ⊗T )X for some T ∈ Mor(U, V ).

The Poisson boundary has a universal property, which we will discuss after the
next example. Note that it is also possible to give concrete realisations of Poisson
boundaries. Since this is not necessary for this thesis, we refer to [NY17a].

Example 3.5: Consider the tensor unit object I and in particular the algebra End(I).
The functor induced by I is simply

id ⊗I : C → C, X 7→ X ⊗ I = X,

by strictness. Thus we are looking at natural transformations from the identity
functor to itself, i.e. a family of endomorphisms ηX : X → X.

For simple objects Us ∈ Irr(C), Schur’s lemma gives End(Us) = C id and hence

ηUs = λs idUs , for some λs ∈ C.

Therefore η is completely determined by a bounded function

λ : Irr(C) → C, [Us] 7→ λs,

and we may view End(I) as a subspace of ℓ∞(Irr(C)). Moreover

PUs(η)Ut = (trUt ⊗ id)(ηUt⊗Us).
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As in Definition 2.13, we can decompose

Ut ⊗ Us =
⊕
r

N r
t,sUr

with fusion coefficients N r
t,s and since η acts on Ur as λr id we obtain

(PUsλ)(Ut) =
∑
r

N r
t,sd(Ut)

d(Us)d(Ur)
λ(Ur).

Consequently

(Pµλ)(Ut) =
∑
s

µ(Us)
∑
r

N r
t,sd(Ut)

d(Us)d(Ur)
λ(Ur).

If we set

pµ(Ut → Ur) :=
∑
s

µ(Us)
N r
t,sd(Ut)

d(Us)d(Ur)
,

then the Markov operator is of the form

(Pµλ)(Ut) =
∑
r

pµ(Ut → Ur)λ(Ur).

This corresponds to a classical random walk on Irr(C) and hence End(I) is determined
by this random walk.

If the tensor unit of P is simple with respect to the probability measure µ, then
we call µ ergodic.

We need to introduce (weakly) amenable C∗-tensor categories, for the universality
theorem. Amenability implies also the existence of an ergodic probability measure.

Definition 3.6: We call C (weakly) amenable if there exist a left invariant mean on
ℓ∞(Irr(C)), i.e. a state m such that m(Ps(f)) = m(f) for all f ∈ ℓ∞(Irr(C)) and all
Us ∈ Irr(C).

Proposition 3.7: C is weakly amenable if and only if there exists an ergodic probability
measure µ.

We now prove the universality of the Poisson boundary.

Theorem 3.8: Let C be a weakly amenable strict C∗-tensor category and µ be an
ergodic probability measure and let (P,Π) be the corresponding Poisson boundary.
Then the functor Π realises the minimal intrinsic dimension function, i.e.

dC
min(U) = dP(Π(U))
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for all objects U in C, where

dC
min(U) := inf dA(F (U)),

and the infimum is taken over all pairs (A, F ) consisting of a rigid C∗-tensor category
A and a unitary tensor functor F : C → A.

Moreover (P,Π) is universal in the following sense that if A is another rigid
C∗-tensor category and unitary tensor functor F : C → A, such that dC

min = dAF ,
then there exists a unique up to a natural unitary monoidal isomorphism, unitary
tensor functor Λ: P → A such that ΛΠ ∼= F . Finally the resulting Poisson boundary
does not depend on the choice of ergodic probability measure.

We only sketch the proof. For the following we have to work with morphism
spaces in different categories. For a category C we write C(U, V ) := Mor(U, V ) and
C(U) := C(U,U).

The following two lemmas are needed.

Lemma 3.9: Let A be a strict rigid C∗-tensor category and let C ⊆ A be a C∗-
tensor subcategory. For every object U in C there exists a unique invertible element
aU ∈ A(U) such that

(id ⊗a1/2
U )RU and (a−1/2

U ⊗ id)RU

form a standard solution of the conjugate equations of U in A, where (RU , RU ) is a
solution of the conjugate equations of U in C.

Proof. Recall from Proposition 2.8 that there exists an invertible morphism T ∈
A(U) such that (id ⊗T )RU and ((T ∗)−1 ⊗ id)RU is a standard solution. By polar
decomposition we can write T = v|T | = va

1/2
U for some unitary v. Then

(id ⊗T )RU = (id ⊗v)(id ⊗a1/2
U )RU ,

((T ∗)−1 ⊗ id)RU = (v ⊗ id)(a−1/2
U ⊗ id)RU .

Standard solutions are invariant under multiplication by a unitary. Hence (id ⊗a1/2
U )RU

and (a−1/2
U ⊗ id)RU are standard solutions.

Any other standard solution is of the form (id ⊗ua1/2
U )RU and (ua−1/2

U ⊗ id)RU for
a unitary u. Since the polar decomposition is unique ua1/2

U is positive if and only if
u = 1. □

Sketch of the proof of Theorem 3.8. First we may assume that F : C → A is an
embedding functor, hence C may be regarded as a subcategory of A.

Step 1. Define a ucp map

ΘU,V : A(U, V ) → P(U, V ),
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so that ΘU,V (T ) is PX -harmonic for every object X in C. These maps can be
viewed as projections onto the Poisson boundary. In the classical setting they would
correspond to

Θ(f) = lim
n→∞

n−1
n−1∑
i=0

P iµ(f),

where Θ(f) is µ-harmonic.
Step 2. Show that dP(U) ≤ dA(U) for all objects U in C. In other words, the

intrinsic dimension function on P is the smallest dimension function on C. Let
(RU , RU ) be solutions of the conjugate equations of U . Then consider the solutions

rU = (id ⊗ΘU (aU )1/2)RU and rU = (ΘU (aU )−1/2 ⊗ id)RU .

Then

r∗
UrU = R∗

U (id ⊗ΘU (aU ))RU = ΘU (R∗
U (id ⊗aU )RU )

= ΘU

((
(id ⊗a1/2

U )RU
)∗((id ⊗a1/2

U )RU
))
.

The last step follows from the properties of ΘU .
Moreover if one has a standard solution (R,R), then by construction R∗R is of the

form λ id. Since ∥R∗R∥ = ∥R∥2 = dA(U), it follows that λ = dA(U). Hence using
the C∗-identity and the linearity of ΘU we obtain

∥rU∥ = dA(U).

Using a Jensen’s inequality argument however we get

∥rU∥ ≤ dA(U).

This proves dP(U) ≤ dA(U). Thus by construction

dC
min(U) = dP(U).

Step 3. Construct the minimal C∗-subcategory B̃ ⊆ A that contains C and
morphisms of the form (idV ⊗aU ⊗ idW ) for objects U, V,W in C. Denote by B the
idempotent completion of B̃. This can be considered again as a subcategory of A
(possibly after adjoining some objects).

Via the maps ΘU,V defining a unitary tensor functor B̃ → P, we may consider its
image, which yields a C∗-subcategory P̃ ⊆ P . Let P ′ be the idempotent completion
of P̃. By construction, P ′ is unitarily monoidally equivalent to B.

The embedding functor P ′ → P is a unitary monoidal equivalence, with dC
min(U) =

dP ′(U) for all objects U in C, which follows by construction. Moreover by this
equivalence, also P and B are unitarily monoidally equivalent, say through Λ: P → B,
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which we may assume to be the identity on C. The functor Λ can also be seen as a
functor P → A, this yields the wanted factorisation of F : C → A, and the theorem
is proven.

□
The construction in the third step can also be viewed as an explicit description of

the Poisson boundary.

Proposition 3.10: Let C be a rigid amenable C∗-tensor category and (P,Π) its Poisson
boundary. Then

dC
min(U) = ∥ΓU∥ .

Note that a compact quantum group G is coamenable if and only if ∥ΓU∥ = dim(U)
for every representation U .

Moreover, if G is coamenable, then Rep(G) is amenable, i.e. in this case

d
Rep(G)
min (U) = dim(U).

In the next section we will see that the Poisson boundary of the representation
category of a coamenable compact quantum group is given by the forgetful functor
Rep(G) → Rep(K), where K ⊆ G is the maximal Kac quantum subgroup.

2. Factorisation of Fiber Functors
As mentioned above we consider amenable compact quantum groups G and find their
Poisson boundary. The maximal Kac quantum subgroup K ⊆ G will be important
and we will see how it is established at the categorical level. Recall that a compact
quantum group is Kac if the antipode is selfinvolutive on the Hopf ∗-algebra, i.e.
S2(a) = a for all a ∈ C[G]. For any compact quantum group G we can describe the
maximal Kac quantum subgroup as follows. Let

I := ⟨S2(a) − a⟩.

Then I is a Hopf ∗-ideal and the quotient Hopf ∗-algebra C[G]/I is Kac. It corresponds
to the maximal Kac quantum subgroup K ⊆ G. This construction is due to van
Daele and Sołtan. For the following proof, see [NY16].

Theorem 3.11 (Neshveyev-Yamashita): Let G be a coamenable compact quantum
group and K its maximal Kac compact quantum subgroup. Then there is a bijec-
tion of the isomorphism classes of unitary fiber functors F̃ : Rep(K) → Hilbf and
the isomorphism classes of unitary fiber functors F : Rep(G) → Hilbf such that
d(F (U)) = dimU . Equivalently, the map

H2(K̂,T) → H2(Ĝ,T)

is a bijection.
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Proof. Since G is coamenable, Rep(G) is amenable, and hence we may consider
its Poisson boundary (P,Π) with respect to an ergodic measure. The forgetful
functor Rep(G) → Hilbf factorises through the universal functor Π: Rep(G) → P
and hence, by Tannaka-Krein duality, we can identify Π with the forgetful functor
Rep(G) → Rep(H), where H ⊆ G is a closed quantum subgroup of G.

By universality of the Poisson boundary the intrinsic dimension function of Rep(H)
is the classical dimension, which is if and only if ρU = 1 for all representations U ,
and hence H is Kac. Since H ⊆ K, every intertwiner for K is also an intertwiner in
H, so we have EndK(U) ⊆ EndH(U) for all representations U . By the factorisation
property we can embed EndH(U) in EndK(U), thus EndK(U) = EndH(U) for all
representations U and consequently H = K.

The statement follows from this and the factorisation property. Indeed, if

F0 : Rep(K) → Hilbf

is a unitary fiber functor, then F := F0Π defines a unitary fiber functor Rep(G) →
Hilbf and since K is Kac, we have dim(U) = d(F (U)). Conversely, if F : Rep(G) →
Hilbf is a unitary fiber functor such that dim(U) = d(F (U)), then we can factorise
to obtain a unitary fiber functor F0 : Rep(K) → Hilbf . □

We conclude for coamenable compact quantum groups G the classification of
dimension-preserving unitary fiber functors reduces to the classification of unitary
fiber functors on the maximal Kac quantum subgroup K. It suffices to determine
H2(K̂,T).

It will turn out in the following section that the maximal Kac quantum subgroup
of Gcq with 0 < q < 1 and c a 2-cochain with some properties is given by the maximal
torus T .

Proposition 3.12: Let G be a compact quantum group, K its maximal Kac quantum
subgroup, and let ω be a unitary 2-cocycle on K̂, then Kω is the maximal Kac quantum
subgroup of Gω.

Proof. Recall the construction of Gω. We have Rep(G) ∼= Rep(Gω), the same holds
for Rep(Kω) = Rep(K), and hence the intrinsic dimension functions coincide. Since
K is Kac, and the intrinsic dimension is the classical dimension, also Kω is Kac.

Assume that Kω ⊆ H is a Kac quantum subgroup of Gω. Note that ω∗ is a unitary
2-cocycle on Ĝω and we have (Gω)ω∗ ∼= G and (Kω)ω∗ ∼= K by construction. One has
K ⊆ Hω∗ , and since K is the maximal Kac quantum subgroup of G, we obtain that
Kω = H. Therefore Kω is the maximal Kac quantum subgroup of Gω. □

3. Maximal Kac Quantum Subgroup of Gc
q

We now determine the maximal Kac quantum subgroup of the twisted q-deformation
of a connected semisimple compact Lie group in order to apply our result above. We
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work in the same setting as in Chapter II: G is a connected semisimple compact Lie
group, denote by g its (complexified) Lie algebra, T the maximal torus of G, P the
weight lattice and Q its root lattice, such that Ẑ(G) ∼= P/Q. Moreover let c be a
T-valued 2-cochain on the dual group T̂ = P , such that ∂c defines a 3-cocycle on
Ẑ(G).

Proposition 3.13: Let q > 0, then the maximal Kac quantum subgroup of Gq is the
maximal torus T ⊆ G.

This is a result by Tomatsu, [Tom07], and we want to give the idea of the proof. For
this we recall the C∗-algebraic structure of C(Gq), to do so let us briefly introduce
its generators.

Let (αi)ni=1 be the set of simple roots of G. Let λ be an integral dominant weight,
we denote V λ for the irreducible (hence also admissible, recall Remark 2.24) Uq(g)-
module with highest weight λ and denote by V λ(µ) the weight space of µ in V λ,
defined as in Definition 2.23, and fix an ONB (ξλr )r for each weight space. Define the
generators

Cλξµ
s ,ξν

r
∈ C[Gq] ⊆ Uq(g)∗,

by

Cλξµ
r ,ξν

s
(x) = ⟨xξνs , ξµr ⟩,

where xξνs denotes the action of x ∈ Uq(g) on V λ. Then

C[Gq] = span
{
Cλξµ

r ,ξν
s

}
λ,µ,ν,r,s

.

The C∗-completion of C[Gq] is denoted by C(Gq).
We will also need the scaling group, which is given on these generators by

τt(Cλξµ
r ,ξν

s
) = qi⟨µ−ν,2ρ⟩tCλξµ

r ,ξν
s
,

where ρ = 1
2
∑n
i=1 αi. Denote by

ri : C[Gq] → C[SUqi(2)]

the canonical surjection, which is induced by the embedding sl(2) → g, respectively

Uq(sl(2)) → Uq(g),

since any semisimple Lie algebra has a subalgebra isomorphic to sl(2). Finally, recall
that any one-dimensional ∗-homomorphism π : C[Gq] → C is given by πt = χt ◦ ιT ,
where χt : C(T ) → C denotes the evaluation map at t ∈ T .
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Proof of Proposition 3.13. Assume that H is a Kac quantum subgroup of Gq. We
show that C(H) needs to be commutative. Suppose, for contradiction, that H is
not commutative. Then there exists a ∗-representation ρ : C(H) → B(Hρ) with
dim(Hρ) ≥ 2. Define π = ρ ◦ ιH. Since the scaling group of H is trivial, we have by
Lemma 1.23 ιH = ιH ◦ τt for all t ∈ R. Hence

ιH(Cλξµ
r ,ξν

s
) = 0,

since qi⟨µ−ν,2ρ⟩t ̸= 0, it follows that π(Cλ
ξµ

r ,ξν
s
) = 0 for such matrix coefficients.

However, this is not true: one can show that it suffices to consider ∗-representations
of the form πsi,t. Indeed, by a theorem of Soibelman and Korogodsky, [KS98], every
representation can be written as

π = πw,t = (πi1 ◦ ri1 ⊗ . . .⊗ πin ◦ rin ⊗ πt) ◦ ∆(k),

where w = si1 . . . sin in the Weyl group and by construction these representations
have the property that

πsi,t(C
ωj

ξωj ,ξωj −αj
) ̸= 0,

where ωj is the fundamental weight to αj . See [Tom07] for more details on the
definition and the properties.

This yields a contradiction. Hence C(H) is commutative, and H is a classical
compact group.

Let χH
x : C(H) → C be the character ∗-homomorphism, i.e. evaluation at x ∈ H.

We use the same notation for C(T ). Since every one-dimensional representation π of
C(Gq) can be factorised as π = χt ◦ ιT , for each x ∈ H there exists φ(x) ∈ T such
that

χH
x ◦ ιH = χTφ(x) ◦ ιT .

The map φ : H → T is continuous and one can prove that it is also a group homo-
morphism. Indeed, let x, y ∈ H. Then

χTφ(xy) ◦ ιT = χH
xy ◦ ιH = (χH

x ⊗ χH
y ) ◦ ∆H ◦ ιH

= (χH
x ⊗ χH

y ) ◦ (ιH ⊗ ιH) ◦ ∆Gq

= (χTφ(x) ⊗ χTφ(y)) ◦ (ιT ⊗ ιT ) ◦ ∆Gq

= (χTφ(x) ⊗ χTφ(y)) ◦ ∆T ◦ ιT
= χTφ(x)φ(y) ◦ ιT .

Injectivity follows by the simple fact that χTe ◦ ιT = ε, hence the kernel needs to be
trivial. Thus every Kac quantum subgroup is contained in T , and hence T is the
maximal Kac quantum subgroup, as stated. □
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In the following theorem we see that for Gcq the maximal Kac quantum subgroup
is actually also given by the maximal torus T of G. We first need to establish the
following lemma, which states that the Woronowicz character of Gcq agrees with that
of Gq.

Lemma 3.14: Let 1 ̸= q > 0 and c be a T-valued 2-cochain on P , such that ∂c
descends to a 3-cocycle on P/Q. The Woronowicz character f1 of Gcq is given by
q−2ρ∗.

Proof. We may assume that Φc is normalized, i.e. if one of the arguments is the unit,
then it acts trivially, since Gcq does not change by multiplication by a 2-cochain on
Ẑ(G) = P/Q. Note that the associator Φc(U, V,W ) for irreducible representations
U, V,W acts as a scalar λU,V,W .

For an irreducible representation U , let the scalar λU denote the scalar that acts
on HU ⊗ HU ⊗ HU . Now let (RU , RU ) be a standard solution of the conjugate
equations of U . Note that by construction (λURU , RU ) is a solution for the conjugate
equations of U in the twisted category (Rep(Gq),Φc). Applying the induced fiber
functor F : Rep(Gq) → Hilbf , defining Gcq, to the solution, we obtain (λUcRU , cRU ).
Since c ∈ U(T × T ), c acts on weight vectors (ξi)i by multiplication with scalars in
T. Choose an ONB of weight vectors (ξi)i in HU . By Example 2.9 and since torus
elements act on weight vectors as a scalar, we can write

cRU (I) = c(1 ⊗ ρ−1/2)
∑

ξ∗
i ⊗ ξi = c

∑
ξ∗
i ⊗ ρ−1/2ξi =

∑
ξ∗
i ⊗ βiρ

−1/2ξi,

where βi ∈ T are such scalars, and ρ is the Woronowicz character of Gq. Comparing
with the definition of the Woronowicz character, this forces the new Woronowicz
character f−1/2 to take the form ρ−1/2v for some unitary operator v. Because the
Woronowicz character must be a positive operator and ρ−1/2 is already positive, this
unitary v must be the identity, concluding that f1 = ρ = q−2ρ∗ by Lemma 2.27. □

We only give a sketch of the proof of the next theorem, [NY16], and highlight the
main steps.

Theorem 3.15: Let 1 ̸= q > 0 and c be a T-valued 2-cochain on P , such that ∂c
descends to a 3-cochain on P/Q. Then the maximal Kac quantum subgroup of Gcq is
the maximal torus T .

Sketch of the proof.
We consider 2-cochains of the form cτ , where τ ∈ Z(G)r. Let T be the maximal

torus of G, and let Tτ ⊆ T be the subgroup generated by the entries of τ . There is a
group homomorphism ψ : T̂τ → T/Z(G), defined by ⟨ψ(χ), αi⟩ = τi for χ ∈ T̂τ and
all simple roots αi.

We work at the C∗-algebraic level of Gcτ
q =: Gτq .
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Step 1. The introduced group homomorphism ψ induces an action on the level
of Hopf ∗-algebras ad(ψ) : T̂τ ↷ C[Gq] on C(Gτq ) by composition with conjugation
action T/Z(G) ↷ C(Gq). The crossed product C(Gq)⋊ad(ψ) T̂τ carries an additional
action Tτ ↷ C(Gq) ⋊ad(ψ) T̂τ . One then has an isomorphism

C(Gτq ) ∼=
(
C(Gq) ⋊ad(ψ) T̂τ

)Tτ

,

where
(
C(Gq) ⋊ad(ψ) T̂τ

)Tτ denotes the fixed-point algebra under the action of Tτ .
The set of primitive ideals, i.e. the primitive spectrum, decomposes

Prim(C(Gτq )) =
⋃
w∈W

(θw(T̂τ )\T/Tτ ) × ̂θ−1
w (Tτ ),

where W is the Weyl group, and θw are some maps. Note that Prim(C(Gq)) is given
as disjoint union of copies of the maximal torus T indexed over W . Using this and
some Morita equivalence relation of the fixed point algebra representation of C(Gτq ),
one obtains this fact.

Step 2. By Lemma 3.14 the scaling group is the same as for Gq, i.e. given
by the conjugation action by q−2itρ∗ ∈ T . The scaling group can be extended on
C(Gq) ⋊ad(ψ) T̂τ . As mentioned above, we may use a Morita equivalent C∗-algebra
of C(Gτq ), which is here given by

C(Gq) ⋊ Tτ ⋊ T̂τ ,

where we omit the explicit actions in the crossed products. Since this is a more
concrete representation, we now let (τt) act on C(Gcq) as an action R ↷ C(Gq) ⋊
Tτ ⋊ T̂τ , such that it only acts on C(Gq) and trivially on the copies of Tτ and T̂τ .

Step 3. One then deduces that on the primitive spectrum the scaling group τt acts
only on the component that is indexed over W , where it acts as q−2it(wρ∗−ρ∗). The
only element in W , such that wρ∗ = ρ∗ is given by the neutral element e, and the
part of the spectrum indexed with e consists precisely of irreducible one-dimensional
representations, i.e. point evaluations on T . We may summarise that the only
irreducible representations of C(Gτq ) fixed by the scaling group are point evaluations
on the maximal torus T .

Step 4. Now we can use again the same arguments as in the proof of Proposi-
tion 3.13.

For more details see [NY15] for the results on C(Gcq) and [NY16] for the proof in
this setting.

□
Since we are particularly interested in quantum groups of the form SU cq (N), let us

briefly recall its maximal torus.
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Example 3.16: Let N ≥ 2 and consider SU cq (N) for q ̸= 1 and c be a T-valued
2-cochain on P , such that ∂c descends to a 3-cochain on P/Q. Then the maximal
Kac quantum subgroup is given by the maximal torus of SU(N), namely

T =




eiθ1

. . .
eiθn−1

e−i(θ1+...+θn−1)


∣∣∣∣∣∣∣∣∣∣
θj ∈ R

 .

Finally by Theorem 3.8 and Theorem 3.15 we obtain the following important
corollary.

Corollary 3.17: Let 1 ̸= q > 0 and let c be a T-valued 2-cochain on P , such that
∂c descends to a 3-cochain on P/Q. Then any dimension-preserving unitary fiber
functor Rep(Gcq) → Hilbf factors uniquely (up to isomorphism) through Rep(T ).
Equivalently, we have a bijection H2(T̂ ,T) → H2(Ĝcq,T).

In particular the class of quantum groups of the form SU cq (N) is closed under
cocycle twisting.

Recall that cocycle twisting as defined below Theorem 2.19, corresponds to equip-
ping the representation category with a new induced dimension-preserving unitary
fiber functor F .
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Chapter IV.

Classification of Non-Kac Compact
Quantum Groups of SU(N)-type

The goal of this chapter is to prove the classification theorem for non-Kac compact
quantum groups of SU(N)-type. We begin by recalling the Kazhdan-Wenzl-Jordans
theorem, which describes the structure of rigid C∗-tensor categories of SU(N)-type
and thus provides the categorical starting point of the classification. Since our
interest lies in compact quantum groups, we then explain why every such category is
realised as the representation category of a quantum group of SU(N)-type. The key
input is the corollary of the factorisation result on the maximal torus, showing that
this class of quantum groups is closed under cocycle twisting. Finally, we address
the uniqueness problem, we determine when two compact quantum groups of the
form SU cq (N) are isomorphic, which leads us to study monoidal autoequivalences
of SU cq (N), in certain cases these are controlled by the automorphism group of the
based root datum.

These observations indicate that the classification of non-Kac quantum groups of
SU(N)-type follows a largely “classical pattern”.

1. Theorem of Kazhdan-Wenzl-Jordans
Before proving the classification result in the next section, we first establish the
Kazhdan-Wenzl-Jordans theorem.

The main tool will be Hecke algebras, since every category of SU(N)-type carries
natural representations of Hecke algebras. These representations allow one to recover
the fusion semiring, and hence much of the category, in a way that is largely
independent of the specific realisation.
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Definition 4.1 (Hecke algebra): Let n ∈ N and q ∈ C. The Hecke algebra Hn(q) is
the unital algebra generated by elements g1, . . . , gn−1 subject to the relations

gigj = gjgi, if |i− j| ≥ 2,
gigi+1gi = gi+1gigi+1, i = 1, . . . , n− 2,

g2
i = (q − 1)gi + q, i = 1, . . . , n− 1.

If q ̸= 0, then each generator is invertible, with inverse q−1(gi + 1 − q). For q = 1 the
quadratic relation becomes g2

i = 1, and together with the first two relations this yields
the Coxeter relations for the transpositions (i, i + 1) in Sn, hence Hn(1) = C[Sn].
More generally, if q is not a root of unity, then Hn(q) is isomorphic (as an abstract
C-algebra) to C[Sn]. In this sense, Hecke algebras can be viewed as a “q-deformation”
of C[Sn].

If q > 0 or |q| = 1, we can equip Hn(q) with a ∗-structure by declaring the
idempotents ei := (q − gi)(q + 1)−1 to be self-adjoint, i.e. e∗

i := ei, and extending
anti-linearly and multiplicatively.

Remark 4.2: Consider the category Hilbf introduced in Chapter 2, which is a C∗-
tensor category. Let H := Cd be a fixed object of Hilbf for the whole section,
fix an orthonormal basis {ψi}di=1 of H, and write q = µ2. Define an operator
T ∈ End(H ⊗ H) by

T (ψi ⊗ ψj) =


µψj ⊗ ψi, i > j,

qψi ⊗ ψi, i = j,

(q − 1)ψi ⊗ ψj + µψj ⊗ ψi, i < j.

By construction, T satisfies the quadratic Hecke relation. For instance, if i = j, then

T 2(ψi ⊗ ψi) = q2ψi ⊗ ψi = (q − 1)T (ψi ⊗ ψi) + q id(ψi ⊗ ψi),

and if i < j, then

T 2(ψi ⊗ ψj) = T
(
(q − 1)ψi ⊗ ψj + µψj ⊗ ψi

)
= (q − 1)T (ψi ⊗ ψj) + µT (ψj ⊗ ψi)

= (q − 1)T (ψi ⊗ ψj) + µ2ψi ⊗ ψj = (q − 1)T (ψi ⊗ ψj) + qψi ⊗ ψj .

The case i > j is analogous. We thus obtain a representation of Hn(q) on H⊗n by

η : Hn(q) → End(H⊗n), gi 7→ Ti := id⊗(i−1) ⊗T ⊗ id⊗(n−i−1) .

Using the computations above one checks that η satisfies the defining relations of
Hn(q). See [Jim86] for further details.

Finally, define S̃ : C → H⊗d by c 7→ cS, where

S =
∑
σ∈Sd

(−µ)l(σ)ψσ(1) ⊗ . . .⊗ ψσ(d),
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and l(σ) denotes the length of σ ∈ Sd. As stated in [PR11], the representation
category Rep(SUq) is, up to equivalence, the smallest C∗-tensor category (with
subobjects and direct sums) in Hilbf containing the (fundamental) object H and the
morphisms T ∈ End(H⊗2) and S̃ ∈ Mor(C,H⊗d), see also [Pin07].

Let C be a rigid C∗-tensor category of SU(N)-type, and let X denote its funda-
mental object, i.e. the object corresponding to the fundamental representation of
SU(N). Our goal is to extract an invariant µC associated with C.

We briefly recall the parametrization of the irreducible representations of SU(N)
and fix some notation. One can proceed via the highest-weight classification, or
equivalently via Young diagrams. A Young diagram is of the form

It encodes a partition of an integer n ∈ N as a sequence λ = (λ1, . . . , λr) with

λ1 ≥ λ2 ≥ . . . ≥ λr,
r∑
i=1

λi = n.

The i-th row of the diagram contains λi boxes. Irreducible representations of SU(N)
are in bijection with Young diagrams with at most N rows, equivalently, one may
restrict to at most N − 1 rows, since adding a column of height N does not change
the corresponding SU(N)-representation. Thus we parameterize them by

ΛN = {(λ1, . . . , λN ) ∈ NN0 | λ1 ≥ . . . ≥ λN}.

The fusion rules, i.e. the decomposition of tensor products of irreducibles, can be
written as

V µ ⊗ V ν =
⊕
λ∈ΛN

mµ,ν
λ V λ,

where mµ,ν
λ = dim Mor(V λ, V µ ⊗ V ν) is the corresponding multiplicity.

Moreover, when the second Young diagram consists of a single row, this decompo-
sition can be computed explicitly (Pieri rule) by adding the boxes of that row in all
possible ways, with at most one new box in each column. For example,

(2, 1) ⊗ (2) = (4, 1) ⊕ (3, 2) ⊕ (3, 1, 1) ⊕ (2, 2, 1).

Now fix, for each λ ∈ ΛN , a simple object Xλ.
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Lemma 4.3: For every n ∈ N we have

X⊗n =
⊕
λ∈ΛN

mλ,nXλ.

Moreover, mλ,n = 0 unless |λ| ≡ n (mod N). In particular, if m ̸≡ n (mod N), then
Mor(X⊗m, X⊗n) = 0.

Example 4.4: We can compute X⊗3 using Young diagrams:

(1) ⊗ (1) ⊗ (1) = ((2) ⊕ (1, 1)) ⊗ (1) = (3) ⊕ (2, 1) ⊕ (2, 1) ⊕ (1, 1, 1).

Therefore,

X⊗3 =
{
X(3) ⊕X(2,1) ⊕X(2,1), N = 2,
X(3) ⊕X(2,1) ⊕X(2,1) ⊕X(1,1,1), N > 2.

Note that for N = 2 the Young diagram (1, 1, 1) is not defined.
By Schur’s lemma, we obtain

End(X⊗3) ∼=
{
C ⊕M2(C), N = 2,
C ⊕M2(C) ⊕ C, N > 2.

Proposition 4.5: Let C be a C∗-tensor category of SU(N)-type. Denote by X its
fundamental object, and let a ∈ End(X⊗2) be the projection onto X(1,1) ⊆ X⊗2. Set
a1 = a⊗ id and a2 = id ⊗a. Then there exists a constant γC ∈ (0, 1] such that

a1a2a1 − γCa1 = a2a1a2 − γCa2.

As in [Jor14], we only construct γC, we do not prove that γC ̸= 0 (see [KW93] for
details).

Proof. Since (1, 1) ⊗ (1) = (1, 1, 1) ⊕ (2, 1) in terms of Young diagrams, we have

X(1,1) ⊗X = X(1,1,1) ⊕X(2,1).

Hence X(1,1,1) is a subobject of X(1,1)⊗X, so there exist a projection p ∈ End(X(1,1)⊗
X) and a morphism v ∈ Mor(X(1,1,1), X(1,1) ⊗ X) such that v∗v = idX(1,1,1) and
vv∗ = p. Similarly, we can choose w ∈ Mor(X(1,1), X

⊗2) such that w∗w = idX(1,1)
and ww∗ = a.

The restriction of a1 to X(1,1,1) equals the identity on X(1,1,1), since

a1 |X(1,1,1) = v∗(w∗ ⊗ id)a1(w ⊗ id)v
= v∗(w∗ ⊗ id)(ww∗ ⊗ id)(w ⊗ id)v
= v∗ idX(1,1)⊗X v = idX(1,1,1) .
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The same calculation yields a2 |X(1,1,1)= idX(1,1,1) .
Since X(3) is neither a subobject of X(1,1) ⊗X nor of X ⊗X(1,1), the restrictions

of both a1 and a2 to X(3) are zero. Moreover, a1 and a2 act as rank-one projections
in End(X(2,1) ⊕X(2,1)), since

dim
(
Mor(X(2,1), X(1,1) ⊗X)

)
= dim

(
Mor(X(2,1), X ⊗X(1,1))

)
= 1.

Using Example 4.4, we may identify ai with (1, fi, 0) ∈ C ⊕ M2(C) ⊕ C, where
f1, f2 are rank-one projections in M2(C).

Since ran(f1f2f1) ⊆ ran(f1) and ran(f2f1f2) ⊆ ran(f2), there exist γ1, γ2 ∈ C such
that f1f2f1 = γ1f1 and f2f1f2 = γ2f2. Then

γ1f1f2 = f1f2f1f2 = γ2f1f2.

Hence either γ1 = γ2 or f1f2 = 0, in the latter case we set γ1 = γ2 = 0. Define
γC := γ1 = γ2.

Since f1 and f2 are projections (hence positive), we have γC ∈ [0, 1]. As noted
above, we omit the technical argument showing γC ̸= 0. □

Choose µC such that

µC + µ−1
C = γ−1

C − 2 ⇔ γC = µC
(1 + µC)2 .

Note µC ∈ (0, 1] ∪ {eiα | 0 < α < 2π
3 }. However in the case of a strict C∗-tensor

category of SU(N)-type, µC ∈ (0, 1].

Proposition 4.6: The maps

θn : Hn(µC) → End(X⊗n), ei 7→ ai

extend to ∗-representations. Moreover, the kernel depends only on µC, and

θn(Hn(µC)) = End(X⊗n).

So far we have only extracted an invariant µC, but we still need a twist. Recall
from Remark 2.36 that all associators on SUq(N) correspond to an N -th root of
unity, which we denote by ω.

The maps θn : Hn(µC) → End(X⊗n) can be extended to an inductive-limit map
θ : H∞(µC) → MC, where H∞(µC) is the inductive limit of (Hn(µC), ιm,n), with
canonical embeddings ιm,n : Hm(µC) → Hn(µC) for m ≤ n, and MC is the inductive
limit (End(X⊗n), ι̃m,n), with ι̃m,n : End(X⊗m) → End(X⊗n), T 7→ T ⊗ id⊗(n−m).

Remark 4.7: Let C be a rigid C∗-tensor category of SU(N)-type and let qC = √
µC ∈

(0, 1]. In Rep(SU(N)), the trivial representation C occurs as a subrepresentation
of V ⊗N (this follows from standard Lie-theoretic arguments). Hence, in C there
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exists a morphism ν : I → X⊗N such that ν∗ν = idI , and therefore a projection
νν∗ ∈ End(X⊗N ). Consider the composition

X = X ⊗ I
id ⊗ν−−−→ X ⊗X⊗N θ(gd...g1)−−−−−→ X⊗N ⊗X

ν∗⊗id−−−−→ I ⊗X = X.

Since X is simple, Schur’s lemma implies that this endomorphism is scalar. We
denote the corresponding scalar by τC ∈ C. Equivalently, τC is characterised by

θ(gd . . . g1)(id ⊗ν) = τC(ν ⊗ id).

The scalar τC measures the interaction between the Hecke-algebra action and the
distinguished morphism ν.

Using standard properties of the Hecke algebra, we obtain the following.

Lemma 4.8: Let C be a rigid C∗-tensor category of SU(N)-type, and let τC be as
above. Then there exists an N -th root of unity ωC such that

τC = ω qN+1
C .

An N -th root of unity ωC corresponds to an associator Φ, that is, to an invariant
unitary 3-cocycle. Thus we can formulate the Kazhdan-Wenzl-Jordans theorem as
follows. The invariants µC and ω do not depend on the particular choice of the
fundamental object X. This ultimately reflects the fact that the Dynkin diagram
of SU(N) has exactly two symmetries, namely the identity and the reflection. On
Uq(g), the reflection acts by Ei 7→ EN−i, Fi 7→ FN−i, and Ki 7→ KN−i, and it sends
each object to its conjugate object X. Proceeding as in the proof of Proposition 4.13,
one concludes that µC and ωC are independent of the choice of fundamental object.

Theorem 4.9 (Kazhdan-Wenzl-Jordans): Let C be a (strict) rigid C∗-tensor category
of SU(N)-type. Then there exist q ∈ (0, 1] and a 3-cocycle Φ on P/Q = Ẑ(G) =
Z/NZ such that C is monoidally equivalent to

(Rep(SUq(N)),Φ).

The proof in [Jor14] is split into two parts. In the first part, Jordans assumes a list
of properties for a rigid C∗-tensor category C, formulated in terms of µC, ωC, and
the morphisms η and ν introduced above, see [Jor14, Assumption 6.1]. Under these
assumptions, he proves that C is unitarily monoidally equivalent to Rep(SUq(N))ω.
In the second part, he shows that every rigid C∗-tensor category of SU(N)-type
satisfies these assumptions.
Sketch of the proof.

Step 1. We have canonical isomorphisms

End(X⊗n) → End(H⊗n),
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which we want to extend to

Mor(X⊗m, X⊗n) → Mor(H⊗m,H⊗n),

using a suitable embedding

Hm,n
p : Mor(X⊗m, X⊗n) → End(X⊗p)

for some sufficiently large p. Roughly speaking, this embedding “inflates” morphisms
by tensoring with ν and ν∗.

Step 2. Denote the isomorphism End(X⊗p) → End(H⊗p) by ψp. Then ψp ◦ θp =
ηp. Moreover, the maps θp : Hp(q) → End(X⊗p) and ηp : Hp(q) → End(H⊗p) are
surjective and satisfy ker(θp) = ker(ηp).

We then define

ψm,n : Mor(X⊗m, X⊗n) → Mor(H⊗m,H⊗n),

by

ψm,n = (Hm,n
p,Rep(SUq(N)))

−1 ◦ ψp ◦Hm,n
p,C .

These maps are isomorphisms whenever m ≡ n mod N (see Lemma 4.3), where
Hm,n
p,C denotes the map Hm,n

p in the category C, and similarly for Rep(SUq(N)).
Step 3. Let C̃ be the full subcategory of C with objects Ob(C̃) = {X⊗n | n ∈ N}, and

let D be the full subcategory of Rep(SUq(N)) with objects Ob(D) = {H⊗n | n ∈ N}.
The idempotent completions of C̃ and D are C and Rep(SUq(N)), respectively.
Define a tensor functor F̃ : C̃ → D by F̃ (X⊗n) = H⊗n on objects, F̃ (T ) = ψm,n(T )
on morphisms T ∈ Mor(X⊗m, X⊗n), and F2 = id. This yields a well-defined
tensor functor. Extending it to the idempotent completions gives a unitary tensor
functor F : C → Rep(SUq(N)). Finally, F is essentially surjective and faithful (see
Lemma 2.6), hence a unitary monoidal equivalence. Therefore C and Rep(SUq(N))
are unitarily monoidally equivalent.

□

At this point, our classification is purely categorical. While we have classified
all C∗-tensor categories of SU(N)-type, reconstructing compact quantum groups
requires an additional ingredient, namely the existence of a unitary fiber functor.
Therefore, it remains to determine which of the twisted categories (Rep(SUq(N)),Φ)
actually admit such a functor. Nevertheless, the theorem above settles the first step
of the classification problem mentioned in the introduction, and prepares the ground
for the explicit classification, together with the preceding and subsequent results.

2. Monoidal Autoequivalences and Classification
For the remainder of this section, let G be a simply connected simple compact Lie
group, and denote by P its weight lattice and by Q its root lattice. In this section
we answer the second step of the classification, mentioned in the introduction.
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Proposition 4.10: Let q > 0 and let c be a T-valued 2-cochain on P , such that ∂c
descends to a 3-cochain on P/Q ∼= Ẑ(G). Then

H2(P/Q,T) ∼= H2
Gc

q
(Ĝcq,T) ∼= H2

Gc
q
(Ĝcq,C×)

induced by the inclusion U(Z(G)) ↪→ U(Gcq).

Proof. The idea is to reduce the problem to the case where c is trivial.
Denote the comultiplication on U(Gq) by ∆̂q. Since the comultiplication on U(Gcq)

is given by c∆̂qc
∗, an element ω ∈ U(Gcq × Gcq) is an invariant 2-cochain on U(Gcq)

if and only if c∗ωc is an invariant 2-cochain in U(Gq). We claim that the same
equivalence holds with cochain replaced by cocycle.

Let ω be an invariant 2-cocycle on Ĝcq. By Remark 1.27, we have

(ω ⊗ 1)(∆̂c
q ⊗ id)(ω) = (1 ⊗ ω)(id ⊗∆̂c

q)(ω)
⇔ (ωc⊗ 1)(∆̂q ⊗ id)(ω)(c∗ ⊗ 1) = (1 ⊗ ωc)(id ⊗∆̂q)(ω)(1 ⊗ c∗).

Thus it suffices to prove that c∗ωc is an invariant 2-cocycle on Ĝq, i.e.

(c∗ωc⊗ 1)(∆̂q ⊗ id)(c∗ωc) = (1 ⊗ c∗ωc)(id ⊗∆̂q)(c∗ωc).

Using the invariance of c∗ωc, the left-hand side expands to

y =(c∗ωc⊗ 1)(∆̂q ⊗ id)(c∗ωc)
=(∆̂q ⊗ id)(c∗ωc)(c∗ωc⊗ 1)
=(∆̂ ⊗ id)(c∗)(∆̂q ⊗ id)(ω)(∆̂ ⊗ id)(c)(c∗ωc⊗ 1)
=(∆̂ ⊗ id)(c∗)(c∗ωc⊗ 1)(∆̂q ⊗ id)(ω)(∆̂ ⊗ id)(c)
=(∆̂ ⊗ id)(c∗)(c∗ ⊗ 1)(ωc⊗ 1)(∆̂q ⊗ id)(ω)(∆̂ ⊗ id)(c).

Here we used, that since c ∈ U(T ) we have (∆̂q ⊗ id)(c) = (∆̂ ⊗ id)(c). By analogous
transformations, we define the right-hand side as

z = (id ⊗∆̂)(c∗)(1 ⊗ c∗)(1 ⊗ ωc)(id ⊗∆̂q)(ω)(id ⊗∆̂)(c).

Recall that ∂c = (1 ⊗ c)(id ⊗∆̂)(c)(∆̂ ⊗ id)(c∗). Then

z−1y = (id ⊗∆̂)(c∗)(id ⊗∆̂q)(ω)−1(1 ⊗ ωc)−1(∂c)(ωc⊗ 1)(∆̂q ⊗ id)(ω)(∆̂ ⊗ id)(c).

Since ∂c ∈ U(Z(G)3) by assumption, we may move ∂c at the beginning of the
expression, obtaining

z−1y =(∂c)(id ⊗∆̂)(c∗)(id ⊗∆̂q)(ω)−1(1 ⊗ ωc)−1(ωc⊗ 1)(∆̂q ⊗ id)(ω)(∆̂ ⊗ id)(c)
=(∂c)(id ⊗∆̂)(c∗)(id ⊗∆̂q)(ω)−1(1 ⊗ ωc)−1(1 ⊗ ωc)(id ⊗∆̂q)(ω)(1 ⊗ c∗)
=(∂c)(id ⊗∆̂)(c∗)(1 ⊗ c∗)(c⊗ 1)(∆̂ ⊗ id)(c) = 1,
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where in the last step we used, that ω is an 2-cocycle (see above). Hence y = z and
therefore c∗ωc is an invariant 2-cocycle on Ĝq. Consequently, it remains to prove
that

H2(P/Q,T) ∼= H2
Gq

(Ĝq,T) ∼= H2
Gq

(Ĝq,C∗).

We only sketch the main ideas, see [NT12] for more details.
Recall that the map H2(P/Q,T) → H2

Gq
(Gq,T), c 7→ ωc is well-defined as explained

at the end of Chapter II. Let P+ be the set of dominant integral weights. One can
show that there exist operators

Tµ,ν : V µ+ν → V µ ⊗ V ν , ξµ+ν 7→ ξµ ⊗ ξν ,

where ξ· denote the highest weight vectors. An invariant 2-cocycle acts on Tµ,ν by
multiplication with a scalar cω(µ, ν). This map cω can be seen as a 2-cocycle on P+.
Moreover its isomorphism class in H2(P+,C∗) depends only on the class of ω. This
yields a map

H2
Gq

(Ĝq,C∗) → H2(P+,C∗).

One then shows that for every invariant 2-cocycle on Ĝq, the class of cω in H2(P+,C∗)
lies in the image of the canonical map H2(P/Q,T) → H2(P+,C∗). Hence the map
H2
Gq

(Ĝq,C∗) → H2(P/Q,T), ω 7→ cω is well-defined, and it is clearly a left inverse
of c 7→ ωc. Finally one proves injectivity, which follows since the quotient map
P+ → P/Q is surjective and a cocycle on P/Q is a coboundary if it is symmetric.
This establishes the isomorphism

H2(P/Q,T) ∼= H2
Gq

(Ĝq,C∗) ∼= H2
Gq

(Ĝq,T).

The last isomorphism follows from polar decomposition, see [NT11b, Lemma 1.1].
Together with the first part of the proof this concludes the statement. □

Let us briefly recall the so-called based root datum of a compact semisimple Lie
group G. It is a tuple

Ψ = (X,R, X̃, R̃),

where X is the lattice of characters (of the maximal torus T of G), R is a fixed set
of simple roots, X̃ = Hom(X,Z) and R̃ is the set of simple coroots. For example for
SU(2) the based root datum is

Ψ = (Z, {2},Z, {1}).

We also can give the based root datum a geometrical meaning, in the following way.
For classification of semisimple Lie algebras we can consider Dynkin diagrams, which
are graphs, with #R vertices, one then calculates the “angle” between neighboring
simple roots. For instance the simple roots of SU(N) can be represented as α1 =
e1 − e2, . . . , αN−1 = eN−1 − eN , where (ei)i=1,...,N denotes the standard normal basis.
The associated Dynkin diagram is
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α1 α2 α3

. . .

αN−1 .

A Lie algebra or group of this type is said to be of type An−1.
Intuitively this based root datum and the Dynkin diagram encode the structure of

the Lie algebra, and is therefore a useful tool. We are particularly interested in auto-
morphisms Aut(Ψ) of a based root diagram Ψ, which correspond to automorphisms
of the Dynkin diagram. For example in the case of SU(N) with N ≥ 3 one has

Aut(Ψ) = {id, θ : αi 7→ αN−i},

where θ is the reflection map.

Let Ψ be the based root datum of a Lie group G. There is a natural action of Aut(Ψ)
on Uq(g) by Hopf ∗-automorphisms, determined on the generators by Ej 7→ Eσj
and Kj 7→ Kσj for σ ∈ Aut(Ψ). This yields an action Aut(Ψ) ↷ (U(Gq), ∆̂q). Its
restriction to the maximal torus T , and hence to Z(G), is independent of q. For
a given c, we denote by Aut(Ψ)c,q ⊆ Aut(Ψ) the stabilizer of the image of ∂c in
H3
Gq

(Ĝq,T).
We will use the following remark repeatedly.

Remark 4.11: By Tannaka-Krein duality, an isomorphism of compact quantum
groups G1 ∼= G2 is equivalent to a unitary monoidal equivalence F : Rep(G1) →
Rep(G2) together with unitary fiber functors Fi : Rep(Gi) → Hilbf and a natural
unitary monoidal isomorphism η : F2 ◦ F → F1. Moreover, such an equivalence
induces an isomorphism of fusion semirings R+(G1) → R+(G2).

Proposition 4.12: Let q > 0 and let c be a T-valued 2-cochain on P . Assume that ∂c
descends to a 3-cochain on P/Q. Then there is a short exact sequence

1 → H2(P/Q,T) → Aut⊗(Rep(Gcq)) → Aut(Ψ)c,q → 1.

Proof. By McMullen, see [McM84], there is an isomorphism Aut(Ψ) → Aut(R+(G)).
Since R+(Gcq) = R+(G), any monoidal autoequivalence F : Rep(Gcq) → Rep(Gcq)
induces an automorphism of the level of the fusion semiring, which then can be
considered as an element in Aut(Ψ). Thus we obtain a group homomorphism

Aut⊗(Rep(Gcq)) → Aut(Ψ).

Its kernel consists of those monoidal autoequivalences, that preserve the isomorphism
classes of objects, which means H2

Gc
q
(Ĝcq,T). By Proposition 4.10, we have

H2
Gc

q
(Ĝcq,T) = H2(P/Q,T)

hence the kernel is H2(P/Q,T).
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Next we show that the image of the homomorphism Aut⊗(Rep(Gcq)) → Aut(Ψ)
is contained in the stabilizer subgroup Aut(Ψ)c,q. Let σ ∈ Aut(Ψ) be the element
induced by a monoidal autoequivalence of Rep(Gcq). The action Aut(Ψ) ↷ U(Gcq),
defines an isomorphism Gcq

∼= G
σ(c)
q , which means by definition a unitary monoidal

equivalence

(Rep(Gq),Φc) ∼= (Rep(Gq),Φσ(c)).

Since σ comes from an autoequivalence of (Rep(Gq),Φc), there exists a unitary
monoidal equivalence F : (Rep(Gq),Φc) → (Rep(Gq),Φσ(c)) that preserves isomor-
phism classes of objects. Such an equivalence F exists, since first we let σ act as
an autoequivalence E on Rep(Gcq), i.e. on the categorical level. On an algebraic
level, we let σ act on U(Gcq) = U(Gq), which induces an isomorphism Gcq

∼= G
σ(c)
q

and another monoidal equivalence Ẽ : (Rep(Gq),Φc) → (Rep(Gq),Φσ(c)). We now
can define the composition F = ẼE−1, which preserves the isomorphism classes of
objects, as stated above. By this we may assume that F acts as the identity on
Rep(Gq), which implies that F2 can be seen as the action ω−1 of an invariant unitary
2-cochain ω on Ĝq. Then, by the associativity diagram of tensor functors, we see that
Φσ(c) is the twisted 3-cocycle Φc

ω. Since Φc
ω and Φc are by definition cohomologous,

we conclude that σ lies in the stabilizer subgroup Aut(Ψ)c,q. We can use the same
arguments in reverse to obtain surjectivity of Aut⊗(Rep(Gcq)) → Aut(Ψ)c,q. This
establishes the short exact sequence. □

The following result also holds for general Lie type, except for D2M . However, since
we did not really introduce Dynkin diagrams for classification, we will not consider
these cases.

Proposition 4.13: Let q > 0 and c be a T-valued 2-cochain on P , then

Aut⊗(Rep(Gcq)) ∼= Aut(Ψ),

if G is of type AN , which means that G ∼= SU(N + 1).

Proof. By assumption P/Q is cyclic, namely P/Q = Z/NZ, hence by factH2(P/Q,T)
is trivial.

We only consider G of type AN−1, i.e. we may assume that G = SU(N). By the
comments preceding Proposition 4.12, we only need to consider the reflection map
θ : αi 7→ αn−i. The induced Hopf ∗-algebra homomorphism on U(sl(N)) is again
given by reflection. On Z(G) which can be identified as Z/NZ it is given as a 7→ −a.
The so induced map θ on the level of cocycles is therefore

θ(ϕ)(a, b, c) = ϕ(−a,−b,−c).

Note that θ(ϕ) and ϕ are cohomologous, since if ϕ, see Remark 2.36, is given as

ϕ(a, b, c) = ω(⌊ a+b
N

⌋−⌊ a
N

⌋−⌊ b
N

⌋)c,
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where ω is a N -th root of unity, then ϕθ(ϕ)−1 is the coboundary of the 2-cochain

(a, b) 7→ ω−(⌊ a
N

⌋+⌊ −a
N

⌋)b

on Z/NZ. □

A proof of the following result can again be found in [NY16]. The case G = SU(N)
was indirectly shown in our discussion of the Kazhdan-Wenzl-Jordans theorem.

Proposition 4.14: Let G be a simply connected simple compact Lie group and let
q > 0, then

H3(P/Q,T) → H3
Gq

(Ĝq,T)

is injective.

3. Classification Result
We can now prove the classification result, [NY16]. It provides only a partial answer
to the classification problem posed by Woronowicz. The following remark explains
why the Kac case is currently not feasible.

Remark 4.15: Let G be a Kac compact quantum group of SU(N)-type. By Tannaka-
Krein duality, the classification of such quantum groups is equivalent to the classi-
fication of unitary fiber functors Rep(SU(N)) → Hilbf . By Corollary 2.16, these
functors are dimension-preserving. Any such unitary fiber functor can be realized as

U 7→ HomSU(N)(U,AF ).

More precisely, one can construct a C∗-algebra AF (we omit the details) together with
an action α : SU(N) ↷ AF such that HomSU(N)(U,AF ) consists of the intertwiners
between Ug and αg for all g ∈ SU(N). The resulting SU(N)-C∗-algebra AF induced
by F is ergodic, meaning that the fixed-point algebra AαF = C1, and it is of full
multiplicity, meaning that for every irreducible U we have

dim
(
HomSU(N)(U,AF )

)
= dim(U).

In particular, dimF (U) = dim(U).
Conversely, any SU(N)-C∗-algebra A with an ergodic action of full multiplicity

yields a dimension-preserving unitary fiber functor. Hence, the two classification
problems are equivalent.

Moreover, by results of Wassermann, [Was89; Was88], classifying such actions
is related to understanding certain subgroups of SU(N), which is an open group-
theoretic problem. The number of these subgroups grows quickly with N , and
a complete description currently seems out of reach. Equivalently, an explicit
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description of H2(ŜU(N),T) is, in practice too hard. Intuitively, the difficulty in
the Kac case is that one cannot reduce the problem to the maximal Kac quantum
subgroup, i.e., the maximal torus. More details can be found in [NT11a].

Finally, note that for N = 2, 3 complete classification results are known (also in
the Kac-case), see, e.g. [Ohn05]. If one restricts to the category of compact groups,
then any compact group with the fusion rules of SU(N) is isomorphic to SU(N).

Lemma 4.16: Assume that Rep(Gc1
q1) and Rep(Gc2

q2) are unitarily monoidally equiva-
lent for q1, q2 > 0, where c1, c2 are T-valued 2-cochains on P such that ∂c1 and ∂c2
descend to a 3-cochain on P/Q. Then either q1 = q−1

2 or q1 = q2.

Proof. We may assume q1, q2 ≤ 1, since Gq and Gq−1 are isomorphic, and this
isomorphism sends the maximal torus of Gq onto the maximal torus of Gq−1 . Thus
it suffices to show q1 = q2.

As in Proposition 4.12, the monoidal equivalence induces an automorphism of the
fusion semiring. Hence there exists σ ∈ Aut(Ψ) and a unitary monoidal equivalence
F : Rep(Gσ(c1)

q1 ) → Rep(Gc2
q2) that induces the identity on the fusion semiring R+(G).

Assume now that q1 < q2 ≤ 1. By Lemma 3.14, the quantum dimension is independent
of c, and the Woronowicz character of Rep(Gq) is given by f1 = q−2ρ∗ , where ρ∗

denotes half the sum of the positive roots. Let w0 be the longest element of the
Weyl group. It sends positive roots to negative roots and satisfies w0(ρ∗) = −ρ∗.
Consequently, ρ∗ acts on representations of G with a spectrum symmetric around 0.
The quantum dimension is the trace of q−2ρ∗ , equivalently,

dimq(V ) =
∑
µ

q−2⟨µ,ρ∗⟩,

where µ ranges over the weights of V . By symmetry, the terms occur in pairs
q−2λ + q2λ. Note that q 7→ q + q−1 is strictly decreasing on (0, 1], which induces
that dimq1 ̸= dimq2 . This is a contradiction to the unitary monoidal equivalence of
Rep(Gc1

q1) and Rep(Gc2
q2), hence q1 = q2. □

We can now describe precisely for which parameters q and 2-cochains c1, c2 we
have the compact quantum groups Gc1

q1 and Gc2
q2 are isomorphic.

Proposition 4.17: Let q1, q2 ∈ (0, 1) and let c1, c2 be T-valued 2-cochains on P such
that ∂c1, and ∂c2 descend to a 3-cochain on P/Q. Then Gc1

q1
∼= Gc2

q2 if and only if
q1 = q2 and there exist σ ∈ Aut(Ψ) and a T-valued 2-cochain b on P/Q such that
c1σ(c2)−1b−1 is a coboundary on P .

Proof. Assume first that q = q1 = q2 and that there exist an element σ ∈ Aut(Ψ)
and a T-valued 2-cochain b on P/Q such that c1σ(c2)−1b−1 is a 2-coboundary on P .
Let e be a 1-cochain on P such that c1σ(c2)−1b−1 = ∂e, i.e. c1 = σ(c2)b∂e. Then we
obtain the chain of isomorphisms

Gc2
q

∼= Gσ(c2)
q

∼= Gσ(c2)b
q

∼= Gσ(c2)b∂e
q = Gc1

q .
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Here the first isomorphism uses that any σ ∈ Aut(Ψ) induces an automorphism
of U(Gq). The second follows by definition, since any 2-cochain is defined on
P/Q ∼= Ẑ(G), i.e. it is central and commutes with ∆̂q. Finally, twisting by the
coboundary ∂e is implemented on U(Gq) by conjugation with e, which can be viewed
as a unitary in U(T ).

Conversely assume Gc1
q1

∼= Gc2
q2 . By Lemma 4.16 we have q = q1 = q2.

As explained above, the isomorphism yields us an element in σ−1 ∈ Aut(Ψ). Since
G
σ(c2)
q

∼= Gc2
q we may assume that σ is the identity. From this again we obtain a

unitary monoidal equivalence between (Rep(Gq),Φc1) and (Rep(Gq),Φc2), preserving
the isomorphism classes of objects on Rep(Gq). In particular Φc1 and Φc2 define the
same class in H3

Gq
(Ĝq,T). By the injectivity of the map H3(P/Q,T) → H3

Gq
(Ĝq,T),

stated in Proposition 4.14, shows that the 3-cocycles ∂c1 and ∂c2 are cohomologous,
so there exists a 2-cochain on P/Q such that

∂c1 = ∂c2∂b.

Since as discussed above Gc2b
q

∼= Gc2
q , we may assume b is trivial, so ∂c1 = ∂c2.

Therefore it remains to show that c1c
−1
2 is a coboundary on P .

Now let F : Rep(Gc1
q ) → Hilbf be the unitary fiber functor corresponding to the

2-cocycle c2c
−1
1 on T̂ . In the sense of Tannaka-Krein this fiber functor defines Gc2

q .
The isomorphism Gc1

q
∼= Gc2

q induces an autoequivalence E of Rep(Gc1
q ), such that

an object is sent to an isomorphic object, such that the composition FE is the same
as the canonical fiber functor Rep(Gc1

q ) → Hilbf . By definition E can be seen as an
element in H2

G
c1
q

(Ĝc1
q ,T), and hence by Proposition 4.10, corresponds to a 2-cocycle

b′ on P/Q. We may assume again, that b′ is trivial, instead of working with c2b
′.

Then F is naturally unitarily monoidally isomorphic to the canonical fiber functor
Rep(Gc1

q ) → Hilbf and thus Corollary 3.17 implies that c2c
−1
1 is a coboundary on

P = T̂ , the same holds for its inverse c1c
−1
2 . □

Note that the preceding proposition does not extend to the Kac-case q = 1 as
Corollary 3.17 fails for q = 1. The map H2(T̂ ,T) → H2(Ĝq,T) fails to be injective
for q = 1.

Theorem 4.18 (Neshveyev-Yamashita): Let N ≥ 2 and let G be a non-Kac compact
quantum group of SU(N)-type. Then there exist q ∈ (0, 1) and a T-valued 2-cochain c,
such that ∂c descends to a 3-cocycle on Ẑ(G) ∼= Z/NZ and G ∼= SU cq (N). Moreover

SU c1
q1 (N) ∼= SU c2

q2 (N)

if and only if q1 = q2 and there exists a T-valued 2-cochain b on Ẑ(G) such that
either c1c

−1
2 b−1 or c1θ(c2)−1b−1 is a coboundary on T̂ .
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Proof. Now we can put all the previous work together.
Let G be a non-Kac compact quantum group of SU(N)-type. By Theorem 4.9

and Proposition 2.35 any rigid C∗-tensor category with the fusion rules of SU(N)
is unitarily monoidally equivalent to (Rep(SUq(N)),Φc) for some q ∈ (0, 1) and a
T-valued 2-cochain c such that ∂c descends to a 3-cocycle on the dual of the center of
SU(N), namely ̂Z(SU(N)) = Z/NZ. Since by Corollary 3.17 shows that, for q ̸= 1
the class of quantum groups of the form SU cq (N) is closed under cocycle twisting for
q ̸= 1, i.e. we remain within the class of these quantum groups. This was a direct
consequence from the result, that every dimension-preserving unitary fiber functor
factors through the maximal Kac quantum subgroup, i.e. the maximal torus T . Thus
every quantum group, which can be constructed by changing the fiber functor, is
just another 2-cocycle deformation on T̂ .

The isomorphism statement now follows from Proposition 4.17 and that the based
root datum Aut(Ψ) is of order 2 and generated by the reflection θ, see the discussion
on Dynkin diagram automorphisms. □

Finally we rewrite the classification in an explicit parameter form SU ckω
q (N).

Recall Remark 2.36. As a reminder, first we choose 2-cochains c1, . . . , cn, such that
∂c1, . . . , ∂cn exhaust the group H3(Ẑ(G),T) ∼= Z/NZ. Then any 2-cocycle c such
that ∂c descends to a 3-cocycle on Ẑ(G) as c = ckω for some 1 ≤ k ≤ n and some
skew-symmetric bicharacter ω on T̂ . The result above describes how to construct ω.

Corollary 4.19: Let N ≥ 2 and let G be a non-Kac compact quantum group of
SU(N)-type. Then there exist q ∈ (0, 1), τ = (τ1, . . . , τN−1) be a (N − 1)-tuple of
roots of unity of order N and ω be a skew-symmetric bicharacter ω on T̂ , such that

G ∼= SU cτω
q (N) =: SU τ,ωq (N).

Moreover SU τ,ωq (N) ∼= SU τ̃ ,ω̃q̃ (N) if and only if q = q̃,
∏N−1
i=1 τ ii = ∏N−1

i=1 τ̃ ii and,
writing ωij = ω(Li, Lj) and ω̃ij = ω̃(Li, Lj) and one of the following holds

(i)

ω2
ij

j−1∏
k=i

τk = ω̃2
ij

j−1∏
k=i

τ̃k, for all 1 ≤ i < j ≤ N − 1. (∗)

(ii)

ω2
ij

j−1∏
k=i

τk = ω̃2
(N−j)(N−i)

j−1∏
k=i

¯̃τN−k for all 1 ≤ i < j ≤ N − 1.

Proof. The construction of SU τ,ωq (N) was carried out in Remark 2.36. Hence it
remains to prove the criterion for when two quantum groups of this form are
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isomorphic. Concretely, we have to show that there exists a 2-cochain b such that
cτωθ(cτ̃ ω̃)−1b−1 is a coboundary if and only if ∏n−1

i=1 τ
i
i = ∏n−1

i=1 τ̃
i
i and condition

(i) holds. Note that q = q̃ follows again from Lemma 4.16. As in the proof of
Proposition 4.17, we may also assume that θ is trivial.

Assume first that such a b exists. This means, cf. the steps in Lemma 4.16, that the
3-cocycles ∂(cτω) and ∂(cτ̃ ω̃) are cohomologous. Moreover if there exists a 2-cochain
b on P/Q such that ∂(cτω)∂(cτ̃ ω̃)−1 = ∂b, then cτω(cτ̃ ω̃)−1b−1 is a coboundary on
P . The cochain b is unique up to a coboundary on P/Q.

By Remark 2.36 and since ω is a 2-cochain, i.e. ∂ω = 1, we have ∂(cτω) = ∂(cτ )
and ∂(cτ̃ ω̃) = ∂(cτ̃ ). Thus ∂(cτω) and ∂(cτ̃ ω̃) are cohomologous if and only if∏n−1
i=1 τ

i
i = ∏n−1

i=1 τ̃
i
i . Define a bicharacter

f : P × P → T, f(Li, Lj) =
N−1∏
k=i

τkτ̃
∗
k .

It satisfies

f(λ, µ+Q) = f(λ, µ), f(λ+ αi, µ) = τ
−|µ|
i τ̃

|µ|
i f(λ, µ).

Recall that cτ , respectively cτ̃ , satisfies

cτ (λ+ αi, µ) = ⟨τi, µ⟩cτ (λ, µ) = τ
−|µ|
i cτ (λ, µ),

similar for cτ̃ . Now define a 2-cochain b by

b(λ, µ) = (cτ c−1
τ̃ )(λ, µ)f(λ, µ)−1.

Then by construction

cτ c
−1
τ̃ = fb.

Moreover, again by construction, b is indeed a 2-cochain on P/Q, i.e. it is invariant
under translation by Q in both arguments. Now note that f is also a 2-cocycle, hence
the cochain b satisfies

∂(cτω)∂(cτ̃ ω̃)−1 = ∂(cτ )∂(cτ̃ ) = ∂b.

Therefore the assumption that cτω(cτ̃ ω̃)−1b−1 is a 2-coboundary implies that the
2-cochain fωω̃−1 is a coboundary. This is equivalent to fωω̃−1 being symmetric.
Since by assumption ω and ω̃ are both skew-symmetric bicharacters, one has

f(Li, Lj)ω(Li, Lj)2 = f(Lj , Li)ω̃(Li, Lj)2, 1 ≤ i, j ≤ N − 1.
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Equivalently

ω(Li, Lj)2
N−1∏
k=i

τkτ̃
∗
k = ω̃(Li, Lj)2

N−1∏
k=j

τkτ̃
∗
k ⇔ ω2

i,j

j−1∏
k=i

τk = ω̃2
i,j

j−1∏
k=i

τ̃k,

which is exactly (i). Note that (ii) comes from the reflection map in the above
theorem, and follows similiarly.

The reverse implication follows by reading the above equivalences in the opposite
direction. □

Finally, note that it is also possible to find explicit generators of the corresponding
Hopf ∗-algebra and hence of the C∗-algebra. However we only refer to the end of
[NY16] for this.

Example 4.20: Let us determine the possible ω’s for the case N = 3. By the
properties mentioned in Remark 2.36, we know that the matrix ω needs to be of the
form

ω =

1 z z
z 1 z
z z 1


for some z ∈ T, since ωii = 1, ωij = ωji, and ∏3

i=1 ωij = 1 for all j.
Writing x, y ∈ Z3 in the basis L1, L2, L3 and using the fact that the bicharacter is

multiplicative, we can explicitly compute its value and obtain

ω(x, y) =
3∏

i,j=1
ω(Li, Lj)xiyj =

3∏
i,j=1

ω
xiyj

ij

= zx1y2z−x2y1zx2y3z−x3y2z−x1y3zx3y1

= z⟨(x×y),(1,1,1)T ⟩.

Hence, non-Kac compact quantum groups of the form SU τ,ωq (3) have in some sense
exactly three degrees of freedom, parameterized by (q, τ, z) ∈ (0, 1) × µ3 × T (where
µ3 ∼= Z/3Z denotes the group of third roots of unity).

4. Outlook and Open Questions
In this section we collect a few related open problems.

The results above provide a complete classification of non-Kac compact quantum
groups of SU(N)-type, i.e. compact quantum groups whose fusion rules and classical
dimension function agree with those of SU(N), under the standing non-Kac assump-
tion (namely, q ̸= 1). It is natural to ask to what extent the methods and conclusions
extend beyond this setting. We highlight several directions that are conceptually
close to the present work and are still open (or at least not yet fully understood).
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(i) The Kac case (q = 1) and the classification of fiber functors on Rep(SU(N)). A
key simplification in the non-Kac case is that every dimension-preserving unitary
fiber functor factors through the maximal Kac quantum subgroup, which for
the relevant q-deformations is the maximal torus T . For q = 1 this strategy
breaks down: the map induced by T on the relevant H2-invariants is, in general,
neither injective nor surjective, and the resulting classification of unitary fiber
functors on Rep(SU(N)) is considerably richer. More concretely, specifying a
dimension-preserving unitary fiber functor on Rep(SU(N)) is equivalent (via
Tannaka-Krein reconstruction) to producing a compact quantum group with
the same representation theory as SU(N) in the Kac setting. As explained in
Remark 4.15, in operator-algebraic terms this amounts to classifying certain
full-multiplicity ergodic actions of SU(N) on C∗-algebras. While low-rank
cases can be handled, the general case appear extremely complicated, and
understanding the space of such fiber functors remains one of the main open
problems suggested by Woronowicz’s original question.

(ii) Extending the SU(N)-type classification to other compact simple Lie groups.
As mentioned in the introduction, from a structural point of view the classifi-
cation splits into three parts:

a) classification of rigid C∗-tensor categories with prescribed fusion rules,
b) classification of monoidal autoequivalences of these categories,
c) classification of dimension-preserving unitary fiber functors.

For SU(n), step (a) is available via the Kazhdan-Wenzl-Jordan classification
of SU(n)-type categories (see Theorem 4.9), and steps (b)-(c) can then be
completed using the techniques developed above.

For a general simply connected compact (semi-)simple Lie group G, a full
analogue of the Kazhdan-Wenzl-Jordan theorem is currently not known, only
partial results are available. A natural and important direction is therefore
to develop a classification of rigid C∗-tensor categories (or suitable subclasses)
that would allow one to run an analogous argument and obtain a corresponding
classification of non-Kac compact quantum groups of G-type.

(iii) Poisson boundaries and maximal Kac quantum subgroups beyond the present
setting. A key tool in the classification was the categorical Poisson boundary,
introduced in Chapter III, which yields a universal factorisation statement: for
a coamenable compact quantum group G with maximal Kac quantum subgroup
K, any dimension-preserving unitary fiber functor on Rep(G) factors through
Rep(K). Since this result is structural, it is natural to ask for

• more explicit descriptions of the relevant Poisson boundaries in concrete
examples,

• extensions to broader classes of quantum groups or C∗-tensor categories
(e.g. relaxing coamenability hypotheses, or isolating precisely which as-
sumptions are indispensable).
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We conclude that these directions highlight a remarkable rigidity and a kind of
“torus control” in the non-Kac case, whereas the Kac case and extensions beyond
SU(N) ultimately depend on substantially deeper classification problems in the
theory of quantum groups and C∗-tensor categories.
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root lattice, 27
roots, 27
universal enveloping algebra, 28
weight lattice, 27
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monoidal category, 17
monoidal equivalence, 18

Poisson boundary, 41

q-binomial coefficient, 29
quantum dimension, 7

R-matrix, 13
representation, 5
representation category, 6

scaling group, 10

Tannaka-Krein duality, 23
twisted q-deformation, 33

weight
dominant, 28
integral, 28

Woronowicz character, 9

Yang-Baxter equation, 13
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