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INTRODUCTION

In this thesis, we consider quantum isomorphisms of graphs. We study a class of
examples of quantum isomorphic graphs that are not classically isomorphic. These
examples were described by Lupini, Manc¢inska and Roberson in 2020 in [§]. In
particular, we find the “witnesses” for these quantum isomorphisms, i.e. we give
explicit magic unitaries implementing the quantum isomorphism between the given
graphs.

The notion of quantum isomorphisms of graphs was first introduced in [2] as
the existence of a perfect quantum strategy for the graph isomorphism game, which
was also introduced there. In the same paper, the authors showed that the quantum
isomorphism of two graphs GG and H is equivalent to the existence of a magic unitary
u with operators on a finite dimensional Hilbert space as entries, such that

MGu = UMH

holds for the adjacency matrices Mg and My of G and H respectively.

Recall that a matrix v = (u;;) is a magic unitary, if the entries u;; are projections
on a Hilbert space and the rows and columns all sum up to one. If the Hilbert space
is one dimensional, the magic unitary is just a permutation matrix and then G and
H are isomorphic. Therefore all isomorphic graphs are also quantum isomorphic.
Surprisingly, one can show however, that not all quantum isomorphic graphs are
also isomorphic.

In [2] a procedure is described how to obtain graphs that are quantum isomorphic,
but not classically isomorphic. More precisely, given a linear binary constraint
system (BCS), two graphs are constructed which are quantum isomorphic but not
isomorphic, if the binary constraint system is quantum satisfiable but not satisfiable.
In [8], the authors note that a result of Arkhipov [1] yields a way to construct a
linear binary constraint system which is quantum satisfiable but not satisfiable given
a nonplanar graph. They used this result in connection with the results from [2]
to state that for any nonplanar graph, there is a pair of graphs that are quantum
isomorphic, but not isomorphic.

The constructions of these graphs however do not include an explicit construction
for the quantum strategy or the magic unitary that witness the quantum isomor-
phism. In this thesis we trace back the construction of the graphs and the proof
of the existence of a perfect quantum strategy to the result of Arkhipov. This re-
sult also states a construction for the quantum satisfying assignment for the binary
constraint systems that are the basis for the construction of the graphs. Using this,
one can construct a perfect quantum strategy for a BCS game that was designed
in [8]. This game is similar to the game presented in [5] and the construction of the
perfect quantum strategy is also described there. This strategy is in turn used to
construct a perfect strategy for the graph isomorphism game, from which one can
then construct the magic unitary implementing the quantum isomorphism.

The procedure to get the quantum isomorphic graphs and the magic unitary «
witnessing the quantum isomorphism is thus as follows:

Step 1: Start with a nonplanar graph I’

Step 2: Get a BCS F(I') that is quantum satisfiable but not satisfiable and its
quantum satisfying assignment by Arkhipov’s construction [1]

Step 8: Turn the quantum satisfying assignment of F(I') into a perfect quantum
strategy for the BCS game in a similar way as in [5]
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Step 4: Construct the two graphs G zry and Gz )y that are quantum isomorphic
but not isomorphic using the construction in [2]

Step 5: Use the perfect quantum stategy for the BCS game of F(I') to build the
perfect quantum strategy of the graph isomorphism game of Gzry and
Grm)
Step 6: Build the magic unitary u from the perfect quantum strategy of the graph
isomorphism game
Since the smallest example one can get with this construction are graphs with 24
vertices and therefore the magic unitary has 24 x 24 entries, it is not desirable to
calculate it by hand. Therefore, we implemented the algorithm to get the magic
unitary given a binary constraint system with quantum satisfying assignment in
Singular. In the appendix, we present the resulting magic unitary if one starts with
the complete bipartite graph on 6 vertices, Kj 3.
In summary, we obtain the following result in our thesis:

Main Theorem. Given a nonplanar graph I', we construct a magic unitary ur,
such that

Mgy pyur = ur My, -
This explicitly implements the quantum isomorphism of the nonisomorphic graphs
G]:(p) and G].-l(p).



1. PRELIMINARIES

1.1. Finite Graphs.

1.1.1. Definition. A finite graph G is a pair (V, E), where the set of vertices V and
the set of edges E are finite. By r : E' — V denote the range map and by s : £ — V
denote the source map. 1t is called undirected if for all e € E there is an f € E such
that s(e) = r(f) and r(e) = s(f). In this thesis, we only consider undirected graphs
and the following definitions are also for undirected graphs.

Two vertices u,v € V are called adjacent, if there is an e € E such that s(e) = u
and r(e) = v. We also write u ~ v if v and v are adjacent. A graph is without
multiple edges if there are no e, f € E,e # f such that s(e) = s(f) and r(e) = r(f).
If we have e € E with s(e) = r(e), then e is called a loop.

A path p = (v1,v9,...,v,) of G is a tuple of vertices from G such that v; ~ v;;1 for
alli € {1,...,n —1}. It is called simple, if all the vertices in it are distinct.

For a finite graph G = (V, F) with V = {1,...,n}, we define its adjacency matriz
Me € M, (Ny) via (Mg)ij == #{e € E|s(e) =i,r(e) = j}, i.e. the (4, j)-entry of
My is the number of edges from vertex i to vertex j. If G is without multiple edges,
we have (Mg);; € {0, 1}.

By G = (V, E') we denote the complement of G, which has the same vertex set, but
the edges are such that if u and v are adjacent in (G, then they are not adjacent in
G and vice versa:

UG U= U g .

Throughout this thesis we will only be considering graphs without multiple edges.
In this case, we can identify every edge as the pair of vertices it connects: for e € E
we can write e = (s(e),r(e)). Then we also have E C V x V.

1.1.2. Definition. A graph isomorphism between two finite graphs G = (Vig, Eg)
and H = (Vy, Ey) is a bijective map o : Vi — Vg such that any two vertices
u,v € Vi are adjacent in G if and only if they are adjacent in H, i.e.

U ~e v <= o(u) ~g o(v).

If G = H, we call o a graph automorphism. The set of all automorphisms of a
finite graph without multiple edges G is a group, called the automorphism group
Aut(G). If G has n vertices and M is the adjacency matrix of G, we can view
Aut(G) as subgroup of S,,:

Aut(G) = {o € SploMg = Mgo} C S,

1.1.3. Definition. A finite graph is planar, if it can be embedded into the Euclidian
plane such that no two edges intersect.

1.1.4. Example. Two examples of nonplanar graphs are the complete bipartite
graph on 6 vertices K3 3:

and the complete graph on 5 vertices Kj:
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In fact, as we will see with the next theorem, one might say that these are the two
nonplanar graphs.

1.1.5. Definition. A graph G is said to be a topological minor of a graph H, if
there exists a map ® : G — H consisting of &y : V(G) — V(H) and g : E(G) —
{p|pis a path in H} such that:
e Oy is injective;
e for an edge (u,v) of G, ®g((u,v)) is a simple path from ®y (u) to Oy (v);
o for two distinct edges (u1,v1) and (ug, v2) of G, the paths @5 ((u1,v;1)) and
& ((ug,v9)) do not share any vertices except potentially one of the endpoints
q)v(ul), (I)V(Ul)a év(UQ) or q>v(’l)2).

1.1.6. Theorem (Kuratowski). A graph is nonplanar if and only if it contains Ks 3
or K5 as a topological minor.

1.1.7. Definition. For a graph G = (V, E), we call a set S C V independent, if no
two vertices in S are connected by an edge. The size of the largest independent set

in G is denoted by a(G).

1.2. C*-Algebras and Magic Unitaries. We first define Hilbert spaces, which
are the underlying spaces for our discussions in this thesis.

1.2.1. Definition. An inner product on a complex vector space H is a map (-, ) :
H x H — C, that satisfies for all xz,y,2 € H, u,v € C:

(i) (ux + vy, 2) = plw, 2) +v{y, 2)
(i) (z,y) = (y, z)
(iii) (z,x) >0
(iv) (z,2) =0=2=0
A complex vector space together with such an inner product is called pre-Hilbert
space. If the pre-Hilbert space is closed with respect to the norm induced by the

inner product ||z| := \/(x, ), it is a Hilbert space.
Now we give an abstract definition of C*-algebras.

1.2.2. Definition. (i) A C-algebra A is a complex vector space together with

a bilinear associative multiplication - : A x A — such that for all z,y € A,
A € C we have A(zy) = (Ar)y = x(\y). The algebra is unital if it contains
a multiplicative unit 1 € A, i.e. lx =1 =z for all x € A.

(ii) A normed algebra A is a C-algebra with a norm, that is submultiplicative,
Le. [|zyl < |lz|||lyll for all z,y € A.

(iii) A Banach algebra is a normed algebra that is complete.

(iv) An involution on an algebra A is an antilinear map * : A — A such that
(z*)* =z and (xy)* = y*2* for all z,y € A.



(v) A C*-algebra is a Banach algebra A with an involution, where the norm
fulfills the C*-identity: ||z*x| = ||z||* for all z € A.

1.2.3. Example. A trivial example for a C*-algebra are the complex numbers C.
Here, the involution is given by complex conjugation and the norm is the absolute
value.

Another class of examples for C*-algebras are the bounded linear operators on a
Hilbert space. Before we get to that example, let us define adjoint operators.

1.2.4. Definition. Let H,, H, be Hilbert spaces and T : H; — Hs be a linear
bounded operator. We denote by T* : Hy — H; the adjoint of T' which fulfills

(Tx,yyy, = (x, T"y)y, for all x € H; and y € H,.

It exists by the Riesz Representation Theorem and can be shown to be unique.

If T = (t;;) is an operator between the two Hilbert spaces H; = C™ and Hy = C%,
the adjoint of T is of the form 7% = (;;).

If HH = Hy and T'=T", we call T selfadjoint.

1.2.5. Definition. If u € C? is a complex vector of some dimension d, one can also
consider u*, the adjoint of u, as the linear functional

u:C?'—C
v — (u,v).
1.2.6. Example. Let H be a Hilbert space. We denote by
B(H):={T:H — H|T is linear and bounded}

the space of all bounded linear operators on H. In fact, for linear operators, being
bounded is the same as being continuous. The involution on B(H) is given by the
adjoint map * : B(H) — B(H) from Definition In the case where H is finite
dimensional, i.e. H = C? for some dimension d, the adjoint is just the conjugate
transpose.

B(H) can be equipped with a norm that satisfies the C*-identity:

T :=inf{C > 0] ||[Tz|| < Cxforall z € H} = sup{||Tz| | ||z| =1}

One can see, that with this operator norm, B(H) becomes a C*-algebra. Actually,
there is a deeper connection between algebras of bounded linear operators on Hilbert
spaces and C*-algebras, which has been shown by Gelfand and Naimark. The second
Gelfand-Naimark Theorem states that any C*-algebra A is isomorphic to a C*-
subalgebra of B(H) for some Hilbert space H.

1.2.7. Definition. If A is a C*-algebra and p,v € A we call p a projection if p =
p* = p? and we call v a symmetry if v is selfadjoint and v? = 1.

1.2.8. Remark. In C*-algebras, projections and symmetries play an important role.
A projection p and a symmetry v in a C*-algebra A can be seen as generalized
versions of p € {0,1} and v € {—1,1} if A =C.

1.2.9. Lemma. There is a bijection from the set of projections to the set of symme-
tries in a C*-algebra given by
p—2p—1.

Proof. If p is a projection, then (2p — 1)* = 2p* — 1* = 2p — 1 and (2p — 1) =
4p—4p+1 =1 and thus 2p—1 is a symmetry. On the other hand, if v is a symmetry,

we have (3(v+1))* = 2(v* +1%) = (v + 1) and (3(v+1))* = (V¥ + 20 + 1) =

1(2v+2-1) = (v +1) and therefore 1(v + 1) is a projection. O
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1.2.10. Lemma. If A is a C*-algebra with A C B(H) for a finite dimensional Hilbert
space H, i.e. A consists of complex matrices, the following statements hold:

e p € A is a projection if and only if p diagonalizes orthogonally with eigen-
values {0,1}.
e v € A is a symmetry if and only if v diagonalizes orthogonally with eigen-
values {—1,1}.
Moreover, if v is a symmetry, then p = %(v + 1) is the projection on its eigenspace
to the eigenvalue 1 and 1 — p is the projection on its eigenspace to the eigenvalue
—1.

Proof. If p is diagonalizable and can be written as p = udu™!, where d is a diagonal
matrix, it holds that

p=p? <= udu ' = udu tudu™t = ud*ut <= d = d%.

If p is now a projection, it is in particular selfadjoint and therefore diagonalizable.
Since p = p? holds, we thus have d = d?. As d is a diagonal matrix, it must hold
that all its entries are in {0, 1} and thus the eigenvalues of p are also from {0, 1}.

On the other hand, if p = udu™! is diagonalizable with eigenvalues {0, 1} then p
is selfadjoint as it is diagonalizable. Moreover we have d = d?, and therefore also
p = p?, which means that p is a projection.

If now v is a symmetry, then it is also selfadjoint and we can write again v = udu ™.
By v? = 1 we get that v? = udu™'udu™ = ud*>uv=! = 1 and thus d*> = 1. Again,
since d is diagonal, its entries have to be from {—1, 1} and thus so do the eigenvalues
of v. If we have again a diagonalizable matrix v = udu™" with eigenvalues {—1,1}
then v is selfadjoint as above and 1 = d? = ud*u=! = udu=udu="' = v2.

Lastly, if v is a symmetry we know that p is indeed a projection by Lemma [1.2.9
and therefore also 1 — p = (1 — v) is a projection. Let now x be an eigenvector of

2
v to the value 1: z € Eig;(v). Then we have

S
r=G2=g V)T = px

and thus = € pH. On the other hand if we have x € H and consider
1 1 1
v(pr) = §U(1 +o)z = 5(1} + )z = 5(1} + 1)z =pzx

we see that pr € Fig;(v) and thus p is the projection onto Eig;(v) as desired.
If x € Eig_1(v) then it holds that

1 1
x:§2x:§(1—v)x:(1—p)x

and thus z € (1 —p)H. If x € H, then
1 1 1 1
v(1=pz)=v(l—-v)z=-(v—0)r==-(v-—1Dz=——(1-v)z=—(1-p
2 2 2 2
and therefore (1 — p)x € Fig_1(v). O

We saw in Example that we can get C*-algebras by considering operators on
Hilbert spaces. Sometimes it is however useful to stay more abstract. We will now
introduce universal C*-algebras as a way to define C*-algebras that fulfill certain
relations one wants to study.

1.2.11. Definition. Let E = {z;|i € I} be a set of generators, where I is some
index set, and denote by P(F) the free *-algebra on the generators set E.



Given some set of polynomials R C P(FE), we denote by J(R) the two sided *-
ideal generated by R. The universal *-algebra on generators E with relations R is
then defined as

A(E|R):=P(E)/J(R).
If we want a C*-algebra, we also need a norm, so we define
||| := sup {p(z)| p is a C*-seminorm on A(F|R)}
If ||z]] < oo it is easy to see, that || - || is also a C*-seminorm and that
{zr e A(E[R)| [lz]| = 0}

is a two sided ideal in A(F'| R). We then define the universal C*-algebra on gener-
ators E with relations R as

C*(E|R) = A(E|R)/{z € A(E|R) | J«][ =0} .

Note however, that ||z|| = co may sometimes happen and in that case we cannot
define C*(E| R).

With universal C*-algebras, we can define abstract analogues of classical struc-
tures. In order to present an example, we will first define compact matrix quantum
groups, which were first introduced by Woronowicz [15, [16] in 1987.

1.2.12. Definition. A compact matriz quantum group G is a unital, potentially
non-commutative C*-algebra C'(G™) equipped with a x-homomorphism A : C(G*) —
C(GT) ® C(GT) and a unitary u € M, (C(G")), n € N, such that

(1) Awij) =D wik @ uy; for all 4, 7,
(ii) @ is an invertible matrix,
(iii) the elements u;; (1 <i,7 < n) generate C(G™) (as a C*-algebra).

The unitary u is called the fundamental corepresentation (matriz) of (C(G™), A, u).
Since (i) and (iii) uniquely determine A, one can also refer to the pair (C(G™T),u)
as a compact matrix quantum group.

If Gt = (C(G1),u) and HT = (C(H™"),v) are compact matrix quantum groups
with u € M,(C(G")) and v € M, (C(H™)), we say that G is a compact matriz
quantum subgroup of H™, if there is a surjective *-homomorphism from C (H™) to
C' (G™) mapping generators to generators. We then write GT C HT. If we have
GT C H' and H* C G7, they are said to be equal as compact matrix quantum
groups.

1.2.13. Example. Let us now take a look at the classical automorphism group of
a graph G from Definition [1.1.2 One can show, that the algebra of continuous
functions from Aut(G) to C can be written as a universal C*-algebra as follows:

C(Aut(G)) = C*(uwij | uij = uj; = u?j, Zuzk = Zukj =1, wjup = U Uij
k=1 k=1
for all i,7,k,l € [n], uMg = Mgu)

where M is the adjacency matrix of G' and u is the matrix of all the u;; and by [n]
we denote the set {1,...,n} CN.

It gets interesting, when we drop the commutation relation and define the so-
called quantum automorphism group of G as the compact matrix quantum group



defined by

C(Aut(@)*) = C*(wij | uyy; = uy; = u?j, Zui’f = Zuki =1
k=1 k=1

for all 4,5 € [n], uMg = Mgu)

because one can show that this does not always coincide with the classical automor-
phism group. This definition was first introduced by Banica [3] in 2005. See e.g.
[6] or [13] for more discussion on the subject of quantum automorphism groups of
graphs.

In the above example, one might note the similarity between requiring that a
permutation matrix commutes with the adjacency matrix of a graph for the classical
automorphism group and the commutation relation uMg = Mgu in the definition
for the quantum automorphism group. In fact, these matrices of operators that
fulfill special conditions can be seen as a generalisation of permutation matrices,
which we call magic unitaries.

1.2.14. Definition. A matrix u = (u;;); jepn) with entries from a unital C*-algebra
is a magic unitary, if it fulfills that all u;; are projections, and that Y, uy =

ZZ:1 ug; = 1.

1.2.15. Lemma. Any magic unitary u as in Definition will be unitary, 1. e.
uu* =u'u = 1.

Proof. This can easily be seen by looking at the entries of uu*:

(uu*);; = Zuik(u*)kj = Zuikujk _ {Zkzlu z if i = j
k=1 k=1

0 otherwise

where u;puj, = 0 for ¢ # j since w;, and u;;, are projections that sum up to 1 and
such projections are always pairwise orthogonal. Seeing that u*u = 1 holds works
similarly. O

If the C*-algebra from which the entries of the magic unitary are coming is C,
the magic unitary is nothing else than a permutation matrix. Indeed, the only
projections in C are 0 and 1 and in order for each row and each column to sum up
to 1, there has to be exactly one 1 in each row and column and 0 everywhere else.

1.3. Quantum Measurements. We will give a short introduction into quantum
mechanics here with the goal of defining what a quantum measurement is. This
will be needed to define quantum strategies for nonlocal games. The definitions are
mainly taken from the preliminary section of [2] and from [11] and in the latter you
can also find a more detailed introduction into the field.

1.3.1. Definition. The postulates of quantum mechanics state that to any isolated
physical system, we can associate a Hilbert space H which is called the state space
of the system. We will refer to systems described like this as quantum systems. In
this thesis we will be considering only finite dimensional state spaces H = C¢.

The state of the system is described by a positive semidefinite matrix with trace
1. A special case of this notion are so-called pure states, which can be described by
a unit vector 1 € H, where 1 is called the state vector. Pure states are sufficient
for our purposes in the setting of quantum strategies for games, which is why we
restrict to those.
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1.3.2. Remark. Note that while in most of the mathematical literature, the or-
thonormal basis of a Hilbert space is written as {e;}, in most of the physics literature
it is written as {|7)} in the so-called bra-ket notation. In this thesis, we will follow
the mathematical convention and write it as {e;}.

1.3.3. Definition. In order to gain information about a quantum system, we can
apply quantum measurements. A quantum measurement is a collection {M,,} of
measurement operators that act on the state space of the system. Here the index m
of the operators refers to the possible outcomes of the measurements. If the system
is in state 1) immediately before the measurement, then the probability that the
result m occurs is given by

p(m) = (o, My M)
which can be written as p(m) = ¢*M* M,,% if the underlying Hilbert space is C?
for some dimension d. Note that p(m) = (M,,¥, M,,10) > 0 since (-, -) is an inner
product. If the outcome m does occur, then in particular p(m) > 0, and the state
of the system after the measurement is

M) _ My
VW, M M)y /p(m)

The measurement operators have to satisfy the completeness equation
> MM, =1
m

which implies that the probabilities for the outcomes sum up to one:

Zp(m) =1

1.3.4. Lemma (Exercise 2.57 in [11]). Let two sets of measurement operators {L;}
and {M,,} on the finite dimensional Hilbert space C* be given and let ¢» € C? be a
state vector. Then the measurement defined by first measuring {L;} on 1 and after-
wards measuring {M,,} on the resulting state is equivalent to a single measurement
defined by measurement operators { Ny, } where Ny, = M,,L;.

Proof. When measuring the operators {L;} on v, the probability of receiving the
result [y is
p(lo) = ¥"Lj L.

If the result of the measurement is ly, then p(ly) > 0 and the state after the mea-
surement is

g =l

p(lo)

If we now measure the operators {M,,} on 11, the probability of getting my as the
result is

p<m0) = wTM;lOMm(ﬂm =

(Llow>*M* Llodj — w*szoM:;LoMmoLlow
Vo) " /p(l) p(lo)
from which it follows that

p(lo)p(mo) = "Ly, My, Mo Liyt).
The state after performing the second measurement with result my is
by = Moty MLy My Lty .
Voimo)  /pllo)p(me) /ULy My, My, Lig
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On the other hand, considering the measurement of { Ny, } on 1, we see that the
probability of getting the result lymy is
p(lOmO) = ¢*lem0Nlomow = w*LZ(OM:zOMmOLlow

and if the result [ymg occurs, the state after the measurement is
_ Nlomo _ Mmo Lloz/}

Vpllomo) — A/U* Ly My, My, Lyt
We thus see that 15 and 13 are equal. Moreover, the probability p(lymg) of receiving
the result lymy when measuring { N, } is the same as the probability p(ly)p(mo) of

first measuring {L;} and then measuring {M,, } with results [y and mg respectively.
Therefore, the two measurements are equivalent. U

Vs

We will be using a special case of quantum measurements, namely so-called pro-
jective measurements.

1.3.5. Definition. A projective measurement is described by an observable M, which
is a selfadjoint operator on the state space being observed. This observable has a

spectral decomposition
M= ) mP,

méesp(M)

where P,, is the projection on the eigenspace of M belonging to the eigenvalue m.
Here, the possible outcomes of the measurement correspond to the eigenvalues m
of the observable M. This is a special case of Definition [1.3.3] since here the {P,,}
fulfill the role of the collection of measurement operators. This implies that the
probability of getting the result m after measuring the state v is given by

p(m) = (¢, Poi)
and the state of the system after measuring the outcome m is given by
Pt
p(m)
Another way to look at a quantum measurement is via a Positive Operator-Valued

Measure (POVM).

1.3.6. Definition. A POVM M is a family of selfadjoint, positive semidefinite
matrices {M; : ¢ € [n]} such that > "  M; = 1. The probability of receiving the
result m when measuring a POVM is given by p(m) = (¢, M,,1)) where 1 is again
the current state vector.

1.3.7. Lemma. Given a collection of measurement operators {M,,} as in Defini-
tion the corresponding POVM is { M}, M,,}. Moreover, if all the matrices in
a POVM are projections, then it corresponds to a projective measurement.

Proof. 1t is easy to see, that the { M M,,} form a POVM, as the condition for being
a POVM, namely > M} M, = 1 is exactly the completeness equation, that the
operators M,, have to satisfy in order to be a valid measurement. Furthermore, also
the probability to receive the result m matches between the two definitions.

If we now have a POVM {P,, } that consists only of projections, we see that {P,,}
is also a valid collection of measurement operators in the sense of Definition |1.3.3]
as ., P*P, = > P, =1 by the POVM condition and since all the P,, are
projections. 0
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1.3.8. Remark. The difference between describing a quantum measurement using
measurement, operators and using a POVM is, that using the measurement opera-
tors, we have a description of the state of the system after the measurement. If we
are not interested in this state, we can therefore work with POVMSs, which we will
do for the rest of this thesis.

In the POVM framework, one will sometimes say that the result of measuring the
POVM {P,,} on the state ¢ is the operator P,,,, or also that one “measures P,,,”.
This means that the result of the measurement is mg and serves as a reminder
of the operator determining the probability of mg occuring as the result of the
measurement:

p(mo) = (psi, Put))

1.3.9. Definition. If we have two quantum systems S; and Sy with corresponding
state spaces C% and C%, then the state space of the joint system (S;,S,) is given by
the tensor product C* @ C%. If S is in state 1 € C* and S, is in state 1, € C®
then the joint system (S, S2) is in state ¢ ® 1. However not every state in (57, So)
can be written as a tensor product. The states that cannot be written as a tensor
product are called entangled states. Given quantum measurements by the POVMs
{M;} and {N,;} on Sy and S, respectively, the product measurement on the joint
system (51, S2) is given by {M; ® N,} where the probability of getting the outcome
(i,7) when measuring the state ¢ is equal to (¢, M; ® N;o) = *(M; & N;).

It is a useful fact, that any state ¢ € C¢ @ C? admits a so-called Schmidt de-
composition 1 = Y0 iy ® fB; where {a;} and {;} are orthonormal bases of C*
and )\; > 0. One can also define the Schmidt decomposition for states in C% ® C%
where d; # dy, but we do not need this case in this thesis. A state is said to have
full Schmidt rank if A; > 0 for all . Moreover a state is maximally entangled if all
Schmidt coefficients are the same.

1.3.10. Definition. We now introduce two useful maps. First, the vectorization map
vec : C>*% 5 C4 @ C?%, which is the linear extension of the map that maps the
matrix uv* to u ® v, where v is the entrywise complex conjugate of v and ® denotes
the Kronecker product. In other words, the matrix M = (m;;)i=1,. dy.j=1,..d, 1S
mapped to the column vector, that consists of the stacked columns of M:
U€C(M) = (mlyl, e ,mdl,l,mm, e ,mdl’g, e ,ml,dz, e ,md17d2)T

We denote the inverse of the vectorization map by mat : C* @ C% — Cé*dz,

We will now list a few properties of the vec and mat maps from Definition [1.3.10]
1.3.11. Lemma. First, we have that:

vec(A)*vec(B) = Tr(A*B) for all A, B.

Moreover it holds that vec(AXBT) = (A ® B)vec(X) for selfadjoint operators of
appropriate sizes and from this and the above identity it follows for p = mat(y):

V' (A® B)ip = vee(p) (A @ Blvec(p) = vec(p)*vec(ApBT) = Tr(p* ApBT)
where again A and B are selfadjoint.

A useful statement when measuring the canonical maximally entangled state is
the following.

1.3.12. Lemma. Let 14 := \/Lg Zle e; ®e; € CL® CY, where e; is the i-th standard

basis vector, be the so-called canonical maximally entangled state. It holds that

Vi(A® B)u= Tr(AB")
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for all A, B € C¥ that are selfadjoint.
Proof. Using the vec and mat maps from Definition [1.3.10] the proof is fairly

straightforward. Putting p; := mat(y,), we note that p; = \/Lgl and therefore,

by the identity introduced in Lemma [1.3.11], we see
1 1
V(A ® By = Tr(piApaBT) = Tr((—llAlBT) = ETT(ABT).
O

1.4. Nonlocal Games. The definition for nonlocal games we use is the same as
the one used in [2].

1.4.1. Definition. A two-party nonlocal game includes a verifier and two players,
who are by convention called Alice and Bob, who devise a cooperative strategy. The
game is defined by finite input sets X4, Xp and finite output sets Y4, Y, which are
associated to Alice and Bob respectively, a Boolean predicate V : X4 x X x Y4 X
Yp — {0,1} and a distribution 7 on X4 x Xp.

In the game, the verifier samples an input (z4,zp) € X4 X Xp using the distri-
bution 7 and sends x4 to Alice and xg to Bob. The players then respond with y 4
and yp respectively. The game is said to be won if V(z4,xp,y4,y5) = 1.

In a nonlocal game, the players can devise a strategy beforehand, but cannot
communicate after receiving the input. In our setting, only one round of the game
is played, but we want to consider strategies that win with certainty, i.e. the
probability of winning is equal to 1. Such strategies are called winning or perfect
strategies.

1.4.2. Definition. In a classical strategy, the responses of Alice and Bob are either
completely determined by their input or they can use some shared randomness.

What we will mainly consider in this thesis however are quantum strategies for
games. A quantum strategy consists of a joint system and an entangled state ) that
is shared between Alice and Bob. Moreover, both Alice and Bob have a family of
POVMs, {A,} and {B,} respectively, for every possible input x, that they each mea-
sure upon receiving x as input and then they respond based on their measurement.
Commonly, we will write A, = {4z}, .y, and B, = {Byy},y, .

For any strategy, both quantum and classical, we denote by p(ya, yg|za, zp) the
joint conditional probability of Alice and Bob responding with 34 and yg on input
x4 and xp. Such a probability distribution is called a correlation.

1.4.3. Lemma. Let S be a strategy for a nonlocal game as defined in Definition|1.4.1
and let ps be the corresponding correlation. It is easy to see, that S is a per-
fect strategy if and only if ps(ya,yslra,xp) = 0 whenever n(xa,xp) > 0 and
V(za,zB,ya,yB) = 0.

1.4.4. Lemma. It is a well-known fact, that if we have a quantum strateqy given
by a state v € C* @ C? and measurements A, = {Axy}y for each © € X4 and
B, = {Bxy}y for each x € Xp, we may assume, that 1 has full Schmidt rank.

Proof. To see this, we assume that the Schmidt decomposition of ¢ has d’ < d non-
zero coefficients, i. e. it has a Schmidt decomposition of the form ¢ = Zflzl i ® 5,
where {;}¢ and {3;}7 are orthonormal bases of C%, and where ; > 0 for all i € [d].
Here, we sorted the bases such that the non-zero Schmidt coefficients are associated
to the first d’ basis elements, and the coefficients that are 0 come later. We now
show briefly, that we can “move” the entire strategy to C* ® C?, where v will
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have full Schmidt rank. For this, consider the isometries Uy := Z?/:l e;a and
Up := 3% e;87, where {e;}? is the canonical orthonormal basis of C*, and we put

)= (Us @ Ug) 1, /Ly = UaA,, U} for all z,y and B:Ey = UpB,,Up for all z,y.
One can show, that the {flmy} and the {éxy} still form valid quantum mea-
y y

surements and that 1; = Z?lzl Aie; ® e; is a valid quantum state with full Schmidt

rank. Moreover, the quantum strategy given by ), {flxy} and {Bzy} generates
Yy Yy

the same quantum correlation as the strategy given by ¢, {4z}, and {B,,} . O

Sometimes we will state that we are working in the Schmidt basis of 1, by which
we mean that the above transformation has been applied and v therefore has full
Schmidt rank. In this case, it also holds that p = mat(¢) is a diagonal matrix with
positive entries.

1.4.5. Definition. A nonlocal game is called synchronous, if the input sets for both
players and the question posed to both players are the same, i.e. if X = X, = Xp,
Y=Ys=Ygand V(y1,ys,x,2) =0 forall z € X and y; #ys € Y.

Synchronous games are interesting, since their perfect quantum strategies are of
a special form, namely the one specified in the following lemma, which has been
shown in multiple papers in this form or a similar one: [4} |9} (10} [12]. We present
the version also chosen in [2].

1.4.6. Lemma. Let ¢ € C?' @ C4, A, = {A,ly €Y}, and B, = {Byly € Y} be a
perfect quantum strategy for a synchronous game with input set X and output set'Y .
If ¢ and all A,y and B, are expressed in the Schmidt basis of 1, and p = mat (),
then

(i) Awy = B}, for allz € X andy €Y,
(ii) A, and B, are projective measurements for all x € X, i.e. the operators
Azy and By, are projections for allx € X andy €Y,
(111) Ayyp = pAyy and Byyp = pBy, for allz € X andy €Y,
(iv) p(y,y'|x, 2") = Y*(Apy @ Byry ) = 0 <= AyyAwy = 0.

2. QUANTUM ISOMORPHISM OF (GRAPHS

There are two equivalent possibilities to characterize quantum isomorphisms of
graphs, the first one using quantum strategies for the so-called graph isomorphism
game, the second one being similar to the definition of quantum automorphism
groups of graphs. In this chapter we will present both and show their equivalence.

2.1. The Graph Isomorphism Game. In [2], a nonlocal game is introduced, that
captures the notion of graph isomorphism when using classical strategies and there-
fore allows a natural extension of the notion of graph isomorphism, by considering
quantum strategies.

2.1.1. Definition. Given two graphs, G and H, the (G, H)-isomorphism game is
defined as follows: The verifier uniformly samples two vertices 4,25 € V(G)JV (H)
and gives them to Alice and Bob respectively. Here, we assume that V(G) and
V(H) are disjoint in order to make sure that Alice and Bob always know from
which graph they received their vertex. Alice and Bob then respond with vertices
ya,yp € V(G) UV (H). Alice and Bob win the game, if two conditions are met:
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(1) Having received a vertex from one graph, each player must respond with a
vertex from the other graph, i.e.

4 €V(G) <= yas€V(H) and 25 € V(G) <= yp € V(H)

(2) We denote by g4 the unique vertex from {xs,ya} which is in V(G) and
similarly gg, h4 and hg. The second condition then is, that the relationship
between g4 and g must be the same as the one between h, and hp:

rel(ga,gg) = rel(ha, hp)

where the relationship is either equality, adjacency or distinct non-adjacency.
In other words, it must hold that

ga=9gp < ha=hp
and if g4 # gp, and therefore also hy # hp,

ga~ gg <= ha ~ hp
must hold.

Given a strategy S for the (G, H) isomorphism game, we will denote the corre-
sponding correlation by ps. Recall from Lemma that S is a perfect strategy
if and only if ps(ya, ys|ra, ) = 0 whenever ya, yp, 4 and xg do not fulfill the
winning conditions. In [2] the following proposition is shown, justifying the name
“isomorphism game”.

2.1.2. Proposition. Given two graphs G and H, there exists a perfect classical
strategy for the (G, H)-isomorphism game if and only if G and H are isomorphic.

Proof. “=":Seeing that any isomorphism ¢ : Vi — Vj of G and H yields a perfect
classical strategy is straightforward, since ¢ induces a strategy as follows: given
vertex x € Vg, the player will return ¢(z), and given x € Vi, the player will return
¢~ 1(x). That conditionis fulfilled is obvious, and also that g4 = gp <= hs = hp
hold follows immediately from ¢ being a bijection. The rest of follows from the
fact that an isomorphism fulfills u ~ v <= @(u) ~ p(v): assume g4 ~ gp then we
have that ¢(ga) = ha ~ hp = ¢(gp) and similarly for g4 # gp.

“<": Going from a perfect strategy to an isomorphism is a little bit more work.
Let S be a perfect classical strategy for the (G, H)-isomorphism game. Since in
a classical strategy, Alice and Bob can make use of some local randomness, the
corresponding correlation is of the form pg = >, A\;p;, where the p; are correlations
corresponding to deterministic strategies, i.e. p;(ya,ys|ra,zp) € {0,1} for all
A, B, Ya,ys € V(G)UV(H), and the \; encode the randomness and satisfy A; > 0
and ), \; = 1. However, since a strategy is only perfect if p(ya,yp |xa,25) = 0 for
Ta, B, Y4 and yp not fulfilling the winning conditions, every p; needs to belong to
a perfect strategy in order for S to be a perfect strategy. Therefore, we only need
to show the statement for deterministic strategies, i.e. the strategy consists of two
functions, fa, fp : V(G)UV(H) — V(G) U V(H), that map inputs to outputs
for Alice and Bob respectively. However, condition from Definition implies
that fa(x) = fp(x) for all z € V(G) UV (H), as Alice and Bob have to return the
same output given the same input, and thus we have a single function f = f4 = f»
defining the strategy. Moreover, by condition , the restrictions of f to V(G) and
V(H) are of the form fjy(e) : V(G) — V(H) and flym : V(H) — V(G). Since
condition requires for g,¢' € V(G) that rel(g,g’) = rel(f(g), f(¢')) it follows
that g ~ ¢' <= f(g) ~ f(g’) and therefore fy (g is an isomorphism between G and
a subgraph of H. However, by a similar argument, fjy () is an isomorphism between
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H and a subgraph of G, which is only possible, if G'and H are isomorphic and fjy(q)
and fjy(g) are isomorphisms. In fact the two functions are inverse to each other: if
Alice is sent the vertex ¢* € V(G) and Bob is sent f(¢*) := h* € V(H), it must
hold that rel(g*, f(h*)) = rel(f(g*), h*) since the strategy defined by f is perfect.
But the relationship between f(g*) and h* is equality, and therefore g* = f(h*). O

Now that we know, that classical strategies correspond to classical isomorphisms of
graphs, it is natural to ask, what kind of isomorphisms quantum strategies yield. We
will see, that using quantum strategies, the isomorphism game can be won perfectly
even for graphs that are not isomorphic, which leads to the following definition,
which was first given in [2].

2.1.3. Definition. Two graphs G and H are called quantum isomorphic, if there
exists a perfect quantum strategy for the (G, H)-isomorphism game.

2.1.4. Remark. In [2] there is another notion of quantum isomorphism which is
called quantum commuting isomorphism, which is defined similar as quantum iso-
morphism, only requiring a so-called perfect quantum commuting strategy. More-
over, in [§], what we call quantum isomorphism is called quantum tensor isomor-
phism and they call two graphs quantum isomorphic if a perfect C*-strategy as
defined in [7] exists for the isomorphism game. In [8] they also show that their
version of quantum isomorphism is the same as quantum commuting isomorphism.
As we will see later in this section in Theorem [2.2.1] the quantum isomorphism from
Definition of two graphs G and H is equivalent to the existence of a magic uni-
tary u with entries from a finite dimensional Hilbert space such that Mgu = uMyg
for the adjacency matrices Mg and My of G and H. As is shown in [8], the notion
of quantum commuting isomorphism and therefore also their version of quantum
1somorphism is equivalent to the existence of a magic unitary u with entries from
B(H) for any Hilbert space H such that the same property Mgu = uMpy holds.

Since we will however only consider the version from Definition [2.1.3, we do not
consider these other notions in more depth.

Recall from Definition that a quantum strategy for the (G, H)-isomorphism
game consists of a shared entangled state ¢ and two families of POVMs

{As = {Asyly e V(G)UV(H)} [2 € V(G)UV(H)}

and
{B, = {Byly e V(G)UV(H)} |z € V(G) UV (H)}.

Upon input x4 Alice measures A, ,, and the result of the measurement will yield
some Y4, which will be her output. The same holds for Bob with input xzp and
output yg. By Definition [[.3.9] the probability of Alice and Bob responding with
y4 and yp when receiving input z4 and zp is given by

p(yA, yB|xAv xB) = w*(A»TAyA ® BCEB?JB)¢‘

Therefore, any perfect quantum strategy for the graph isomorphism game must fulfill
that ¥*(Ay .y, ® Bypgys)? = 0 whenever conditions |(1)]or |(2)| of Definition fail.

Since any classical strategy can be seen as a quantum strategy with one dimen-
sional observables, we see that any two isomorphic graphs are also quantum iso-
morphic. A natural question is to ask whether there are graphs that are quantum
isomorphic but not isomorphic, and indeed there are, as was shown e.g. in [2]. The
main result of this thesis will give an explicit construction for the quantum strategies
for these examples from [2]. For now, we can state the following lemma.
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2.1.5. Lemma. If two graphs G and H are isomorphic, then they are also quantum
isomorphic. However the other direction does not hold.

2.2. Quantum Graph Isomorphism via Magic Unitaries. The motivation for
the other characterization of quantum isomorphisms between graphs is closer to the
classical case. Recall from Example the quantum analogy of automorphisms
of graphs: since the automorphism group of a graph G with adjacency matrix Mg
can be written as Aut(G) = {0 € S,|c Mg = Mgo}, we defined the quantum auto-
morphism group of G via

C(Aut(G)") = {uij | u;; are projections, Zu’k = Zukj =1, uMg = MGU} :

k=1 k=1

Here, u is the magic unitary that defines the compact matrix quantum group
C(Aut(G)™).

Now, we want to consider isomorphisms between two different graphs, rather
than isomorphisms of a graph with itself. In the classical case, an isomorphism
between two graphs (that necessarily have the same number of vertices) is just
a permutation o such that Mo = oMy, where Mg and My are the adjacency
matrices of the graphs. Taking inspiration from the case of quantum automorphisms,
one can therefore ask, what happens if we replace the permutation matrices by magic
unitaries as defined in Definition [1.2.14] One can show, as has been done in [2], that
this yields the notion of quantum isomorphism from Definition [2.1.3]

2.2.1. Theorem. Given two graphs G and H with adjacency matrices Mg and My,
the following holds: G and H are quantum isomorphic if and only if there exists a
magic unitary u with entries that are operators on a finite dimensional Hilbert space,
such that

Maou = uMpy.

One can convert between the two equivalent characterizations as follows: Given a
perfect quantum strategy for the (G, H)-isomorphism game with shared entangled
state 1, POVMs A, = {Ayy}, for Alice and B, = {Byy}, for Bob for each verter x

of G and H, the magic unitary u that fulfills Mgu = uMpy s constructed as

= (Agn)gev(a)nev(m)-

On the other hand, given such a magic unitary u = (Agn)gev(a)nev (i), the perfect
quantum strategy for the isomorphism game s of the form i = \/L& Zle e; ® e,
Apg = Ay, for g € V(G),h € V(h) and Ayy = 0 = Ay, for g,¢" € V(G) and
h,hW € V(H).

Before we prove the above theorem, we will introduce some lemmas, that will help
with the proof. First, we note that the graph isomorphism game is synchronous.
Indeed, both Alice and Bob can get vertices from either graph and respond with
vertices from either graph. Moreover, if they receive the same vertex, they need
to respond with the same vertex to win the game. Therefore, Lemma [1.4.6 about
quantum strategies for synchronous games holds for the graph isomorphism game.
For strategies for the graph isomorphism however, additional properties hold, as was
shown in Theorem 5.3 in [2].

2.2.2. Lemma. Let two graphs G and H and a perfect quantum strategy for the
(G, H)-isomorphism game consisting of the shared entangled state ¢ € C¢ @ C?
and the POVMs A, = {Ayy|y €V} and B, = {Byy|y eV} forallz € V =
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V(G)UV(H) be given. If p = mat(y) and if all Ay, and By, are expressed in the
Schmidt basis of 1 then the following holds:

(i) Awy = B}, for all z,y € V
(i) A, and B, are projective measurements for all x € V', i.e. the operators
Ayy and By, are projections for all x,y € V
(1it) Agyp = pAsy and Byyp = pByy for allz,y € Y
(w) p(y, Y|z, 2") = " (Azy @ Boy ) = 0 < Agy By =0
(v) Apy =0 ifz,y € V(G) orx,y € V(H)
(vi) Ayy = Ayy forallz,y eV

With this lemma, we can state some properties of the operators from a perfect
quantum strategy of the isomorphism game, as was also shown in [2].

2.2.3. Lemma. Let G and H be two graphs. Then G and H are quantum isomorphic
if and only if there exist projections Ay, for g € V(G) and h € V(H) such that the
equations

(i) > hevim Agn = 1 for all g € V(G),
(it) 3 gev(c) Agn =1 for all h € V(H),
(1it) Agy Ay =0 if rel(g, g') # rel(h, 1).

Proof. We put V := V(G) UV(H). With Lemma [2.2.2] it is relatively easy to see,
that Alices operators Ay, from a perfect quantum strategy S fulfill properties (i) to
(iii). First, by (v) from Lemma , it holds that A,, = 0 for g and ¢’ coming from
the same graph. Therefore, and since A, = {Ay, |h € V'} is a POVM for g € V(G),

we get
DI o
heV heV(H
which is property (i). Moreover, we have by (Vl) from Lemma that Ay, =
Ay, for all g and h. We thus have deV(G) gh = deV(G) Ay and since A, =
{Ang|lg € V} is a POVM and again Ay =0 if h,h' € V(H) we get

1_2Ah9 ZAhg ZAgh

gev geV(Q) geV(G)

which is property (ii). Lastly, let g, ¢’ € V(G) and h, h' € V(H) such that rel(g, ¢') #
rel(h,h’). Then pg(h,h'|g,¢") = 0, as S is a perfect strategy. But then, by (iv) from
Lemma A Ay = 0, ie. (iii) holds. Lastly, all the Ay, are projections by
(ii) of Lemma[2.2.2]

Let now operators Ay, that fulfill properties (i) to (iii) be given. We will build
a perfect quantum strategy for the (G, H)-isomorphism game. For this, we put
Ahg = Agh for g € V(G),h S V(H) and Ag/g =0 = Ay for g,g’ S V(G) and
h,h' € V(H). Lastly put By, := Agh for all g,h € V. Now we just have to show
that the quantum strategy consisting of the canonical maximally entangled state
as shared state 1 = f S e ®e; and POVMs A, = {A,, |y € V} for Alice and
B, = {Byy, |y € V} for Bob, for all z € V, is perfect We know by Lemma
that

1
Py, | 2,2") = 0" (Aey ® Bary ¥ = ST (Aay Byry) = ST (AeyAury)

1
d
and by (iii) it follows from this, that p(y,y | z,2") = 0 whenever condition of
Definition from the isomorphism game is violated. Moreover, since Ay, and
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App are 0 whenever g, ¢ € V(G) or h, i/ € V(H), condition (1) of Definition [2.1.1]
will always be satisfied. Thus, the strategy is perfect.

O

A similar version of the following lemma was shown Lemma 6.7 in [14], however
there it was shown for the special case G = H.

2.2.4. Lemma. Given two graphs G and H with adjacency matrices Mg and My
and a magic unitary u = (ugn)gev(c)hev(m), the following are equivalent:
(1) for all g, € V(G), h, W € V(H): ugpugn =0 if rel(g,q") # rel(h,h’).
(ZZ) MGu = UMH,

Proof. (i) = (ii): Looking at the (g, h)-entries of Mgu and uMpy, we note that

MGu E Ug'h and ’LLMH gh = E Ugh/

g':g'~g h':h'~h

since the (g, ¢')-entry of Mg is equal to 1 if g and ¢’ are adjacent and equal to 0
otherwise, and similarly for Mpy. Since rows and columns of a magic unitary sum
to one, we get by (i) that

E ug’h_ E ug’h E ugh’ E ug/h E ugh’ E ug’h E ugh/ E ugh’
g':g'~g h/~h h'~h h/~h

and therefore MGu =uMpy as desured.

(17) = (i): We want to show that wy, and uyy are orthogonal, if g and ¢’ do
not have the same relation as h and h'. For this, note that projections summing
up to one are always orthogonal, and in particular all projections that appear in
the same row or column of u are orthogonal. Therefore, if one of rel(g,¢’) and
rel(h,h') is “equality”, but the other one is not, uy, and uy) appear in the same
row or column of u but are distinct and are therefore orthogonal. Next, we show
orthogonality if one of the relations is “adjacency” and the other one is not. We see
that Mgu = uMpy implies

Z ugn = Y ugy for all g € V(G), h € V(H)
h'!~h

by comparing MGu and uMpy entrywise as above. Next, since the projections ugp
are pairwise orthogonal for fixed h, we see that

(ZWJZZ%%

g':g'~g g':g'~g

and putting this together with the entrywise comparison above, we get

E ug’h E Ugh/ = ( E ug’h) E Ug/h = E Ug/h E Ugh’
g'~g

~g h/~h ~g heV(H

From this it follows, that

Z Z Ug'nUght = 0.

g'~g Woth
If we take traces in the above equation, we get that

Z Tr (ug/hugh/) =0

g'~g,h %h
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and since all u,), are projections and therefore positive semidefinite, it follows that
Tr (ugpugy) = 0 for all ¢’ ~ g and b’ 7¢ h which in turn implies that ugpugy =0,
again, since they are positive semidefinite. In a similar manner, one can show, that
ugntgy = 01if ¢ o0 g and ' ~ h hold. We thus have that if one of the relations
is “adjacency” and the other one is not the operators are orthogonal, which we
wanted to show. The only thing missing for (iii) to hold, is the case where one of
the relations is “distinct non-adjacency” and the other one is not, however, in this
case, the other relation will be one of “adjacency” or “equality” and we are again
in one of the earlier cases. 0

We will now go on to prove Theorem [2.2.1]

Proof (of Thm[2.2.1]). Put again V := V(G) UV (H). We will first show, how to
get the magic unitary from the perfect quantum strategy. By Lemma [2.2.3] we get
projections Ay, for g € V(G) and h € V(H) such that

(1) Xnevien Agn = I for all g € V(G)
(i) > gev(q) Agn =1 for all h € V(H)
(iii) AgpAgn = 0if rel(g,qg’) # rel(h, ')
hold. In order to construct the magic unitary u, we now identify each vertex in
V' with the index of the row respectively column that is associated to it in the
corresponding adjacency matrix and we put

U= (Agh)ge\/(G),heV(H)7

that is each row of u has entries Ay, with ¢ fixed and h running through V(H) and
similar for the columns. Then u is in fact a magic unitary, since its rows and columns
sum up to one and the entries are projection matrices. Moreover, by Lemma [2.2.4]
since u fulfills property (iii), we get that Mgu = uMpy as desired.

For the other direction, we are given a magic unitary u, that fulfills Mgsu =
uMp. Again, we identify the rows and columns of u with vertices from G and H
and therefore write u = (Agn)gev(a)nevm). We get by Lemma , that for all
9,9 € V(G) and h, i’ € V(H) the orthogonality property A , Ay = 0if rel(g, g') #
rel(h, h') holds. Since u is a magic unitary, its rows and columns sum up to one, and
therefore we can use Lemma[2.2.3]to get that G and H are quantum isomorphic. O

3. ARRANGEMENTS

Recall from Lemma that all isomorphic graphs are quantum isomorphic,
but not all quantum isomorphic graphs are isomorphic. On the way to constructing
examples of graphs that are quantum isomorphic but not classically isomorphic,
arrangements, and especially statements about arrangements shown by Arkhipov
in [1], play an important role. In this section, we will state the basic definitions and
the relevant facts from [1] about arrangements.

3.1. Basic Definitions.

3.1.1. Definition. A finite hypergraph G = (V, E') consists of a finite set of vertices
V and a finite set of hyperedges E, where each hyperedge e € E is a nonempty subset
of V: e C V. A hypergraph is thus a generalization of a graph as each hyperedge
might connect more than just two vertices.

We call G a connected hypergraph if for every pair of vertices u,v € V there are
edges {ej1,...,e,} with n > 1 and e; Ne;;1 being nonempty for i = 1,...,n—1 such
that v € e; and v € e,.
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3.1.2. Definition. An (unsigned) arrangement A = (V,E) is a finite connected
hypergraph with vertex set V' and hyperedge set E, where each vertex lies in exactly
two hyperedges. A signed arrangement A = (V,E,l) is an arrangement with a
labelling [ : E'— {+1, —1} that assigns each hyperedge in F a sign of +1 or —1.

3.1.3. Example. Two important examples of arrangements are the magic square
and the magic pentagram as shown below. We will later see that in a way they form
the basis of the construction of the main result of this thesis.

°
L 4 ®
° °
L 4 L
@ @ L] @ ®
The magic square The magic pentagram

3.1.4. Definition. A classical realization of a signed arrangement A = (V, E,[) is a
labelling ¢ : V' — {41, —1} of the vertices, such that the product of the labels of all
vertices that are in one hyperedge matches the label of that hyperedge:

Hc(v) =l(e) for each e € E
vee
3.1.5. Definition. A quantum realization of a signed arrangement A = (V, E,[) is a

labelling ¢ : V' — B(H) of the vertices with operators on a fixed finite-dimensional
Hilbert space H such that:

(i) The operator c(v) € B(H) assigned to a vertex v € V' is a symmetry as
defined in Definition [1.2.7] i.e. it is selfadjoint and squares to the identity
c(v)? = 1, or equivalently, each operator diagonalizes orthogonally with
eigenvalues +1 and —1.

(ii) For each hyperedge, the operators assigned to its vertices pairwise commute.

(iii) For each hyperedge, the product of the observables assigned to its vertices
equals either the identity in B(H) or its negation, according to the label of
that hyperedge:

Hc(u) =l(e)l for each e € E
uece

3.1.6. Definition. We call an arrangement classically realizable if it has a classical
realization and quantum realizable if it has a quantum realization.

3.1.7. Lemma. Any classically realizable arrangement is also quantum realizable.

Proof. A classical realization is just a quantum realization where H = C, as the
symmetries in C are just {—1,1} and moreover in C all elements commute. O

3.2. Magic Arrangements. We next define parities of the labellings of edges, as it
turns out that the realizability of a signed arrangement only depends on the labelling
of the edges up to the parity of the labelling.

3.2.1. Definition. The parity p(l) of a signed arrangement A = (V, E 1) is

p(1) = ] i(e)

eeE
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which is just the parity of the number of times —1 is a label: if there is an odd
number of labels —1, p(l) is —1, otherwise it is +1. We thus call [ an even parity
labelling if p(l) =1 and an odd parity labelling if p(l) = —1.

The following two propositions and the corollary are Propositions 10 to 12 in [1].

3.2.2. Proposition (Prop. 12in [1]). The quantum realizability of a signed arrange-
ment A = (V, E, 1) depends on the parity p(l) of the labelling I only: if A’ = (V, E,l")
18 another arrangement with the same vertices and hyperedges but a different labelling
that has the same parity, i. e. p(l) = p(l'), then A has the same quantum realizability
as A’

Proof. Assuming that A has a quantum realization ¢, we will construct a corre-
sponding realization ¢ for the new labelling [’

For this, first look at the case, where [’ flips the labels of two edges, a and b, in
comparison with the labelling [:

e We choose a path of hyperedges connecting a and b, denoted by a =
€o,€1,...,e, = b, such that each pair of hyperedges from this path e; and
e;1+1 share exactly one vertex v; for i € {0,...,n — 1}. This path exists and
is finite as A is a finite connected hypergraph.

e We define the label ¢’ via

d(v) = c(v) if v ¢ {vo, ..., v 1}
—c(v) if v € {vo, ..., vp-1}.

e Then ¢ is a quantum realization of A’

— Each operator ¢ (v) for v € V is still selfadjoint and squares to identity,
as ¢ (v) = ¢(v) for v € V\{vo,...,v,-1}, which fulfills both properties
by assumption, and for v; € {vg,...,v,_1} we have ¢'(v;) = —c(v;) =
—c(v;)* = d(v3)* and ¢ (v3)% = (—c(v3))* = c(v1)? = 1.

— All operators assigned to vertices of the same hyperedge still commute,
as the only change to the original labelling c is a scalar multiple.

— For vertices lying in hyperedges e ¢ {eq,...,e,}, ¢ is the same as ¢, as
none of the vertices {vo, ..., v, 1} appear in e, since each vertex appears
in exactly two hyperedges in an arrangement and it already holds that
v; € e; and v; € e;11. But ¢ was already a quantum realization and
thus for e ¢ {ep, ...e,}, the condition for being a quantum realization
is fulfilled.

— For ¢; € {e1,...,e,-1}, we have that the label for all vertices in e;
except for v;_; and v; are the same as before:

d(v) = ¢(v) for v € e\ {vi_1,v;}

and for v;_; and v; it is just the same but multiplied with —1. We thus

have
[[dw) =0 (=1)-]] ) Hc I(e)1 = 1'(e;)1

— For i € {0,n}, only one vertex from {vy,...v,_1} lies in e;. In this case

Hc'( Hc —l(e;))1 =1'(e)1

vee; vee;

holds.
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By repeatedly flipping the labels of two hyperedges, we can arrive at any labelling
with the same parity, and therefore we can apply the above algorithm multiple times
to arrive at the new realizations. 0

3.2.3. Corollary (Prop. 10in [1]). The classical realizability of a signed arrangement
A= (V,E,l) depends on the parity p(l) of the labelling | only.

Proof. Since any classical realization is already a quantum realization with H = C
by Lemma [3.1.7] this follows directly from Proposition [3.2.2 0

3.2.4. Proposition (Prop. 11 in [1]). A signed arrangement A = (V, E,l) is classi-
cally realizable if and only if p(l) = +1.

Proof. For even-parity labellings, we note that the labelling that assigns +1 to each
hyperedge is realizable with the vertex-labelling that also assigns +1 to each vertex.
Thus, by Proposition |3.2.3 every even-parity labelling is realizable.

On the other hand, no odd-parity labelling is realizable, as every vertex lies in
exactly two hyperedges, and therefore in the product of the vertex labels, each vertex
label will appear twice. Put differently, if A is realizable, i.e. ], ., c(v) = l(e), we

have:
p(t) =TT o) = [T ] ctv) = [T c(v)? =1

eck ecFE vee veV

O

We cannot state a quantum analogue of Proposition|3.2.4] since in general the ver-
tex labels do not have to commute and therefore it can happen that in [, 5 [],c. c(v)
a term c(v;)c(vg)e(vy) appears that can not be simplified to c¢(ve)c(vy)?. One can
ask however, when is an arrangement quantum realizable but not classically realiz-
able? In light of Proposition and Proposition one should think of this as
a question about unsigned arrangements.

3.2.5. Definition. An unsigned arrangement is magic, if it has an odd-parity labeling
that is quantum realizable. Moreover we call a signed arrangement magic, if its
underlying arrangement is magic and the labelling has odd parity.

3.2.6. Lemma. Let A = (V, E,l) be a signed arrangement. If A is magic, then A is
quantum realizable but not classically realizable.

Proof. That A is quantum realizable follows from the assumption that it is magic.
Since the labelling [ has odd parity p(l) = —1, by Proposition it is not classically
realizable. 0

3.2.7. Example. The magic square and the magic pentagram from Example [3.1.3
are magic arrangements. Below, they are shown again, this time with an odd parity
labelling and a quantum realization. Here, X, Y and Z are the Pauli matrices, 1 is
the identity matrix and juxtaposition of two operators stands for the tensor product
of the two matrices.
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+1 +1 -1
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17 71 77,
L 4 @ 1
X1 1X XX
{ L4 @ 1
X7 7X YY
The magic square The magic pentagram

3.3. Classification of Magic Arrangements. Magic arrangements can be com-
pletely classified by their intersection graphs.

3.3.1. Definition. The intersection graph of an arrangement A = (V,E) is the
undirected graph G = (V’, E’), where V' = E and there is an edge between ey, e5 €
V' for each vertex in the intersection e; N e,.

A labelling [ of the hyperedges of A is transferred to a labelling of the vertices of
GG. Similarly, a vertex labelling ¢ of A is transferred to an edge labelling of G. Thus
also the notion of (quantum) realizations can be transferred in a natural way to the
intersection graph.

We call an intersection graph magic if the corresponding arrangement is magic.

3.3.2. Example. The intersection graph of the magic square is the complete bipar-
tite graph on 6 vertices K33, and the intersection graph of the magic pentagram is
the complete graph on 5 vertices K5 as defined in Example [1.1.4]

3.3.3. Theorem (Theorem 21 in |1]). An arrangement is magic if and only if its
intersection graph is not planar.

In [1], Arkhipov gives a proof for both directions of this theorem. However, since
it is a rather long proof and we only need one direction for our main result, we will
only prove one direction, namely that a nonplanar intersection graph implies that
the arrangement is magic. First however, we show a useful lemma.

3.3.4. Lemma. Let G and H be two intersection graphs of arrangements. If H is a
topological minor of G, then H being magic implies that G is also magic.

Proof. We give a construction for turning a quantum realization of H into one of
G. So, let some odd-parity labelling for H be given and let ¢ : V(H) — B(K) be a
quantum realization of H on some Hilbert space K. We will use the map & : H — G
given by the topological minor inclusion to assign a labelling and a realization of G
as follows:

e Label each vertex in G that is not in the image of ® by +1 and label any
vertex ®(v) where v € V(H) with [(v).

e For each edge in H, label each edge of the corresponding path in G with
the same quantum operator. Label all the other edges in G with 1.

Now we need to show that this actually is a quantum realization:

e Since any operator assigned to an edge of GG is either an operator coming
from a quantum realization or 1, they are all selfadjoint and square to
identity.

e Each vertex of G that corresponds to a vertex of H touches only edges
labelled with the operators that came from H and copies of identity. Since
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the operators coming from H have to commute and only 1 is added, they
still commute and their product is still the same, which is the label of the
vertex.

e Any vertex in GG that lies in a path corresponding to an edge in H touches
only the operator assigned to this edge in H twice and again possibly copies
of identity. Therefore they commute again and they square to identity,
which is the label of the vertex.

e Every other vertex in G only touches edges labelled with 1 and the label of
the vertex is also 1.

We thus have a labelling of G with odd parity and a quantum realization of the
corresponding arrangement. Therefore, GG is magic. U

3.3.5. Theorem. If the intersection graph of an arrangement is nonplanar, then the
arrangement is magic.

Proof. Since we know by the Theorem of Kuratowski that any nonplanar
graph contains either K33 or K5 as a topological minor and we moreover know by
Example that both of these graphs belong to magic arrangements, we see by
Lemma that any nonplanar intersection graph is magic. O

4. BINARY CONSTRAINT SYSTEMS

We now look at binary constraint systems (BCS), the last step before we get to
the main result. We will introduce binary constraint system games and see how to
get perfect quantum strategies for certain BCSs coming from quantum realizations
of magic arrangements.

4.1. Basic Definitions.

4.1.1. Definition. A linear binary constraint system (BCS) F consists of a family
of variables x1,...,x, and constraints C,...,C,,. Each constraint is of the form
C : ersl x = b where S; C {x1,...,2,} is the set of variables appearing in C)
and b, is in {—1,+1}. We say that F is satisfiable if there is an assignment from
{—1,+1} to the variables z; such that every constraint Cj is satisfied. We call such
an assignment a satisfying assignment.

4.1.2. Remark. In the definition above, we used the multiplicative notation for
binary constraint systems. The additive notation, where the constraints are of the
form C; : ersl x = by with b, € {0,1} and the assignments of values to the z; are
coming from Fy, is also widely used. However the multiplicative notation is more
natural in our setting, as we will see in the next definition. The notion of linear
BCS comes from the fact that in the additive notation, each of the constraints is a
linear equation.

4.1.3. Lemma. Linear binary constraint systems generalize signed arrangements,
since any signed arrangement is just a linear BCS where each variable appears in
exactly two constraints.

4.1.4. Example. An example for a BCS with 9 variables and 6 constraints is given
by the equations

Ty Xy T3 =1 Ty -Xs-T7 =1
134'1‘5'1’6:1 I’Q'ZE5'$8:1

Ty Tg-Tg =1 T3+ Tg:Tg = —1
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This BCS corresponds to the magic square introduced in Example [3.1.3]

4.1.5. Definition. Given a linear BCS F with variables z1,...,z, and constraints
Ci,...,C,,, we call F quantum satisfiable if there exists a quantum satisfying as-
signment which is an assignment of finite-dimensional operators A;, ..., A, to the
variables x4, ..., x,, such that:

(i) Every A; is a symmetry in the sense of Definition [1.2.7, i.e. every A; is
selfadjoint and squares to the identity, A? = 1;
(ii) All observables that appear in the same constraint mutually commute;
(iii) The A; satisfy the constraints in the sense that [], ., cs Ai = bl for each
constraint Cj.

4.1.6. Lemma. If the operators from a quantum satisfying assignment are one-
dimensional, then the quantum satisfying assignment is the same as a classical sat-
1sfying assignment.

We now want to define a BCS game which is similar to the one discussed in [5]
by Richard Cleve and Rajat Mittal. However we will use a synchronous version of
the game they investigated, as was introduced in [2], since we want to use facts that
hold for strategies for synchronous games.

4.1.7. Definition. To a linear BCS F, we associate the BCS game. In this game,
the verifier gives Alice a constraint C; and Bob a constraint Cy,. They both answer
with assignments of values to the variables appearing in their respective constraint.
The winning conditions are that:

(i) Each player satisfies their own constraint with the value assignment they
give.
(ii) For all variables in S; N Sy Alices and Bobs assignments of values match.

Note that this game is again synchronous, since both Alice and Bob can receive
any constraint and they are both posed the same question. Moreover, if C; = C},
we have that S; = S, and therefore Alice and Bob need to return the same partial
assignment in order to win.

4.1.8. Remark. It is not difficult to see that the above game can be won classically
with probability 1 if and only if the underlying BCS is satisfiable.

We will see that the game can be won perfectly using quantum strategies if and
only if the BCS is quantum satisfiable.

4.2. Perfect Quantum Strategies for the BCS Game. We will now show how
to get a perfect quantum strategy for the BCS game given a quantum satisfying
assignment. However, we first need a little lemma.

4.2.1. Lemma. Let A and B be finite dimensional selfadjoint operators on a Hilbert
space H with eigenvalues {—1,+1}. If A and B commute, then so do the projections
onto their eigenspaces.

Proof. We know by Lemma [1.2.10| that both A and B are symmetries, as they are
selfadjoint and have eigenvalues {—1,+1}. Moreover, again by Lemma [1.2.10, we

know that the projection P} on the eigenspace belonging to eigenvalue j of the
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symmetry v can be written as Py = %(v + 71). We thus have that

PR = (A + 305 (B + 1)
_ 411 (AB + joA+ j1B + j1j21)
_ 111 (BA + jo A+ j1B + jajil)
_ % (B + jal) % (A+ji1)
e

O

The following construction is similar to the one presented by Cleve and Mittal
in [5], but since the game is a bit different, it is adapted for the new game.

4.2.2. Construction. Given a linear BCS F with variables zy,...,x, and con-
straints C1,...,C,, and a quantum satisfying assignment of F mapping a finite
dimensional selfadjoint operator A; on the Hilbert space H = C? to each variable
x;, we construct a quantum strategy for the BCS game for F as follows:

o We define the shared entangled state as the canonical maximally entangled
state ¢ 1= \/L& Zle e; R e;.

e Alice associates the observables A; to each variable x; while Bob associates
their transpose A to z;.

e On input s, Alice conducts the measurements described by the observables
she associated to the variables appearing in C and similarly Bob conducts
the measurements described by the observables he associated to the vari-
ables appearing in C; given input .

Recall from Definition [1.3.5] what measurements described by an observable M
look like: The observable has a spectral decomposition, which we write as M =
> mPy,. Here the m run over the eigenvalues of M and the P,, are the corre-
sponding projections onto eigenspaces. The measurement described by M is then
the same as the one described by the POVM {P,, | m is an eigenvalue of M }. Note
moreover, that since all observables appearing in the same constraint commute, so
do the projections on their eigenspaces by Lemma and therefore it does not
matter in which order Alice and Bob perform their measurements.

4.2.3. Proposition. Given a binary constraint system F and a quantum satisfy-
ing assignment for F the quantum strategqy for the BCS game for F described in

Construction is perfect.

Proof. We want to show that the quantum strategy given above is in fact a per-
fect strategy. Recall from Lemma that for this it suffices to show that
p(fa, fB|s,t) = 0 for partial assignments f4 and fp that do not fulfill condition |(i)
or [(ii)] from the BCS game of Definition [4.1.7 We will first show that condition |(i))
is always fulfilled. Let us therefore take a closer look at the quantum strategy we
defined above. As was mentioned above, the measurements of observables that Alice
and Bob conduct can be seen as POVMs. The POVM belonging to Alices operator
A; is of the form

{Pf, P PJ’ is the projection on the eigenspace of A; belonging to eigenvalue j}
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since A; comes from a quantum satisfying assignment and therefore has eigenvalues
{+1, —1}. The same holds true for Bob, only considering A’:

{Qi, Q" | Qj- is the projection on the eigenspace of A! belonging to eigenvalue j}

Since cascaded measurements can be seen as a single measurement, as was noted in
Lemma [1.3.4] we see that upon receiving input s, Alice measures the POVM

{Pll,,.P;;:|,fL’i1,...xl’k ESs}

while Bob measures

Bt = {Q;ll Q;ll ‘ Liyyo o Ty € St}
upon input ¢, where the order of the projections does not matter, since they commute
by Lemma . If Alice now receives the result (iq, j1), ..., (i, jx) upon measuring
her POVM A, where the (i, jx) come from the projections P;:, the partial assign-
ment she returns will be f4 : S; — {—1,+1} defined by fa(z;,) = j; and similar for
Bob.

Because of this, we can already see, that Alice and Bob will always return a
partial assignment that assigns values to the correct variables. Next, we want to
show that these assignments do in fact satisfy the corresponding constraint. We will
show it for Alice, because in Bob’s case it is very similar. For this, let the input
for Alice be s and let Pj?, cee P]’I,f be the projections associated to Alice’s result

(11,91)s - - - (ix, Ji.) of the measurement of A,;. We have that

k

since the A; come from a quantum satisfying assignment of F. As PjZ is the projection
on the eigenraum to the eigenvalue j of the operator A; and as all A; have eigenvalues
{1,—1} and are selfadjoint, each A; can be written as

We thus can rewrite

HA” = H (P — P")

1=1
and by expanding we get

k

P” P) = Z sgn()HP”—bl

=1 jeq1,-1y* =1

::]»

for multiindices 7 = (ji,...,jx) € {1,—1}" where we put sgn(j) = Hlejl.
multiplying both sides of the above equation with Hle le,l we get
l

kK k k
Y s [ 17 =17

je{1,—13*

We know by Lemma|1.2.10{that P?, = 1— P and thus P} and P, are orthogonal for
the same 7. Since however all of the projections appearing in the equation commute
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by Lemma and since for every 7 # (j1,...,j) = there is an i such that both

Pi and P, appear in [\, P! 1, P;}, the above equation can be transformed into
l

k k
—/ i ]
son(7) [] Pt = o T By
=1 =1
If now sgn(j') # bs we get that Hle P]’l} =— Hle P;Zl and thus the product has to
be 0. Therefore the probability for Alice to receive (i1, ji), ..., (ix, ji) as a result of
her measurement is also 0. If on the other hand sgn(}l) = b then the corresponding
partial assignment f4 will fulfill the constraint s, since

k k
[ fatza) =]l = sgn(i') = bs.
=1 =1

Therefore, condition |(i)| of Definition is fulfilled.
We now take a closer look at condition (ii)]of Definition[4.1.7} Let f4 and fp be two

inconsistent partial assignments, assigning values to S; and S; respectively. Being
inconsistent means, that there is a variable z; € Sy N S; such that fa(z;) # fB(x;).

In order to return f4 and fz, Alice and Bob would have to measure P! - P;: P}A (1)

and Q;ll e Q;ll 3‘3 () respectively. However, we have that
p(fa fol5,8) = 0" (Bl -+ PPy ® Q3 -+ Q51 Q)Y
_ i ik pi i i i T
- TT(lel T ID]?:PfA(a?i)(lel o Q;lleB(xi)) )
i ik pi iT i il
- TT(PJdl T Pj:PfA(ﬂci)QfB(wi)lez o Qj11)
by Lemmall.3.12] But the Qz are just the projections on eigenspaces of A7, while the

(3

P! project on the eigenspaces of A;. Therefore, P} = Q;T and thus also Q}Z(m) =
P.)Z;B_(Iz‘)'_ But Since. fa(z;) # fp(z;), we have that P}A(Ii) and P}B(Ii) are distinct
projections onto eigenspaces of the same operator, and therefore orthogonal to each

other and we have
i ik Di iT il i
p(fas [l s t) =Tr(Pjl - PPy 0 Qe @y - @5) = 0.

This means that the probability of returning inconsistent responses is 0 and therefore
the given quantum strategy is perfect. O

4.2.4. Proposition. If F is a binary constraint system and there is a perfect quan-
tum strategy for the corresponding BCS game, then a quantum satisfying assignment
of F exists.

Proof. In [5], Cleve and Mittal show the proposition for a BCS game that is similar
to our version, but not quite the same. To be precise, in their version of the game,
Alice still gets a constraint C; and has to answer with a partial assignment for this
constraint, however Bob gets a variable that appears in Alice’s constraint = € S
and has to answer with an assignment to x that matches Alice’s partial assignment
of C;. Given a perfect quantum strategy for our version of the game, one can use
it as a subroutine for a perfect quantum strategy for Cleve and Mittal’s game: If
Alice gets constraint C; and Bob gets variable z € C}, Alice and Bob use the perfect
quantum strategy for the game from Definition to both get assignments for Cj.
Alice then returns her assignment, while Bob only returns the value for x. Then
we have a perfect quantum strategy and thus, by [5], there is a quantum satisfying
assignment for F. U
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5. GETTING EXAMPLES FOR QUANTUM ISOMORPHISMS OF GRAPHS VIA BCS
STRATEGIES

We now present the main result of this thesis by combining the results of the
previous sections and by introducing the construction of quantum isomorphic but
not isomorphic graphs from [2].

5.1. Graphs Associated to Binary Constraint Systems. In this section, we
want to present the construction of two quantum isomorphic graphs from a binary
constraint system with a perfect quantum strategy. The construction associates a
graph to a given binary constraint system. It was first introduced in Section 6 in [2].

5.1.1. Construction. Given a binary constraint system JF, we associate to it a
graph Gz defined as follows. For each constraint Cj of F and each possible partial
assignment f : S, — {—1,1} that satisfies C}, we add a vertex (I, f) to Gz. Next,
we add an edge between two vertices (I, f) and (k, g), if f and ¢ are inconsistent,
i.e. if there is an € S; N Sy, such that f(x) # g(x).

Note that with this construction, all vertices belonging to the same constraint of
F are connected.

5.1.2. Definition. For any linear BCS F, we define its homogenization F; as the
binary constraint system with the constraints of F, but with the right hand side of
all equations set to 1.

Note that the homogenization of a BCS always has a solution, namely the all
1 assignment. Note moreover, that Gz and G always have the same number of
vertices. This is important, since in the next sections, we want to take a closer look at
the relation between (quantum) satisfiability of F and the (quantum) isomorphisms
between G and Gz, .

In order to do so, we first consider the next little lemma. Recall for this from
Definition that «(G) denotes the size of the largest independent set in the
graph G.

5.1.3. Lemma. If F is a BCS with m constraints, then a(Gx,) = m holds for the
graph G, associated to the homogenization of F.

Proof. First note that it is clear that a(Gx,) < m, since all vertices belonging to the
same constraint are connected, as was remarked above. Therefore, as soon as two
vertices belonging to the same constraint are in a set, the set is no longer indepen-
dent. Thus maximally one vertex of each constraint can belong to an independent
set.

Next, we consider the vertices (I, f}') for each constraint C;, where f;' is the all one
assignment. These vertices form an independent set of size m, since for two distinct
vertices (I, f!') and (k, f!), f! and f! agree on all shared variables, as they assign 1
to each of them. Thus, by the construction of G£,, they are independent. ([l

5.2. Characterization of Isomorphic Graphs Arising From Binary Con-
straint Systems. We now present the proof shown in 2] that classical satisfiability
of a linear BCS F is the same as the graphs Gz and Gz, being isomorphic.

5.2.1. Lemma. If F is a linear BCS that is classically satisfiable, then Gx and Gz,
are isomorphic.

Proof. Suppose we have a satisfying assignment of F given by F' : {zy,...,2,} —
{—1,1}. We now construct a graph isomorphism ¢ : V(Gx) — V(G ) by mapping
the vertex (I, f;) to the vertex (I, f; - Fig,).
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Let us first show, that (I, f; - Fig,) is in fact a vertex of G'z,. For this, we need to
show that the function f;-Fs, satisfies the constraint C', 1. e. that [, f()Fls,(2) =
1. But we know, that both f; and Fig, satisfy (7, i.e.

1 fite) = b= T Fsi(@)

TES) TES)

and therefore

TT #()Fis () = b = 1.
€S
It is also easy to see that ¢ is an injection and therefore also a bijection, as G r
and Gz, have the same number of vertices: for two distinct vertices (I, f1) and (k, f)
it is immediately obvious, that ¢ maps them to distinct vertices if [ # k. If | = k
we have that f; # f, and therefore f; - Fig, # fo - Fjg,, which shows injectivity.
Lastly we check that ¢ is indeed an isomorphism, i. e. that it preserves adjacency.
Let (I, f1) and (k, f2) be two adjacent vertices in Gz, which means that there is
an x € SN S, such that fi(z) # fo(x). But then it follows that fi(z)Fs,(x) #
fa(x)Fis, (x), since Fig (v) = Fg,(z) = F(x) and therefore the vertices (I, f; - Fig,)
and (k, f> - Fig,) are also adjacent. Showing that ¢ also preserves non-adjacency is
very similar. We thus have that Gz and G'x, are isomorphic. O

5.2.2. Lemma. If F is a linear BCS with m constraints, then a(Gx) = m implies
that F is satisfiable.

Proof. We assume that o(Gx) = m and let T be an independent set of Gz of size
m. Since all vertices belonging to the same constraint are connected, we infer that T’
must contain exactly one vertex coming from each of the m constraints. Because of
this we can define a function F' : {zy,...z,} — {—1,4+1} by putting F(z) := fi(z)
if x € S;and (I, f;) € T. To see that I is well-defined, consider two distinct vertices
(I, fi), (k, fr) € T such that there is an = € S; N Sk. Since the two vertices are not
connected, they must agree on all such variables x by construction of Gx. Therefore
it does not matter, which function from f; and f; is chosen to define the value of F
at the variable z.

It thus only remains to show that F' satisfies the BCS F. But for any constraint
C; of F we have that F(x) = fi(x) for all z € S, where f; is a partial assignment
satisfying C;. Therefore, I satisfies all constraints, and thus also F. O

5.2.3. Proposition (Theorem 6.2 in [2]). Given a linear BCS F with m constraints,
the following are equivalent:
(i) F is satisfiable;
(1)) Gx and G, are isomorphic;
(iii) a(Gx) =m.

Proof. (i) = (ii). This holds by Lemma [5.2.1]
(11) = (4ii). In Lemma we already saw that a(Gx) = m. Since by
assumption G and Gz are isomorphic, we get that also a(Gx) = m as desired.
(i14) = (¢). This holds by Lemma O

5.3. Characterization of Quantum Isomorphic Graphs Arising From Bi-
nary Constraint Systems. We now want to show the quantum equivalent of
Proposition [5.2.3] However, before we can do that, we need to introduce a new
concept, namely that of a projective packing of a graph.
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5.3.1. Definition. Let GG be a graph. A projective packing of G is an assignment
g+ E, € C™? of d x d projections for some dimension d € N such that for adjacent
vertices g and ¢’ the assigned projections E,; and E, are orthogonal.

The wvalue for such a projective packing is defined as ézgev(a) rk(E,), where
rk(E) denotes the rank of the matrix E. Moreover we define the projective packing
number of G, a,(G), as the supremum of all values of projective packings of G.

In [2], the following lemma is presented. Recall from Definition that G
denotes the complement of the graph G.

5.3.2. Lemma. Let G and H be finite graphs. If G and H are quantum isomorphic,

it holds that a,(G) = a,(H) and a,(G) = a,(H). Moreover, if G has a projective
packing of value v then H also has a projective packing of value ~y.

It also holds that the projective packing value of a graph is always greater or
equal than the size of its largest independent set.

5.3.3. Lemma. Let G be a graph. Then o(G) < a,(G).

Proof. Let an independent set T' of size m of G be given. We get a projective packing
of value m by assigning the identity matrix to each vertex in 7" and the zero matrix
to all other vertices of G. U

We now start showing the quantum analogue of Proposition [5.2.3 which was first
presented in [2]. First, we look at how to get a perfect quantum strategy for the
(G £, G# )-isomorphism game given a quantum satisfying assignment of a linear BCS

F.

5.3.4. Lemma. If F is a linear BCS that is quantum satisfiable, then the graphs G x
and Gz, are quantum isomorphic.

Proof. Since F is quantum satisfiable, there is a quantum strategy for the BCS game
of F as given in Construction that is perfect by Proposition Using this
strategy, we will present a perfect quantum strategy for the (G#, Gz, ) isomorphism
game. If we have this strategy, by definition, G and Gz, are isomorphic.

In the isomorphism game, Alice gets a vertex (l4, f4) from one of the two graphs.
Using the perfect quantum strategy for the BCS game, Alice now obtains an as-
signment f/ : S;, — {—1,+1} that fulfills the constraint C;, in F and she returns
the vertex (la, fa - f4). Similarly, Bob receives the vertex (lp, fg) and returns the
vertex (Ig, fg - f), where he got the assignment f5 : S, — {—1,+1} satisfying
(), again by using the strategy for the BCS game.

We now need to show that this strategy for the graph isomorphism game is
perfect. First note, that Alice and Bob return vertices of the correct graph, i.e.
that condition of Definition is fulfilled. We know, that the assignment
fy fulfills the constraint C;, in F. If her given vertex comes from the graph G,
we therefore get that f4 also fulfills the constraint Cj, in F and thus we have
[lics,, fa(@) = b = [l,es,, fa(x) and therefore [T g fa(x)fi(z) = o= 1,
which fulfills the constraint C}', in Ji, that is she returns a vertex of Gz,. If how-
ever Alice received a vertex from Gz, we get that erSzA fa(z) = 1 and thus

HIGSLA falz) fiy(x) = erS,A fi(x) = b, and therefore f4 - f); fulfills constraint C;,

in F and thus (L4, fa- f}) is a vertex of Gx. That Bob returns vertices of the correct
graphs can be shown similarly.
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Now we will show, that condition |(2)| of Definition is fulfilled. There are two

cases two consider, namely the one where Alice and Bob receive vertices from the
same graph and the one where they receive vertices from different graphs.

Case 1: Suppose, Alice and Bob receive vertices from the same graph. We will
call again Alice’s vertex (14, fa) and Bob’s vertex (Ip, fg). Now, there are again
three different cases two consider: the vertices Alice and Bob receive could either
be equal, adjacent or distinct and non-adjacent.

Case 1.1: We suppose first that Alice and Bob receive the same vertex. Then f4
and fp are equal. Since f, and fj come from a perfect quantum strategy and are
assignments for the same constraint, they are also equal, and thus Alice and Bobs
outputs (la, fa- f4) and (g, f5 - f5) are also equal.

Case 1.2: Second, suppose Alice and Bob are given adjacent vertices. That means
that there is an xzy € S;, N S, such that fa(zo) # fu(zo). But since f, and fg
come from a perfect strategy, they agree on all shared vertices x € S;, N.S;, and
thus we have that fa- f%4(x0) # f5- f5(x0) and therefore Alice and Bob return again
adjacent vertices.

Case 1.3: Lastly, suppose that Alice and Bob receive distinct non-adjacent ver-
tices. In this case, f4 and fp will agree on all variables x € S;, N.S;,. But since f/
and f5 come from a perfect strategy, they will also agree on all these variables and
thus so will fa - f and fg - f5. Therefore, (4, fa - f4) and (g, f5 - f5) will again
be distinct and non-adjacent.

Case 2: We now consider the case where Alice and Bob receive vertices from
different graphs. If Alice receives the vertex (l4, fa) from one graph and Bob receives
the vertex (Ig, fp) from the other, then the vertex (Ig, fp - fj) will be from the
same graph as Alice’s vertex. Now we can use the reasoning from case 1 on the
vertices (l4, fa) and (I, fB- fg), which are from the same graph, to see that (14, fa),
(Ig, [B-fB), (la, fa- f4) and (I, fB- f5- ) fulfill the corresponding conditions from
the graph isomorphism game. However, since fj;- f5 = 1, the vertex (g, fg- f5- f5)
is the same as Bob’s original vertex (I3, f5) and thus condition [(2)]of Definition[2.1.1]
is fulfilled.

We thus have a perfect quantum strategy for the isomorphism game and G and
G 7, are quantum isomorphic. O

We next show a lemma about the connection between the projective packing value
of G and the quantum satisfiability of F.

5.3.5. Lemma. Let F be a linear BCS with m constraints. If there is a projective
packing of the graph Gx of value m, then F is quantum satisfiable.

Proof. Suppose there is a projective packing of Gz of value m given by (I, f) —
E( 5 € C™4. We will use this to construct a quantum strategy for the BCS game of
F. If that is the case, by Proposition there is a quantum satisfying assignment
for F.

Step 1: We first will show that for each [ € [m], the set {E; ;| (I, f) € V(Gr)} is
a POVM, i.e. that for each [ € [m] it holds that

Z Eup =1

[(LHeV(GF)
It holds that all the projections assigned to the vertices belonging to the same
constraint [ are pairwise orthogonal. This is the case, since in Vi, all vertices
belonging to the same constraint form a clique, i.e. they are all connected, and
the condition for a projective packing asserts that adjacent vertices are assigned
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orthogonal projections. Since it holds for orthogonal matrices A and B that rk(A+
B) = rk(A) + rk(B) and since the dimension of the entire space is d, we have

> rk(Ewy) =rk Y Eup | <d forallle[m].
FLHEV(G) FLHEV(G)

Since the value of the projective packing is m, we have that

1
m = E Z Tk‘(E(l’f)).

(LNHeV(GF)

Putting this together with the inequality above, we get

mzé Z Z Z rk(E(l,f))gémd:m

(LHEV(GF) l 1 f(LHeV(GF)
and from this it follows that

Y rk(Eqp) =d, foralll € [m].
f:(1L.NHeV(GF)
But having mutually orthogonal projections whose rank sums up to d, means that
the projections themselves must sum up to identity:

Z Egp =1

f:(LHeEV(GF)

This means, that the projections {E; ;| (I, f) € V(Gx)} form a POVM and in par-
ticular a projective measurement for each I € [m], as each E s is a projection.
Step 2: We will use these measurements {E s | (I, f) € V(Gx) }le im] tO build our
quantum strategy for the BCS game. The strategy is as follows: first, the shared
entangled state is the canonical maximally entangled state ¢y = d Zf 1 €i®e;. When
Alice receives constraint C, she will measure the POVM {E awn | (L, f) e V(GF) } on
her half of 1/4. Upon receiving ([, f) as the output of the measurement, she Wlll return
the partial assignment f :.S; — {—1,41}, which by construction of G F satisfies her

constraint C;. Bob will proceed similarly, only measuring {E(:g o | (k, f") e V(G ]-')}

upon input C}, to receive a partial assignment f': S, — {—1,+1} that satisfies C}.
The probability of Alice and Bob returning f and f’ upon input C; and C}, is thus
given by

, 1
p(f, 1L Cr) = Vi(Eq gy © Efy )00 = ETT (Ba.nEwm)

where the last equality is by Lemma [1.3.12]

Step 3: Now it only remains to check that the given strategy is also perfect.
Note that by construction of the strategy, both Alice and Bob will always return a
partial assignment of the correct constraint that will also satisfy this given constraint.
We thus only need to verify that for inconsistent partial assignments f and f’ of
constraints C; and Cy respectively it holds that p(f, f'| C;,Cx) = 0. But if they
are inconsistent, i.e. there is an x € S; N Sy such that f(z) # f'(z), then the
corresponding vertices (I, f) and (k, f') are adjacent. In this case however, the
projections assigned to these vertices E(; ) and E( sy are orthogonal, since they
come from a projective packing of Gz, and therefore we have that

, 1
p(f, 1 Ci, ) = ST (Eq p B g)) = 0.
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Thus the given quantum strategy is perfect. 0

Now we can state the quantum analogue of Proposition [5.2.3] which was also
shown in |2].

5.3.6. Theorem (Theorem 6.3 in [2]). Given a linear BCS F with m constraints,
the following are equivalent:

(i) There is a perfect quantum strategy for the BCS game of F;
(i) The graphs Gx and Gz, are quantum isomorphic;
(iii) There exists a projective packing of G of value m.

Proof. (i) = (ii). This holds by Lemma [5.3.4]

(1) = (7i1). We know by Lemma that Gx, has an independent set of size
m and therefore, by Lemma [5.3.3] it also admits a projective packing of value m.
By Lemma [5.3.2] we therefore also get a projective packing of G of value m, since

G r and Gz, are quantum isomorphic by assumption.
(¢44) = (i). This holds by Lemma [5.3.5] O

5.3.7. Corollary. We thus see that as soon as we have a linear binary constraint
system F that is quantum satisfiable but not classically satisfiable, we have an exam-

ple of two quantum isomorphic graphs that are not classically isomorphic, namely
G]: and G]:l.

5.4. A Closer Look at the Resulting Quantum Strategy. By Corollary [5.3.7]
we now know that for a quantum satisfiable but not satisfiable BCS F, we get
two graphs that are quantum isomorphic but not isomorphic, and thus, by Theo-
rem [2.2.1], there is also a magic unitary u that fulfills

MG}_U = u]\fg]__1 .

However, we do not know, what this magic unitary looks like, since in Lemma [5.3.4
the strategy for the graph isomorphism game is not explicitly stated. In this section,
we will explicitly state the strategy for the (Gx, G #, )-isomorphism game given a BCS
F with a quantum satisfying assignment. First, let us recall the perfect quantum
strategy for the BCS game coming from a quantum satisfying assignment as given
in Construction [4.2.2]

5.4.1. Proposition. Let F be a linear BCS and let a quantum satisfying assignment
for F be given by x; — A; for all variables x; of F and some finite dimensional
symmetries A;. Let P; be the projection on the eigenspace of A; belonging to the
eigenvalue j. The POVM Alice will measure upon receiving a constraint C as input
is of the form

./4.5 = {P;ll 'P;k|l’il,...,l'ik € Ss}

k

FEach of the products P;ll . P;: for z;,...,x; € S, defines a partial assignment
f:Ss — {—1,1} with f(x;,) = ji. For easier notation, we denote such a product

defining the partial assignment f as
. pi i
My = Pj! - P

The POVM Bob measures if he receives the constraint Cy as input is then of the
form

Bt:{M?|xil,...,xik ESt}-

Next, we need to consider how this strategy for the BCS game translates into a
strategy for the graph isomorphism game.
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5.4.2. Proposition. Let F be a linear BCS and let a perfect quantum strategy for
the BCS game of F be given by a shared entangled state v and POV Ms

{As| Cs is a constraint in F} and {Bs|Cs is a constraint in F}

as described in Proposition |5.4.1. A perfect quantum strateqy for the (G, G )-
1somorphism game is given by the same entangled state v and POV Ms

{&lz e V(GF)UV(GR)}

for Alice and
{Folz € V(GF) UV (GF)}

for Bob given as follows:
Eap =AMp | (L f- ') € VIGR)} for (I,f) € V(GF)
Eap ={Mp | (L f- ') € VIGF)} for (I, f) € V(Gr)
and
Fup ={Mp (L f- ) e V(GR)} for (I, f) € V(GF)
Fopy ={Mj | f- ) eV(Gr)} for (I.f) € V(Gr)
If Alice gets the vertex (I, f) as input, she will measure the POVM E 5. If the result

of this measurement is f' (associated to the operator My € £y ), Alice will return

the vertex (I, f - f'). The same holds for Bob only with POVMs F ).

Proof. Recall from the proof of Lemma that given a vertex (I, f) from one of
the two graphs, Alice will measure her POVM from the BCS strategy A; = { My} to
receive a function f’ and return the vertex (I, f- f’). That means that the operators
in the POVM she measures for the graph isomorphism game will be the same,
just the interpretation will be different. Therefore, in the strategy for the graph
isomorphism game, the operator My is associated to the vertex (I, f- f'), which will
be her return vertex. This is again similar for Bob.

Since in some cases the labels of some vertices in V(Gz) and V(G ) might be
the same, we made a distinction between the POVMs for the vertices from V(G r)
and V(Gz) in order to make sure that Alice and Bob always return the vertices of
the correct graph. 0

To summarize, we will now write down constructively what the magic unitary
witnessing the quantum isomorphism looks like.

5.4.3. Proposition. Let F be a linear BCS with a quantum satisfying assignment
A; for each wariable x; of F. Denote by M; again the products of projections
onto eigenspaces of A; as defined in Proposition |5.4.1. The magic unitary u =
(Uzy)xev(cf)vyev(gfl) fulfilling Mg ,u = uMg,. has the entries:

. :{Mf/ ifa=(.f) andy = (I, f- )

0 otherwise.

Proof. We put V' := V(Gr UV (Gg)). If Alice’s POVMs in the perfect quantum
strategy are of the form &, = {E,,|y € V'} for all z € V, we know by Theorem
that the magic unitary u has the (z,y)-entry E,, for z € V(Gz) and y € V(Gx,).
Moreover, we know by Proposition that

5o My ifx=(f)andy=(l,f-f)
00 otherwise.
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5.5. Application. In the previous section, we saw how to construct the magic uni-
tary given a linear binary constraint system with a quantum satisfying assignment.
In this section, we will see how to get these BCSs and their quantum satisfying
assignments.

Recall from Theorem [3.3.5] that for any nonplanar graph, we get a magic arrange-
ment.

5.5.1. Construction. Let G = (V, E) be a nonplanar graph. G is the intersection
graph of the arrangement A = (V' E’), where each vertex of A, v] € V', corresponds
to an edge of G, e; € E. Moreover, each hyperedge €. of A corresponds to a vertex
v; of G and the hyperedges are of the form:
e; = {v)| r(e;) =i or s(e;) = v;}

where e; is again the edge corresponding to v and r and s are the range and source
maps of G. Then A is a magic arrangement. If the graph G was either the complete
bipartite graph on 6 vertices K33 or the complete graph on 5 vertices K5 we get a
quantum realization of A from Example [3.2.7, Otherwise, one of these two graphs
is a topological minor of G and we get the quantum realization for A from the proof
of Theorem let H € {K33, K5} be a topological minor of G, let & : H — G

be the topological minor inclusion map and let [ be a labelling with odd parity of
H. The labelling I’ for G is given by

Py — 1 if v & Im(®y)
(v) = l(u) fueV(H)and &y(u) =v

and it translates to a labelling of A by assigning the label I(v;) to the hyperedge ¢,
corresponding to v;.

This magic arrangement corresponds to a binary constraint system.

5.5.2. Construction. Let A = (V| E,l) be a magic arrangement with an odd-parity
labelling I. A induces a BCS F as follows:

e for each vertex v; € V there is a variable x; of F;
e for each hyperedge e; € E there is a constraint C; of F of the form

C;: H z; = l(e;).

vi€e;

5.5.3. Theorem. Let H be a nonplanar graph. Applying Constructions and
we get a quantum satisfiable BCS F. Using this BCS and its homogenization
Fi in Construction[5.1.1] yields two graphs Gx and Gr,. These two graphs are quan-
tum isomorphic but not isomorphic and by following the constructions in section
we get a magic unitary u that fulfills

MG;“ = UJWGF1
for the adjacency matrices of Gx and Gg,.
Proof. The arrangement associated to the nonplanar graph H is magic by Theo-
rem That the corresponding BCS F is then quantum satisfiable is seen easily

by comparing the definitions of a quantum satisfiable assignment and a quantum
realization. The rest is shown in section [5.4] O

The smallest graphs one can get using Theorem are obtained when applying
it to the complete bipartite graph on 6 vertices K33 from Example and they
have 24 vertices. Since that means that the magic unitary has 576 entries, it is not
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an easy task to compute it by hand. Therefore we implemented the algorithms from
section in Singular. The resulting magic unitary is presented in appendix [A]

6. SUMMARY

In this section, we give a structured summary of the construction of graphs that
are quantum isomorphic but not classically isomorphic and of the magic unitary
witnessing the quantum isomorphism.

Step 1:
Step 2:

Step 3:

Step 4:

Step 5:

Step 6:

We start with any nonplanar graph I'.

By using Arkhipov’s construction, which is reiterated in Construction [5.5.1]
we get a magic arrangement Arp. It is the arrangement that has I as an
intersection graph. We get a quantum realization of Ar by lifting the quan-
tum realization of either the magic square or the magic pentagram from
Example [3.2.7, The magic arrangement Ar corresponds to a linear binary
constraint system F(I') as detailed in Construction with a quantum
satisfying assignment that is just the quantum realization of Ar.

Using the quantum satisfying assignment of F(I') and Construction ,
we get a perfect quantum strategy for the BCS game associated to F(T').
In this strategy, Alice associates the observables A; to each variable z; of
F(T) and Bob associates AT to x;. Given a constraint as input, they each
measure all observables belonging to variables appearing in this constraint
on the canonical maximally entangled state 14, where d is the dimension of
the observables.

Using the construction from [2], given again in Construction [5.1.1} on F(I')
and its homogenization F;(I"), we get two graphs Gy and Gz, ). These
graphs have vertices (I, f) for each constraint C; of the BCS and each partial
assignment f satisfying C). The edges in the graphs are between vertices
where the partial assignments have a conflict.

Using the perfect quantum strategy for the BCS game of F(I'), one can
get a perfect quantum strategy for the (G ), G r))-isomorphism game
by following the construction in Proposition In this strategy, upon
receiving a vertex ([, f) from one graph, Alice and Bob measure POVMs
consisting of the operators My and M}: respectively for all f’ such that
(I, f - f') is a vertex of the other graph. The operators M; were defined in
Proposition for ease of notation and are products of projections onto
eigenspaces of the observables from the BCS strategy.

By using Theorem [2.2.1], we get a magic unitary u from the perfect quantum
strategy of the isomorphism game such that uMe,,, = Mc,. r u. This
magic unitary has the entries u,, = My if v = (I, f) and y = ([, f - f) and
Uy, = 0 otherwise.
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Appendices

A. RESULTS OF THE ALGORITHM

We present the entries of the magic unitary u satisfying Mg, u = uMg, , where
Mg is the adjacency matrix of the graph G and Gz and Gz are the graphs asso-
ciated to the Mermin-Peres magic square BCS and its homogenization as in [5.1.1]
We assume that the vertex in G belonging to the first constraint and the partial
assignment (1,1,1) is associated to the first row and column respectively in M,
that the assignment (1, —1, —1) is associated to the index 2, (—1,1, —1) to 3 and so
forth. The last row and column are therefore associated to the vertex coming from
the sixth constraint and the assignment (—1, —1, —1). For G£,, we assume a similar
association between the adjacency matrix and the graph.

The final result u is of the form

w0 0 0 0 07

0 w* 0 0 0 0

. 0 0 «w 0 0 0

10 0 0 Wt 0 0

0 0 0 0 u 0

L0 0 0 0 0 ]

and the entries of the u® are:

[1 0 0 0] (0 0 0 0]
g4 _|0000 4o |01 00
L7 10 0 0 0 L2710 0 0 0
0000 0000
(0 0 0 0] (0 0 0 0]
. _loooo . _looo o
Y37 10 0 1 0 “4a= 10 0 0 0
0000 0001
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