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Introduction

Graph C*-algebras have attracted great interest in operator theory in the last 40 years. They are interesting
due to their vast variety of examples and their entanglement of properties of C*-algebras with geometric
properties of the graph, which gives insights into the structure of C*-algebras. Examples of graph C*-algebras
are the Toeplitz algebra, the matrix algebra, the compact operators and the continuous functions on the
unit circle. A good overview of this is provided by the standard work [Rae05]. Another application of
graph C*-algebras is in classification theory. The link to K-theory is obtained through Morita equivalence as
important equivalence relation for graph C*-algebras.

Within the scope of this thesis the theory to hypergraph C*-algebras is extended. Hypergraph C*-algebras
were first defined in the bachelor thesis of Dean Zenner in 2022 under the supervision of Prof. Moritz
Weber and there is no literature already published on the subject. As an own research project the theory of
hypergraph C*-algebras is generalized within this thesis based on literature research on comparable objects,
see [TomO03]. A hypergraph is a combinatorial object consisting of vertices which are connected by directed
edges. As extension to graphs, edges in hypergraphs connect sets of vertices, not just individual vertices.

*o—> e (]

(a) Graph (b) Hypergraph
Figure 1: Different edges in graphs and hypergraphs.

Hence the path structure gets more complicated, as we have to deal with intersection of source and range
sets. This is reflected in the relations of the corresponding C*-algebra, which we define in the same manner
as for graphs: the vertices are identified with projections and the edges with partial isometries. These are
combined with further relations based on the underlying hypergraph. We study the C*-algebras in detail
for finite hypergraphs, but give first concrete starting points for generalization to infinite hypergraphs.

Cuntz-Krieger Relations ‘ Hypergraph Relations

(CK].) stf — 5e,fpr(e) (HR].) SZSf = 5e,f ZUE"'(E) Dy
(CKZ) Py = ZeeEl,S(e):U 865: (HRZ) 5632 < ZUES(G) Py
(HR3) pv < X cept ves(e) Sede

Table 1: Overview of the relations defining graph and hypergraph C*-algebras.

Hypergraph C*-algebras really extend the class of graph C*-algebras. Indeed, while all graph C*-algebras
are nuclear, we proof that C'(T) « C" is a non-nuclear hypergraph C*-algebra. Using that nuclearity transfers
to quotients we give a new method to construct further non-nuclear examples. By imposing concrete
conditions on the hypergraph, we change this method such that the non-nuclearity can be read from the
hypergraph alone. The hypergraph corresponding to a nuclear C*-algebra is called amenable. Moreover,
we define some kind of product of hypergraphs, to attach a non-amenable hypergraph to an arbitrary




hypergraph to construct a new, non-amenable hypergraph. There are further restrictions we can place on
the class of hypergraph C*-algebras which contains non-nuclear C*-algebras. We consider ultragraphs as
special hypergraphs, in which an edge can have multiple vertices in its range, but just one in its source. The
corresponding ultragraph C*-algebras were defined by Tomforde in [Tom03]. Interestingly, his research
showed, that all ultragraph C*-algebras are Morita equivalent to graph C*-algebras and hence nuclear. Thus,
the class of hypergraph C*-algebras also extends the class of ultragraph C*-algebras and all non-amenable
hypergraphs must have at least one edge with a multi valued source.

To better understand the connection between different hypergraph C*-algebras, we generalize the proof
of the previously mentioned Morita equivalence of ultragraphs. We show that each finite hypergraph can
be transformed into a hypergraph with only single vertices in its ranges without changing the C*-algebra
(up to isomorphism). Applied to finite ultragraphs this shows, that each of these ultragraph C*-algebras is
isomorphic to a graph algebra. In particular, these results indicate that the new interesting phenomena of
hypergraphs have their roots in sources with multiple elements. This also occurs when investigating the
connection of hypergraph C*-algebras to known C*-algebras. The multi-valued source makes the crucial
difference in the Gauge Uniqueness Theorem, which yields faithful representations of graph C*-algebras.
We found a hypergraph for which the theorem is not valid. For ultragraphs however it is still valid as shown
in [Tom03]. Based on this observation we gave restrictions under which the theorem can be generalized.

Finally, we investigate how hypergraph C*-algebras behave when the underlying hypergraph is modified.
Based on manipulations of graphs in form of six concrete moves, graph C*-algebras can be completely
classified up to stable isomorphism, as a recent break through in the classification of graph C*-algebras
[ERRS21] showed. We extend four of these moves to hypergraphs and investigate, how the corresponding
(C*-algebras behave and if the manipulations leave the the C*-algebra invariant. In this context, further
fields of research emerge.

Outline: As foundation for this thesis, we begin chapter 1 by introducing universal C*-algebras, which build
the underlying concept of the definition of graph and hypergraph C*-algebras. We have a closer look at the
known results for graphs and introduce Morita equivalence. In chapter 2 we formally define hypergraph C*-
algebras and introduce ultragraph C*-algebras as specific examples. We examine the structural differences
for hypergraphs more closely, including the path structure. Based on this we consider examples and give a
way to construct representations. Chapter 3 deals with the question of the nuclearity of hypergraph C*-
algebras. We define nuclearity for C*-algebras and give an example of a non-nuclear hypergraph C*-algebra,
which shows, that the class of hypergraph C*-algebras extends the class of graph C*-algebras. Building on
this example, we use that nuclearity is invariant under quotients to construct further non-nuclear examples.
In chapter 4 we show that we can transform each hypergraph into a hypergraph with single valued range
map while leaving the corresponding C*-algebra invariant. For specific cases we generalize the Gauge
Uniqueness Theorem and give an example, that it does not hold for hypergraphs in general. In chapter
5, we discuss and generalize basic moves to manipulate hypergraphs and state their importance in the
classification theory of graph C*-algebras. We finish in chapter 6 by stating further research topics, which
came up in the scope of this thesis.

Background: As prerequisites, knowledge in functional analysis and algebra is required. The reader
is furthermore expected to be familiar with operator theory and more specifically, with the theory of
C*-algebras. A good reference for this topic are the books [Bla06] and [Dav96].




1. Preliminaries

The basis of hypergraph C*-algebras are universal C*-algebras which we introduce right at the beginning.
These give insights into the structure of C*-algebras and build the underlying concept of graph and
hypergraph C*-algebras. Then we define graph C*-algebras as particular universal C*-algebras and give an
overview about its structure. As examples we show that the matrix algebra M,,(C), the compact operators
IC(H), the Toeplitz algebra 7 and the algebra C(T) of continuous functions on the unit circle T are graph
(C*-algebras. Finally we take a look at Morita equivalence.

1.1. Universal C*-Algebras

Universal C*-algebras give an abstract way to construct C*-algebras based on formal generating elements
and concrete relations defined on the generators. This idea is similar to the construction of the free group
with some generating set and relations given by the group axioms. As general reference for the upcoming
construction see [Bla06, Section 11.8.3] and [LVW21, Chapter 6].

The definition of universal C*-algebras is based on free *-algebras. In the following we sketch the construction
of them. Let a set of generators be given by an alphabet F := {x; | i € I}. We define non-commutative
polynomial by the complex linear combination of words y = x;, - - - z;,, in E. Together with the canonical
addition, scalar multiplication and the multiplication of elements given by the concatenation of words, the
set of non-commutative polynomials is an algebra called the free (complex) algebra on the generator set
E. The algebra is called free, since there hold no equations between the elements except of the defining
axioms of the algebraic structure. We add a copy of E denoted by £* := {z | i € I} and consider the free
algebra with generator set £ U E*. By enlarging the set of generators like this, we can artificially define an
involution on the free algebra on the generator set £ U E* and obtain the free *-algebra P(FE). To define
more structure on the *-algebra let a set of relations be given, i.e. a set of polynomials R C P(E). Let J(R)
be the two-sided *-ideal generated by R. Then the universal *-algebra is defined as the quotient

A(E | R) := P(E)/J(R).

To get a C*-algebra we have to define a norm on the universal *-algebra. For that note, that a C*-seminorm

p on a C*-algebra A is a submultiplicative seminorm which fulfills the C*-identity p(a*a) = p(a)?.

Definition 1.1. Let E be a set of generators and R C P(FE) be relations. Put
||z|| := sup{p(z) | pis a C*-seminorm on A(E|R)}.

If ||z|]| < oo forallz € A(E | R), || - || is a C*-seminorm and we define the universal C*-algebra C*(E | R)
as the completion with respect to || - ||:

C(E|R):=A(E | R)/{zc AB|R) | [le[= 0} .

The C*-seminorm defined in the construction is only a C*-norm if it is finite for all elements of the universal
*-algebra. Thus the universal C*-algebra only exists if this condition is given.




Lemma 1.2. If there is a constant C' > 0 such that p(z;) < C for all i € I and all C*-seminorms p on the
universal *-algebra, then the universal C*-algebra exists.

Besides the existence of universal C*-algebras, we have to consider triviality, i.e. it might hold that
C*(F | R) = 0. To show non-triviality of universal C*-algebras we establish the universal property, which
yields *-homomorphisms from universal C*-algebras into known non-trivial C*-algebras.

Proposition 1.3. Let E := {z; | i € I} be a set of generators and R C P(E) be relations. Let B be a C*-algebra
containing a subset E' := {y; | i € I}. If the elements in E’ satisfy the relations R, then there is a unique
*-homomorphism 7 : C*(E | R) — B sending x; to y; for all i € I.

In analogy to unitary operators and isometries in operator theory we generalize these terms to general
(C*-algebras based on the relations that define unitary operators. In the context of universal C*-algebras we
call those elements universal unitaries and universal isometries respectively.

Definition 1.4. Let A be a C*-algebra. An element u € A satisfying the relations v*u = uu* = 1 is called
unitary. An element v € A with v*v = 1 is called isometry.

Example 1.5. Multiple well known C*-algebras can be expressed as universal C*-algebras.

1. The universal C*-algebra C*(e;j, i,j =1,...,n| ej; = €ji, eijer = O;req for all i, j, k, [) is isomorphic
to the matrix algebra M, (C). Indeed, the matrices E;;, which are zero except for the ij-th entry given
by 1, fulfill the relations. By the universal property there is thus a surjective *-homomorphism, which
is injective by a dimension argument.

2. Asinfinite analog to the previous example, the C*-algebra of compact operators k() on a Hilbertspace
H is isomorphic to C*(e;j, 4,7 € N | ef; = eji, eijers = djpeq for all 4, j, k,1).

3. The universal C*-algebra C*(u,1 | u*u = wu* = 1) generated by a universal unitary element is
isomorphic to the C*-algebra of continuous functions on the unit circle T, denoted by C(T).

4. The Toeplitz algebra T is generated by the unilateral shift S on the space [?(N) of square-summable
sequences, defined by (a, ), — (0, a1, aq,...). The unilateral shift is an isometry. This hints that 7 is
isomorphic to the universal C*-algebra C*(v, 1 | v*v = 1) generated by a universal isometry.

Remark 1.6. We can also formulate C*-algebraic constructions in the universal setting. The free product of
C*-algebras A and B is given as

AxB=C*(a€ A, be B| Ra, Rp),

where R4 and Rp are the C*-relations of A and B respectively. The full crossed product C*-algebra A x, G
of a unital C*-algebra A and a discrete group G acting on A by a group action « : G — Aut(A) can be seen as
universal C*-algebra

-1 :u*

Axq G =C*(a€ A, ugunitaries for g € G | ugp = ugup, u o

9 Ugauy = ag(a)) .
The tensor products of C*-Algebras can also be expressed as universal C*-Algebra. Here, however, caution is
required, since there are different tensor products for C*-algebras. We look at this more concretely in Section

3.1.




1.2. Graph C*-Algebras
The following introduction to graphs and their C*-algebras is adapted from [Rae05, Chapter 1].

Definition 1.7. A directed graph E = (E°, E',r, s) is defined by two countable sets E° (vertices) and E*
(edges), together with a range and source map r, s : E' — E°. We write graph instead of directed graph.
We call a vertex v a source if and only if 7~!(v) = () and we call it a sink if and only if s~!(v) = (). A graph is
called finite if the set of edges and vertices are finite. A graph is called row-finite if the each vertex receives
at most finitely many edges.

The graph C*-algebra is a universal C*-algebra with generators associated to the vertices and edges of the
graph and relations resembling the structure of the graph. Derived from the corresponding definitions for
operator algebras we define projections and partial isometries for general C*-algebras:

Definition 1.8. Let A be a C*-algebra. We call an element p € A a projection if p> = p = p*. Two projections
p, q are mutually orthogonal if pqg = 0. An element s which fulfills ss*s = s is called a partial isometry.

Remark 1.9. With regard to the order relation on the set of projections on a closed Hilbertspace, we can define
an order relation on the set of projections of a C*-algebra by p < q if and only if pqg = p = qp. Based on this
definition one can for example proof that the finite sum of projections is a projection if and only if the projections
are mutually orthogonal. Another useful result is that p; < q and q < ) p; for a projection q and finitely many
mutually orthogonal projections p;, implies ¢ = > p;.

Definition 1.10. Let E = (EY, E',r, s) be a row-finite graph. The graph C*-algebra C*(E) is the universal
C*-algebra generated by mutually orthogonal projections p, for all vertices v € E° and partial isometries s,
for all edges e € E' such that the following relations hold

(CK1) S:Sf = (56’pr(€) for all e, fe El;
(CK2) py = 3 cpt g(e)=0 Sese for all v € EY in case v is not a sink.

The relations are called Cuntz-Krieger relations. Elements {S,, P, | e € E',v € E°} in a C*-algebra A
fulfilling the relations are called Cuntz-Krieger E-family. To simplify notation we abbreviate the notation of
Cuntz-Krieger families throughout this thesis by {S., P,}.

Remark 1.11. Two different versions of the definition are used in the literature. Both differ only by swapping
the range and source in the Cuntz-Krieger relations. This is for example done in Raeburns book [Rae05].
Mathematically, nothing serious changes: A graph with reversed edges yields the same C*-algebra in Raeburns

definition as the C*-algebra of the initial graph based on our Cuntz-Krieger relations.

Lemma 1.12. Every universal C*-algebra generated by projections and partial isometries exists.

Proof. Let p be an arbitrary seminorm. Using the *-property of seminorms it holds for all projections = and
partial isometries y

All seminorms are thus bounded by 1 on the generators and the C*-algebra exists by Lemma 1.2. O




Remark 1.13. The first Cuntz-Krieger relation ensures that the projections s.s;; are mutually orthogonal. Thus
the sum in the second Cuntz-Krieger relation is a projection. Sometimes the first Cuntz-Krieger relation is just
defined as s;s. = py(c). In this case the argument turns around: since the sum in the second Cuntz-Krieger
relation is a projection, the projections ses; must be orthogonal and thus sZsy = sc(sgse)(s}57)8T = Oe,fPr(e)-

Remark 1.14. One can also generalize the definition of graph C*-algebras to infinite graphs which are not
row-finite, see [RS03]. As infinite sums of projections do not converge in norm, the second Cuntz-Krieger relation
is only defined for vertices which are no sinks and emit at most finitely many edges. Furthermore, we have to
add a new relation:

CK3) sesy < Py(e) forall e € E*.

If s(e) receives finitely many edges, this relation follows directly by the second Cuntz-Krieger relation using the
definition of the order relation and the first Cuntz-Krieger relation.

Since the graph C*-algebra is a universal C*-algebra it has the following universal property:

Proposition 1.15. Let E be a row-finite graph. For each C*-algebra B which contains a Cuntz-Krieger E-family
{Se, P, } there is a *-homomorphism « : C*(E) — B which maps the universal projections p, to P, and the
universal partial isometries s, to Se.

Applying the universal property, i.e. finding a Cuntz-Krieger family in a C*-algebra, is the key step in the
proofs of the following examples. Given the Cuntz-Krieger families, the proofs are straightforward. Exact
calculations can be found in [Zen21, Chapter 2.1].

Example 1.16. The C*-algebra of the graph F defined by a vertex v and an edge e with s(e) = r(e) = v

(% Q &
Figure 2: Graph generating C(T).

is isomorphic to C(T). To proof this one notes that the Cuntz-Krieger relations yield s’s. = p, = ses.
Thus, p, is the identity element and s, is a unitary element. Using the universal property twice one gets
an isomorphism between the universal C*-algebras C*(E) and C*(u, 1 | u*u = uwu* = 1). As the latter is
isomorphic to C(T) by Example 1.5, we get the required isomorphism.

Example 1.17. This example illustrates, that the correspondence between graphs and their algebras are
not one to one, as there can be multiple graphs which yield the same C*-algebra. First we consider the
following graph:

e1 €2 €n—1
’Ul 1)2 e ’[)n

Figure 3: Graph generating M,,(C).




The corresponding graph C*-algebra is isomorphic to M, (C). To see this we use that by Lemma 1.5,
M,,(C) is isomorphic to C*(e;j,4,j = 1,...,n | ej; = €ji, €ijex = Ojkei for all 7, j, k,1). We can define a
Cuntz-Krieger family in M,,(C) by P,, := e;; and Se, := e;11;. On the other hand we can define matrix units
in the graph C*-algebra by E;; := p,, and E; j := s, ... s¢;. Applying the universal property twice then
yields the required inverse *-homomorphism. Instead of the above graph we could have also taken the
following graphs:

w1
€1 V
v w UV T >
" Wn—1

Figure 4: Further graphs generating M,,(C).

Both graphs yield a graph C*-algebra isomorphic to M,,(C). Again we get the link to the compact operators.
The same examples with infinite edges generate the C*-algebra of compact operators.

Example 1.18. For n > 2 the C*-algebra of the graph defined by a single vertex v and edges ey, .. . e, with
s(e;) =r(e;) =v

Figure 5: Graph generating the Cuntz algebra.

is isomorphic to the Cuntz algebra O,, := C*(t1,...t,,1 | t; isometry and >, t;tf = 1). Setting p, = 1
and s., = t; the Cuntz-Krieger relations of the graph directly represent the relations of O,,.

Example 1.19. The Toeplitz algebra, which is generated by a single isometry v, is also a graph C*-algebra.

We consider the following graph
e
vt wQ /

Figure 6: Graph generating the Toeplitz algebra.

and define a Cuntz-Krieger family in 7 by P, := 1 —vv*, P, := vv*, S, :== vP,, Sy := vP,,. On the other
hand, s, + sy is an isometry and p, + p,, is the unit element. Applying the universal property twice yields
the required isomorphism.

To understand more about the structure of graph C*-algebras, we state important results regarding paths in
graphs in connection with the corresponding elements in the graph C*-algebra. In the following, we refer
to the results from [Rae05, pp. 8-10].




Proposition 1.20. Suppose that E is a graph and let {s., p,} be the universal Cuntz-Krieger E-family. Then
1. the projections {s.s: | e € E'} are mutually orthogonal;
2. s5}s;#0 = e=f;
3. sesp #0 = r(e) =s(f);
4. sesy#0 = r(e) =r(f).

This highlights the naturalness with which the partial isometries reflect the geometry of the graph.

Definition 1.21. A path of length n in a directed graph F is a sequence jt = pi; ... pu,, of edges p; € E such
that r(u;) = s(pj+1). The length of a path p is denoted by |;:|. We define s, := s, ... s, fora path pin E
and s, := p, for v € E°.

Generalizing the proposition above one obtains the following useful characteristics of partial isometries
corresponding to a path. With this, we also get an explicit, easy description of the graph C*-algebra.

Corollary 1.22. Suppose that E is a graph and let {s., p,} be a Cuntz-Krieger E-family. Let u, v be paths in
E. Then
1. if|u| = |v] and p # v, then (s,s;,)(susy) = 0;

s if p = vy for some path '
2. s)8y = s, ifv = for some path v/
0  otherwise;

3. if sus, # 0, then pv is a path in E and s,5, = S5
4. if sus;, # 0, then r(p) = r(v).

Corollary 1.23. Suppose that E is a graph and let {s.,p,} be a Cuntz-Krieger family. For paths p, v, o, § in
E, we have

Suarsp  fa=va
(5u8,)(5a85) = sush, frv=a

0 otherwise.

In particular, it follows that every non-zero finite product of partial isometries s, and % has the form s,s;, for
some paths u,v in E. Hence

C*(E) = span(sus;, | p, v paths in E, r(p) =r(v)).




1.3. Morita Equivalence and K-Theory of Graph C*-Algebras

An important equivalence relation in the scope of graph C*algebras is Morita equivalence. Due to its
connection to K-theory it is a frequently used tool in the classification of C*-algebras. We give a short
overview of the definition and the main property needed in this thesis. More details and proofs of the
statements below can be found in [RW98, Chapter 3].

As first step we sketch the generalization of Hilbertspaces to C*-Algebras. Let A be a C*-algebra. A right
A-module X 4 is a vector space X together with a right multiplication by elements of A defined by a bilinear
map X x A — X, (z,a) — z - a. To achieve a Hilbert like structure on a these modules we generalize inner
products to the C*-algebra setting, i.e. we define a scalarproduct over the C*-algebra A instead of C. A
map (-,-)4 : X x X — Ais called an A-valued inner product if the following relations are fulfilled

1o (2, Ay + pz)a = Ma,y)a + plx, 2) 45

(
2. (z,y-a)a = (,y)aa;
3. (z,y)" = ( T) A
4. (z,z)a
5. <a:,x>A—01mphes that z = 0.

Based on these A-valued inner products we define a norm on the underlying Hilbert A-module, using the
norm on the C*-algebra A:

1
]l == [z, z) all2.

A full right Hilbert A-module is a Hilbert A-module which is complete with regard to this norm. Using a left
multiplication instead of a right multiplication and adjusting the inner product accordingly one similarly
defines full left Hilbert A-modules. This construction is the key base point to define Morita equivalence.

Definition 1.24. Let A, B be C*-algebras. An A — B-imprimitivity bimodule is an A — B-bimodule X such
that

1. X is a full left Hilbert A-module and a full right Hilbert B-module;
2. forallz,y e X,a € Aandbe B
(a-z,y)p=(x,a"-y)p  and  a(z-by) = alz,y-b%);
3. forallz,y,z € X
Alw,y) -z =x-(y, 2)B.

Two C*-Algebras are Morita equivalent if there exists an A — B-imprimitivity bimodule.




Proposition 1.25. Morita equivalence is an equivalence relation on C*-algebras.

Proof Sketch. Reflexivity follows since A is an A — A-imprimitivity bimodule, for transitivity one uses the
internal tensor product of the corresponding imprimitivity bimodules and symmetry involves the so called
dual module. The full proof can be found in [RW98, Prop. 3.18]. O

Within the scope of this thesis we mostly use the characterization of Morita equivalence by full corners.
Note, that in case of unital C*-algebras the multiplier algebra is the same as the initial C*-algebra.

Definition 1.26. Let A be a C*-algebra and p be a projection in the multiplier algebra M (A). The corner
pAp is full if it is not contained in a non-trivial closed two-sided ideal of A.

Proposition 1.27. Let A be a C*-algebra and p be a projection in the multiplier algebra M (A) such that pAp
is a full corner of A. Then A is Morita equivalent to pAp.

Proof. We consider the space Ap and define the following A and pAp-valued inner products on it:

<fL’, y>A = x*ya pAp<x7 y> = I'y*

for z,y € Ap. The multiplication in A defines a left multiplication on Ap by A and a right multiplication by
pAp. Thus Ap is a left Hilbert A-module and a right Hilbert p Ap-module. Using the completeness of A we
get completeness of Ap with regard to the respective norms defined by the inner products. Thus Ap is a full
left Hilbert A-module and a full right Hilbert pAp-module. Since for all z,y € Ap, a € A and b € pAp we
have

(a-z,y)a=(a-2)y=2"(a"y) = (z,a" y)a,
F=ay )T =pap {2,y - 07)

and for all z,y,z € Ap

pAP(T )2 = 2y 2 = 2(y,2) A

the scalar products fulfill the second and third relation of Definition 1.24. Thus Ap is an A—pAp-imprimitivity
bimodule and A is Morita equivalent to pAp. O

Definition 1.28. Two C*-algebras A and B are stably isomorphic if A® K = B® K were K is the C*-algebra
of compact operators on a separable infinite dimensional Hilbert space.

Theorem 1.29 (Brown-Green-Rieffel). [RW98, 5.55] Two C*-algebras with countable approximate units
are stably isomorphic if and only if they are Morita equivalent.

By functoriality, isomorphic C*-algebras have similar K-theories Furthermore, both K-groups are stable, that
is Ko(A) = Ko(A®K) and K;(A) = K1(A®K) [RLLOO, Prop. 6.4.1 and 8.2.8]. Thus, K-theory is a Morita
equivalent invariant, as stated in the following.

10



Theorem 1.30. Let A, B be Morita equivalent C*-algebras with countable approximate units. Then their
K-theory is similar.

Graph C*-algebras have a countable approximate unit given by (3_;"_; p,, Jn=|Eo|- Thus, two Morita equivalent
graph C*-algebras have a similar K-theory. For graph C*-algebras there is a concrete way to calculate its
K-theory.

Theorem 1.31. [Rae05, Thm. 7.16] Let E be a row-finite graph with no sinks, and let A, be the adjacency
matrix of E. The K1(C*(E)) is isomorphic to the kernel of 1 — A%, and Ko(C*(E)) is isomorphic to the cokernel.

The result can be generalized to row-finite graphs with sinks as done in [RS03, Thm. 3.2].

1



2. Hypergraph C*-Algebras

In this chapter we introduce hypergraphs and their corresponding C*-algebras based on the work of Dean
Zenner in his bachelor thesis [Zen21], which is not published. We establish their relation to graph C*-
algebras and reference to the theory of ultragraphs as another important special case of hypergraphs, from
which we can derive several results for hypergraphs. By introducing generalized vertices, we pave the way
for the definition of C*-algebras for infinite hypergraphs. In the following section we look more closely
on the structure of hypergraph C*-algebras and emphasize on the generalization of paths. We finish the
chapter by stating examples and giving a general construction for representations.

2.1. Definition and Properties

Definition 2.1. A (directed) hypergraph HT = (E°, E',r, s) is defined by countable sets E° (vertices) and
E! (edges), together with a range and source map r,s : E' — P(E"). We write hypergraph instead of
directed hypergraph. We call a vertex v a source iff v ¢ r(e) for all e € E' and we call it a sink iff v ¢ s(e)
foralle € E.

Example 2.2. As an example we consider the graph defined by vertices E° = {v1,v2,v3} and edges
E' = {e, f} with range and source map given by s(e) = {vi}, r(e) = {v1,v3} and s(f) = {v2,v3},
r(f) = {v1,v2}. The hypergraph can be visualized as follows:

AR

Figure 7: Example of a hypergraph.

We mainly restrict ourselves to finite hypergraphs, i.e. hypergraphs were the set of vertices and edges
are both finite. This prevents us from having to worry about infinite sums while already illustrating the
problems we have to deal with in the hypergraph setting. Our results can be used as a starting point for the
generalization to infinite hypergraphs.

Definition 2.3. Let HI' = (E°, E',r, s) be a finite hypergraph. The hypergraph C*-algebra C*(HT) is the
universal C*-algebra generated by mutually orthogonal projections p, for all vertices v € E° and partial
isometries s, for all e € E' such that the following relations hold

(HR1) s%s = e.f Dpep(ey po foralle, f € EY;
(HR2) ses! < Zves(e) py forall e € EL;
(HR3) pu < X cpmt pes(e) Sese for all v € E° with v not a sink.

We call the relations hypergraph relations. Elements {S., P,} in a C*-algebra A fulfilling the hypergraph
relations are called Cuntz-Krieger HI'-family. Throughout this thesis we denote the canonical generating
elements of C*(HT') by {s¢, py»}. In general all universal elements are denoted by small letters.

12



Remark 2.4. Every hypergraph C*-algebra exists by Lemma 1.12. Furthermore, since the hypergraph C*-
algebra is a universal C*-algebra we have a similar universal property as in Proposition 1.15.

We note that each graph can be interpreted as a hypergraph by defining ' : E' — P(E?) via r'(e) = {r(e)}.
Similarly for the source map. This identification is straight forward and we get an isomorphism of the
corresponding hypergraph and graph C*algebras.

Proposition 2.5. [Zen21, Prop 3.8] Let T = (E°, E',r,s) be a graph. We interpret I' as a hypergraph
HT = (E° E',r*,s"). Then C*(T') = C*(HT).

Proof. The proof is a straightforward calculation that the generators of C*(I") fulfill the hypergraph relations
and that the generators of C*(HT') fulfill the Cuntz-Krieger relations of the graph C*-algebra. Then applying
the universal property twice yields inverse *-homomorphisms. O

Thus, the class of hypergraph C*-algebras contains the class of graph C*-algebras and is non trivial, as
we have a bunch of concrete examples of graph algebras. As an intermediate step between graphs and
hypergraphs one can also consider ultragraphs. These were defined by Tomforde in his paper [Tom03] as
graphs which allow an edge to have multiple vertices in its range but in contrast to hypergraphs, the source
of edges still consists of a single vertex.

Definition 2.6. A (directed) ultragraph G = (G°, G, r, s) is defined by two countable sets GV (vertices) and
G' (edges), together with a source map s : G' — G and a range map r : G! — P(G®). We write ultragraph
instead of directed ultragraph. We call the corresponding C*-algebra ultragraph C*-algebra.

To clarify the differences, we illustrate the possible edges in graphs, ultragraphs and hypergraphs in the
following figure.
r>€

T

(@) Graph (b) Ultragraph (c) Hypergraph

Figure 8: Different edges in graphs, ultragraphs and hypergraphs.

The research about ultragraph C*-algebras already covers a lot. The main idea of the construction was
to find a unified approach to graph C*-algebras and Exel-Laca algebras, which has been found to be an
approach to generalize Cuntz-Krieger algebras to the infinite setting. The interesting thing is, that each
ultragraph C*-algebra is Morita equivalent to a graph C*-algebra [KMST10, Thm. 5.22]. The construction
made in the paper is quite elaborated, but broken down to finite ultragraphs it just splits the range of
each edge and creates a graph with one edge for each vertex in the range. And in the finite case the
resulting *-homomorphism even strengthens to be an isomorphism. In section 4.1 we will see more on this
construction and show how to extend it to hypergraphs.

We go back to the definition of hypergraph C*-algebras and introduce a slightly different approach. This
will on one hand simplify the notation and on the other hand give a first hint how the definition can be
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generalized to infinite hypergraphs. For A C E® we define ps := )", 4 pv. Since all projections p, are
mutually orthogonal, p,4 is again a projection. With this notation the first hypergraph relation simplifies to
SeS} = Oc, fPr(e) and the second hypergraph relation can be expressed as s.s; < py(). We generalize this
concept and define generalized vertices.

Definition 2.7. Let HI' = (E°, E', r, s) be a hypergraph. Let
£ =En{s(e), r(e) | e € E'}.

Let £Y be the smallest subcollection of P(E°) containing £ which is closed under finite unions and finite
intersections. We call the sets A € £° generalized vertices.

With this connotation we can give a slightly different definition of a Cuntz-Krieger family involving the
generalized vertices. This definition is adapted from [TomO03, Def. 2.7].

Definition 2.8. Let HI' = (E°, B! r s) be a hypergraph. A generalized Cuntz-Krieger HI'-family is a
collection of partial isometries {s. | e € E'} and orthogonal projections {p4 | A € £°} such that

(GRO) py =0, papp = panp and paup = pa +pp — panp for all A, B € £Y;
(GR1) sisy = de fpr(e) foralle, f € E;
(GR2) ses; < py(e) forall e € E;

(GR3) pv < Xcept pes(e) Sese forall v € E° which emit at least one and at most finitely many edges.

Remark 2.9. The clue is, that this definition also makes sense for infinite hypergraphs. In the infinite case, we
have to ensure that all sums of projections are well defined. Thus, all infinite sums must be avoided. In the third
Cuntz-Krieger relation this can be done by just defining it for vertices which emit at most finitely many edges, as
it is done for non row-finite graphs. But for edges with infinitely many vertices in their source or range, we have
to adjust the other hypergraph relations as well, due to the possibly infinite sums

Z Do and Z Dy

ver(e) ves(e)

The approach involving generalized vertices forces the existence of the required projections in a natural way.
And it turns out that in the finite case, both definitions still coincide.

Lemma 2.10. Let HT be a finite hypergraph. Then the Cuntz-Krieger families in Definition 2.3 and Definition
2.8 generate the same C*-algebra.

Proof. Since the hypergraph HI' = (E°, E',r,s) is finite, the sum ps := >, ., p, is a projection for all
generalized vertices A € £°. Leaving the partial isometries invariant we have a generalized Cuntz-Krieger
HT-family. On the other hand, E° C £. Hence by taking only projections corresponding to vertices, and
leaving again the partial isometries invariant, we get a Cuntz-Krieger HI'-family. Applying the universal
property twice thus yields the required isomorphism between the generated universal C*-algebras. O]
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Remark 2.11. It is worth pointing out that there are other constructions in the literature, which are also
called hypergraph C*-algebras, but differ from our construction, see [AFLS15] and [Fri20]. The general idea of
combining the geometric properties of hypergraphs graphs with C*-algebras already finds application in quantum
physics in the study of test spaces in quantum logic. In the physical interpretation of the hypergraph the vertices
represent outcomes and the edges represent measurements. The definition of the corresponding hypergraph
C*-algebra used there is also based on universal C*-algebras, but uses different relations corresponding to the
physical interpretation. In this respect, this definition differs from the considerations in the following thesis.

2.2. General Structure and Relations

Proposition 2.12. Let HT = (E°, E',r, s) be a finite hypergraph. For each Cuntz-Krieger HT-family {p,, s.}
it holds

Ps(e)Se = Se = SePr(e)-
Proof. The second equation follows by the first hypergraph relation and the definition of the partial isometry:

*
Sepr(e) = SeSeSe = Se-

By the second hypergraph relation we know that s.s; < py(.). Hence it follows by the definition of the order
relation that py(.)ses; = ses; and thus

* *
ps(e)se = ps(e)sesese = SeScSe = Se-

O
The next proposition is quite useful, as it gives us a unit at hand while working with finite hypergraphs.

Proposition 2.13. [Zen21, Thm. 3.9] Let HT = (E°, E',r, s) be a hypergraph with finite number of vertices.
Then the hypergraph C*-Algebra is unital and ), . po py = 1.

Proof. We show that ) .o p, behaves as unit on the set of generators, which yields the claim. For the
projections we use the mutual orthogonality to get

(> po)pw =pw =pu( D po)-

veEEY veEEY

For the partial isometries we use Proposition 2.12 and follow again by the mutal orthogonality of the
projections, that

( Z pv)se = ( Z pv)ps(e)se = Ds(e)Se = Se-

veEO veEQ
Analogously we get the right multiplication using p, ). O
Remark 2.14. In case of an infinite number of vertices one has to be a bit careful, as an infinite sum of

projections cannot converge in norm. Indeed, Y "  p,, is a projection, which has thus norm one. Hence the
sequence of partial sums » " ; p,, cannot be Cauchy and it is thus impossible to converge in norm. Motivated
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from the corresponding result for ultragraphs in [Tom03, Lem. 3.2], we can show as generalization of the above
theorem, that C*(HT) is unital if and only if

n

m
Ul Nr@|vU[Nse|ur ‘ X.,Y; C E' finite, F C E° finite
=1 \ecX; i=1 \e€Y;

The proof of this follows in exactly the same way as in [Tom03, Lem. 3.2], except of the definition of the
constructed approximate unit. We provide it for completion in the appendix A.
Proposition 2.15. Let HI' = (E°, E',r, s) be a finite hypergraph and {p,, s.} be a Cuntz-Krieger HT -family.
Then

1. {scs? | e € E'} consists of mutually orthogonal projections;
spsp#0 = e=f;
sesp#0 = r(e)

AN LN

ns(f) #0;
sest#0 = r(e)Nr(f) # 0.
Proof. 1. Using the first hypergraph relation we get by the definition of partial isometries
(5e8c)(s787) = Se(8c57)8f = OefSesiSese = OefSeSe.-

2. This follows directly by the first hypergraph relation.
3. Applying Proposition 2.12 we get

0 r(e)Ns(f) =0

SeSf = SePr(e)Ps(e)Sf = {Sepr(e)ms(f)sf r(e) M s(f) £ 0.

h

4. This follows by an analogous argument as before using that s} = (s¢p.(s))" = Pr()S}-

We want to elaborate a bit more on commutativity between elements in the hypergraph C*-algebra.

Lemma 2.16. Let HI' = (E°, E', r, s) be a finite hypergraph and {p,, s.} be a Cuntz-Krieger HT-family. Then
1. {s’sc | e € E'} consists of commutative projections;

2. pa(sise) = (sise)paforalec E'and A C E°.
Proof. 1. For e € E' we have by the first hypergraph relation
(ste)(S?Sf) = DPr(e)Pr(f) = Pr(e)nw(f) = Pr(f)Pr(e) = (S?Sf)(szse)'

2. This follows by a similar argument as above.
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Remark 2.17. In general we cannot recover p(s.s’) = (s¢s¥)pa for e € E' and A C E° from the hypergraph
relations. In case of ultragraphs the statement is true since s.s; = py). More general we have commutativity if
s(e) € Aor s(e) N A = (). The noncommutativity arises solely if s.s} < ps(c) is given. The question remains
open, which impact this has and if representations loose information about this noncommutativity.

With regard to the second relation in Proposition 2.15 we define paths in hypergraphs.

Definition 2.18. Edges u1, ..., un, € E' form a path p = pu...u, in a finite hypergraph if r (1) N s(pj1) # 0.
Vertices are regarded as paths of length zero. The set of paths is denoted by E*. Generalizing the range and
source maps to E* yields s(u) := s(u1) and r(p) := r(uy) for || > 1 and s(v) = v = r(v) for v € E°. We
then define s, := s,,...s,, and s, := p,.

It turns out that the paths are of different quality. This has implications for the structure of the hypergraph
C*-algebra, which we examine hereafter.
Definition 2.19. Let y = py...u,, be a path in HT. Then we call

1. perfect, if s(pj41) = r(p;) forall j € {1,...,n};

2. quasi perfect, if s(pj11) C r(p;) forall j € {1,...,n};

3. partial, if s(pj11) Nr(p;) # 0 forall j € {1,...,n}.

(a) Perfect path (b) Quasi perfect path (c) Partial path

=
o

Figure 9: Visualization of different paths in hypergraphs.

For hypergraphs with only quasi perfect paths, and thus also for hypergraphs with perfect paths, we get a
similar result as in Corollary 1.22.

Proposition 2.20. Let 1, v be quasi perfect paths in a finite hypergraph HT'. Then it holds
Lo ful =], p#v = (susp)(svs;) =0;

s*,  if u =y for some y’ € E*

n
. sy ifv = forsomev € E*
2 8,50 =
Pr(y) H=V
0 else;

3. susy #0 = pvisapathin HI and 5,5, = Su;
4. susy #0 = r(p)Nr(v) #0.
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Proof. Let u = ..., and v = vy...vy, be quasi perfect paths in HT'. The first hypergraph relation implies

_ * *
= Oy Sy -+ o Pr(puy ) Sva -+ S, -

Applying Proposition 2.12 twice and using that we have quasi perfect paths, i.e. s(u2) C r(u1), we get

_ * *
= 5ulyl S,un ...8“2])8(”2);0,"(#1)8,,2...S,/m

* *
Oprv1 Sp1y 8119 Ds(112) Sva -+ S

* *
Oprr Spiy, S 11y Sz - S -

We continue in this fashion and get the result of part (2). Part (1) follows by a similar argument using that
szjsyj = 0 for p; # v;. Part (3) follows by Proposition 2.12 and the definition of paths and part (4) is a
result of (4) in Proposition 2.15. O

Remark 2.21. In the case of graph C*-algebras, the element s, for a path pn = p . .. iy is always a partial
isometry. This is not the case if we deal with hypergraph C*-algebras. The problem is, that in general s),s,, does
not collapse to p,(,, as it is the case for graph C*-algebras. Nevertheless, if the path is "nice enough" we can
recover that s, is an isometry. Applying the last proposition we get that s, is a partial isometry, if the path p is
at least quasi perfect.

For hypergraphs with partial paths we do not obtain the same results. Generalizing the results in Proposition
2.15 we get the following:

Proposition 2.22. Let (1 = p1...14n, V = V1...Vpy, be paths in a finite hypergraph HT'. Then
1. 855, #0 = p1 = vy and s(pg) Nr(p) N s(ve) # 0;
2. 5,8, #0 = r(p)Ns(v) #0;
3. susy #0 = r(p)Nr(v) #0.
Proof. The proof is just an application of the definition of s, and Proposition 2.15. Since in general scps # s

for A C r(e) and pase # se for A C s(e) the words do not collapse completely as in the case of quasi perfect
paths. O

We go back in the setting of quasi perfect paths and investigate longer chains of partial isometries corre-
sponding to paths. the next corollary is a direct consequence of Proposition 2.20.

Corollary 2.23. Let u, v, «, 3 be quasi perfect paths in a finite hypergraph HT'. Then we have

/
S;w/SE a=rvo
5,8* v=oav
* *\ w2 B
(susy)(sa83) = .
Supr(e)sﬁ V=«
0 else.
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Using these results we can describe the hypergraph C*-algebra more precisely - at least in the case of quasi
perfect paths.

Corollary 2.24. Let HT = (E°, E',r,s) be a finite hypergraph with Cuntz-Krieger HT -family {p,, s.}. It
holds
C*(HT) = W{szll...sf[; | i1,y fin € B, €1, .6n € {1,%}, € # €41, N E N} )

If all paths in HT are either perfect or quasi perfect it holds:

C*(HT) = 5pam {s,s} | v € E*, () Nr(v) # 0}

Proof. The first part follows from the definition of paths (note that p, = s,), Proposition 2.22 and the
definition of the hypergraph C*-algebra as universal C*-algebra. In the second case we can rely on
Proposition 2.20 and copy the respective proof of [Rae05, Cor. 1.16]. We just have to notice, that since

SuPr(e)Sh = Zver(e) Supush = ZUET(B) suv s}, we still get by Corollary 2.23 that

span{sys, | p,v € E*,r(un) Nr(v) # 0}

is a subalgebra of C*(HT). This is a * subalgebra which implies that the closure is a C*-subalgebra of
C*(HT') which contains the generators of C*(HT"). Hence the closure equals C*(HT). O

Remark 2.25. We can give an equivalent description of a hypergraph C*-algebra which explicitly includes the
projections corresponding to the generalized vertices as defined in Definition 2.7. In case of hypergraphs with
only quasi perfect paths we have

C*(HT) =span {supas, | p, ve E*, A€ &, Anr(p) Nr(v) #0}.

We finish this section with some lemmata which indicate the problems that arise in the hypergraph setting.
As we will later see, the multiple elements in the ranges are nothing to worry about. The key complications
are related to multiple vertices in the source and intersecting sources. This results in a higher relevance of
the order relation of projections.

Lemma 2.26. Let HT' = (E°, E',r, s) be a finite hypergraph. If for some vertex w € E° the inequality in
(HR3) is strict, i.e.

P < Z SesSs

e€Ewes(e)

it follows, that there must be an edge e € E' such that w € s(e) but w # s(e).

Proof. We proof the contraposition. Assume that for all e € E' with w € s(e) it follows that w = s(e). Then
we get by the second hypergraph relation

SeSp < Pw Ve € B! with w = s(e).

Combining this with the third hypergraph relation we get that py, = > c g1 yes(e) SeSe- O
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If w € s(e) implies w = s(e) for all e € E!, the contraposition of the previous Lemma implies that
Pw = D _ce Bt wes(e) SeSe- This can be extended to a set of vertices A C EY.

Lemma 2.27. For each finite hypergraph HT = (E°, E',r,s) and A C E° such that s(e) N A implies s(e) C A
forall e € E'. Then psy = > el s(e)cA SeSe- This implies in particular, that 3 c g sesg =1

Proof. By the second hypergraph relation we know
SeSe < Ps(e) < PA for alle € E! with s(e) C A

using that (s¢s;)pa\s) = 0. On the other hand we get by the third hypergraph relation

Pv < Z SeSy < Z SeSy forallv € A,

ecEl ves(e) e€El,s(e)CA

since p, Y . B wgs(e) SeSe = 0 Combining both inequalities and using that we deal with finite sums, the
result follows. O

Lemma 2.28. Let HI' = (E°, E',r, s) be a finite hypergraph. If for some edge e € E' the inequality in (HR2)
is strict, i.e.

365: < Z Pv,

vEEY ves(e)

it follows, that there must be an edge f € E' such that s(e) N s(f) # 0.

Proof. We assume by contraposition, that s(e) Ns(f) = () for all f € E'. Then we get by the third hypergraph
relation for each v € s(e):

*

Ps(e) < SeSe-

Along with the second hypergraph relation we get equality, which shows the claim. O

2.3. Examples and Representations

In the following we have a look at some interesting examples of hypergraphs, which are no graphs. We first
revisit the Cuntz algebra O,,. We already know by Example 1.18 that it is a graph algebra, but we can also
describe it by a hypergraph.

Proposition 2.29. [Zen21, Prop. 3.11] Forn € N withn > 2let HT' = (E°, E', r, s) be the hypergraph defined
by vertices {v1,...,v,} and edges {ei, ..., ey} with s(e;) = {v;} and r(e;) = {v1,...,v,} fori =1,...,n.
Then C*(HT') = O,,.

Proof. Let {s,,p,} be the canonical generators of C*(HT'), and {¢;} be the canonical generators of O,,. By
the first hypergraph relation we get s; se; = py(,) = pgo foreachi = 1,...,n. By Proposition 2.13, ppo is the
unit. Thus, s, is an isometry. By Lemma 2.27, we furthermore have } 1 scs; = 1. Hence, the elements
se, fulfill the relations of the Cuntz algebra and by the universal property we get the *-homomorphism
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7 : O, — C*(HT') which maps t; — s,,. On the other hand, by defining S, :=¢; and P,, := t;t] we get a
Cuntz-Krieger HI'-family in O,,. Indeed, since the elements ¢; are isometries, we have by the relations of O,,

n n
S;‘SEZ‘ = t?ti =1= Ztit;‘ - ZPUZ - PT(BZ‘)'
=1 =1

Since the sum of ¢;t7 is a projection, the projections P,, = t;t; must be mutually orthogonal. Hence
S:.Se; = Se,PiP;Se; = 0 for i # j. The second and third hypergraph relation follow directly by the
definition of P,,. Again by the universal property we get a *-homomorphism 7 : C*(HT') — O,, sending
Se; + Se; and p,, — P,,. Both *-homomorphisms are inverse, which proofs the claim. O

We can also express the Toeplitz algebra as hypergraph C*-algebra. We can even consider two different
hypergraphs as we see in the following example.

Proposition 2.30. The C*-algebras generated by the following hypergraphs are both isomorphic to the Toeplitz

algebra T.
v w e v w e

Figure 10: Hypergraphs generating the Toeplitz algebra.

Proof. For the first hypergraph see [Zen21, Proposition 3.9]. For the second hypergraph, lets call it HT', we
get by the hypergraph relations

* *
SeSe = Pw; SeSe = Pv T Puw-

Since the sum of all projections is the unit, s} is an isometry. By the universal property of the Toeplitz
algebra we get a *-homomorphism ¢ : 7 — C*(HT") defined by

urr sy, 1 py+ puw = Sess.
On the other hand we can define a Cuntz-Krieger HI'-family in 7 as follows

Se 1= u", P, := uu®, P, =1—uu".

Simple calculations show that S, is a partial isometry and P,,, P, are mutually orthogonal projections. One
can also easily check, that they fulfill the hypergraph relations. The universal property then gives us a
*-homomorphism v : C*(HT') — T defined by

S¢ = Sey  Pw— Py, pu— Py

On the generators of both algebras we can check that ¢ o 9 = idc«(gry and ¢ o ¢ = idr. Thus we get the
required isomorphism. O
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For universal C*-algebras the question of non-triviality crucial. Since all graph C*-algebras are non-trivial as
already stated in [Rae05], we have already some non-trivial hypergraph C*-algebras. To get non-triviality
of universal C*-algebras we have to construct concrete representations.

Example 2.31. We consider the hypergraph HT defined by vertices {w,v;,v2} and edges {e, f} with
s(e) = {w1, w2}, 7(e) = {wr, w2} and s(f) = {w1,wa}, r(f) = {v}.

Figure 11: Visualization of the hypergraph in Example 2.31.

A representation of C*(HT') on the Hilbertspace /2(Np) is given as follows. Let x = (x,,),, be a sequence in
12(Np). Then the following projections and partial isometries define a Cuntz-Krieger HT-family:

P,z := (x0,0,...),

Py, x = (0,21,0,23,0,...),
P,z = (0,0,29,0,24,...),
Sex :=(0,0,21,x9,...),
S = (0,20,0,0,...).

Applying the universal property of hypergraph C*-algebras yields the representation.

Multiple representations of hypergraph C*-algebras on the Hilbertspace [2(Z?) can be seen in [Zen21,
Section 3.3]. Since all these examples include only non-intersecting sources, we now state another example

with a slight modification of the construction compared to [Zen21], which we highlight in the upcoming
example.

Example 2.32. Consider the Hilbertspace (?(Z?) with basis €(z,y) fOr z,y € Z. Let HT be the hypergraph
defined by s(c) = {v1,va}, r(€) = vs and s(f) = {2}, (f) = {v1 }:

e
/—\
v (Y (%
1 f 2 P 3

Figure 12: Visualization of the hypergraph in Example 2.32.

Consider subspaces of 1?(Z?) by

H, :ZN()XN(),
Hy ::Z\NoxNo,
Hs:=7 x Z\ No,
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and let P; be the projection onto H; for i = 1,2,3. Since the subspaces are disjoint, the projections are
mutually orthogonal. Using bijections

g:Hg,—)(Z\NO X {QHITLEN()})U(NO XN()),
h:Hy —Z\Nox{2n+1]|n e Ny}
we can define partial isometries
Se€(z,y) = Ozy)eHs Cq((w))>
Se(ay) = day)eH Ch((zy)-

These elements build a Cuntz-Krieger HT-family in B(I?(Z?)), the space of bounded operators on 12(Z?).
Note that we deviate at this point from the method in [Zen21]. There, the bijections were defined separately
for the coordinates = and y, while we use only one bijection defined on a product space. To check the
hypergraph relations we note that

Sce(ay) = O(ay)e(Z\Nox {2n | neNo})UNo xNo) €9 ((2,))1
Ste(wy) = O(ey)eZ\Nox {2n+1 | neNo} Ch~1((x,9))-
With this we get for the first hypergraph relation
(SeSe)ewy) = day)ets Seq(zy)) = Owy)cHs Eay) = P3e(zy),
(SpS1)ey) = Oay)er Sen(@y) = Syt Cay) = Pre(ay)-
Since the ranges of g and h are disjoint we get
(SeSr) €ay) = O gyt S en((ay)

= O(a.y)eH Oh(z.5)e(Z\Nox {2n | n€No})U(No xNo) €91 (h((2.9)))
=0

and with the same argument we get S7S. = 0. For the second hypergraph relation we have
(SeSe)e(a,y) = O(zy)e(@\Nox {2n | neNo})U(No xNo) €(z,y)
= (O@p)ez\Nox{2n | neto} + Oz )e(oxNo)) ()

Since Z \ No x {2n | n € No} UNg x Ng C Ho U H; we get S.S* < P» + P;. Furthermore we have for the
edge f

(S£SF)e(ey) = O(em)eZ\Nox {2n+1 | neNo}€(z.y)

which proves S¢S} < P,. With respect to the expressions used above we get that P} < Se.S¢ and P> < S¢S}
which proves the third hypergraph relation. By the universal property we thus get the representation on
12(Z?) given by the *-homomorphism 7 : C*(HT') — B(1>(Z?)) defined by

pi— P, se > Se, SfHSf.

Hence we can represent C*(HT) on [?(Z?).
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Remark 2.33. We systematize the previous example and give a way to define representations on [*(Z?) of
hypergraph C*-Algebras. Base of the construction is the decomposition of 12(Z?). Let HT be a finite hypergraph
given by edges {e1, ..., e, } and vertices {v1, .., vy, } for n,m € N. We decompose 12(Z?) into m closed subspaces
Hi,...,Hy,, and let P; for i = 1,...,m be the corresponding projections onto H;. Let A;, B;,C}, D; closed
subspaces of Z. Let

ijAjXBj—)CjXDj
be a bijective function. Then we define a partial isometry S; as follows

Sj€(a,y) = O(zy)eA;x By €f;(xy)-

The adjoint operator is given by
Sje(ey) = Oay)eCixD; €51 (ny):
Combining both we get

578 = Pa;xB;;
Sjs; = Pcjxp;-

The concrete choice of the subspaces A;, B;, C;, D; depends on the given hypergraph relations:

1. By the first hypergraph relation we know that A; x Bj has to match the subset on which the projection
Pr(ej) maps. Hence Aj X Bj = Uie{l,‘..,m},yier(ej) H;.

2. To completely match the first hypergrpah relation we have to ensure that S7 Sy, = 0 for j # k. To achieve
this we have to ensure that the ranges of the bijections f; are disjoint.

3. The second hypergraph relation implies that C; x D; must be a subset of | J,. a

yeem},v;€5(€5) HZ

4. The third hypergraph relation on the other hand implies that we have to ensure, that H; is a subset
of Uje{lwn},vﬁs(ej) C; x Dj. Thus, it can be necessary to divide each segment of 1*(Z?) in different
subspaces, if different edges have similar vertices in their source.

Note, that with the given method we will always get commutativity between P; and S;S7.
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3. Non-Nuclear Hypergraph C*-Algebra

The definition of nuclear C*-algebras by Takesaki in the 1960’s deals with the uniqueness of the norm
on tensor products of C*-algebras. This property is interesting in the context of hypergraph C*-algebras
as it allows us to show that the class of hypergraph C*-algebras is indeed larger than the class of graph
C*-algebras. We construct a hypergraph which generates a non-nuclear C*-algebra. Building up on this
example we develop techniques to identify and construct further non-nuclear hypergraph C*-algebras.

3.1. Definition of Nuclearity

The definition of nuclearity is based on tensor products of C*-algebras A and B. We give a short overview
of the construction. For more detailed information see [BO0O8, Chapter 3]. Similar as for vector spaces we
can construct the algebraic tensor product A ® B spanned by elementary tensors a @ b fora € Aand b € B,
which fulfill the tensor calculus

1. (a1+a2)®b:a1®b+a2®b and a®(b1+b2):a®b1—|—a®b2;
2. Ma®b)=(Aa)®@b=a® (\b) forall A € C.

The tensor product fulfills a universal property: for any C*-algebra C and any bilinear map o : A x B — C,
there exists a unique linear map o : A ® B — C such that the following diagram commutes:

AxBU—>C

kd
,
—
7 g
.

AOB

By defining a multiplication and involution as
(a1 ® by)(az ® b2) := ajas ® b1ba, (a®b)* :==a" @b,

the algebraic tensor product becomes a *-algebra. To get a C*-algebra we need a C*-norm. The completion
with respect to such a norm is then a C*-algebra. One can proof that there is always a C*-norm on the
algebraic tensor product [Bla06, 11.9.1.3]. But there can be multiple different norms on the algebraic
tensor product. Since norms on C*-algebras are unique, the completions with respect to these norms yield
different C*-algebras. The main idea to construct norms on the algebraic tensor product of C*-algebras is
to use representations on tensor products of Hilbertspaces. These have a unique norm turning them into
Hilbertspaces [BO0S8, Prop. 3.2.1].

Definition 3.1. Let /, K be Hilbertspaces and B(#), B(K) denote the corresponding sets of bounded
operators. Let 7 : A — B(H) and o : B — B(K) be faithful representations of C*-algebras A and B on H
and K. Then the spatial C*-norm an A ® B is defined as

1) ai @ billmin = 1Y 7(ai) @ a(b:) || B3y

for a; € A and b; € B. The completion of A ® B with respect to || - ||min is denoted by A @ B. The spatial
tensor product is also called minimal tensor product.
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Definition 3.2. Given A and B, we define the maximal C*-norm on A ® B to be
||z||max = sup{||7(x)|| | 7 : A® B — B(H) a cyclic *-homomorphism}

for z € A® B. We let A ®max B denote the completion of A ©® B with respect to || - ||max. It is called that
maximal tensor product.

Definition 3.3. A C*-algebra A is called nuclear, if for every C*-algebra B, there is a unique C*-norm on
AOB.

One can indeed show that, as the names suggest, || - ||min < || - || < || - ||max- The proof goes back to a
theorem of Takesaki which can be found in [BOO08, Cor. 3.3.8, Thm. 3.4.8]. Thus to show nuclearity it is
enough to prove that the spatial and the maximal norm coincide.

Example 3.4.

1. The matrix algebra M,,(C) is nuclear for each n € N as for each C*-algebra A the algebraic tensor
product M,,(C) ® A is isomorphic to M,,(A) which is a C*-algebra and thus has a unique norm.

2. All finite dimensional C*-algebras are nuclear as by Wedderburns Theorem, each finite dimensional
(C*-algebra is isomorphic to a finite direct sum of matrix algebras over C.

3. All graph C*-algebras are nuclear. A sketch of the proof was outlined in [Rae05, Rem. 4.3]: The unit
circle acts on each C*-algebra by the gauge action . The crossed product C*(E) x, T with regard to
the gauge action is isomorphic to a C*-algebra of the so called skew product graph. The corresponding
graph C*-algebra is AF. By the Takesaki-Takai Duality Theorem C*(FE) is thus stably isomorphic to
(C*(E) x4 T) x4 Z which is nuclear. Nuclearity is invariant under stable isomorphism which then
shows nuclearity of the graph C*-algebra.

Nuclearity does not transfer from C*-algebras to *-subalgebras. Neither are *-subalgebras of nuclear
C*-algebras always nuclear nor are *-subalgebras of non-nuclear C*-algebras non-nuclear. If we restrict
ourselves to hereditary subalgebras, then we see that nuclearity passes to hereditary subalgebras [Bla06,
Cor. IV. 3.1.14]. Since hereditary subalgebras correspond to ideals this hints to the fact that ideals and
quotients of nuclear C*-algebras are again nuclear. Especially the quotient condition will be crucial in the
following. The proof of this proposition is non-trivial and involves the second dual of a C*-algebra. Therefore
we refer for the proof to the given reference.

Proposition 3.5. [Bla06, Cor. 1V.3.1.13, Prop. 11.9.6.3] Quotients and closed ideals of a nuclear C*-algebra
are nuclear.

As already indicated in Section 1.2 it is also possible to view the tensor product as universal C*-algebra.

Proposition 3.6. [Bla85, Ex. 1.3g] The tensor product of a unital, nuclear C*-Algebra A and a unital
C*-algebra B is isomorphic to the universal C*-algebra

A®B~C*(a€ A, be B|Ra, R, ab="baVac A,be B),

where R4 and Rg are the normal C*-relations on A and B.
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Proof Sketch. Since A is nuclear, there is a unique norm on the tensor product and we have not to distinguish
between different tensor products. We note that for non-nuclear C*-algebras the given universal C*-
algebra is isomorphic to the maximal tensor product. We consider the elementary tensors ¢ ® 1 and
1 ® b. These commute clearly by the definition of the multiplication. Thus the universal property yields a
*-homomorphism from the universal C*-algebra onto the tensor product mapping a — a ® 1 and b — 1 ® b.
The *-homomorphism is clearly surjective, as all elementary tensors lie in the image and with some more
work it can be shown that it is also injective. O

We now turn to non-nuclear examples. This will later on be useful, as we will see that not all hypergraph
C*-algebras are nuclear. We only give an overview of the results in order to focus afterwards on the applica-
tion to hypergraph C*-algebras. For the proofs we therefore refer to the stated sources.

Key to the example below is the relation between amenability of discrete groups and nuclearity of the
corresponding group C*-algebra.

Definition 3.7. A group I' is called amenable, if there exists a state x on [°°(I") which is invariant under left
group action, i.e. forall s € I"and f € [>°(T), u(s - f) = p(f).

Definition 3.8. Let G be a locally compact group. The group C*-algebra is defined as
C*(G) := C xq G = C* (uy unitaries for g € G | ugn = ugup, ug— = uj, forall g,h € G).

This definition of the group C*-algebra is in line with the definition as norm closure of the Banach algebra
L'(G) with respect to the full norm. If the group is discrete we get the following:

Theorem 3.9. [BO08, Thm. 2.6.8] A discrete group G is amenable if and only if the group C*-algebra C*(QG)
is nuclear.

There are many other equivalent characterizations of it, but this one is the crucial one for us.

Proposition 3.10. [BO0S8, Ex. 2.6.7] Let [F5 be the free group of two generators. Then the group C*-algebra
C*(FF3) is non-nuclear.

Proof Sketch. The proof uses a paradoxical decomposition of the free group with generators a and b. Let A™
be the set of all words starting with a, A~ be the set of words starting with a~!. Similarly we define B+
and B~. Then we can express the free group by

Fo=ATUA " UBT"UB =A"Ua-A~ =BT Ub-B".

Assuming Fy would be amenable, there would be a left invariant mean p. Using the left invariance combined
with the above decomposition leads to a contradiction. O

In contrast to nuclearity, amenability can be transferred to subgroups.
Proposition 3.11. [Run20, Thm. 1.2.7] All closed subgroups of amenable, locally compact groups are amenable.
These two proposition combined give the base point of the creation of multiple non-nuclear C*-algebras.

Corollary 3.12. Let G be a discrete group. If the free group of two generators is isomorphic to a subgroup of G,
then G is non-amenable and C*(@G) is non-nuclear.
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3.2. Non-Nuclear Hypergraph C*-Algebras

We now use nuclearity to show that the class of hypergraph C*-algebras is indeed larger as the class of
graph C*-algebras. All graph C*-algebras are nuclear as stated in Example 3.4. And even all ultragraph
C*-algebras are nuclear as each ultragraph C*-algebra is Morita equivalent to a graph C*-algebra [KMST10,
Thm. 5.22]. For hypergraph C*-algebras this is not the case anymore as we see in the following example
from [Zen21, Prop. 3.12].

Proposition 3.13. Let n € N and consider the hypergraph HT" with vertices {v1,...,v,} and edge {e} with
s(e) = {v1,...,vn} = r(e). Then C*(HT") = C(T) » C". We denote this fully connected hypergraph with n
vertices in the following by HT,,.

Figure 13: Hypergraph HI',, generating C(T) * C". To simplify the visualization of the
hypergraphs, we omit the arrowheads for edges that point in both directions. To
be a bit more accurate, one should also include selfloops at each vertex.

Proof. We consider the universal C*-algebras
n
CT)y=C*(u,l |v'u=uu"=1) and C"=ZC*(p1,...,pn |pj2 = p; = pj, ij =1)
j=1

and show that C*(HT") = C(T) = C". By the hypergraph relations we obtain ss. = pro and s.s} = pgo.
Hence s, is a unitary by Proposition 2.13 and fulfills the relations of C(T). Furthermore it is free of the
projections, which fulfill the relations of C™. The universal property thus yields a *-homomorphism

¢ : CO(T) * C" — C*(HT)

sending u to s, and p; to p,,. Conversely we can define a Cuntz-Krieger HI'-family in C(T) « C" via S, := u
and P,, = p;. Short calculations show that the hypergraph relations are fulfilled. The universal property
yields then a *-homomorphism

é: C*(HT) — C(T) + C"

which maps s, to S, and p,, to P,,. Both *-homomorphism are inverse to each other and give us thus the
required isomorphism. O

Proposition 3.14. The C*-algebra C(T) x C" is non-nuclear.

To prove this proposition we need a few lemmata.
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Lemma 3.15. The group C*-algebra C*(Z) is isomorphic to C(T).

Proof. The C*-algebra C(T) is isomorphic to the universal C*-algebra C*(u,1 | u*u = wu* = 1). This
C*-algebra is isomorphic to C*(u,,1 n € N | wiu, = upul, = 1, Upm = UpUm, u,—1 = u), for n,m € N).
This follows by identifying u; with the monom «/ and using the universal property twice. The latter is the
universal C*-algebra defining the group C*-algebra C*(Z). O

Lemma 3.16. The group C*-algebra C*(Z/nZ) is isomorphic to C".

Proof. By Definition 3.8 the group C*-algebra C*(Z/nZ) is isomorphic to the universal C*-algebra
C*(u,1 | v'u = wu* = 1,u™ = 1). Since v = 1 the C*-algebra consists of exactly n monoms and is
thus at most n-dimensional. By Wedderbuns Theorem all finite dimensional C*-algebras are isomorphic to a
finite direct sum of Matrix algebras. Since the C*-algebra is a commutative C*-algebra, it is isomorphic
toC™ =C@ --- @ C for some m < n. There is a unitary element v € C™ with v = 1. i.e. consider the
vector with entries €27/". Thus, by the universal property we get a *-homomorphism ¢ : C"™ — C". The
*-homomorphism is surjective since its image contains the unit. Thus by dimensional reasons m = n and
C*(Z/nZ) is isomorphic to C". O

Lemma 3.17. Let G| and G2 be non-trivial groups and G5 be of order strictly greater than 2. The free group
on two generators Fy is a subgroup of G1 * Ga.

Proof. Let x,y be the generators of Fy. Let 1 # a € Gy and 1 # b, ¢ € G such that b~ !¢ # 1 and define the
*-homomorphism

¢ :Fo = G % Go, z = (ab)?, y > (ac)®

The elements (ab)? and (ac)? are free of each other, i.e. there are no relations between them, since a
prevents interaction between the elements in GGo and since we use the square, there is also no cancellation
when multiplying with inverses. It remains to show that the *-homomorphism is injective which can be
done by concrete calculations as executed in [Web11, Lemma 3.1.7]. O

Proof of 3.14. Combining the previous lemmata we get that C(T) x C" is isomorphic to C*(Z) x C*(Z/nZ).
As stated in Remark 1.6 and considering the expression of the group C*-algebras as universal C*-algebras,
we have C*(Z) « C*(Z/nZ) = C*(Z x Z/n’Z). By Lemma 3.17 we know that [, is a subgroup of Z * Z/nZ.
Thus by Proposition 3.12 it follows that C*(Z*Z/nZ) is non-nuclear and hence C'(T) «C™ is non-nuclear. [

In analogy to Theorem 3.9 we want to define amenable hypergraphs to be those hypergraphs whose
C*-algebra is nuclear.

Definition 3.18. Let HT be a hypergraph. We call HT" amenable, if the corresponding hypergraph C*-algebra
is nuclear.
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3.3. Construction of Non-Nuclear Hypergraph C*-Algebras

We can now use the above non-amenable hypergraph HT,, to construct further non-amenable hypergraphs.
The main idea is to use, that nuclearity transfers to quotients. This can be achieved by extending the
hypergraph HT,, appropriately. The canonical generators of the corresponding hypergraph C*-algebra
C*(HT,) are in the following given by {t;} U {qu,, -, qu, }-

Proposition 3.19. Let n > 3. Let HT be the hypergraph defined by E° = {w,vy,...,v,} and E' = {e, f}
with

Then C*(HT) is non-nuclear.

Figure 14: Non-amenable hypergraph of Proposition 3.19.

Proof. The idea of the proof relies on the fact that quotients of nuclear C*-algebra are again nuclear, see
Proposition 3.5. Thus, by proving that the hypergraph C*-algebra has a non-nuclear quotient, the hypergraph
C*-algebra itself must be non-nuclear. We define a Cuntz-Krieger HI'-family in C*(HT',_1) by

P, :=0,

P, =0,

Py, = qu, fori <n-—1,
Se :=0,

Syi=ty.

Indeed, for the first hypergraph relation we have

S*S, =0="P,,

n—1 n—1

n—1
SpSp=tity =3 au =D s Pou =D Pu+Po, =Py,
i=1 =1 i=1

For the second hypergraph relation it follows that

S.S* =0=P,,

n—1

n—1 n—1
SpSp =17t} 2 > au =3 Pu=2 PutPo = Pyy).
=1 =1 i=1
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And finally the third hypergraph relation follows since

P,=0=25.5;,
P,, =0< SfS;c
P, =q, < tftjc = Sijc.

This leads to a *-homomorphism 7 : C*(HI') — C*(HT,,_;) that maps the canonical generators p,, — P,
fori <n —1, sy — Sy and sends the other generators to 0. The *-homomorphism is surjective, since all
generators of C*(HT',_1) lie in the range. Thus we get that C*(HT")/Ker(n) = C*(HT,_;). By Proposition
3.13 we know that the C*-algebra C*(HT,,_) is non nuclear. Thus, C*(HT) has a non-nuclear quotient
and is thus also non-nuclear. O

Remark 3.20. If we consider the above example for the case n = 2, the previous procedure does not lead to a
non-nuclear quotient. Indeed, the quotient is given as C'(T) which is known to be nuclear. Thus we cannot say
something about the nuclearity of the hypergraph HT. It could be interesting to investigate this further.

Example 3.21. We can extend the above example by adding further edges to the hypergraph in Proposition
3.13 in the same manner as in the previous example. In the following, we have n > 4.

U1
/ \ I3
2
€1 /
W] ——> Up, \
\ P
Un—1
€2

w2
Figure 15: Non-amenable hypergraph of Example 3.21.
The only restriction is, that the remaining quotient must still be a non-nuclear C*-algebra. In our setting this

is the case, if at most n — 2 vertices are connected to a source. Thus for m < n — 2 the following hypergraph
is non-amenable and the corresponding hypergraph algebra is thus non-nuclear:

EY:={wy,...,wm,v1,...0,},
El:={e,....em, f},
s(ei) == {wi}, r(ei) = {vn—it1},

s(f) ={v1,...,on}, r(f) :={v1,..., o0}

Sending all partial isometries s, and projections corresponding to their source or range to zero, and sending
Pu; +> qu; for i <n —m and sy — ty we get a surjective *-homomorphism 7 : C*(HTI') — C*(HT';,—y,) and
hence that C*(HT")/Ker(r) = C*(HT,,_y,). Thus C*(HT') is non-nuclear.
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There are multiple ways to create further non-nuclear hypergraph C*-algebras with the above technique. We
could add multiple vertices to the source/range of e, attache more edges to the hypergraph, and so on. The
main idea would be always to set the partial isometry corresponding to the new edge equal to zero and use
the hypergraph relations to determine which projections must be zero. Then we consider the hypergraph
HT,, with edge f, were we delete all vertices, whose projection is zero, from the range and source. The
resulting Cuntz-Krieger family leads to a surjective *-homomorphism which then leads to an isomorphism be-
tween the quotient and the non-nuclear C*-algebra C*(HT,,). We added a bunch of examples in Appendix C.

Nevertheless, the above illustrations are somewhat misleading. The examples originate as manipulations
of the non-amenable hypergraph. Thus, at first glance, the non-nuclear subhypergraph HI', seems to be
decisive. But in fact the quotient given by C*(HT,,) for some m < n is crucial.

U1

/ =t

2
w —— Up
A
Un—1
Figure 16: Visualization of the part of the hypergraph in Proposition 3.19 corresponding to
the non-nuclear quotient. It is highlighted in blue with bold edges.

To get a better graphical understanding we express the above technique by concrete requirements on the
hypergraph. The idea is to extract a non-amenable part of the hypergraph with slight modifications on the
edges by deleting vertices from its source and range. This gives an easy way to check non-amenability for a
given hypergraph without using the corresponding C*-algebra.

Proposition 3.22. Let HT' = (E°, E',r, s) be a finite hypergraph. If there exist N C E and N! C E!
such that N° N r(e) # () and N° N s(e) # 0 holds if and only if e € N' and the hypergraph defined by
HT = UVO,Aﬂng,SN)Mddl

r(e) N NY,

s(e) N N°

ry(e) :

sn(e):

is non-amenable, then HT is non-amenable.

Proof. We show that HT is a quotient of C*(HT). We can define a Cuntz-Krieger HI'-family in C*(HT) by
p )W for v € N°

0 forve E°\ NY,
o te foree N'!

0 foree E'\ N

Since all edges whose sources and sinks intersect with NV lie in N'!, the hypergraph relations of the Cuntz-
Krieger family directly follow from the hypergraph relations in C*(HT'). Indeed, as the projections and
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partial isometries corresponding to vertices and edges not in HT are 0, they can be added without changing
any relations. By the universal property we get *-homomorphism = from C*(HT") onto C*(If I') which is
surjective as all generators of C*(HT) lie in its range. Hence C*(HT)/Ker(r) = C*(HT). Thus C*(HT)
contains a non-nuclear quotient and is hence non-nuclear. In other words, HT" is non-amenable. O

Example 3.23. We apply the above proposition to the hypergraph defined by vertices {v, ..., v,} and edges
e, f,g with s(e) = {vs}, r(e) = {vs}, s(f) = {va}, r(f) = {vs}, s(9) = {v1,v2,v3}, r(g) = {v1,v2,v3,v4}.

Figure 17: Visualization of the hypergraph in Example 3.23. The non-amenable part of the
hypergraph is highlighted in blue with bold edges.

By defining N° := {v1, v, v3} and N' = {f} it is easy to check, that both sets fulfill the requirements of
the proposition. Since sy(g) = rn(g) = {v1,v2,v3}, the resulting hypergraph is given by HT's, which is
non-amenable. Thus the initial hypergraph is also non-amenable.

The previous constructions have the objective to check if a given hypergraphs is non-amenable by deleting
and manipulating edges and vertices. The emerging question now is, how to attache a non-amenable
hypergraph to an arbitrary hypergraph to receive a non-amenable hypergraph. The technique below defines
some kind of product between two hypergraph C*-algebras.

Proposition 3.24. Let HT' = (E°, E' rp,sp) and HA = (F°, F',ra, sA) be finite hypergraphs. For fixed
f € B! and w € F° we define a linked hypergraph HO by

G :=FE'UF°,
G':=E'UF!,
r(e) {rp(e) for e € E1
ra(e) foree F!,
sr(e) foree EY\ {f}
s(e) == q sp(f)U{w} fore=f
ra(e) foree F!.

If HT is non-amenable, then HO is non-amenable.

Proof. We show that C*(HT") is a quotient of C*(H©). To do this we define a Cuntz-Krieger H©-family in
C*(HT) by letting all projections and partial isometries corresponding to vertices and edges in HA be zero
and identify the elements corresponding to vertices and edges in HI" with the generators of C*(HT"). The
clue is, that by letting all elements corresponding to C*(HA) be zero, we "delete" the new vertex in the

33



source and obtain HT'. We denote the elements in the constructed Cuntz-Krieger H O-family by 7, and Q,.
This is indeed a Cuntz-Krieger H©-family. The crucial part is the linking edge f and the vertex w. If we
consider the hypergraph relations for these we get:
T5Ty = spsp = Pre(p) = Pr(p) = @r(p)s
TTF = sysp < Dor(f) = Por(f) T 0= Qor() + Qu = Qu();
Qu=0< Y  T.T;

e€Gl wes(e)

The *-homomorphism 7 given by the universal property is clearly surjective, as all generators of C*(HT") are
in the range. Thus we get that C*(HT") is isomorphic to C*(H©)/Ker(r). Thus C*(H©) has a non-nuclear
quotient, since HT" is non-amenable. Hence C*(H©) is non-nuclear and H© is non-amenable. O]

In the previous proposition, we added the vertex w to the source of the edge f. Similarly we could have
also added the vertex w to the range of f. In either cases the quotient deletes the further vertex in the
source/range. Furthermore, we must not restrict ourselves to a single connection. Using the same idea of
the proof we could extend to multiple linking edges and multiple new vertices in their sources/ranges.

Example 3.25. We consider the hypergraph HT',, and the hypergraph generating C/(T).

U1

Ny
e o
N

Un—1
Figure 18: Hypergraph generating C(T) and hypergraph HT,,.

We extend the edge f in HT,, by adding the vertex w in its source.

U1

\Ug

(M _/,
\ 7> \|
Figure 19: Non-amenable hypergraph created by linking the hypergraphs of Example 3.25.
Then by the last proposition the emerging hypergraph is non-amenable.

Besides for non-nuclearity the above technique is also a nice feature to calculate quotients in general. We
wont deepen this topic as it is would go beyond the scope of this thesis and leave it for future research.
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4. Connections Between Hypergraph C*-Algebras

Multiple hypergraphs can have a similar corresponding C*-algebra. By decomposing the range of an edge,
we give a concrete way to construct new hypergraphs while leaving the corresponding C*-algebra invariant.
This furthermore gives us information about the relation between graph and ultragraph C*-algebras and
shows the crucial differences of hypergraphs. Besides the connection between different hypergraph C*-
algebras we investigate the connection of hypergraph C*-algebras to known C*-algebras. We consider the
Gauge Uniqueness Theorem in the second section as tool to identify C*-algebras isomorphic to hypergraph
C*-algebras. We construct an example, which proves that the Gauge Uniqueness Theorem does not hold in
the general case. Given this constraint, we develop restrictions on the hypergraph and its corresponding
C*-algebra under which we can generalize the Gauge Uniqueness Theorem.

4.1. Decomposition of Ranges

In [KMST10] it is shown that each ultragraph C*-algebra is Morita equivalent to a graph algebra. In the
finite case this even strengthens to isomorphisms, as we will see in the following. The key is to take the
range of an edge apart and form new edges, according to each vertex in the range. The source remains
unchanged. We can adapt this idea and generalize it for hypergraphs.

Theorem 4.1. Let HT = (E°, E', r, 5) be a finite hypergraph. Define the hypergraph HT' = (E , E",7,5) as

EO = EO,
E' = {(e,v) | e€ EY, v er(e)},
((e,v)) :=
(

(e,v)) := s(e).

The corresponding hypergraph C*-algebras are isomorphic, i.e. C*(HT) = C*(HT). In particular it holds that

7 B B

9

W N

Decomposition N

Figure 20: Visualization of the decomposition of ranges. The different colors and thickness
of the edges indicate different edges.

Proof. Let {q, |v € EO}, {ta | @ € El} be the universal Cuntz-Krieger HT-family. We define

P, :=q, Vv € EY,
Se 1= Z t(e,v) Ve € EL.
ver(e)
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The elements {P, | v € E°} are mutually orthogonal projections and a quick calculation shows that
{S. |e € E'} are partial isometries with mutually orthogonal ranges. Together they form a Cuntz-Krieger
HT'-family in C*(HT'), as we see in the following.

(HR1): Using the first hypergraph relation for the universal Cuntz-Krieger HT'-family we get

S*Sf_ Z tev Z (fyw)

ver(e) wer(f)

=ZZ

ver(e) wer(f

= ,fzqv

ver(e)

= ey Z P,.

ver(e)

(HR2): Using that the ranges of (e, w) and (e, z) for distinct vertices w, z are disjoint we get using Proposition
2.12 that t(e,w)f(ke 5 = 0 for w # z. Since the second hypergraph relation implies that t(&w)t’(“e w) S ZUES(E) Qv
for all w € r(e) we get

SeSi =D tew) D te)

wer(e) zer(e)

= D tewlew

wer(e)

> w

ves(e)

= > P.

ves(e)

N

(HR3): Using the third hypergraph relation for C*(HT) and the orthogonality of the ranges of (e, w) and
(e, z) for distinct vertices w and z, we get

P, = qy

< D talh

acE" weEs(a)

= D D tewlew

ecEl ves(e) wer(e)

= DD tew X ten

e€El ves(e) wer(e) zer(e)

= >SS

ecEl ves(e)

Hence all hypergraph relations are fulfilled and we thus get a *-homomorphism ¢ : C*(HT') — C*(HT)
which maps the canonical generators s, — S, and p, — P,.
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To construct the inverse map we define the elements

Qv = py Vv € EO,
Tie,w) = SeDv V(e,v) € B

Clearly, the elements @), are mutually orthogonal projections and a short calculation confirms that 7{, , is a

partial isometry for each (e,v) € o By construction these elements have orthogonal ranges. We check that
these elements form a Cuntz-Krieger HI'-family in C*(HT).

(HR1): The first hypergraph relation of C*(HT") yields

Tty T 0) = PSS fPw
= 5e,fpvszsepw

= Ge,ppo( Y P2)Duw

zer(e)
= 5e,f6v,11}pv
= 5(e,v),(f,w) QU'

(HR2): Using the definition of partial isometries and the order relation of projections we get by applying the
second hypergraph relation of C*(HT)

T(e,v)TEke,v) = Sepvp’v‘s:

< Ses

~X
<Y

wes(e)

> Qu

wes((e,w)))

(HR3): We recall, that p,) = (e) Pv- With this we get by the third hypergraph relation of C*(HT)

VET
Qv =Dy

z : *
g 8686

e€El ves(e)

< z SePr(e) Se

ecEl ves(e)

oD sepost

ecEl ves(e) ver(e)

= > 2 TewTiw

e€El ves(e) ver(e)

= > T.T;

aeEl,UES(a)

N
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The universal property gives us thus the *-homomorphism ¢ : C*(HT') — C*(HT) which maps the canonical
generators t. — T, and ¢, — @,. One can easily check, that the *-homomorphisms ¢ and ¢ are inverse to
each other which yields the claim. O

Instead of a complete decomposition of the range into its single vertices we could have also disassembled it
into a disjoint union of nonempty sets, i.e. r(e) = £ U --- U &, and associate to each set &; the edge (e, &;).

Corollary 4.2. Let HT = (E°, E',r, s) be a finite hypergraph. For each e € E' let r(e) = & U---UE&,, for
nonempty disjoint sets £; and n. € N. Define the hypergraph HT = (EO, El, 7,5) as

The corresponding hypergraph algebras are isomorphic, i.e. C*(HT) = C*(HT).

Remark 4.3. Sadly we only get the decomposition for ranges. The same approach for sources is not possible. For
example the element p,s. for a vertex v € s(e) is in general no partial isometry. Furthermore, this is also clear
since otherwise all C*-algebras of finite hypergraphs would be isomorphic to graph C*-algebras, contradicting
the existence of non-amenable hypergraphs and the fact that nuclearity is an invariant under isomorphism.

Using the previous Theorem we can now show, that in the finite case, ultragraph algebras are isomorphic
to graph C*-algebras and do thus not extend the class of graph algebras. For the infinite case we refer to
[KMST10, Thm. 5.22] where it is shown, that, up to Morita equivalence, ultragraph C*-algebras and graph
C*-algebras are the same.

Corollary 4.4. The C*-algebra of a finite ultragraph is isomorphic to a graph C*-algebra.

Proof. We apply Theorem 4.1 to the ultragraph to receive a graph whose C*-algebra is isomorphic to the
(C*-algebra corresponding to the ultragraph. O

Example 4.5. Using the decomposition of the range, one can give an alternative proof, that the C*-algebra
of the hypergraph defined by s(e) = w, r(e) = {v, w} is the Toeplitz algebra. A straight forward calculation
using the Cuntz-Krieger families is given in [Zen21, Prop. 3.9]. Applying Theorem 4.1 instead, leads to the
graph on the right.

e O Decomposition (e,v) O

Figure 21: Decomposition of ranges applied to the hypergraph generating the Toeplitz
algebra.

The corresponding graph algebra of the right graph is the Toeplitz algebra and as we get an isomorphism
between both hypergraph C*-algebras by Theorem 4.1, the same holds true for the hypergraph algebra of
the initial hypergraph.
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Instead of taking the range apart we can reverse the above construction to merge edges with similar sources
and disjoint ranges. We state the corollary in case of two edges, but it can be directly generalized to any
finite number of edges by iteration.

Corollary 4.6. Let HI' = (E°, E',r,s) be a finite hypergraph. Consider e, f € E' with s(e) = s(f) and
r(e) Nr(f) = 0. The hypergraph HT given by

= EO
= (E

e, fHug,
3(h) =s(h) Vhe E'\{e, f},  3(g9) = s(e),
7(h):=r(h) Vhe E'\{e f},  (g):=r(e)Ur(f)

generates an isomorphic hypergraph C*-algebra.

Proof. We apply Proposition 4.1 to HT' and HT. Both yield the same hypergraph, which gives the required
isomorphism. O

This Corollary is interesting, as it gives us a concrete way to construct a hypergraph out of a graph without
changing the corresponding C*-algebra.

Example 4.7. We consider the matrix algebra M,,(C). As stated in Example 1.17 the C*-algebra of the
graph with s(e;) = v and r(e;) = w; for j = 1,...,n — 1 is isomorphic to M, (C). Applying the above
corollary we get, that the hypergraph defined by one edge e with s(e) = {v} and r(e) = {w1, ..., wn_1}
also generates the matrix algebra M, (C).

Figure 22: Merging of ranges applied to the hypergraph generating M,,(C).

Besides of new examples, the decomposition and merge of ranges yields interesting insights about the parts
in which hypergraph C*-algebras show a different behaviour compared to graph and ultragraph C*-algebras.
Since ranges can be decomposed, the crucial differences seem to occur solely by multiple vertices in the
source. The connection to the order relation seen in Lemma 2.26 and Lemma 2.28 could be interesting to
investigate further.

4.2. Gauge Uniqueness Theorem

Hypergraph C*-algebras are universal C*-algebras. Thus, one possibility to identify a C*-algebra isomorphic
to the hypergraph C*-algebra, is to check that it fulfills the universal property. Nevertheless, this can be a
bit nasty. To expand our toolbox, we take a closer look at the Gauge Uniqueness Theorem, which yields
faithful representations of graph C*-algebras. It is probably one of the most used theorems in the context of
graph C*-algebras because of its simple application. Under specific assumptions on the hypergraph, we can
extend it. But we will see, that it does not completely generalizes to hypergraphs.
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The basis of the Gauge Uniqueness Theorem for graph algebras is the existence of a continuous action of
the unit circle T on the graph C*-algebra, which leaves the projections invariant and rotates the partial
isometries. This action is called gauge action and the existence of such an action for graph C*-algebras follows
by the universal property. Adapting the proof we get the existence of the gauge action for hypergraphs.

Proposition 4.8. Let HI' = (E°, E',r, s) be a finite hypergraph with universal Cuntz-Krieger HI-family
{Se, pv}. Then there exists a continuous action of T on C*(HT") such that

V2 (8e) = zs. Ve € E!, Y.(py) =Dy Vv E E°.

The action is called gauge action.

Proof. The proof is similar as for graphs [Rae05, Prop. 2.1]. For fixed z € T the collection {zse,p,} is
again a Cuntz-Krieger HI'-family. Thus, the universal property of hypergraph C*-algebras leads to the
existence of an isomorphism v, : (C*(E), {se,pv}) — (C*(E), {2zSe, pv}) which maps s, to zs. and p, to
py. On generators, 7, o 7y, agrees with ,,, for z,w € T. Thus they agree on all of C*(HT') and ~ is a
*-homomorphism. We still need to show continuity of z — ~,(a) for all, but fixed a € C*(HT'). The
argument again follows as in [Rae05, Prop. 2.1] using an ¢/3-argument, with the exception, that we now

choose elements ¢ = > A oot €1en Sy oS for each fixed element a € C*(HT') and use, that scalar
multiplication is continuous and the composition of continuous functions remain continuous to conclude
that w +— ~,,(¢) is continuous. O

In the context of graph C*-algebras, the existence of such an action yields a faithful representation of the
graph C*-algebra. We state this in the following Theorem.

Theorem 4.9 (Gauge Uniqueness Theorem). [BHRS02, Thm. 2.1] Let E be an arbitrary graph, let {S., P, }
be a Cuntz-Krieger E-family in a C*-Algebra A, and let 7 be the representation of C*(F) such that 7(s.) = S,
and 7 (p,) = P,. Suppose that each P, is non-zero, and that there is a strongly continuous action (3 of T on
C*(Se, P,) such that 8, o™ = w o, for z € T. Then 7 is faithful.

Proof Sketch. The idea of the proof of the Gauge Uniqueness Theorem is to project the graph C*-algebra
C*(F) onto the fixed point algebra

C*(E) :={a€ C*(E)|v.(a) =aforall z €T}

by averaging over the gauge action. Then since

H/'yz(a)dZH <|lm(a)]]  foralla e C*(E),
T

faithfulness of the *-homomorphism on C*(E)” leads to faithfulness on C*(E). The key point is the
faithfulness on the fixed point algebra. For graphs, C*(F)? is an AF-Algebra: by Lemma 1.22 the elements
sysy for |u| = [v| = k and r(n) = r(v) = v are matrix units and with this, one gets that the graph C*-algebra
is the inductive limit of C*-algebras of compact operators. Using this, and the fact that every matrix unit
has non-zero image under the representation = we get the required faithfulness. O

Remark 4.10. For hypergraphs, we cannot construct these matrix units, since the elements to not cancel as
nicely as for graphs, see Corollary 2.23. Hence we cannot imitate this proof directly.

40



In general, the Gauge Uniqueness Theorem does not apply to hypergraphs, as we see in the next example.

Example 4.11. Recalling the expression of the free product and the tensor product of two C*-algebras A
and B as universal C*-Algebra by

AxB:=C*(a€ A,be B|Ra, Rp),
A®B:=C*(ac A beB|Ra, Ry, ab=baVa e A, be B),

we directly get by the universal property, that there is always a surjective *-homomorphism of the free
product C*-algebra onto the tensor product C*-algebra. We consider now the hypergraph HT,, defined by
s(e) =r(e) = {v1,...,v,}. The corresponding hypergraph C*-Algebra is given by C*(HT,,) = C(T) * C",
see Proposition 3.13. Let {S,, P,} be the Cuntz-Krieger HT',-family in C(T) %« C" given by the isomorphism.
Using the observation above we get a surjective *-homomorphism

7: C*(HT,) = C(T) *C" - C(T) ® C"

defined by s. — S, py, — P,,. The tensor product C(T) @ C™ has a gauge action 4 with the property, that
7o~ =4 o, while v is the gauge action on C*(HT,). Thus, the preliminaries for the gauge uniqueness
theorem would be given. Nevertheless, the *-homomorphism 7 cannot be injective: C(T) x C" is not nuclear
as seen in Proposition 3.14. On the other hand, since C(T) and C” are both nuclear, we get that the tensor
product C(T) ® C™ is nuclear [Bla06, IV. 3.1.1]. Nuclearity is an invariant under isomorphism, and since
we saw above, that 7 is surjective it cannot be injective.

Remark 4.12. We have a closer look at the structure of the hypergraph in the counterexample. The hypergraph
HT,, has only perfect paths. The corresponding hypergraph C*-algebra is not generated by the canonical partial
isometry se, as span(se) = {1, s, (s%)" | n € N} does not contain the canonical projection p,. On the other
hand, we can manipulate this hypergraph by decomposing the range of the edge e to construct a hypergraph
whose C*-algebra is generated by the canonical partial isometries but which now has partial paths instead of
(quasi) perfect paths.

e Decomposition /™
VU1 V2 A ST el (] V2 €2
\_/
€1

Figure 23: Decomposition of ranges applied to HTs.

This already hints, what we will see later: It is possible to prove gauge uniqueness if both is give, i.e. the hypergraph
has only (quasi) perfect paths and the corresponding C*-algebra is generated by the partial isometries.

Keeping this remark in mind we try to define specific conditions under which we can extend the Gauge
Uniqueness Theorem to hypergraphs. The main idea of the proof is based on an isomorphism between
the C*-algebras of the graph and the dual graph as shown in [Rae05, Ex. 2.7] to make use of the Gauge
Uniqueness Theorem for graphs.
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Definition 4.13. Let HT' = (E°, E', r, 5) be a finite hypergraph. The dual graph T is defined as

E° .= {e|ec E'Y},
E':={(e,f) | e,f € B, s(f) Nr(e) # 0},

5((e, f)) :==e,
(e, f)) = .
Example 4.14. To given an example of the dual graph we consider the following hypergraph and its dual.
U1
/ Ty
Dual Graph (e, f)

w ——> Up

...................... , e—»fQ(f,f)

Figure 24: Dual Graph of the hypergraph of Example 3.19.

N

Un—1

Remark 4.15. The dual graph is really a graph, not a hypergraph anymore. Hence it will not be possible to
recover the result of graph algebras, where the graph and the dual graph generated isomorphic C*-Algebras
if the graph has no sinks. This would not be in line with the non-nuclear examples of hypergraph-algebras.
Nevertheless, it could be interesting to investigate if there are other connections between the hypergraph and
its dual. Do hypergraphs with similar dual graphs share any properties? Are all non-nuclear hypergraph
C*-algebras isomorphic to the C*-algebra of its dual graph?

Lemma 4.16. Let HI' = (E°, E' r, s) be a finite hypergraph with only quasi perfect paths and no sinks. Then
it holds for all e € E!

Dr(e) = Z st}.

feEL, s(f)Cr(e)

Proof. This is a direct consequence of Lemma 2.27, since by definition of quasi perfect paths we have
s(f) Nr(e) implies s(f) C r(e) foralle, f € E*. O

Proposition 4.17. Let HT' = (L?O, E',r, s) be a finite hypergraph with only quasi perfect paths and no sinks.
' be its dual graph. Then C*(TI") is canonically isomorphic to the C*-subalgebra of C*(HT') generated by
{s¢ | e € E'Y.

Proof. We define a Cuntz-Krieger I-family in C*(HT) by

~0
Qe := Sc5° VYeeTl

e

1
T(&f) = Sle V(e,f) el.

To check that this is a Cuntz-Krieger I'-family, a short calculation using the hypergraph relations of C*(HT')
shows, that the elements (). are mutually orthogonal projections and the elements 7|, ) are partial isometries.
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It remains to check the Cuntz-Krieger relations for graphs, since the dual graph is a graph. Since the
hypergraph has only quasi perfect paths, all paths ef fulfill s(f) C r(e) which implies by Lemma 2.12 and
the definition of Qy, that Qsp, () = Q. With this we get the first Cuntz-Krieger relation:

T(Zﬂf)T(g’h) = (Sle)*(Sth)
= QfSZSth
= 0e,gQfPr(e)@n
= 5e,ngQh
= 0e,g0r,nQf
= (e (g) @r((e.f))-

For the second Cuntz-Krieger relation we need, that for quasi perfect paths with no sinks Lemma 4.16
applies and we get:

Qe - 8682

= Sepr(e)sz

= S ( Z st}) sy
feE,s(f)Cr(e)
= Se Z Qr | se

fEE,s(f)Cr(e)

= Z Sle‘S:

feEY s(f)Cr(e)

= > TepTiy
FeBL s(f)Cr(e)
= Z T, T

azef‘l,s(x):e

Thus, by the universal property, we get the canonical *-homomorphism 7 : C*(I') — C*(HT) defined
by ge + Qe and t(. sy > T{c, p). Since the dual graph is really a graph, we are back in the familiar area
and can use the Gauge Uniqueness Theorem 4.9. Let v and 7 be the gauge action on C*(HT) and C*(I")
respectively. Then a short calculation shows, that 7 04, =+, o 7 for all z € T. Thus the requirements for
the Gauge Uniqueness Theorem are given (note that all projections are non-zero) and the *-homomorphism
7 is injective. By definition of the Cuntz-Krieger family {7, sy, @y} we know that Im(r) C C*(s. | e € E').
Using again Lemma 4.16 we get

Se=SePr(ey =Se D spsp= > seQp= Y. Tep:

feEEY s(f)Cr(e) FEEY s(f)Cr(e) fEEY s(f)Cr(e)

Hence the Cuntz-Krieger family {7\, r), Qs} generates {s. | e € E'}. Thus, Im(r) = C*(sc | e € E') and
is an isomorphism between C*(I') and C* (s, | e € E'). O
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For specific hypergraphs we thus get an isomorphism between the hypergraph C*-algebra and the graph
C*-algebra of its dual graph.

Corollary 4.18. Let HT = (E°, E',r, s) be a finite hypergraph with only quasi perfect paths, no sinks and
C*(HT) be generated by {s. | e € E'}. T be its dual graph. Then C*(T') = C*(HT).

Remark 4.19. As stated in Remark 4.15, the isomorphism of C*(I") and C*(HT) cannot hold for non-amenable
hypergraphs. Thus, there cannot be a non-amenable hypergraph with only quasi perfect paths and no sinks
such that C*(HT') be generated by {s. | e € E'}.

Theorem 4.20. Let HI' = (E°, E',r, s) be a finite hypergraph with only quasi perfect paths, no sinks and
C*(HT) be generated by {s. | e € E'}. Let {P,,S.} be a Cuntz-Krieger HT-family in a C*-algebra B with
each P, # 0. If there is a continuous action /3 : T — Aut(B) such that the gauge action ~y commutes with the
canonical *-homomorphism = : C*(HI') — B, i.e. mo7y, = 3, ox for all z € T. Then 7 is faithful.

Proof. Since C*(HT) is generated by {s. | e € E'}, we get using Proposition 4.17, that C*(I) is isomorphic
to C*(HT') by an isomorphism ¢. Furthermore, the *-homomorphism 7 o ¢ generates a Cuntz-Krieger
[-family in B with nonzero projections. Since the canonical isomorphism ¢ is equivariant for the gauge
actions and 7 o v, = 3, o m by assumption, we get:

(mrop)ory, =p,0(mog) Vz e T.

Applying the Gauge Uniqueness Theorem for graphs we get, that wo¢ is faithful and since ¢ is an isomorphism,
we get that 7 is faithful. m

We gave some negative results for which Theorem 4.20 cannot be applied and in which gauge uniqueness is
not valid. Lets turn to the cases in which it is valid.

Corollary 4.21. Let G be an ultragraph without sinks. Then the Gauge Uniqueness Theorem is valid.

Proof. We check that ultragraphs fulfill the requirements of Theorem 4.20. Since the source of each
edge in an ultragraphs is given by one vertex, combining the second and third hypergraph relations yield
Po =D e B u=s(e) sess. Since all vertices emit at least one edge, this equality is valid for all vertices and
hence, the C*-algebra is generated by the partial isometries. Furthermore, each path is automatically quasi
perfect, as r(e) N s(f) # 0 implies that r(e) N s(f) = s(f), as s(f) consists of just one vertex. O

Without changing the C*-algebra we can transform each hypergraph into a hypergraph whose partial
isometries generate the corresponding hypergraph C*-algebra. However, the method below leads to
hypergraphs with partial paths in general.

Lemma 4.22. For each C*-algebra C*(HT) corresponding to a finite hypergraph HI' = (E°, E', r, 5) without
sinks, exists a hypergraph HI' = (EO, El, 7,3) such that C*(HT) = C*(HT') and C*(HT) is generated by the
canonical partial isometries {tz | xz € El} of C*(HT).

Proof. Let HT be the hypergraph obtained by decomposing the range of HI', see Theorem 4.1. Since HT

has no sinks, HT has no sinks. Hence for each vertex v € E° there is an edge & € B' such that v = 7(e).
The first hypergraph relation thus yields p, = t}t. O]
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Remark 4.23. It is not yet clear if there exist hypergraphs which are not ultragraphs with the required properties.
Or, if we can describe ultragraphs without sinks to be exactly the hypergraphs with quasi perfect paths whose
C*-algebra is generated by its canonical partial isometries. This could be interesting for further research.

Till know, we only considered hypergraphs without sinks. For ultragraphs, the Gauge Uniqueness Theorem
can be extended to ultragraphs with sinks.

Theorem 4.24. [Tom03, Thm. 6.8] Let G be an ultragraph, {s.,pa} the canonical generators in C*(G) and
the gauge action on C*(G). Also let B be a C*-algebra and ¢ : C*(G) — B be a *-homomorphism for which
#(pa) # 0 for all nonempty A € E. If there exists a continuous action 3 of T on B such that ,0¢ = ¢ o,
for all z € T, then ¢ is faithful.

Proof Sketch. We give a rough sketch of the idea of the proof: First, one generalizes the setting to infinite
ultragraphs [TomO03, Prop. 5.5]. The idea there is, to approximate the ultragraph C*-algebra by C*-algebras
of finite graphs, for which the Gauge Uniqueness Theorem applies. The construction of these finite graphs is
based on the dual graph of subgraphs, but with some technicalities to account for "boundary vertices". Then
by adding a tail to each sink vy, i.e. attaching a chain

Vo U1 (%) (0L JETETFRIPIP > e

Figure 25: Adding a tail to a sink.

one can embed the ultragraph C*-algebra into the C*-algebra of the infinite ultragraph without sinks and
use that for these the Gauge Uniqueness Theorem holds. For more details see [Tom03, Thm. 6.8] O

Remark 4.25. Hypergraphs build a nice and straightforward generalisation of graphs and ultragraphs. Nev-
ertheless they lack of some nice properties which are useful to work with, such as gauge uniqueness. Another
generalization of ultragraphs was done in [BP0O7] by Bates and Pask. The idea traces back to shift spaces. The
edges of a graph are labelled with elements of an alphabet. In this setting paths correspond to words in the
alphabet which defines a language of the shiftspace. The representation reminds of the hypergraph construction,
as the source and range maps defined on the language of the shiftspace allow multiple valued sources and ranges
and two elements «, 3 in the language connect to a path, if the range of « and the source of 3 have nonempty
intersection. The same holds true in the hypergraph case, as we stated in Definition 2.18. We can reformulate
hypergraphs as labelled graphs: Let HT' = (E°, E', r, s) be a hypergraph. We construct a corresponding labelled
graph (L, ) as follows. The graph L is defined as

L= E°

L= {e(v’w) |v e s(e),wer(e)},
SL(e(v,w)) =0,

TL(e(%w)) =W

and the labelling is given by
n: L' — El, E(v,w) F7 €

So far so good. But this labelled space is not left resolving [BP0O7, Definition 3.2], i.e. the restriction of the
labelling = to rzl(w) is not injective for some w € L, if we have multiple valued sources. The upcoming theory
in the paper of Bates and Pask restricts to the case of left resolving labelled graphs, which thus excludes our
hypergraph construction.
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5. Moves on Hypergraphs

In this section we discuss basic moves to manipulate hypergraphs. These moves play an important role in
the classification of graph C*-algebras. We introduce four of these moves, adapt them to the hypergraph
setting and investigate the corresponding C*-algebras. For readers familiar with the theory of symbolic
dynamics it is to be noted that the moves we consider are closely related to flow equivalence of shifts spaces
[LM21]. The four basic moves are

(Move S) Removing a source,
(Move R) Reduction at a non-sink,
(Move O) Outsplitting,

(Move I)  Insplitting.

The equivalence relation generated by the moves S, R, O and I is called move equivalence and is denoted
by ~nr. We will see, that in the special case of graphs, move S, move R and move I preserve Morita
equivalence. For move O we even get isomorphic C*-algebras. Recalling that Morita equivalence implies
stable isomorphism for C*-algebras with approximate unit by Theorem 1.29, this essentially proves an
important theorem, which we state here to emphasize the power of the moves.

Theorem 5.1. [Sgr13, Thm. 4.8] Let E and F be graphs such that E ~ ;g F. Then the graph C*-algebras
are stably isomorphic, i.e. C*(E) @ K = C*(F) ® K.

Besides stable isomorphism we even get, that K-theory is an invariant under move equivalence by Theorem
1.30. Nevertheless, the shown moves alone do not completely classify the unital graph C*-algebras. That
means, there are graphs which are stably isomorphic, but they are not move equivalent. A recent breakthrough
in the classification of C*-algebras shows that one can indeed classify graph C*-algebras by moves. In the
paper [ERRS21] of Sgren Eilers et al. they introduce a new move P which, together with the Cuntz splice
(move C), completes the set of moves necessary to classify graph C*-algebras up to stable isomorphism
[ERRS21, Thm. 3.1]. The proof of this result is highly non-trivial and we make no attempt to completely
replicate it for hypergraphs. Our purpose in the following chapter is to take first steps to understand the
behavior of moves on hypergraphs and to work out the challenges that come with it. The construction of the
moves is motivated by [ERRS18, Def. 2.14-2.17]. Since the upcoming proofs are often quite technical, we
remind the reader that {s., p,} are the canonical generating elements of C*(HT").

5.1. Move S - Removing a Source

Definition 5.2 (Move S). Let HI' = (E°, E',r, s) be a finite hypergraph. Let w € E° be a source. The
hypergraph HI'g obtained by application of move S is defined as

EY = E°\ {w}, E{:=E"\{e|wes(e)}, 9= S|pL, TS =T|gL-

We call HT'g the hypergraph obtained by removing the source w from the hypergraph HT'.

For graphs this move leads to Morita equivalent C*-algebras [S@r13, Prop. 3.1]. The question now is if we
still obtain Morita equivalence between C*(HT") and C*(HTI's) and thus similar K-Theories. The main idea
is, that the restriction the of the Cuntz-Krieger HI'-family is a Cuntz-Krieger HI'g-family.

46



Figure 26: Illustration of the application of move S for hypergraphs.

Remark 5.3. As seen in the figure above, removing the source is not a "local" property anymore. By deleting
the edges emerging from the source, we possibly also delete connections between other vertices. This impacts
the third hypergraph relation. If there is an edge f € E' with w € s(f), such that there exists another vertex

v # w with v € s(f) we get
Py < Z SeSh > Z SeSh

ecEl ves(e) ecEL ves(e)

as sgs} is not contained in the second sum. Thus we cannot say anything about the validity of the third
hypergraph relation. To omit this, we restrict us to the special case, where for all edges e € E! starting at the
source w it holds that w € s(e) implies w = s(e), i.e. the source is a one-point set. Other edges can still have
multiple vertices as source. This restrictions ensures that no "edges" between vertices in E2 are deleted. Hence,
the hypergraph must look locally like an ultragraph.

Proposition 5.4. Let HI' = (EY, E',r,s) be a finite hypergraph with source w such that for all e € E*
with w € s(e) it holds w = s(e). HI's be the hypergraph obtained by removing the source w from HT.
Then {p,, s. | v € E%, e € EL} is a Cuntz-Krieger HI s-family in C*(HT') and there exists a canonical
*-homomorphism m : C*(HI's) — C*(HT) sending the canonical generators g, — p, for all v € E2 and
te = se fordll e € EL.

Proof. We check that {p,,s. | v € EY,e € EL} fulfills the hypergraph relations for HT's. The first two
relations hold in general, even without the restriction on the source w since the move does not change
anything at the corresponding edges and vertices. For the third hypergraph relation we note that by the
given restriction for each v # w it follows that e € E{ for each edge e € E' with v € s(e) since w ¢ s(e).
Thus we get by the third hypergraph relation of C*(HT)

Pv S Z SeSp = Z SeSh Vv € E3.
ecElves(e) e€EL ves(e)
Hence the universal property yields the required *-homomorphism. O

Proposition 5.5. The *-subalgebra I'm(x) is a full corner in C*(HT).

Proof. We define the projectionp =) B9 Do and claim first that Im(mw) = pC*(HT")p. Since

Pv = PPop Yo € EY,
Se = ( Z pU)Se( Z pv) - p( Z pv)se( Z pv)p Ve € Eé,
ves(e) ver(e) ves(e) ver(e)

the image of the canonical generators is contained in pC*(HT")p. Hence, Im(w) C pC*(HT)p.
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On the other hand it holds for all paths x in HT' by Proposition 2.12

0 if s(u) =w
* ng, —
P sy € C*(po, se) else,
* ps, =Sy
* SuD = Sy,

. 0 if s(u) =w
S =
wP st € C*(py, se) else.

We consider a general Element s, ...s; # 0 with paths p; in HT, ¢; € {1,+} and ¢; # €;41. Since w
is a source, using the relations given in Proposition 2.22, we get that only the first and last isometries
in s} ...s; can correspond to edges with source w. Thus we can use the relations above and get that
psih 55 p € span{p,, sclv € EY, e € Eg} C I'm(n). Hence pC*(HT)p C Im(r). Combining both parts
we get the claimed equality.

To show that the corner pC*(HT")p is full, let I be a closed two-sided ideal containing the corner. Thus I
contains {py, s. | v € E, e € EL} by definition of p and Proposition 2.12. Then we note, that for all e € E!
with s(e) = w we have p, () € I and hence s, = s.p,() € I. Given our special case, we get by Lemma 2.27
that py = 3" ccpt g(e)=w SeSe- Thus py, € I as linear combination of elements in the ideal. Hence, I contains
all generators of C*(HT") and must thus be equal to it. O

Corollary 5.6. For finite graphs and ultragraphs, move S yields Morita equivalent C*-algebras.

Proof. In the special case of graphs and ultragraph we can apply the Gauge Uniqueness Theorem. The
canonical *-homomorphism 7 is thus injective and the C*-algebra C*(HT g) is isomorphic to a full corner of
C*(HT). Proposition 1.27 then implies Morita equivalence of the C*-algebras. O

For general hypergraphs we could not proof injectivity of the *-homomorphism =. It is easy to deduce
injectivity on span{s.,p, | e € E§, v € E2}, but this does not directly imply injectivity on the closure. Thus,
we cannot say something about the Morita equivalence.

Remark 5.7. We revisit the example from Remark 3.20 once again. Let HT be the hypergraph with s(e) = {w},
r(e) = {v2} and 5(f) = r(f) = {v1,v2}.
f

e o
w —— U2 U1
S~

f

Figure 27: Hypergraph of Example 3.19 for n = 2. The application of move S is marked
blue.

We can link the question of nuclearity of C*(HT') to the question of injectivity of the *-homomorphism of move S.
Applying move S to the hypergraph HT yields the non-amenable hypergraph HT'5. Thus, if the *-homomorphism
w obtained from Proposition 5.4 is injective, we get non-amenability of HT, since nuclearity is an invariant of
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Morita equivalence. On the other hand, if we can proof that the hypergraph HT is non-amenable, we have a
counterexample and know that move S does not produce Morita equivalent C*-algebras in general.

Example 5.8. There are examples were move S yields Morita equivalent C*-algebras even if the restriction
w € s(e) implies w = s(e) is not given. We consider the following application of move S. The C*-Algebra of

e Move S
vV—m/— W € e > W

Figure 28: Move S applied to the hypergraph generating the Toeplitz algebra.

the hypergraph on the left is the Toeplitz Algebra, and the C*-Algebra of the right graph is C. For both the
K-theory is given by Ky = Z and K; = 0. Hence by Theorem 1.30 both hypergraph C*-algebras are Morita
equivalent.

5.2. Move R - Reduction at a Non-Sink

Definition 5.9 (Move R). Let HI' = (E°, E', r, s) be a finite hypergraph. Let w € E" be a vertex that emits
exactly one edge f and only one vertex = # w emits to w. The graph Er obtained by application of move R
is defined as

Ef = E°\ {w},

Ep:=E"\ (r"{wh) u{f}) U{esec E' r(e) = {w}},
sr(e) =s(e),  srler) = s(e),

rr(e) =7r(e),  rr(er) =r(e)\{w}ur(f).

Sy ..MoveR | 2 4
w ~—. \

Figure 29: Illustration of the application of move R for hypergraphs. Each color/thickness
represents one edge.

Remark 5.10. For graphs the above definition of the edge ey just yields the path ef. The generalization
to hypergraphs using paths would mean "losing" the other elements in the range of e. Thus, we modify the
idea of paths to account for further vertices in the range. Nevertheless, to simplify the upcoming proofs, we
restrict ourselves to the case when w € r(e) implies w = r(e). In this case we have e; = ef. This is not
really a restriction, since we can transform any finite hypergraph into a hypergraph with this condition using
the decomposition of ranges in Theorem 4.1. Then we can apply the propositions before re-transforming the
hypergraphs. Note that we could have also used this method involving the decomposition of ranges to define the
moves for ultragraphs based on the results from graphs.
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Similar as for move S we restrict ourselves to the special case were the edge f has no further vertices in its
source other than w. In this case we can define a Cuntz-Krieger HT p-family in C*(HT).

Proposition 5.11. Let HT' = (EY, E', r, s) be a finite hypergraph with vertex w € E° that emits exactly one
edge f and only one vertex  emits to w. For all edges e € E' with w € r(e) it holds w = r(e). The elements
{Qy | v e E%Y and {T, | y € EL} defined as

Qv := pu,

. { ify=ec B\ (r (fw)) U {f))
Y sef fy=ese{es|ec Elr(e) ={w}}

form a Cuntz-Krieger HT p-family in C*(HT'). Then there exists a *-homomorphism = : C*(HT'g) — C*(HT")
which maps the generators q, — Q, for all v € E% and t,, — T, for all y € Ep,.

Proof. The elements (), are clearly mutually orthogonal projections and the elements 7}, are partial isometries
since ef are a quasi perfect paths. The first hypergraph relation for e € E}, follows directly from the first
hypergraph relation for HT, since w ¢ r(e) implies that the range is completely contained in E%. For
ef € B}, we have

TE,Te; = sepSef = SpSeSeSf = SPr(e)Sf = SfPwlr(e)Sf = SfPwSf = Spsf = Dp(f) = Qrp(ey)-
The delta-condition 7;; T, = 0 for y # 2 follows directly from s{s; = 0 for e # g. The second hypergraph
relation is again clear for e € EL. For ey € E% we get

Te, TS, = SefSep = SeSfSySe < SeDs(f)Se = SePuDs(f)Se = SeSe < Ps(e) = Qspl(ey)

while we used in the last step that w ¢ s(e) since e # f. It remains to check the third hypergraph relation.
We have for all vertices v € E%

Qv = Dv

*
< E SeSe

ecEl ves(e)

= E SeSp + E SeSh.

e€ Bl ves(e),wir(e) e€Et wes(e),wer(e)

At this stage we need the restriction that s(f) = w to get s £t = Puw and thus by Lemma 2.12 that
SeSh = sesfs}isf. With this we get

- Z TTe + Z T, T,

e€El ves(e),wer(e) e€E' ves(e),wer(e)

= > LT

yEEL vesR(y)

Thus, we get the required canonical *-homomorphism by the universal property. O
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Again we would want to achieve Morita equivalence as in the case of graph C*-algebras. Similar as for move
S, one step in this direction is to show that the image of 7 is a full corner of C*(HT).

Proposition 5.12. Let 7 be the canonical *-homomorphism obtained from move R. Then I'm(x) is a full corner
in C*(HT).

Proof. We define the projectionp =) 59 Po and show that I'm(w) = pC*(HT")p. We first show that the

Cuntz-Krieger HT p-family in HT is contained in the corner, which proves that Im(w) C pC*(HT)p. Indeed,
we have

Qv = pv = PPup,
Te = se = DPs(e)SePr(e) = PPs(e)SePr(e)P;
Tef = SeSf = Ps(e)SeSfPr(f) = PPs(e)SeSfPr(f)P>

where we used that w ¢ s(e) fore # f, w ¢ r(e) fore € E' \ (r~'({w}) U{f}) and that w ¢ r(f) as
s(f) =w # .

To show that the corner is contained in I'm(7) we first consider some properties of the crucial edges in
r~t({w}) U {f} and the interaction of the corresponding partial isometries. Let j = y; ... j1,, be a path in
HT.

* If yy = f it holds by Lemma 2.12 that ps;, = ppys, = 0 and similarly s;p = 0. The first hypergraph
relation furthermore gives that sse = sisy = 0, rpr(s) = Qu(y) forall e € EL.

o If yj = f for j = 2,...n, by the definition of paths we must have x;_; € r~!({w}) and hence
Spi 1S, =Ty, -
J J j—1f

o If p;j € r*({w}) for j = 1,...,n — 1, we get again by the definition of paths that x4 = f and hence
SpiSujpr = Lpj -

* If p,, € 11 ({w}) we get by Lemma 2.12 that s,,p = s,p,,p = 0 and similarly ps), = 0. Furthermore, by
definition of paths and the fact that only one vertex emits to w, s, st # 0 if and only if e € r =1 ({w}).
Since in our special case sys} = p,, and r(un) = {w} we get for e € r~1({w}) again by Lemma 2.12
that s, st = Sy, Pwse = S, 5p5pse = Ty, T7,. Similarly we can show that s.s} = TefT;nf.

Thus combining these properties we get that for a general element S := si} ...s;" € C*(HT') where
P, ..., n are paths in HT' and €; € {1, %}, €¢; # €;41 that pSp € I'm(w). Proposition 2.3 then yields the

claim.

It remains to show that the corner is full. Let I be a closed two-sided ideal containing the corner pC*(HT")p.
Then I contains all projections corresponding to the vertices in EY. Consider e € r—!({w}). Then e # f
and w ¢ s(e) and hence py) € I. Thus s, = py)s. € I by properties of the ideal. The first Cuntz-Krieger
relation then gives p,, = s}s. € I. Hence by Proposition 2.13, the ideal contains the unit and hence it must
be all of C*(HT"). Thus the corner is not contained in a proper closed two sided ideal and is thus full. O

Similar as for move S we get the following corollary by the Gauge Uniqueness Theorem.

Corollary 5.13. For finite graphs and ultragraphs, move R yields Morita equivalent C*-algebras.
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5.3. Move O - Outsplitting

Definition 5.14 (Move O). Let HT' = (EY, E',r, s) be a finite hypergraph and w be a vertex that is not a
sink. We partition the set of outgoing edges in finitely many nonempty sets:

{fec B |wes(e))=EU---U&E,.
The hypergraph HT' obtained by performing move O on HT is defined by

EY = E°\ {w} U {w!,...,w"},
Eh:={e'lec ELwe¢rie)lu{el,....e" |ec EY, wer(e)},

r(e) ifi=1and w ¢ r(e)
ro(e') := ¢ (r(e) \ {w}) U{w'} ifi=1and w € r(e)

w' ifi >1and w € r(e),
so(ef) = {s(e) o ifwés(e)

(s(e) \ {w}) U{w’} ifw e s(e) and e € &;.

We call HT' the hypergraph obtained by outsplitting HT" at w.

Figure 30: Illustration of the application of Move O for hypergraphs. Each color/thickness
marks one edge and we partition the set of outgoing edges of w into one-point
sets.

Remark 5.15. The definition of the range was made like this to simplify notations and avoid distinction of
cases. It does not matter if r(e) \ {w} is merged with w' or some other w’. We could have also split it up. It just
has to be ensured that the ranges of e’ are disjoint.

We show in the following, that the outsplitting produces isomorphic C*-algebras even in the hypergraph
setting. The idea is to construct a Cuntz Krieger HI'-family in HT'p and a Cuntz-Krieger HT o-family in
HT and show that the *-homomorphisms given by the universal property are inverse to each other. The
proofs are quite technical as they involve various case distinctions. But they consist mainly of combination
of simple results seen in Section 2.2.
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Proposition 5.16. Let HT' = (E°, E',r, s) be a finite hypergraph, w be a vertex that is not a sink and HT o
be the hypergraph obtained by outsplitting HT' at w. Let {q, | v € E3}, {tc | e € E}} be the universal
Cuntz-Krieger HT o-family. Then {P, | v € E°}, {S. | e € E'} defined as

P {qv fv#w
! Z?:l Qi lf’U = w,
g . te ifw ¢ r(e)

UOXhite HFwer(e)

forms a Cuntz-Krieger HT'-family in HT o.

Proof. The elements P, are nonzero mutually orthogonal projections since the projections ¢, are nonzero
mutually orthogonal projections. The elements S, are clearly partial isometries if w ¢ r(e). For the other
case we note that the ranges of e, ..., e" are disjoint. Thus we get

S.8F = (itei> (it6i> = iteit;.
=1 =1 =1

Using the first hypergraph relation for HT'p we get

n * n n
515, — (Z t) (Z t) Y
i=1 i=1 i=1
Combining both and using that ¢, are partial isometries we get that S, are partial isometries.

(HR1): For the first hypergraph relation we first consider the case were w ¢ r(e):
S¥Se = t:1t61 = Grp(el) = Pre)-

For w € r(e) we get using the second equation above:

S:SE = Zt:itei = ZQTo(ei) = Gr(e)\w + qui = Pr(e)\w + Py = r(e)-
i=1 =1 i=1

By the hypergraph relations of HT'o we know that t*;t;; = 0 for e # f ori # j. With this at hand we
directly get that S7.Sy = 0 for e # f.

(HR2): For the second hypergraph relation we again start with the case w ¢ r(e):

Ps(e) e ¢ Ej

S@S: - teltzl < qS el) = n
o {QS(S)\W + Gui < ds(e)\w t 2_j1 Qwi = Psep\w + P = Pse) € €E;.
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For w € r(e) it follows using the first equation:

n n
SeSi = tath <) dop (i)
=1 =1

Similar as in the equation above we get g, (i) < Py(e) for all i = 1,...n. Using the definition of the order
relation we get especially, that

Y dsolen) < Page)
=1

which yields the required result.

(HR3): We finally tackle the last hypergraph relation. For v # w we have

P, = q,

< )

xEEé WESo ()

n
3 tath + > > tath

e€Elves(e),wir(e) e€E! wes(e),wer(e) i=1
n n *

- Y e Y (T ()

e€El ves(e),wir(e) e€El ves(e),wer(e) \i=1 i=1
= > SeSy + > SeS;

ecEl ves(e),wér(e) ecEl ves(e),wer(e)
= ) Ss

e€El ves(e)

For v = w we can duplicate the above calculation to get for each i = 1,...,n that
Qi < Y SeS;
ect;

Using that {e € B! |w € s(e)} =& U---UE, and S.S* are mutually orthogonal projections we get

n
Py=Y au< Y, S5
=1

e€ET wes(e)
By the above proposition the universal property of C*(HT') yields a *-homomorphism

m:C*(HT) — C*(HT o), py+— Py, Se+> Se.

We already know that the *-homomorphism is an isomorphism for graphs [BP04, Thm. 3.2]. The next
proposition extends this to the case were HT is a hypergraph which looks like an ultragraph at the vertex w.
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Proposition 5.17. Let HI' = (E°, E',r, 5) be a finite hypergraph and w be a vertex that is not a sink such
that for all e € E* with w € s(e) it follows w = s(e). Let HT' o be the hypergraph obtained by outsplitting HT'
at w. The elements {Q,, | v € EQ}, {T.: | ¢' € E}} defined as

0, =17 if v # w
o Zeeé'j SeSe ifo= wj>

T, .= )% if w’ ¢ ro(e)
o 8eQro () if w € ro(e?)

form a Cuntz-Krieger HI o-family in HT.

Proof. Since we assumed that for all e € E' with w € s(e) it follows w = s(e), it follows for all vertices
v # w that (s.s})p, = 0 = p,(ses}). Hence, since the sets £; are disjoint and the projections p, are mutually
orthogonal, we get using the first hypergraph relation of C*(HT") that the projections @, are mutually
orthogonal. Furthermore we get that Q,ip, = @, which will be useful later on. It remains to check
that T,: are partial isometries and that the elements fulfill the hypergraph relations. The first will be a
consequence of the calculations in the first hypergraph relation.

(HR1): The first relation for e! € E}, with w ¢ r(e) is obvious. In case that w € r(e) we get for e

ThTa = Qroer)Se5eQrp (e
= Qro(e1)Pr(e)@ro(e)
= (Qut + Priep\fw}) Prie) (Qut + Prie)\fuw))
= Qut + Pr(e)\{w}
= Qro (e

using that Q,,;py = 0y, Q.. This explains also the case for i = 2,...,n since
T;iTei = Qro(ei)szseQro(ei)
= Qwipr(e)Qwi

= Qwi
= Qro(e)-

By the first hypergraph relation for C*(HT') and the orthogonality of the projections we get T;Ty; = 0
for €' # fJ. Furthermore, using these results it is straightforward to see that the elements 7.; are partial
isometries.

(HR2): For the second hypergraph relation we again consider the case i = 1 and w € r(e) first. We have

TelT:1 = SeSZ < ps(e) - Qs(:(el) 1f 8(6) 7& w
Zfegj Sfo = ij = Qso(el) if 8(6) =w,

where we used the assumption that either w ¢ s(e) or w = s(e) for all e € E' and that the elements s £}
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are mutually orthogonal projections. For w = s(e) we have using @, (i) < 1
TiTh = 8eQyy(e1)Se < Sese

which can be estimated similar to the previous case.

(HR3): Finally we check the third hypergraph relation. We note, that the assumption that w € s(e) implies
w = s(e) leads to p, = 37 Qs by Lemma 2.27. For v € E°\ {w} we then have using the third hypergraph
relation for C*(HT)

Qv = DPv

N

E SeSh

e€El ves(e)

Z Tel T:1 + Z SeDr(e) 8:

e€El ves(e),wér(e) e€El ves(e),wer(e)
= Z TaTH + Z Se Z Qui + Pr(e)\{w} | Se

ecEl ves(e),wér(e) ecEl ves(e),wer(e) Jj=1

n

= Z TelTe*l + Z Se(le + pr(e)\{w})sz + Z Seij 5:

ecEl ves(e),wer(e) ecEl ves(e),wer(e) Jj=2
Y am o+ Y Yom

e€El ves(e),wér(e) e€El ves(e),wer(e) =1

= > TuT

e'e B} veso(e?)

For v = w’ we have by definition that Q,; = > ¢ wics(e) SeSe- Hence the same calculation as above yields
the required result. 0

Theorem 5.18. Let HI' = (E°, E',r, s) be a finite hypergraph and w be a vertex that is not a sink such that
for all e € E' with w € s(e) implies w = s(e). Let HT' o be the hypergraph obtained by outsplitting HT" at w.
Then C*(HT') = C*(HT o).

Proof. By Proposition 5.16 we get the canonical *-homomorphism
m:C*(HT) — C*(HT o), py+— Py, Se+> Se.
Proposition 5.17 yields the canonical *-homomorphism
7:C*(HTp) — C*(HT), qy+ Qu, ter—Te.

Straightforward calculations show that both *-homomorphisms are inverse to each other on the generators.
Thus they are inverse on the whole C*-algebras and we get the required isomorphism. O
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For graphs and ultragraphs the condition w € s(e) implies w = s(e) is trivially fulfilled. Hence the theorem
is particularly valid for these specific hypergraphs.

Corollary 5.19. For finite graphs and ultragraphs, move O yields isomorphic C*-algebras.

5.4. Move | - Insplitting

Before we define move I, we have a look at the indelay which introduces vertices to delay the arrival of an
edge on its range. One can define this even in a more general setting with a so called Drinen range vector
as done in [BP04, Ch. 4]. We only consider the special case needed for the connection to move I, which we
consider afterwards. The constructions and proofs in the following section are adapted from [BP04, Ch. 4
and 5] and extended to the hypergraph setting. The upcoming proofs are again quite technical and deal
with similar case distinctions as seen for move O. We will thus only highlight the critical steps and provide
the details in Appendix A.

Definition 5.20 (Indelay). Let HT = (E°, E',r, s) be a finite hypergraph and w be a vertex that is not a
source. We partition the set of incoming edges in finitely many nonempty sets:

{ec B |lwer(e)) =& U---UE,.
The hypergraph HT'p obtained by an indelay of HT" at w is defined by

EY = EO\ {w} U {w',...,w"},
EL :=E'U{f' ... f"},

o(e) = {r<e> o Hwgn
(re) \{wh ufw’}  ifwer(e),

sple) = {s(e) ifw ¢ s(e)
(s(e)\{whufw'}  ifwes(e),

U1

x \ f 1\
V2 S vy, mdelay o, T vy
|

U3 v3

w3

Figure 31: Illustration of the application of the indelay. The colored edges of different
thickness symbolize one edge each. The incoming edges are partitioned into
one-point sets.
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Quite intuitively, one sees that the composition of he colored paths with the paths f; in the right hypergraph
yields the left hypergraph, when identifying w with w'. We formalize this in form of a Cuntz-Krieger family
in the following. Similar as in Proposition 5.11 we consider the case when w € r(e) implies w = r(e). By
applying the decomposition of ranges to the hypergraph we can recover this setting for each hypergraph
without changing the hypergraph C*-algebra (up to isomorphism).

Proposition 5.21. Let HI' = (E°, E',r, s) be a finite hypergraph, w be a vertex that is not a source such that
w € r(e) implies w = r(e). HI'p be the hypergraph obtained by an indelay of HI" at w. Let {qy,,t.} be the
universal Cuntz-Krieger HT p-family. Then {P, | v € E°}, {S. | e € E'} defined as

P, = {QU l'fv7éw

Gt ifv=w
o[ ifw é r(e)
T ety oty fwedd

forms a Cuntz-Krieger HT'-family in HT p.

Proof. The hypergraph relations follow by mainly straightforward calculations, see AppendixA. We mention
shortly the critical tricks. For the first hypergraph relations note that f;... f; are perfect paths for all
j €{1,...n—1}. Thus, for all e € &; it follows by Proposition 2.20 that

S:Se =qrp(f1) = Qw1 — Py.

This result also explains, why we have to add the assumption that w € r(e) implies w = r(e). The assumption
implies furthermore, that ef; ... f1 is a perfect path and since g,,; =t fjflt}j_l by the construction of the
edges f; € EL this leads to S.S; = t.t; for all e € E', which is crucial for the second hypergraph relation.
For the third hypergraph relation we use that v € sp(e) implies v € s(e) and w; € sp(e) implies w € s(e).
Combining this with the hypergraph relations of HI', shows that the given elements form a Cuntz-Krieger
HT-family. O

Proposition 5.22. There is a surjective *-homomorphism from C*(HT p) onto a full corner of C*(HT).

Proof. By the previous proposition we can apply the universal property and get the canonical *-homomorphism
WC*(HF)—)O*(HFD)7 Do = Py, S¢ — Se

Let F := E°\ {w} U {w!'} C EY. We show that the image of 7 is given by the corner pC*(HT p)p with
pi=gqp = ZUGEO’#w qv + qun - By definition of P, we get P, = pP,p. For all e € E! we have sp(e) C F.
For e € E! with w ¢ r(e) we have rp(e) C EY\ {w} C F and for e € £; we have rp(efj_1... f1) = w; C F.
Hence by applying Proposition 4.16 we get S, = pS.p. Thus, the image of the generators of C*(HT") is
contained in pC*(HI'p)p and Im(w) C pC*(HT p)p.

To see the converse we consider a general element S := ¢} ...¢; for paths yy,...,un in H'p and
€1,...,6m € {1,%}. We show that pSp € I'm(w). We first have a deeper look at a path u =e; ... e, in HI'p.

» Ife; € Bl forj =1,...,k we have sp(u) C F. Hence pt, = t, = S, € Im(r).
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e Ife; e Blforj=1,...,kand w; ¢ rp(u), we have rp(p) C E°\ {w}. Hence t,p =t,, = S, € Im(m).
On the other hand, if w; € rp(p) we have w; = rp(p) by assumption and hence t,p = 0 € I'm(m).

e Ife; = fiforsome j € {1,...,k} and [ € {1,...,n — 1}, either the whole path f; ... f,_; is contained
inporey = fiipj. Ifer # fland e, # fiip—j, the path v := e;_1f;... fo_1 is contained in x and
hence t, = s., ... S, ...s, € Im(rm). Hence it remains to consider the cases, when the path starts or
ends with an element in {fi,..., f,_1}.

- Ife; = f! we have sp(u) = w; ¢ F and hence pt,, = 0 € Im(r). On the other hand, if we have a
second path o such that },t,, # 0 or tu*t, # 0, we must have o; = fi4;_1 since we have perfect
paths. Hence using properties of perfect paths the elements vanish and we are left with paths
', o/ which dies not contain the elements {f1,..., f,}. Hence t,, = s,y € I'm(m).

- If e, = fi4x—; we have t,p = 0 € Im(n). A similar argument as in the last step shows, that the
interaction with another path « cancels the elements ¢, and we are left with ¢, = s, € Im(7).

Combining these arguments it follows that pSp € I'm(~).

It remains to show that the corner is full. Let I C C*(HI'p) be a closed two-sided ideal containing
pC*(HT'p)p. Then I contains the projections g, = pg,p for all v € E°\ {w} U {w;}. Since sp(e) C
E9\ {w}U{w!} forall e € E', we get t. = pt. € I for all e € E'. Since &; # 0, for each vertex w, there
exists an edge e € E' such that w; = rp(e). Hence since p,,; = t}t. € I. Thus all canonical projections are
contained in the ideal, and thus by Proposition 2.13 the unit is contained in the ideal. This shows that the
ideal must be all of C*(HT'p) and the corner is full. O

Similar as seen for the previous moves, we could not recover a proof of injectivity. In case of graphs and
ultragraphs, the Gauge Uniqueness Theorem can be applied to get injectivity of 7. Hence in these cases the
previous proposition provides an isomorphism of C*(HT") onto a full corner of C*(HI'p).

Corollary 5.23. For finite graphs and ultragraphs, the indelay yields Morita equivalent C*-algebras.

Definition 5.24 (Move I). Let HI' = (E°, E',r, s) be a finite hypergraph and w be a vertex that is not a
source. We partition the set of incoming edges in finitely many nonempty sets:

{ecE' flwer(e)}=EU---U&,.
The hypergraph HT'; obtained by performing move I on HT is defined by

EY = E'\ {w}u{w',..., 0"},
El:={e'|ec ELbw¢s(e)yufel,...,e" |ec E', we s(e)},

i Jr(e) ifi=1and w ¢ r(e)
e = {(r(a) VUl ife e,
| s(e) ifw ¢ s(e)
sr(e’) == ¢ (s(e) \ {w}) U {w'} ifi=1and w € s(e)
{w'} 1=2,...,n.

We call HT'; the hypergraph obtained by insplitting HT" at w.
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Figure 32: Illustration of the application of Move I for hypergraphs. Each color/thickness
symbolizes one edge and &; are one-point sets.

Now we can connect the indelay with Move I and receive isomorphic C*-algebras.

Proposition 5.25. Let HI' = (E°, E',r, s) be a finite hypergraph and w be a vertex that is not a source such
that w € s(e) implies w = s(e). The incoming edges of w be partitioned into disjoint sets £ U --- U &,,. Let
HT'p and HT'; be the corresponding hypergraphs formed by an indelay and an insplitting respectively. Then
C*(HTp) = C*(HT;).

Proof. Let {p,,s.} and {q.,t.} be the canonical generators of C*(HI';) and C*(HT p) respectively. We
define a Cuntz-Krieger HT';-family in C*(HI'p) by

P, = qu,

t ifi=1
Sii=4° o
tfi—l"'tflte 1fz:2,...,n.

On the other hand we can define a Cuntz-Krieger HI'p-family in C*(HT';) by

Qv =Dy

Te := Sp1

o § : ok
Tfj = SeJJrlSej'
e€El wes(e)

The proof that these are really Cuntz-Krieger families is quite technical, but not very difficult. We provide it
in Appendix A. Applying the universal property twice we get the *-homomorphisms

7:C*(HT;) —» C*(HTp) and  #:C*(HTp) — C*(HT))
Pv — Py Gv > Qy
Sgi F> Sei te — Te

which are inverse to each other. To see this, we show that both are inverse to each other on the generators.
This is clear for all projections and edges except of ¢’ € C*(HT';) withi = 2,...,n and f; € C*(HI'p). For
these we get
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mo =7 tfz tfl )
SgiSgi-1 $q2851 | Ser
QEEl gEE1
= S4iSLi1 ... 5250151

= Sgi.

Since w € s(e) implies w = s(e) we get by Lemma 2.27 hat q,,1 = > c g1 e () Lete- Using this it follows

mof(ty,) = g Sei+185;

ecEl

= ) tptptetith ot
ecEl wes(e)

=tf ...ty Sttt

ecEl wes(e)
=ty .. .tflqwltjcl .. 't}¢71
= tyi,

where we used the properties of perfect paths. O

Combining Proposition 5.22 and Proposition 5.25 we get that under the assumption, that the hypergraph
looks locally like an ultragraph, the C*-Algebra of the insplitted hypergraph is almost Morita equivalent to
the C*-Algebra of the initial hypergraph.

Corollary 5.26. Let HT' = (E°, E',r, s) be a finite hypergraph and w be a vertex that is not a source such
that for dll e € E' with w € s(e) it follows w = s(e). HT'; be the hypergraph obtained by insplitting HT at w.
Then there is a surjective *-homomorphism from C*(HTI'1) onto a full corner of C*(HT).

Similar as for the other moves we again get Morita equivalence in the case of graphs and ultragraphs.
Corollary 5.27. For finite graphs and ultragraphs, move I yields Morita equivalent C*-algebras.

Remark 5.28. In order to approach the question whether a similar classification result as in [ERRS21] holds
for hypergraph C*-algebras, further research has to be done in this topic. One major problem concerns the
injectivity of the canonical *-homomorphisms respectively the lack of the Gauge Uniqueness Theorem. Except
of move O we could not prove it yet. But we could not construct a counterexample either, so maybe there is
a workaround. On the other hand we had to restrict the moves to hypergraphs which look locally like an
ultragraph. This reinforces the thesis that the large differences arise from the multi-valued sources and new
tool-sets have to be developed to deal with these. We will list these issues together with further research topics in
the upcoming final chapter.

61



6. Further Research Topics

In the course of this thesis, questions and issues have arisen at several points that are of interest for future
work on this and related topics. We summarize these as an overview below.

Based on our results for finite hypergraphs a next step could be to investigate infinite hypergraphs.
We already shed some light on critical steps in the definition, see Definition 2.8. Another indication
can be the results on infinite ultragraphs in [Tom03].

Building on the specific characteristics of hypergraph C*-algebras, one can investigate further implica-
tions of the path structure, commutativity of projections and the relevance of the order relation of
projections. As starting points are for example the Lemmata 2.26 and 2.28 to be mentioned, which
emphasize the relevance of the multi-valued source and intersecting sources, which we observed to be
the crucial difference of hypergraphs at multiple stages throughout this thesis. Based on this it can be
interesting to construct further counter examples and representations.

The topic of non-nuclearity offers a broad field of research questions. One can investigate concrete
conditions for nuclearity and try to describe them via properties of the hypergraph. Recalling our
construction of further non-nuclear hypergraph C*-algebras based on non-nuclear quotients, see
Proposition 3.19, the visualization of quotients in hypergraphs is interesting to look at. Within
this context one can examine the ideal structure of hypergraph C*-algebras and their relation to
saturated and hereditary subgraphs. This is especially interesting as hereditary subalgebras of nuclear
C*-algebras are nuclear. Thus, this could be used to further enlarge the number of examples of
non-nuclear hypergraph C*-algebras.

Our counterexample in Example 4.11 has shown that a direct generalization of the Gauge Uniqueness
Theorem is not possible. This raises several new research questions: Can the theorem be generalized
with another action? Do the restrictions under which the Gauge Uniqueness Theorem holds already
describe the ultragraph C*-algebras (see Remark 4.23)? Are there other ways to proof injectivity of
representations?

In the realm of the Gauge Uniqueness Theorem we touched the dual graph of a hypergraph. We saw
that it looses information, especially, its C*-algebra is not isomorphic, not even Morita equivalent to
the initial hypergraph C*-algebra, see Remark 4.15. Multiple questions are interesting in this regard:
Which information is lost? Have the hypergraphs with similar dual properties in common? Are there
other constructions/generalizations of the dual graph which give more insights?

The manipulation of hypergraphs by moves and the corresponding changes in the associated graphs
remain an exciting area of research. Based on our results for the moves S, R, I, O, further investigations
can be made. In particular, by constructing counterexamples. Of particular interest is also the
observation that the hypergraphs must locally look like ultragraphs in order to apply the moves, see
Remark 5.3. In the context of classification of hypergraph C*-algebras, generalization and development
of further moves may yield new results.

In connection with Morita equivalence, which plays a decisive role in this thesis, stands the K-theory
of hypergraph C*-algebras. For graph C*-algebras there is already an explicit way to compute the
K-groups [RS03, Thm. 3.2]. This result can be applied to ultragraphs by Morita equivalence. With
the structural insights into the theory of hypergraph C*-algebras laid by this work, we have formed a
foundation which allows a deeper entry into the subject of K-theory of hypergraph C*-algebras.
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A. Further Proofs

Proof Remark 2.14 - Unital C*-algebra for infinite hypergraphs

The proof follows exactly the steps from the corresponding proofs for ultragraphs[Tom03, Lem. 3.2] with
exception of the definition of the sets A,,. We assume first that

n m

eS| N | uld | N ste)) uF|xivi € B finite, F C E° finite 3 —: M.
i=1 \e€X; i=1 \e€Y;
Then we have by Proposition 2.12 that pro acts as unit on the elements sj} ...s;» for paths p1, ..., u, in HT,

€1,...€n € {1,%}, ¢; # €11 and n € N. These span of these elements is dense in C*(HT") by Proposition
2.24. This implies that pgo the unit of C*(HT).

For the other direction we list the vertices {v1,v9, ...} and edges {e1, es, ...} and define the following sets

Ay = U r(e;) U U s(e;) U U{U"}

i=1 =1

For eachn € N, A,, € M and we have A,, C A,,,1. By definition of A,, there is an n € N large enough for
each element S Spm such that p4 , acts as unit on s --s;m . Hence the elements p4,, form an approximate
unit on C*(HT). Since C*(HT) is unital, the approximate unit must converge in norm to the unit, which
can only happen if the approximate unit is eventually constant. Indeed, assuming that it is not constant,
i.e. for each m € N there is some n > m such that 4,, C A,, there exists a vertex v € A,, \ 4,, and hence
(pA, — PA,,)Dv = Pv = Du(pa, — Pa,,). This implies that p4, — p4,, is a non-zero projection and has thus
norm one, contradicting the fact that it must be a Cauchy sequence. Thus, there is some k € N such that
pa, = 1. Since p4, > ppo > 1, we must have p4, = ppo and hence EY = A, € M.

Proof Proposition 5.21 - Indelay

(HR1): For e € E; with w ¢ r(e) we have
S:Se = tet: = qr(e) = Pr(e)'
For e € &, i.e. for e € E! with w € r(e), it holds applying the relations for perfect paths
SiSe =t ..ty titety,_, ..ty
=tytp
= 9rp(fr)

= Guw,

= P,.
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Since by the first hypergraph relation ¢}t, = 0 for e, g € E}, with e # g, it follows S}S, =0 forall e, g € E*
with e # g.

(HR2): For e € E; with w ¢ r(e) we have since P, := gy,

Ps(e) w ¢ 3(6)

SeSE =tet; < q =
ePe ele X Ysp(e) {le + ZvesD(e),Wﬁ’wj Qv = Ps(e) w e 5(6).

The second case for e € &; follows similar, since g,,; =t fj—lt}j,l and the perfect path relations yield
SeS; = Uf - .tflt}j_ltzte = tt;.

(HR3): For v # w we have

Pv =@y < Z tet: = Z SES:

e€EY vesp(e) e€EY ves(e)

where we used ¢t} = S.S! for all e € E' and v € sp(e) if and only if v € s(e). For v = w we use that
wy € sp(e) if and only if w € s(e). With this we get

Py = qu, < Z tot? = Z S.S7.

e€EY wi€sp(e) e€EY wes(e)

Thus, all hypergraph relations are fulfilled.

Proof Proposition 5.25 - Indelay and Move |

We first prove that

P, = qq,

t ifi=1
Si=<° L
tfi—l"'tflte 1fl=2,...,n

is in fact a Cuntz-Krieger HI';-family in C*(HT'p).

(HR1): We first note that by definition, rp(e) = r;(e?) for all e € E'. Thus we get for i = 1
S:1Se1 =tit. = Grp(e) = PT[(el)'
Fori = 2,...,n we get using the fact that the f; build perfect paths
S:iSei = t:tjcl cee t}i_ltfi—l .. 'tflte = t:te = qu(e) = PTI(ei).

It follows directly that for e’ # ¢/ we have S*S,; = 0.

64



(HR2): For i = 1 we get using that sp(e) = sy(e!) forall e € E*
361521 = tet: < qu(e) = Psl(el)'
Fori = 2,...,n we get, using again that we deal with perfect paths

SeiS:i =tf_, - .tfltetzt}l - t}Fl
< t}i—ltfifl
= Qi
== S[(ei)‘
(HR3): Consider v # w’ for i > 1. Then we have that v € sp(e) if and only if v € s;(e!). Recalling that
S = t. we get

Py =qy < Z tet: < Z SeS:-

e€EL wesp(e) e€E} vesy(e)
In case of v = w' for i > 1 we have using the perfect paths

Pi = qui
= tfi—lt}i—l
=tf g tpty ot
=tf_,-- .tflqwlt}l co t}kl

<tp,..-tp Sttt |t 15
e€EL vesp(e)

= > tptptetith ot
eEEb,vEsD(e)

= ) SaSkh

e'€EL wies(et)

Next we prove that

Qv = Py,
Te := S fore c E',
Ty, = Z Seit15;

wes(e)

is in fact a Cuntz-Krieger HI'p-family in C*(HTI';).

(HR1): For e € E! we have using that r;(e!) = rp(e)

T:Te = 521351 = DPri(el) = QTD(G)'
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For the remaining edges {f1,..., f,_1} it holds using that r;(e/T!) = r;(e’) and using that using that
si(e))y =w'fori=2,...,n

* _ o¥ . *
Tf]'Tfj = E Sei Sej+1 E Se]+186j

wes(e) wes(e)

* *
= § Sej Sej+18€j+1sej

wes(e)

JR— . *
= E Sej Sej

weEs(e)
= Pwi
= Qi
= Qrp(f))-

(HR2): For e € E! we have since s;(e') = sp(e)
TeTe* = Se18.1 < Ps;(el) = QsD(e)'

Similar as for (HR1) we get for the remaining edges {fi,..., f,_1} using that s;(¢’) = w’ fori =2,...,n

* ) * LK
Tijfj = E Seit15,; E Se¢iS_jt1

wes(e) weEs(e)

= E Seit18,jSeiSei+1

wes(e)

*
= g Seit18gj+1

wes(e)

= DPyi+1
= ij“'l
= QSD(fj)'

(HR3): For v # w’ we get since s;(e!) = sp(e)

Qv =pv < Z SeiSni = Z T.T.

e'€E} vesy(et) e€EL vesp(e)

The case v = w’ for j = 2,...,n follows directly from the calculation in (HR2).
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B. List of Graph and Hypergraph C*-Algebras

We list some examples of graph- and hypergraph C*-algebras as overvies. We visualize them and use colored
edges of different thickness to mark single edges if it simplifies the picture.

C*-Algebra Definition Hypergraph
C E°={v}, E' =0 .
M, (C) E° = {vy,...,u,} .
El = {61, RN en_l} VU1 ‘1 U9 c2 ... n-l Un,
s(ej) = vjy1, r(e) = v;
e1
E° = {’U,’LU} 7 N
Elziel,...,enil} U\:—/w
s(ej) = v, 7(ej) = w en1
w1
E° = {v,wi,...,w,_1} e/Y
Elz{el,...,en_l} UV T > -
s(ej) = v, r(ej) = wj e\A
n—1 W1
Oy, EY = {v}

El'={e1,... en}
s(ej) =v,r(ej) =v

E° = {vy,...,u,}
El'={e1,... en}

s(ej) = vj,r(e;) = {v1,...

,Un}
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T E° = {v,w}
B ={e.1) )
s(e) =w,r(e) =v
S(f) :w77'(f) =w
EY = {v,w}
B ={e.f) - wQe
s(e) = {w},r(e) = {v,w}
E° = {v,w}
B ={e.f) v—" s wQe
s(6) = (o}, r(e) = {w}
MCm) | = o) e
Bl = fe.j) a
s(e) =v,r(e) =w 7
S(f) _w77q(f) =v
V1 \ )
C(T) =C" E° = {uvy,..., Un } / 2
E' = {e} )
s(e) ={v1,...,vn} n
r(e) = {vi,...,vn} \
—
Un—1
U1
O x C" E% = {v,..., Un}

El == {617"'56’”1}
s(ej) =A{vi,..., Un}
r(ej) = {v1,...,vn}

Un,
Un—1 9
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C. List of Non-Amenable Hypergraphs

In the following we list a bunch of non-amenable hypergraphs. Since we have to be ensure that the remaining
quotient is non-nuclear, n must be chosen sufficiently large. The crucial non-nuclear part of the hypergraph
is colored blue.

U1
~
EY = {vi,... 00} / U2
B = {1} on
s(f) == {v1,- o), r(f) = {01, 00} \
Un—1
U1

EY:={w,vi,...v,} ~ .
E':={e, f} Y vn/
s(e) == {w}, r(e) == {vn}
s(f) =A{v1,...,on}, r(f) :=={v1,...,on} \

Un—lz/
E? .= {wy,we,v1,...05} w1 o~ V9
E' = {e, f} ~a ) /
s(e) :== {wy, wa}, r(e) :={vn} /
s(f) :=={v1,...,on}, r(f) == {v1,..., v} wa \vn_l ~
V1
E% = {w,vy,...v,} T
El = {e, f} Un/
s(e) = {w}, H(€) = {tn-1,00) e
s(f) == {v1,. ., v}, r(f) :=A{v1,...,vn} w/T>\’Un_1 -
parer
EY = {wy,wy,v1,...0,} wli,vn<
El = {61,62, f} \
s(e1) := {w,vp-1}, r(e1) := {vn—1,vn} Vno1
s(ez) := {w,vp_1}, r(e2) := {vn—1,vn} e
s(f) ={v1,...,vn}, r(f) == {v1,...,on}
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U1

E? = {v1,...vn} T~y
s(e) == {vp-1}, r(e) :={v,}
s(f) :==A{v1,..., Un}t, r(f) :={vi,...,vn} e\\vn_l ~
EY:={w,vi,...v,} n T~
s(e) = {w,vp_1}, r(e) == {vn}
s(f) ={v1,...,vn}, r(f) == {v1,...,vn} eA\\vn_l/-'-
U1

EO = {’(U,’Ul,..,vn} w—e)vn/<‘iX’U2
E':={e, f} \
\\n_l ~\

s(e) :={w,vp_1}, r(e) == {vp—1,vn}

E% = {w,vy,...v,} vl\vg

El - {67 f} e wEs— "0
s(e) :=={w}, r(e) == {w} C
s(f) :=A{w,vy,..., vpt,  r(f):=A{v1,...,0n} N

EO = {’LU,’Ul, ’Un} V1 —

E' = {6, f} / "2
s(e) = {w,vn}, r(e1) == {w} eC W e—— vy,

s(f) =A{w,v1,...,on},  r(f) = {vr,... 00} \
Un—1 -

E% = {w,vy,...v,}

E':={e1,e2,e3, f} U1
s(er) := {w}, r(er) == {w} . / 2
s(eq) := {w}, r(e2) := {vn} el C w C2 Un
s(es) := {vn}, r(es) == {w} €3 \

3( ) = {w7U1 ..... ’l)n}, T(f = {’1)1 ..... Un} Un—1 -

70



References

[AFLS15]

[BHRS02]

[Bla85]

[Bla06]

[BOO8]

[BP0O4]

[BPO7]

[Davoe]

[ERRS18]

[ERRS21]

[Fri20]

[KMST10]

[LM21]

[LVW21]

[Rae05]

Antonio Acin, Tobias Fritz, Anthony Leverrier, and Ana Belén Sainz. A combinatorial approach
to nonlocality and contextuality. Communications in Mathematical Physics, 334(2):533-628, jan
2015. https://doi.org/10.1007%2Fs00220-014-2260-1.

Teresa Bates, Jeong Hee Hong, Iain Raeburn, and Wojciech Szymanski. The ideal structure of
the C*-algebras of infinite graphs. Illinois Journal of Mathematics, 46(4):1159 — 1176, 2002.
https://doi.org/10.1215/ijm/1258138472.

Bruce Blackadar. Shape theory for C*-algebras. Mathematica Scandinavica, 56(2):249-275,
1985.

Bruce Blackadar. Operator Algebras : Theory of C*-Algebras and von Neumann Algebras, volume
122 of Encyclopaedia of mathematical sciences. Springer, 2006.

Nathanial P. Brown and Narutaka Ozawa. C*-Algebras and Finite-Dimensional Approximations,
volume 88 of Graduate studies in mathematics. American Mathematical Society, Providence, R1,
2008.

Teresa Bates and David Pask. Flow equivalence of graph algebras. Ergodic Theory and Dynamical
Systems, 24(2):367-382, 2004. https://doi.org/10.1017/50143385703000348.

Teresa Bates and David Pask. C*-algebras of labelled graphs. Journal of Operator Theory,
57(1):207-226, 2007.

Kenneth R. Davidson. C*-algebras by example, volume 6 of Fields Institute Monographs. American
Mathematical Society, Providence, RI, 1996.

Seren Eilers, Gunnar Restorff, Efren Ruiz, and Adam P.W. Sgrensen. Geometric classification of
graph C*-algebras over finite graphs. Canadian Journal of Mathematics, 70(2):294-353, 2018.
https://doi.org/10.4153/CIM-2017-016-7.

Sgren Eilers, Gunnar Restorff, Efren Ruiz, and Adam P. W. Sgrensen. The complete classification
of unital graph C*-algebras: geometric and strong. Duke Mathematical Journal, 170(11):2421-
2517, 2021. https://doi.org/10.1215/00127094-2021-0060.

Tobias Fritz. Curious properties of free hypergraph c*-algebras. Journal of Operatro Theory,
83(2):423-445, 2020.

Takeshi Katsura, Paul S. Muhly, Aidan Sims, and Mark Tomforde. Graph algebras, Exel-Laca
algebras, and ultragraph algebras coincide up to Morita equivalence. Journal fiir die reine und
angewandte Mathematik, 2010(640):135-165, 2010. https://doi.org/10.1515/crelle.2010.023.

Douglas Lind and Brian Marcus. An Introduction to Symbolic Dynamics and Coding. Cambridge
Mathematical Library. Cambridge University Press, 2 edition, 2021.

Xin Li, Christian Voigt, and Moritz Weber. ISEM 24 C*-algebras and dynamics lecture notes,
2021. https://www.math.uni-sb.de/ag/speicher/weber/ISem24/ISem24LectureNotes.pdf.

Iain Raeburn. Graph Algebras. In CBMS Regional Conference Series in Mathematics, volume 103.
American Mathematical Society, 2005.

71



[RLLOO]

[RSO3]

[Run20]

[RW98]

[Ser13]

[TomO03]

[Web11]

[Zen21]

M. Rgrdam, F. Larsen, and N. Laustsen. An Introduction to K-Theory for C*-
Algebras. London Mathematical Society Student Texts. Cambridge University Press, 2000.
https://doi.org/10.1017/CB09780511623806.

[ain Raeburn and Wojciech Szymanski. Cuntz-Krieger algebras of infinite graphs
and matrices. Transactions of the American Mathematical Society, 356:39-59, 2003.
https://doi.org/10.1090/S0002-9947-03-03341-5.

Volker Runde. Amenable Banach Algebras : A Panorama. Springer Monographs in Mathematics.
Springer, 1 edition, 2020. https://doi.org/10.1007/978-1-0716-0351-2.

[ain Raeburn and Dana P. Williams. Morita Equivalence and Continuous-Trace C*-Algebras,
volume 60 of Mathematical surveys and monographs. American Mathematical Society, 1998.

Adam P. W. Sgrensen. Geometric classification of simple graph algebras. Ergodic Theory and
Dynamical Systems, 33(4):1199-1220, 2013. https://doi.org/10.1017/50143385712000260.

Mark Tomforde. A unified approach to Exel-Laca algebras and C*-algebras associated to graphs.
Journal of Operator Theory, 50(2):345-368, 2003.

Moritz Weber. C*-Algebras Generated by Isometries with Twisted Commutation Relations. PhD
thesis, 2011.

Dean Zenner. Hypergraph C*-algebras, 2021. Bachelor thesis.

72



List of Symbols
N Natural numbers
7 Integers
C Complex numbers
cn Complex coordinate space
Fy Free group on two generators
Z/nZ Integers modulo n
H Hilbertspace
B(H) Bounded operators on a Hilbertspace H
K(H) Compact operators on a Hilbertspace H
C(T) Continuous functions on the unit circle
M, (C) Matrix algebra
T Toeplitz algebra
On Cuntz-algebra
12(22) Square-summable sequences on Z?
P(E) Free *-algebra with generator set £ U E*
A(E | R) Universal *-algebra with generators E and relations R
C*(E | R) Universal C*-algebra with generators E and relations R
C*(E) Graph C*-algebra
C*(HT) Hypergraph C*-algebra
C*(@G) Group C*-algebra
A B C*-algebras
AxB Free product of C*-algebras
Ax,B Full crossed product with action «
Ax B Product C*-algebra
AOB Algebraic tensor product
A® B Spatial (minimal) tensor product
A @max B Maximal tensor product
[| * |lmin Minimal tensor product norm
|+ || max Maximal tensor product norm
(|4, al-|") A-valued inner products
|- la, all -]l Norms based on A-valued inner products
Xa, aX Full right/left Hilbert A-module

Ko(A), K1(A)
E

HT

HI'g

K-Theory of C*-algebra A
Graph

Hypergraph

Hypergraph obtained by move S

73



HT R
HTo
HT;
HT'p
EO
50
El
v, W

e, f, g

Wy vy @, B
Ag

P, q

S

{se, v}
Dr(e)

Ds(e)

»
=

8 3 2 A < 2

Hypergraph obtained by move R
Hypergraph obtained by move O
Hypergraph obtained by move I
Hypergraph obtained by indelay
Set of vertices

Generalized vertices

Set of Edges

Vertices

Edges

Range of e

Source of e

Paths

Adjacency matrix

Projections

Partial isometries

Canonical generators of HI'

Zvér(e) Dy

Zvés(e) Dy
Element corresponding to path p

Universal unitary

Universal isometry

Order relation of projections
Gauge action
*-Homomorphism
Involution

74



List of Figures

1. Different edges in graphs and hypergraphs. . . . . . ... ... ... ... ... ... 1
2. Graph generating C'(T). . . . . . . . o i i i i ittt e e e e e e e e e e e 6
3. Graph generating M,,(C). . . . . . . . e e e e e e e e e e e e e 6
4.  Further graphs generating M,,(C). . . . . . . . . . . . 7
5. Graph generating the Cuntz algebra. . . . ... ... ... ... ... ... .. .. ..... 7
6. Graph generating the Toeplitz algebra. . . . . . .. ... ... ... ... 7
7. Example of a hypergraph. . . . . . . . . .. e 12
8. Different edges in graphs, ultragraphs and hypergraphs. . . . ... ... ... ... .... 13
9. Visualization of different paths in hypergraphs. . . . . .. ... ... ... ... ...... 17
10. Hypergraphs generating the Toeplitz algebra. . . . . . ... ... ... ... ........ 21
11. Visualization of the hypergraph in Example 2.31. . . . . ... ... ... ... ....... 22
12. Visualization of the hypergraph in Example 2.32. . . . ... ... ... ... ........ 22
13. Hypergraph HT,, generating C'(T) « C™. . . . . o v v v v i i et e 28
14. Non-amenable hypergraph of Proposition 3.19. . . . . . . ... ... ... ... ...... 30
15. Non-amenable hypergraph of Example 3.21. . . . . .. .. ... ... ... ......... 31
16. Visualization of the part of the hypergraph corresponding to the non-nuclear quotient. . . . 32
17. Visualization of the hypergraph in Example 3.23. . . . . ... ... ... ... ....... 33
18. Hypergraph generating C(T) and hypergraph HT,,. . . . . . . . oo v it 34
19. Non-amenable hypergraph created by linking the hypergraphs of Example 3.25. . . . . .. 34
20. Visualization of the decomposition of ranges. . . . . . . . . . . . . ... ... ... ... 35
21. Decomposition of ranges applied to the hypergraph generating the Toeplitz algebra. . . . . 38
22. Merging of ranges applied to the hypergraph generating M,,(C). . . . . . . ... ... ... 39
23. Decomposition of ranges applied to HT'o. . . . . . . . v 41
24. Dual Graph of the hypergraph of Example 3.19. . . . . . . . ... ... ... .. ...... 42
25. Addingatailtoasink. . . . . . ... e e e e 45
26. Illustration of the application of move S for hypergraphs. . . . ... ... ... ....... 47
27. Hypergraph of Example 3.19forn=2. . . . . . . . . ... 48
28. Move S applied to the hypergraph generating the Toeplitz algebra.. . . . . ... ... ... 49
29. Tllustration of the application of move R for hypergraphs. . . . . ... ... ... ... ... 49
30. Illustration of the application of Move O for hypergraphs. . . . . .. ... ... ....... 52
31. Illustration of the application of the indelay. . . . . . ... ... ... ... ... ...... 57
32. [Illustration of the application of move I for hypergraphs. . . . . .. ... ... ... .... 60

75



Index
A Hypergraph 12
Amenable C*-algebra 12
Group 27 relations 12
Hypergraph 29 I
C Imprimitivity bimodule 9
C*-algebra of Indel.ay. 57
compact operators 4 Insplitting 59
continuous functions on the unit circle 4 Isometry 4
C*-seminorm 3 M
C*- valued inner product 9 Matrix algebra 4
Cuntz algebra 7 Maximal C*-norm 26
Cuntz-Krieger family Morita equivalence 9
Generalized 14 Move
Graphs S I - Insplitting 59
Hypergraphs 12 O - Outsplitting 52
Cuntz-Krieger relations S5 R - Reduction at a non-sink 49
S - Removing a source 46
D . Move equivalence 46
Decomposition of ranges 35 Mutually orthogonal 5
Dual Graph 42
N
F Nuclear 26
Free *-algebra 3
Free algebra 3 0 . o
Free group on two generators 27 Order ¥el.at10n on the set of projections 5
Free product of C*-algebras 4 Outsplitting 52
Full corner 10 P
Full crossed product C*-algebra 4 Partial isometry 5
Full Hilbert A-module 9 Path
Graphs 8
G Hypergraphs 17
Gauge Partial 17
action 40 Perfect 17
Uniqueness Theorem for graphs 40 Quasi perfect 17
Uniqueness Theorem for hypergraphs 44 Projection 5
Uniqueness Theorem for ultragraphs 45
Generalized vertices 14 S
Graph 5 Sink
C*-algebra 5 Graph S5
Finite 5 Hypergraph 12
Row-finite 5 Source
Group C*-algebra 27 Graph >
Hypergraph 12
H Spatial C*-norm 25
Hilbert A-module 9 Stable isomorphism 10

76



T
Tensor product of C*-algebras
Algebraic
Maximal
Minimal
Spatial
Universal

Toeplitz algebra

25
26
25
25
26

8)
Ultragraph
C*-algebra
Unitary
Universal C*-algebra
Universal *-algebra
Universal property
Graph C*-algebras
Hypergraph C*-algebras
Universal C*-algebras

13
13

77



	Introduction
	Preliminaries
	Universal C*-Algebras
	Graph C*-Algebras
	Morita Equivalence and K-Theory of Graph C*-Algebras

	Hypergraph C*-Algebras
	Definition and Properties
	General Structure and Relations
	Examples and Representations

	Non-Nuclear Hypergraph C*-Algebra
	Definition of Nuclearity
	Non-Nuclear Hypergraph C*-Algebras
	Construction of Non-Nuclear Hypergraph C*-Algebras

	Connections Between Hypergraph C*-Algebras
	Decomposition of Ranges
	Gauge Uniqueness Theorem

	Moves on Hypergraphs
	Move S - Removing a Source
	Move R - Reduction at a Non-Sink
	Move O - Outsplitting
	Move I - Insplitting

	Further Research Topics
	Appendix Further Proofs
	Appendix List of Graph and Hypergraph C*-Algebras
	Appendix List of Non-Amenable Hypergraphs
	Bibliography
	List of Symbols
	List of Figures
	Index

