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Abstract

This thesis investigates the structure and algorithmic properties of the category of partitions I,
which plays a central role in the theory of easy quantum groups. These Categories of partitions
were first introduced by T. Banica and R. Speicher in 2009 as a combinatorial framework for
describing easy quantum groups, and were later fully classified by S. Raum and M. Weber in 2016.
We prove that the category Il is related to ordered walks on rooted plane trees and provide
insights about the previous research in this area. Ordered walks, as we use them, were used by
A. Khorunzhy and V. Vengerovsky in the early 2000s as a combinatorial tool for studying spectra
of large random matrices and rooted-tree models. With this work as a foundation, we are able to
count the number of partitions in the category Il,, up to a partition size of 300 in a few seconds.
Furthermore, we propose efficient algorithms to decide whether a specific partition is contained in
M.
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1 Introduction

In this thesis, we study the category of partitions Il.,. More precisely, we propose algorithms for
classifying the elements of Il,, and draw a connection to ordered walks. Categories of partitions
are related to easy quantum groups, as defined in [BCS10], with their classification completed
in [SR16]. However, in the context of this thesis, we focus on partition problems and not the
relation to easy quantum groups. So in our case, we see partitions as combinatorial objects, where
a partition p € P(k,l) is a partition of a set S = {1,...,k + [} into disjoint subsets. In general,
such a partition can be represented by a row of k upper and [ lower points that are partitioned
into disjoint subsets by strings. Nevertheless, we often refer to partitions only having lower points,
where £ = 0. Those partitions can be visualized as follows

beda, odod, §5600

On those partitions, we can define operations like a tensor product, an involution, rotations or a
composition. A category of partitions is a set of partitions that is closed under these operations
and contains the base partitions 1 € P(2,0) and I € P(1,1). For example, the following set of
partitions is the category P of all partitions

(150

In this case, the partitions ITL and X are the generator partitions of the category of all partitions.
The category Il is defined and investigated in [SR16]. It is generated by 7y for k € N, given by
k four blocks on 4k points of the form

m=L Lo Lk

Besides the generator representation of the category Il.,, there are also other definitions using
a construction by Raum and Weber, where partitions are obtained by merging blocks of non-
crossing pair partitions at the same Dyck level while respecting open pair constraints [RW13], as
well as a characterization by Mang, who defines II,, via the notion of non-interference between
blocks and a so called betweenness relation in [Man22]. We will use and investigate those different
representations using our findings, including the connection to ordered walks.

In the twentieth century, walks on trees started to occur in random matrix theory and spectral
graph analysis. Wigner first used walk enumeration to study eigenvalue distributions in random
matrices (see [Wigh5]), an approach further developed by Firedi and Komlés in the study of
random graphs in [FK81]. More recently, Khorunzhy introduced explicit recurrence relations for
counting walks on rooted plane trees, highlighting their role in the spectral properties of adjacency
matrices of random graphs. Furthermore, he defined those kinds of ordered walk that we will focus
on in [KV00].

In this thesis, we were able to prove a connection between Il,, and ordered walks on rooted
plane trees. In a rooted plane tree, each node has an ordered sequence of children. These trees
naturally occur in various combinatorial problems, particularly in our study we focus on counting
the different combinations of traversing them.

An ordered walk is a way to traverse a rooted plane tree with some additional conditions that
need to be met. It must start and end at the root of the tree. Furthermore, each edge of the tree is
visited an even number of times. If there is a choice of where to move next, the walk either follows
an already traversed edge or selects the leftmost edge among those not yet visited. A simple walk
is an ordered walk that visits each edge in the tree exactly twice.

We first show that a simple walk is related to the category NC5, all non-crossing partitions of
block size two.

Proposition 1.1 (Proposition 4.3). Let Wy be the set of all simple walks and NCq be the category
generated by the base partitions, then NCy = W.

With this finding, we are additionally able to prove a bijection between ordered walks and the
category Il. While S. Raum and M. Weber already discussed a correspondence between trees
and the category NC5 in [RW13], we deepened their construction and also went one step further by
generalizing this concept to the category Il., with ordered walks, which forms the main theorem
of this thesis.



Theorem 1.2 (Theorem 4.17). Let W be the set of all ordered walks, then Il = W.

Additionally, we analyzed the impact of the parameter k in IIj for k € {1,...,00}. As a result, we
derived an additional characterization of the elements in Il.,, namely even-nested property, which
we were able to prove using ordered walks.

Theorem 1.3 (Theorem 4.29). Il is the category of partitions of all even-nested partitions with
a w-depth of at most k.

Furthermore, we showed that this definition is similar to non-interference defined by M. Mang in
[Man22]. Although this meant our definition is technically not a new finding, it allowed us to
further validate Mang’s work.

Moreover, we establish a connection to ordered walks for a fixed k € {1,...,00} in Il and
investigate the impact on ordered walks.

Theorem 1.4 (Theorem 4.31). Let w € Iy for a fized k € N. Then for every pair of sub-walks
w1 and we in w that cross each other, the sum of their depths satisfies

depth(w;) + depth(wq) < k.

By proving Theorem 1.2 in Section 4.2, we were also able to explore the category Il further and
implemented an algorithm that, given a partition p of size n, decides whether p € Il with a time
complexity of O(n).

Theorem 1.5 (Theorem 5.6). Given a partition p of size n, the problem of deciding whether
p € Il can be solved in time O(n), which coincides with the lower bound 2(n) of this problem.
Thus, the algorithm is asymptotically optimal.

Additionally, we present an algorithm, which computes a specialized version of the problem in
Theorem 1.2, by computing the w-depth of a partition p in II,,. With this information, we can
find the smallest k such that p € II;.

Theorem 1.6 (Theorem 5.8). Let p € Il be a partition of size n € N. Then the problem of
computing the smallest k such that p € II;, can be solved in O(n?).

Moreover, the equivalence to ordered walks enabled us to count the category Il up to a partition
size of approximately almost 200 in a few minutes by leveraging the findings on ordered walks
presented in [KV00] and dynamic programming.

Overview of the thesis

The structure of this thesis is generally divided into three parts. In the first part, Section 2, we in-
troduce key preliminaries from both computer science (Section 2.1) and mathematics (Section 2.2).
Starting with techniques in the areas of algorithms and data structures for the implementation part
of this thesis, such as dynamic programming, moving on to trees and ordered walks.

The mathematical background in this thesis consists mostly of partitions of sets and their
categories (Section 2.2.1 and Section 2.2.2). In addition, in Section 2.2.3, we introduce the mathe-
matical foundation for counting ordered walks, for which we need to define moments of adjacency
matrices of random graphs.

The second part (Section 3 and Section 4) finally introduces the partition category Il includ-
ing some relevant properties. Furthermore, it contains the proofs for both Proposition 1.1 and
Theorem 1.2, forming the main results of this thesis. Additionally, in Section 4.3, we explore the
category Il,, in more detail, summarizing existing definitions and presenting a new formulation
using ordered walks. We conclude the second part by analyzing the meaning of the parameter k
in Iljeq1,.. 00y for ordered walks, which results in Theorem 4.31.

Based on the foundation of the second part, the third part (Section 5) describes and analyzes
various implementations to classify the category Il.,, particularly its elements. From applying
generating algorithms to efficiently implementing the problem of deciding partitions in 1. Finally,
we present a small discussion at the end of this thesis.



2 Background

In this section, we start with some preliminaries regarding both the computer science background,
as well as the mathematical background. First, we define some aspects in the area of computer
science, such as Big-O notation, dynamic programming, and data structures as different kinds
of trees, followed by mathematical subjects, such as partitions of sets, their categories and some
basics in free probability theory, which is relevant for later parts of this thesis.

2.1 Computer Science Background

The objective of this section is to establish a foundation in the core concepts used to implement and
analyze classification algorithms for the category for the category Il,. In particular, we introduce
asymptotic runtime notation (Big-O, ), dynamic programming techniques, and data structures
such as rooted plane trees and ordered walks, which will later be shown to have a direct connection
to this category.

2.1.1 Asymptotic Analysis and Notation

To analyze the algorithms presented in this thesis, especially in Section 5, we employ asymptotic
analysis and its notation. In particular, we will focus on the so-called Big-O notation and {2
notation. Further and more detailed information can be found in [Knu76].

Definition 2.1 (Big-O notation). Let g : N — N be a function. We define O(g) as the following
set:

O(g(n)) = {f :N—=N |HC>0731’L0>0)V’H,ZTL0 :0 S f(n> S C- g(n)}
In other words, f € O(g) if and only if we can find a ¢ and a ng such that for all n greater than
ng, we satisfy 0 < f(n) <c-g(n).

Remark 2.2. Definition 2.1 intuitively states that g grows ”faster” than f.
Note, that this leads to the property

f(n)

limsup —/= < oo.
n—oo  g(m)
Example 2.3. The following examples apply.
(a) Let f: N — N, n+ 100. Then
feo@).
If f:N— N, n+—n. Then
f¢0oQ).
(b) Let g: N — N, n+ 100n. Then
g € O(n).
If g:N—= N, n—n-log(n). Then
g ¢ 0(n).
(c) Let g : N — N, n > nF where k € N and let f(n) = Zf:o a;n’ be a polynomial of degree at
most k. Then
f€0(9)

Definition 2.4 (2-notation). Let g : N — N be a function. We define Q(g(n)) as the set
Qg(n)) = {f|Fe>0, Fno>0, ¥nzno : 0 < ¢+ g(n) < f(n)}.

The Q-notation is used to assign an algorithmic problem a lower bound regarding its runtime or
space complexity. Its application is to make predictions about how efficient an algorithm can be
in order to solve the underlying problem.

Example 2.5. The problem of determining the maximum integer in a list of length n € N has a
lower bound time complexity of (n) as any algorithm must traverse the entire list at least once
to ensure the correct identification of the maximum element.

Remark 2.6. Let k € N. The algorithmic runtimes most commonly used are

O(n*), O(n* -log(n)), O(k™), O(n!).



2.1.2 Dynamic Programming

In this section, we explain the foundations of dynamic programming, in order to utilize this tech-
nique in Section 5.1.

The overall principle of dynamic programming is to reuse already computed subresults instead
of recalculating them multiple times. This is achieved by storing subresults in a data structure
such as a table or array. When the same subproblem arises, the stored result is reused, which
avoids redundant computation and improves efficiency. We will explain this technique with an
example on the Fibonacci sequence.

Definition 2.7 (Fibonacci Sequence). The Fibonacci sequence (Fp)nen is defined recursively by
the case distinction
0, ifn=0,
F,=41, ifn=1,
Fo o1+ Fn o, ifn>2.
Example 2.8. (Computing the Fibonacci sequence) Consider the problem of computing the Fi-

bonacci sequence up to a certain number n. The naive standard implementation in Python looks
as follows:

def fib(n):
if n <= 1:
return 1
else:

return fib (n—1) + fib (n—2)

For smaller input numbers, this implementation is absolutely fine. Nevertheless, it has exponential
complexity because of the line return fib(n-1) + fib(n-2), where each time it is called, we
double the number of recursive calls.

Using dynamic programming, we get the implementation:

fib_array = [—1 for _ in range(n+1)]
def fib(n):
if fib_array[n] != —1:
return fib_array [n]
if n <= 1:
return 1
else:

fib_array [n] = fib(n — 1) + fib(n — 2)
return fib_array [n]

By storing intermediate results in fib_array, we only compute each sub-result once, resulting in
a linear complexity.

In the Fibonacci example from above, we used a so called top-down approach of dynamic pro-
gramming. This often involves recursion, building up the result from greater to smaller input
values. While this approach is often easier to implement, it usually has the drawback of an in-
creased running time due to the recursion. Each recursive call requires additional computational
overhead to manage the call stack, including the allocation of space for function arguments, return
addresses, and local variables. To avoid this additional computation, we also introduce the bottom-
up approach of dynamic programming. This approach avoids recursion by iteratively building
intermediate results, starting from the smallest subresult.

Example 2.9 (Computing the Fibonacci sequence bottom-up).

def fib_bottom_up(n):
fib = [0, 1]
for i in range(2, n+1):
fib .append (fib [i—1] + fib[i—2])
return fib [n]



2.1.3 Rooted Plane Trees

To establish a connection between rooted plane trees and the category I, in Section 4.2, we will
introduce ordered walks on such trees. This connection enables us to investigate further properties
of the category Il.

Definition 2.10 (Rooted tree). A rooted tree is a connected, acyclic graph T' = (V, E,r) with
exactly one distinguished node r € V called the root. For every node v € V, there exists one
path from v to r. In other words, a rooted tree is a connected acyclic graph, where one vertex is
designated as the root, and each node has a unique path to the root.

Example 2.11 (Rooted trees).

O r

=
<

In further illustrations, we also mark the root by drawing it as the top node. Since rooted trees
will play a central role in later arguments, we now introduce key structural properties that will be
used throughout this thesis.

Definition 2.12. Let (V, E,r) be a rooted tree. Then the depth of a node v € V' is the length of
the minimal path from v to . The depth of an edge e € E is the minimal number of edges from e
to r including e itself. For a rooted tree (V, E,r), the depth of the tree is defined as the maximum
distance from the root r to any other node in the tree.

Definition 2.13 (Lowest common ancestor). Given a rooted tree with root 7, and two vertices g
and vg, let the sequences ug, U1, ..., u,,r and vy, vy, ..., Uy, represent the paths from u and v to
the root r, respectively. The lowest common ancestor (LCA) of u and v is the vertex w such that
w lies on both paths, i.e., w = u; = v; for some indices 7 and j, and w is the farthest vertex from
r along the paths that satisfies this condition, meaning ¢ and j are the minimal indices satisfying
Ui = Vj.

Example 2.14 (LCA). In this example, we can see that the LCA of D and F is the root A.

:
OO
OO ©

Definition 2.15. Let T'= (V, E) be a tree with vertex set V and edge set E. The diameter of T
is given by
diam(T) = max d(u,v)

u,veV

where d(u,v) is the distance between u and v in T'.

Example 2.16 (Diameter). The diameter of the tree below is 4, since the longest path in the tree

is 4 from G to D.



With rooted trees as a foundation, we introduce rooted plane trees. This data structure is an
important part of the main theorem of this thesis, as ordered walks (defined in the next section)
act on rooted plane trees.

Definition 2.17 (Rooted plane tree). A rooted plane tree (V,E,r, «) is a rooted tree with root
r € V. The function o : F — N is injective and assigns a unique integer to each edge. The function
« maintains a left-to-right order on the children of every node, where for each node u with children
v1,...,V, it holds that

a((u, 1)) < a((u,v2)) < -+ < a(u, vg)).

Consequently, the tree has a unique drawing, making it planar.

Example 2.18 (Rooted plane tree).

2.1.4 Ordered Walks

We now define ordered walks on rooted plane trees introduced in [KV00]. Additionally, we recall
a connection to Dyck paths defined in [Barl6] from [RW13].

Definition 2.19 (Ordered walks on rooted plane trees). An ordered walk on a rooted plane tree
can be defined as a sequence of edges (eq, s, ..., €,), where

e the start as well as the end of the walk is the root

o for every i € N (where 1 < i < n), the edges e; and e; 1 (with e; # e;11) are adjacent in the
tree, ensuring that the sequence of edges form a continuous path

e When there is a choice where to move further, the walk chooses either one of the edges that
already have been visited or the edge with the smallest value among those that have not yet
been visited

Example 2.20 (Ordered walk on a rooted plane tree). An example for a valid ordered walk on
the tree of Example 1.6 could be:

(1,2, 2,3,3,4,4,3,3,1,5,6,6, 7, 7, 5)
Remark 2.21. Before working with ordered walks, we first establish some clarifications.

1. Note that the same ordered walk remains identical across different trees. This means that,
for example, the ordered walk
(1, 2, 2, 1)

on Example 2.18 is classified as the same as if the tree consisted only of edges 1 and 2.

2. By definition, the sequence
w=(3,2,2,4,4,3)

would be a valid ordered walk. However, it is often better to work with the normalization
of such a walk similar to the partitions in Section 3.1, where we also normalize the point
values. We say that an ordered walk w = (ey,...,e,) of size n is normalized if e; = 1 and
e; < max(e;)1<i<j<n + 1. As a result, the normalization of the walk above is

w' =(1,2,2,3,3,1).

In general, we only consider normalized ordered walks, unless it is explicitly mentioned
different.

3. We say that two ordered walks are equal, if their normalization is equal.



Definition 2.22. Let w be an ordered walk and ¢ be a rooted plane tree. We say that ¢ is the tree
of w if each edge in ¢ is visited by w. More precisely, ¢ is the minimal tree that is traversed by w.

Example 2.23. In this example, we want to clarify a few misunderstandings that can occur when
combining rooted plane trees of walks and the property of its normalization (see Remark 2.21).
Consider the two ordered walks wy = (1,1,2,3,3,4,4,2) and we = (1,2,2,1,3,4,4,5,5,3) and the
rooted plane tree t of the form

Since w; is the normalization of the ordered walk (1,1,3,4,4,5,5,3), both w; and ws are walks on
t. However, t is only the tree of wy as wi does not visit edge 2 of ¢.

Definition 2.24. Let w = (e, €, ...,e,) be an ordered walk. Then we say w’' = (e;,, €4y, -- -, €i).)
with 1 <y <ig <+ <4 < nis a sub-walk of w, if w’ itself (or at least its normalization) is an
ordered walk as well as w\w’ (i.e. w but without the points of w’).

Example 2.25. (a) Let w=(1,1,2,3,3,4,4,2) be an ordered walk on the rooted plane tree

An example of a sub-walk of w could be w’ = (3,3,4,4) = (1,1,2,2).

(b) Let w = (1,2,2,1,3,3,1,1) be an ordered walk. Then the walk v’ = (1,2,2,1,1,1) is a
sub-walk of w, where, in contrast to w, the edge 3 is not visited.

(c¢) Let again w = (1,2,2,1,3,3,1,1). Then v’ = (1,3,3,1) = (1,2,2,1) is a sub-walk of w.

(d) Let w = (1,2,3,3,2,1). Then w' = (1,2,3) is not a sub-walk of w since w’ is not a valid
ordered walk.

(e) Consider the walk w = (e, ez, €3, €4, €5, €6, €7,e8) = (1,2,2,1,1,2,2,1). Then w’ = (eq,e5) =
(1,1) is not a sub-walk of w since w \ w’ = (1,2,2,1,2,2) is not a valid ordered walk.

Definition 2.26. Let w be an ordered walk. We say w has a depth of k, if the minimal rooted
plane tree (see Definition 2.22), which is visited by w, has a depth of k.

Since ordered walks are a relatively general concept, we introduce a simpler variant that will later
serve as the basis for inductive proofs, namely simple walks.

Definition 2.27 (Simple walks on rooted plane trees). A simple walk on a rooted plane tree is an
ordered walk where every edge is visited at most twice within the simple walk, making it a special
case of ordered walks.

In further sections, we will see that ordered walks, rooted plane trees, and Dyck paths are closely
connected. Therefore, we also define Dyck paths and introduce relevant properties.

Definition 2.28 (Dyck path). A Dyck path on Z? is a path from (0,0) to (n,0) (or (0, a) to (n,a),
where a is the maximal level of the Dyck path) with the steps (1,1) and (1, —1), never stepping
below the line y = 0 (and above y = a).



Remark 2.29. In Definition 2.28, we allow two different representations of a Dyck path. One
goes from (0,0) to (n,0) and the other from (0,a) to (n,a), where a is the maximal level of the
Dyck path. Note that in principle, both Dyck paths are the same but only mirrored, as we can see
in the following example.

1 2 3 4 5 6
Remark 2.30. Such a Dyck path can illustrate a simple walk on a rooted plane tree. Let us

specify the y-value as the level. The step (1,1) indicates, that we visit a new edge of the tree for
the first time at level n, while a step (1, —1) at level n represents returning along this edge.

Example 2.31 (Representations of a simple walk). We can see, that the simple walk
(1, 1,2, 3,3, 4,4, 2)

can both be represented via a Dyck path with the rules of Remark 2.30 and a rooted plane tree
with the rules of 2.22.

2.2 Mathematical Background

In this section, we first define classical partitions of sets in Section 2.2.1, where we proceed by
introducing categories of partitions. In Section 2.2.3, we introduce some basic concepts of free
probability to later be able to analyze and count ordered walks. In Section 3, we focus more
specifically on the domain of this thesis, where we slightly adapt the definition of partitions to suit
our purposes.

2.2.1 Partitions

In this section, we introduce partitions of sets, which serve as one of the central combinatorial
structures throughout this thesis, besides ordered walks. As will be explained in the following
section and in Section 2.2.2, we can define operations on them as well as classify their so-called
categories of partitions. Understanding how these partitions are defined and how operations can be
applied to them is essential for connecting them later to ordered walks. T. Banica and R. Speicher
first introduced them in 2009 to classify easy quantum groups, where later S. Raum together with
M. Weber completed their classification in 2016. All definitions proposed in this section can be
found in [BCS10], [BBCO7] and [Sta99]. In the scope of this thesis, we will slightly modify the
representation of those partitions starting in Section 3 in order to obtain a data structure that can
be processed efficiently for the domain of this thesis (see Definition 3.2).

Definition 2.32 (Partition). Let k,l € N. A partition p is given by k lower and ! upper points.
It partitions the set {1,...,k,k+1,...,k + 1} into disjoint subsets called blocks. Partitions can also
be visualized. Given p € P(k,l) C P(n) with n = k + [, where P(k,!) is the set of all partitions
with k upper and [ lower points and P(n) the set of all partitions of size n, we first draw a row
of k upper points followed by I lower points. After numbering these points from 1 to k + [ (all
elements from the set {1,...,k,...,k +}) we connect them according to the blocks defined in p.



Example 2.33. Given p € P(4,3), where s = {1,2,3,4,5,6,7} is the set we partition into p =
{{1,6},{2,5},{3,4,7}}. We can visualize p as follows:

g =Y a3
{3,4,7}} o
® ©® O

Remark 2.34. The partitions 51 € P(0,2) and € P(1,1) are referred to as the base partitions.

After defining partitions of sets, we introduce operations on them to provide a structured way
to manipulate, process and combine partitions. This allows us later in Section 2.2.2 to define
categories of partitions, which are sets of partitions closed under these operations.

Definition 2.35 (Tensor Product). Let p € P(k1,l1) and ¢ € P(kg,l2). Then the tensor product
can be obtained by concatenating p and ¢ in form of p ® ¢ € P(ky + ko, 11 + I2).

Example 2.36 (Tensor Product).

Kol =5 P

Definition 2.37 (Involution). Let p € P(k,1). Then the unary operation involution p* € P(l, k)
can be obtained by swapping the upper and 1ower points.

XH) -XH

Definition 2.39 (Composition). Let p € P(k1,l1), ¢ € P(ke,l2) and k1 = l5. Then the composi-
tion pq € P(ks,l;) can be obtained by connecting p and ¢ by writing ¢ above p and joining each
lower point of ¢ with the respective upper point of p. As a result, we connect every point in I to
a point in ky with respect to the order. After this process, any intermediate points and loops are
removed, such that only the upper points of ¢ and the lower points of p are left.

Example 2.38 (Involution).

Example 2.40 (Composition).

L all-al-g,

Definition 2.41 (Rotation). Let p € P(k,l) and k > 0. Then the unary operator rotation
p"°t € P(k— 1,1+ 1) can be obtained by shlftlng the very left upper point to the very left of the
lower points. Note that all points belong to the same blocks as before. The result of this operation
is called rotated version. Analogical, we can also rotate from the lower points to the upper points
and from the left side or from the right side of the partition p.

Example 2.42 (Rotation). The following figure shows an example of a left-top rotation:

Hmziﬂa

Definition 2.43. Let p € P(k,l). Then the unary operator vertical reflection p* € P(k,l) can
be obtained by reversing the upper points and also reversing the lower points in p.



Example 2.44 (Vertical Reflection).
4

Definition 2.45 (Category operation). An operation is called category operation if and only
if it is part of the three main operations tensor product, involution and composition, or it can

be constructed with a combination of the main operations and base partitions [1 € P(0,2) and
[e P(,1).

Remark 2.46. Note that the rotation and the vertical reflection are category operations since
they can be constructed with a combination of the three main operations tensor product, involution
and composition, and the base partitions 53 € P(0,2) and | € P(1,1).

Rotations as category operation. Let p € P(n) be a partition with n € N. Then we can produce
the left-top rotation with (J® p) - (2 ®[® ... ® ]), which can be visualized as follows:

As a result we can see that the rotation can be produced with the operations tensor product and
composition and the base partitions | € P(1,1) and 131 € P(0,2). O

Vertical reflection as category operation. Let p € P(k,l) be a partition with k,! € N. Then we can
produce the vertical reflection by k top-left rotations, followed by I bottom-right rotations and one

involution operation.
~ rot("')mt *
p=1\p

2.2.2 Categories of Partitions

The classification of easy quantum groups began in [BS09] and [BCS10]. As they are closely
connected to partitions and their categories, this also marks the beginning of their investigation.
In [Web13], Weber discovered that one quantum group was missing in [BS09] and continued the
classification process. Later in 2016, Raum and Weber were able to present a full classification of
easy quantum groups (see [SR16]). From these past studies, the concept of the category of parti-
tions arose. The following chapter defines them and provides concrete examples, while Section 3
introduces the category I, the main focus of this paper. Note that for the sake of this paper, we
simply investigate partitions and their categories as combinatorial structures. For more details on
the connections to easy quantum groups, see [BS09], the appendix, and the other papers mentioned
above.

Definition 2.47 (Categories of Partitions). A category of partitions is defined by a subset C C
P, where P := Uk,l P(k,1) is the set of all partitions, such that C contains the base partitions
I € P(1,1) and 11 € P(0,2), and is closed under the category operations. This results in property
C(k,l) == C N P(k,l). We can also specify categories of partitions using a set S of so called
generator partitions, where (S) a category that is closed under the set of generator partitions S
with the base partitions.

We can characterize categories of partitions by defining some core properties. Besides self-explanatory
properties like even-blocksize and pair partitions (partitions with blocksize two), there are a few
more interesting characteristics like non-crossing partitions and balances partitions. Especially the
non-crossing property will be relevant in later parts of this thesis, when analyzing the category
I more detailed. Additionally, in Section 4.3, we introduce new category characteristics that
will help us analyze the category Il

10



Definition 2.48 (Non-crossing Partitions). Let p be a partition. Then we say p is a non-crossing
partition, if for every pair of blocks (b1, b2) in p all upper/lower points of by have exclusively smaller
or exclusively higher indices than every index of the upper/lower points in b;.

Definition 2.49 (Balanced Partitions). Let p be a partition. Then we say p is a balanced partition,
if every block, that is not a singleton, has the same amount of points with even and odd indices.
Additionally, within a balanced partition, the amount of singletons with odd indices matches that
of even indices.

Example 2.50 (Categories of Partitions). The following table lists several example categories of
partitions along with the generator partitions that define them. Some of these categories will be
explored in later sections of this thesis.

Category Generators

Xh)

P (all partitions) (

NC' (non-crossing partitions) (H)

P, (pair partitions) (X)

NC5 (non-crossing pair partitions) | () (base partitions only)
(
(
(

NCeyen (non-crossing, even size)

m
=,
X

In Section 3, we will introduce the category Il,,. For more relevant categories of partitions, see
Appendix A.

o o
~

)

B (balanced partitions)

By (balanced, block size two)

Remark 2.51. The intersection of two categories forms a new category: Let C; and Cs be
categories, then C7 N Cy is also a category. For example,

NC2 = NCOPQ

2.2.3 Walks on Rooted Plane Trees via Moments of Adjacency Matrices

In this section, we establish the mathematical groundwork necessary to understand the main results
of the paper [KV00] by Khorunzhy and Vengerovsky. We begin by briefly introducing basic concepts
from discrete probability theory, then proceed to discuss moments of random variables. Building
on this foundation, we define free probability spaces, and ultimately connect these concepts to the
findings presented in [KV00].

We first briefly introduce the core concepts relevant to our discussion: probability spaces,
random variables, and expected values. The definitions for those basic concepts can be found in
[Ros14].

Definition 2.52 (Discrete Probability Space). A discrete probability space is a pair (2, P), where:
e () is a finite or countable set called the probability space, representing all possible outcomes.
o P:Q —[0,1] is the probability function, satisfying > o P(w) = 1.

Example 2.53. Consider the experiment of rolling a six-sided dice once. The set of all possible
outcomes is:

Q=1{1,2,3,4,5,6}.

Each outcome represents the number that appears on the upper face of the die. Assuming the
die is fair, all outcomes are equally likely. We define the probability function P : Q — [0, 1] as:

1
P(i) = 6 for each 7 € Q.

This gives us the discrete probability space (2, P), where:

e () is a finite sample space with six outcomes.

11



e P assigns a probability of % to each outcome, satisfying:

11 1 1 1 1
SR I ST TR ST
ZP(Z) 66767666

Thus, this setup defines a valid discrete probability space in which all outcomes are equally

weighted.

Definition 2.54 (Random Variable). A random variable is a function X :  — R from a sample
space in {2 that assigns a real number to each outcome in Q.

Example 2.55. Consider again the experiment of rolling a six-sided dice, but this time twice.
The probability space is (€2, P), where

Q=1{1,2,3,4,5,6} x {1,2,3,4,5,6} and

1
P((wr,w2)) = % for all (wy,ws) € Q
We can now define our random variable X : Q@ — R as
X(wi,ws) =wi +ws  for all (w1, ws) € Q

This random variable represents the sum of the two dice rolls. For example, X(3,4) = 7. Note
that while all outcomes in ) are equally probable, the values of X are not uniformly distributed.
Some sums (like 7) occur more frequently than others (like 2 or 12), as multiple outcome pairs can
have the same sum.

Definition 2.56 (Expected Value). Let (€2, P) be a discrete probability space and let X : Q@ — R
be a random variable. The ezpected value of X, denoted by E[X], is defined as

EX] =) X(w) Pw).

we

Definition 2.57 (Moments of a Random Variable). Let (Q,P) be a discrete probability space,
X : Q — R arandom variable and E[X] the expected value of such a random variable. Then the
k-th moment of X is E[X*], where k € N.

Remark 2.58. Moments of a random variable can have multiple applications.
e k =1: The first moment of a random variable is the expected value.
e k= 2: The second moment is associated with the variance of a random variable.
e k= 3: The third moment is associated with the skewness of a random variable.

Later we will see that the moments of a particular random variable in the free case is connected
to our ordered walks.

Definition 2.59 (Random Graph). A random graph on N vertices is an undirected graph (V, E)
in which the edges are drawn independently by the following rule. Let v1,v9 € V and p € N, then
(v1,v2) € E with a probability of %.

Remark 2.60. We depict random graphs (E,V) by their adjacent matrix representation A =
1% .
(fij)L,jlzl with

fij =

0 else.

? if (i,5) € E,

where the matrix A is symmtric with f;; = f;.

12



Free probability theory is a non-commutative analogue of classical probability theory, developed
to study the behavior of large random matrices and operators on Hilbert spaces.

In classical probability, random variables are real-valued functions defined on a sample space
(Q,P), where expected values are derived from an underlying probability measure. In contrast, free
probability theory replaces this structure with a non-commutative algebra A, in which elements
play the role of random variables, and a linear functional E : A — R that serves as a non-
commutative expectation. For example, in Remark 2.60 the entries f;; from the matrix can be
seen as random variables and the normalized trace of the matrix (defined later in Definition 2.62)
as the expectation function.

Thus, the classical pair (£2,P) is replaced by (A, E), where A encodes the algebra of random
matrices and the expectation function E often corresponds to the normalized trace. This definition
enables the analysis of complex random systems, especially those involving large random matrices,
without relying on point wise probability measures. This framework is particularly useful for
asymptotic spectral analysis, as shown in [KV00].

Remark 2.61. All information contained in the classical probability space (2, P) are also encoded
in the pair (A, E).

Proof. Let w € Q. Define a random variable X, € A by

X (W) 1 ifw =w,
wl\W )=
0 otherwise.

This function is just the indicator function of the set {w}.
When applying E, we get
P({w}) = E[X.],

since the expected value is calculated by adding the values of X and multiplying them by P.
Thus, using only the set of all random variables A and E, we can reconstruct the entire prob-
ability measure P. This shows that the information in (2, P) are also encoded in (A,E). O

In our context, we specialize the concept of a non-commutative probability space to matrices.
Instead of considering a general non-commutative algebra A, we work with the algebra of n x n
matrices.

Definition 2.62 (Trace of a Matrix). Let M € R™*" be a square matrix. The trace of M, denoted
by Tr(M), is defined as the sum of the entries on the main diagonal of M, more precisely,

n

Example 2.63. Consider the matrix

2 15 67
M=1-1 35 4
0 8§ -1

Then we can calculate the trace of M as follows.
Tr(M)=2+4+35+—-1=4.5.

Definition 2.64 (Free Probability Space of Matrices). Let A = M, (R) be the algebra of n x n
matrices over the rationals. We define the expected value E : A — R by

E(M) = %Tr(M),

where Tr(M) denotes the usual trace of a matrix M. Then (A, E) forms a free probability space.

In this setting, the matrices play the role of non-commutative random variables, and the normalized
trace acts as the expectation functional. This formulation is particularly suited when it comes to
random matrices, such as adjacency matrices or Laplacians of large random graphs.

13



As a result, for our domain, we substitute the classical probability space (£2, P) with the free
probability space (A,E). With this new setting, A. Khorunzhy and V. Vengerovsky were able to
apply non-commutative techniques to study the spectral properties of random graphs as explained
in [KV00].

We can now derive the formula for calculating the number of ordered walks in a rooted plane
tree, constructed in [KV00].

Let (A, ) be a free probability space, where AXN?) € R x R is our adjacent matrix of a random
graph of size N x N where each edge occurs with a probability of %, and E our expected value

calculated by the trace of A. Then limy_, o M, SN counts the number of ordered walks on a rooted
plane tree of length s, where

N
1
MY = ]E([A(N’p)]s) - N Z AZEmzA:czws e Aﬂfsflﬂﬁl'

s
z;=1

Example 2.65. Consider the example where we want to calculate the number of ordered walks
of length k = 2. Obviously, there is only one such a walk, namely the walk (1,1).
Let A= ( fij);szl be our adjacent matrix of a random graph. Then we need to calculate

N
MY = BANPPR) = 3 fiefui

x;=1

Since the adjacent matrix is symmetric, we know that f; = fr;. Additionally, f;; is either 0 or 1
with a probability of p = N. As a result we get the following formula.

1 & 1 & 1
NZfikfki:NZfik:NNzl

r;=1 z;=1
As we can see, the result is 1, which confirms our expectations from above.

In [KVO00], A. Khorunzhy and V. Vengerovsky were able to find a closed formula for those walks
denoted by

lim MY =
N—o0

my, if s =2k,
{ (1)

0, ifs=2k+1,

with

k
myp = Z Wk(T) (2)
r=0

where the numbers Wy, (r) with k > r > 0 are given by

W =3 5 W) (N () w0 )

i=1 j=v—i [=0

Admittedly, it is not obvious from its appearance that formula (3) accurately counts ordered walks.
In the following, we aim to motivate the structure of the formula by unpacking its components and
illustrating how it encodes the recursive construction of such ordered walks on rooted plane trees.
In the closed formula of (3), W, (v) counts all ordered walks of length 2u that return v times to
the root. Consider an arbitrary set of ordered walks with the walks wy = (w1,...,ws,) and its
rooted plane trees of the form t = (V, E,r,«). Let 1 be the value of the edge e; = (r,v1) € E that
is taken by the walk as a first step in the rooted plane tree t. Now we say that ey is passed 2i > 2
times, ¢ times forth, and ¢ times back.

Subsequently, we can see, that the sub-walks of wy, starting and ending at node vy (where vy
is the root), can also be seen as valid walks, traversing the rooted plane tree of ¢ where vy is the
root and r is ignored. With the above in mind, we can again look at the formula (3) and further
investigate its components.

14



I [+i—1 v—1
wo=> Y > weow - (T3 (V2)) 0 me-y
i=1 j=v—i I= N N
(3.1) first sub-walk ~———~—" — (3.4) second sub-walk
(3.2) insert vi— r (3.3) insert r — vy

Let the first sub-walks wg,p, be those that start and end at v;. The second sub-walks are defined
as those that start and end at r and never visit v;. More precisely, we define the second sub-walks
as

Wsuby = (wk \ wsubl) \ (Ta 1}1),

where \(r,v1) indicates that the walk avoids the edge (r,v1) entirely. The number of first sub-
walks is given recursively by W, _;_;(l), whereas the second sub-walks are counted recursively by
W;(v —1i). Recall that the general case of W, (v), counts all ordered walks of length 2u, which
return v times to the root. Consequently, we can deduce that 2j is the length of the second
sub-walks, which returns v — ¢ times to its root r. The first sub-walks are of length 2(u — i — j)
and return ! times to its root vy. Also, recall that the edge (r,v1) is traversed 2¢ times. Since
the ordered walks in the overall set of walks we want to count with W, (v) is staring and ending
at r, we have 2i — 1(starting) — 1(ending) = 2(i — 1) other traversals of (r,v1) that we need to
take into account for sub-walks one and two. Therefore, component (3.2) counts the first ¢ — 1
occurrences of edge (v1,r) in the first sub-walks, where the first sub-walks return [ times to v; and
thus have [ possibilities to additionally return back to r. Furthermore, component (3.3) counts
how the remaining ¢ — 1 traversals of (r,v;) are distributed in the second sub-walks. Since the
second sub-walks return v — ¢ times to the root r, we get v — ¢ slots where we could visit the edge
(r,v1). As a result, we count the combinations of distributing ¢ — 1 visits forv —i+i—1=v—1
slots in the second sub-walks.

Later in Section 5, we will implement and analyze the complexity of this formula, where we
utilize it to compute the number of partitions in I, which are connected to ordered walks (proven
in Section 4). For more details of the derivation of this formula see [KV00].

3 The Category Il

In 2009, T. Banica and R. Speicher introduced categories of partitions as a combinatorial frame-
work for describing easy quantum groups. In [BS09] and later in [Web13] all seven non-crossing
categories of partitions and all six crossing categories of partitions were classified. The crossing cat-
egories contain the partition }Q which reflects that the underlying system is commutative. Those
thirteen categories are also called non-hyperoctahedral. Later in [RW14] and [RW15] hyperoctahe-
dral categories, containing %, were classified. However, there is a third kind of category which
is actually related to ITo,. The main theorem of [SR16] states the following.

Theorem 3.1 (Raum-Weber). Let G be an orthogonal easy quantum group with associated category
of partitions C. Then C is either non-hyperoctahedral, or group-theoretical and hyperoctahedral, or
else C = (my | £ < k) for some k € {1,2,...,00}.

That said, the category Il is relevant in the context of easy quantum groups, making it a
subject of further investigation.
From the following chapter on, we define partitions where we not distinguish between upper and
lower points so that we can focus on the partition structure, making it a special case of the classical
partitions on sets defined in Section 2.2.1. Furthermore, in this chapter we reformulate and use
definitions from [RW13], especially from Section 4 and 5.

3.1 Definitions

We start by slightly adapting the definition of partitions so that we remove the distinction between
upper and lower points, because we are only interested in the partition structure as a sequence.
This can be done because we can still recover the upper and lower points from our new definition
of partitions by the rotation operation.

Definition 3.2. Let n € N. A partition p is a tuple (p1,...,pn) € N, where n is the size of p,
such that each point p; is connected (i.e. in the same partition set/block) to any point p; if p; = p;.
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This is similar to the partition in Definition 2.32, where we simply not distinguish between upper
and lower points.

Remark 3.3. Also the modified partitions can be visualized by graphs, where each point a; is a
node which is connected to all nodes a; if a; = a;.

Example 3.4. The partition p = (1, 2, 2, 1, 3, 3, 1) can be visualized by the graph

Ty

2 2

Remark 3.5. Similar to ordered walks, we also normalize partitions to ensure they satisfy Defi-
nition 3.2. For example, the partition

p=(1,2,2,4,4,1) = (1,2,2,3,3,1)

is adjusted accordingly. More precisely, for a partition p = (p1,...,pn), we say that p; = 1 and
pj < max(p;)i<i<j + 1.

Now that we reformulated the definition of partitions, we start to introduce the category Il by
first introducing every relevant aspect needed for the definition.

Definition 3.6 (Open blocks). Let p be a partition of the form (py, pa, ..., pn) consisting of m € N
different blocks b1, ...,b,,. For two blocks b; and b; with ¢ < j < m, we define the set of open
blocks between b; and b; as the set of all blocks by with k # i # j such that:

o by, has a point p; € by that occurs before any point p, € b; (I < r) or after any point p, € b,
(r <), and

e by also has an odd number of points that occur between any two points of b; and b;.

Remark 3.7. For a partition p in NC5, we can refer to the open blocks as open pairs, since in
NC5 every block consists of exactly two points.

Example 3.8. Consider the partition p = (1, 2, 3, 3, 2, 4, 5, 5, 4, 1, 6, 6) € NC3. The blocks
in this partition are:

bi = {p1, P10}, b2 ={p2, ps}, b3 ={p3, pa}, ba={ps, Po}, bs={p7, ps}, bs={p11, P12}

We are interested in the open blocks (or in this case pairs) between bz and bs.
According to the definition, the open pairs between bs and b5 are those blocks by that:

e has a point occurring before any point of b3 or after any point of b5, and
e also has an odd number of points occurring between the points of b3 and b5 in the sequence.

In this case, the only blocks satisfying these conditions are ba = {p2, ps} and by = {ps, P9},
because:

e The point po = 2 occurs before any point of b3.

e The point pg = 4 occurs after any point of bs.

e The points p; = 2 and pg = 4 are between all points of b3 and bs.
Thus, the set of open pairs between b3 and b5 is {bs, bs}.

Definition 3.9. The partition 7y for & € N is given by k four blocks on 4k points of the form

Tk = (pla ey Py Py -5 P15 P1y -++5 Pks Pk "'apl)'

More precisely, for k > 3:

| [—F 71l

1 2

wO—



Definition 3.10. The category II,, can be defined by the generator set (m, k € N). I for k € N
is generated by (mg).

Additionally to the definition of the generator sets, S. Raum and M. Weber defined I, via open
pairs and Dyck paths.

Remark 3.11. Let p be a partition in NC5, then p can be depicted by a Dyck path, where for
each first appearance of a new point value corresponds to a (1,1) step in the Dyck path and each
second (last) appearance to a (1, —1) step.

Example 3.12. Consider the partition p = (1,2,2,3,4,4,3,1). Then the corresponding Dyck
path looks as follows.

Definition 3.13. Let p € Il = (1, k € N) and ¢ € NCy, then p can be constructed from ¢ by
merging blocks of g according to the following rules:

1. We may only merge blocks which are on the same level of the Dyck path of q.

2. If we connect two blocks by and by in ¢, we must also connect all open pairs between b; and
ba.

From now on, when writing Il or Ileq1,... o), We refer to the category (J, 1k (0, 7) with n € N.

Before diving deeper towards our main result Theorem 4.17 in Section 4.2 which formally
establishes a connection between the category Il,, and ordered walks on rooted plane trees, we
already offer some intuition through the following example. Later, we will formally show that
elements in II,, can be interpreted as such walks, where each block corresponds to a traversed
edge and the structure of the walk is encoded by partitions. In this example, we illustrate how
the merging rules from Definition 3.13 affect the corresponding rooted plane tree representation,
which is shown in Lemma 4.15. This provides an early conceptual bridge between the elements in
Il and ordered walks, helping to build a clear foundation for understanding the categorical and
combinatorial mechanisms behind the main result in Theorem 4.17.

Example 3.14. In this example, we go deeper into the rules of Definition 3.13, where we show
an example for both the partition layer as well as the rooted plane tree layer of a partition which
will be further discussed in Section 4.2.

(a) The partition 73 € I, of the form

ngg%éégii

12 3 3 2 1 3 2 1

can be retrieved by modifying p € NC5 of the form

ITallirell

12 3 3 2 1 45

through the merging of blocks 3 and 6. According to the second rule of Definition 3.13, we
also have to connect the blocks 1,4 and 3,5. Note that every block that we merged was on
the same Dyck level in p, thus satisfying the first rule of Definition 3.13.

(b) Since the rules of Definition 3.13 are crucial for understanding the proof of our main theorem
(Theorem 4.17) presented in Section 4.2, the following example has the purpose of further
visualizing them to gain a deeper understanding. We illustrate and visualize the example of
(a) using the rooted plane tree structure. The partition p from (a) (where we can interpret
p as an ordered walk) can be represented by the following rooted plane tree:

17



As we can see, the level of the Dyck path
corresponds to the depth of the edges in the tree
representation (later shown for the general case
in Proposition 4.6). The first rule ensures that
only edges with the same depth are merged.
According to Definition 2.17, each edge value
must be unique. Therefore, simply overwriting
edge value 6 with value 3 in p would violate the
definition of a rooted plane tree.

In order to get a valid rooted plane tree after the merging process, we need to apply the
second rule. From Example 3.14, we already know that this involves also merging the open
pairs, i.e. edge 5,2 and edge 1,4.

The resulting rooted plane tree looks like a
folded up version of p, where the path from the
root to including edge 6 is merged to the path
from root to including edge 3. The derived
partition w3 represents the walk
(1, 2, 3,3, 2,1, 1, 2, 3, 3, 2, 1)

) on the folded up rooted plane tree.

In general, merging two different edges involves folding the path from the root to these
edges. This creates a walk that is no longer simple, as the edges on the resulting path are
traversed multiple times. Specifically, the number of traversals for these paths equals the sum
of the traversals from the two original paths. Understanding this intuition will be crucial to
understand the proof of Theorem 4.17.

Remark 3.15. The intuition behind the rules of Definition 3.13 lies in the different partition
operations, where we can simulate the rules by specific composition operations with partitions in
II. In Example 3.14 (a), we basically obtain 73 by the following operation.

¢ e === b ® [Tt [T31]

3.2 Relevant Properties

In this section, we go deeper into the properties of the category Il.,, especially those that are

relevant for Section 4. Most of the properties can also be found in [RW13]. First, we want to un-

derstand the origin of the category, namely its generator partitions (see Definition definition 3.13).
The partition 7y coincides with

the rotated version of

while 75 coincides with

the rotated version of

By understanding 7, we can gain more information about the category.

Proposition 3.16. Let 11, = {(m,,), then m € II,,, where I < m. As a result, we have I, =
(m, 1 < m).
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Proof. From Definition 3.9, we know that 7y is given by k blocks on 4k points of the form 7 =

(p17p27 ey Pk—15Pks PksPk—15--+yP2,P1,P1,P2y +++s Pk—1, Pk Pk Pk—1, °"7p27p1)' Let k > 27 then we can
reduce 7 to mr_1 by applying category operations with the base partitions 1 and I We simply
compose 7 with the partition

(a17a27 vy Qk—1,5 Qky Ay Qfg—15 -+ A2, A1, A1, A2, ooy A —1, Ak, Ay Aj—1, ---, A2, A1; < UPPET pOintS

a1,a2, ...,k —-1,Ak—14...,02,01,A1,02, ..., A1, Af—1, ...7CL27CL1) <« lower pOlIltS.

Alternatively to get a better overview of this operation we can also say that we compose 7 with

(points of ;< upper points
points of 7,_1) < lower points.

With this operation we basically remove the points of the block ay. For the case that k = 1 we
perform the following operations:

The result is the partition . O

The consequence of Proposition proposition 3.16 is the following series of categories:
(m1) C (ma) C (m3) C (my) C -+ C Il

Remark 3.17. Note that Il = Hge(1,... 00}, Where we use the notation Ilc(1, .. o0} in later parts
of this thesis, when it comes to analyzing the parameter k in IIj.

Definition 3.18. A category C is finitely generated if the set of generators consists of finitely
many partitions. A category C is singly generated if C = (p) for some partition p.

Proposition 3.19. Tlcq1, . o0} (= o) is not finitely generated and (m, 1 < k) # Iy, for k € N.
Proof. Theorem 3.9. of [SR16]. O

In preparation for the proof of Theorem 4.17, we again investigate the rules of Definition 3.13
further in Section 4.2.

4 The connection between Ordered Walks and the Category
e

The main purpose of this section is to prove the equality of ordered walks on rooted plane trees and
the category Il,. First, we prove the weakened statement that the set of partitions in NC5 is equal
to the set of all simple walks. Building on this foundation, we proceed to prove the main statement.
Recall that (unless explicitly stated) we do not distinguish upper and lower points in this thesis,
i.e. we use Definition 3.2 in this and primarily also in the upcoming sections. Consequently, by
writing NC5 we refer to those partitions in NCj that only have lower points (NC5(0,n) for n € N).

4.1 Simple Walks, Dyck Paths and the Category NC,
Proposition 4.1. Let W be the set of all simple walks, then Wy C NCs.

Proof. For this proof we will proceed inductively, where n is the length of a simple walk w, as well
as the size of the corresponding partition p.

Base case n = 0: We get an empty walk ws = () consisting of an empty sequence of edges. The
corresponding partition p = () is the empty partition, which obviously is in NCs.

Base case n = 1: There is no valid simple walk of length one, since each walk has to start and
end at the root which is not possible in one step. Furthermore there is also no such partition in
NCy, as the category only comprises partitions of block size two.
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As an induction hypothesis we say that for any simple walk wys = (e, ..., ex) of arbitrary even
length k& < n, ws € NCj.
For the induction step, we show that for any simple walk w’, of length n + 2, constructed from
ws by visiting a new edge, we have a corresponding partition in NC5. Let w! be a simple walk
of length n + 2. Then we remove an arbitrary traversal of an edge directly leading to a leaf in
the rooted plane tree of w’, (a more detailed proof that such an edge always exists can be found
in Lemma 4.19). As a result we get a simple walk w; of length n. By applying our induction
hypothesis, we get that ws; € NC3. Now in order to correctly continue the induction step, we
need to construct w’, again from w, by performing partition operations. The difference between
w, and wy is that w!) traverses one additional edge compared to ws. Consequently, we need to
demonstrate that a new edge can be introduced at any position within the simple walk through
partition operations. These operations are a specific number of rotations and a tensor product as
shown below.

Let j € N, where 7 < n, be the index of the last edge leading to the node where a new edge
and node are to be inserted in the rooted plane tree of ws. This can be achieved by rotating wy
exactly n — j times, such that the new edge and node are added to the desired location:

(€1, ..., €, < upper_points

€n, s €j41) < lower_points

Let this new rotated partition be w’°". The only thing left to do, before rotating w’°* back so that
it only has lower points again, is the following tensor product with the base partition {1 € NCs:

W © ]

The resulting partition is our w’, of size n + 2, where we successfully inserted a new edge that
is traversed in w’, at an arbitrary position using partition operations. Since we have proven that
it is possible to insert a new edge in any arbitrary position in ws, we have shown that for any
simple walk, there is a partition that can be constructed using the operations above. Furthermore,
because rotation and tensor product are category operations, the resulting partition is in NCs. [

Proposition 4.2. Let W be the set of all simple walks, then NCy C W.

Proof. Follows similarly by induction as in the proof for Proposition 4.1. In the induction step, for
constructing (in this case) the partition w/ of length n + 2 from w, of length n, we simply visit a
new edge at the corresponding position in the simple walk wg, where the walk w’, clearly remains
a simple walk. O

Proposition 4.3. Let Wy be the set of all simple walks, then NCy = W.
Proof. From both Proposition 4.1 and Proposition 4.2, we know that
1. Wy C NCy
2. NCy C W,
Consequently, we see that NCy = W. O

Theorem 4.4. Let W be the set of all simple walks, then W is in bijection to the set of all Dyck
paths.

Proof. Dyck paths represent partitions in NC5 (see [RW13]) combined with Proposition 4.3. O

Remark 4.5. Recall Definition 2.22 along with its example, where we defined rooted plane trees
for simple walks. Since we have proven that simple walks correspond to partitions in NCs, it
follows that each partition in NC5 also has a rooted plane tree representation, namely the tree of
its associated simple walk.

20



4.2 Ordered Walks and the Category Il

In order to draw a connection between the category Il, and ordered walks, we first need to prove
multiple properties about the rules of Definition 3.13. With a combination of Proposition 4.11
and Proposition 4.16, we can finally prove the bijection in Theorem 4.17, saying that the set
of all ordered walks on rooted plane trees is equal to the set of partitions in the category Il..
Furthermore, we make use of Remark 4.5, which enables us to operate on the rooted plane tree
layer of partitions in NCs.

Proposition 4.6. Let p be a partition in NC5. In the Dyck path representation of p, the level
corresponds to the depth of the rooted plane tree that represents the simple walk of p.

Proof. As stated in Remark 2.30, the step (1, 1) in a Dyck path corresponds to visiting a new edge
in the rooted plane tree, which increases both the level in the Dyck path and the depth in the tree.
Thus, every upward step in the Dyck path reflects an increase in the depth of the tree. Similarly,
decreasing the Dyck level by taking a (1, —1) step matches the backward traversal of an already
visited edge in the tree resulting in a decrease of depth. O

Definition 4.7. Let p be a partition. Then we define a break in p by partitioning a block b € p
with |b] > 2 into two different blocks b’ and b”, where [V/| =5 0.

Definition 4.8. Let w be an ordered walk. We define |wl|, € N as the number of breaks required
to transform w into a simple walk i.e.

n
lwly = [(a1,...,an)p = N — maxa;

Consequently, the following property applies
|wlp = 0 < w is simple
Example 4.9. Let w be of the form
(1,2,2,3,3 1,1, 1,1, 3,3, 1)

where the following tree is traversed

Since the edges 1 and 3 are visited more than

1 twice, we know that the walk w is not a simple

walk. To transform w into a simple walk w,, we

2 3 need to break the blocks 1 and 3 until every block
has size two.

This yields the walk ws = (1, 2, 2, 3, 3, 1, 4, 4, 5, 6, 6, 5), with the corresponding rooted
plane tree

We see that by breaking the blocks, edge 1 is duplicated as 4, and the path 1 — 3 is duplicated
as 5 — 6. From the example we get that |w|, = 3 and |ws|p, = 0.

Lemma 4.10. Let w be a walk. Breaking a block b, in w, where b,, represents the value of an
edge being the deepest possible edge visited more than twice in the rooted plane tree representation
of w, produces a valid walk w'.

Proof. Let w be a walk, and let b,, represent the deepest edge that is visited more than twice. To
ensure that breaking b,, into the blocks b,,, and b,,, does not form a cycle in the rooted plane tree
layer of w, we recall that all edges below b,, are visited exactly twice. This guarantees that none
of these edges can be visited by both b,,, and b,,. Consequently, breaking b,, cannot result in the
formation of a cycle and thus w’ represents an ordered walk on a valid rooted plane tree. O
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Proposition 4.11. Let W be the set of all ordered walks, then W C Tl .

Proof. Let w be an ordered walk of the form (eq, es, ...€,,), where m € N is the length of w.

Base case: n = |w|, =0:
By definition, w is a simple walk. From Proposition 4.3 we know, that (e1, ez, ..., e,) € NCy and
NCsy C M.

Induction hypothesis: We assume that w € Il , if |w|, = n.

Induction step: Let |w|, = n+1. In order to show w € I, we apply Lemma 4.10 and break the
block b with greatest possible depth, having the property |b| > 2, into by of size |b|—2 and bs of size 2.

The resulting walk w’ = (e}, ..., €},,) has the property |w’|, = n. Using our induction hypothesis we

e
can deduce that (€], ...,el,) € II. By applying the first rule of Definition 3.13, we can reconstruct
the walk w by reversing the break operation described above. The blocks can be merged according
to this rule because they lie on the same Dyck level. Since the rules in Definition 3.13 define I,

we know that the resulting points from w are w = (e1, ez, ..., €, € . O

Proposition 4.12. In an ordered walk, also being a partition in M. (according to Proposi-
tion 4.11), the open blocks between by and by are precisely those edges that lie on the path from by
and by to their lowest common ancestor.

Proof. Let p be an ordered walk and a partition in II, and let b; and b; represent any two blocks in
p, where i < j. According to Rule 2 of Definition 3.13, open blocks must satisfy the two conditions
that they must include (an odd number of) point values that lie between b; and b;, and they must
exclude point values that lie outside this range.

In the rooted plane tree of p, the open blocks are precisely those that lie on the edges of the
path from the edge b; and b; to their lowest common ancestor. These edges correspond to the
blocks that lie between b; and b; and were visited an odd number of times (in the ordered walk
layer of p) in both positions, since they were traversed to reach b; and b;, but were not traversed
back. O

Example 4.13. Let p= (1, 1, 2, 3, 4, 4, 3, 5, 6, 6, 5, 2) with the following rooted plane tree
representation ¢:

Consequently, the open pairs between 4 and 6 are exactly 3 and 5, which are also those edges
that lie on the the path to the lowest common ancestor (marked red in the tree t).

Lemma 4.14. Let wy = (e1,...,¢e,) and wy = (v1,...,vy) of size n,m € N be two independent
ordered walks on disjoint labels. Then the concatenation wiwe = (e1,...,€n,V1,...,Un) also forms
an ordered walk.

Proof. Since wy and wsy operate on distinct rooted plane trees, we concatenate them by consistently
assigning wo edge values starting from max; e; such that the result w) is still equal to ws (see
Remark 2.21) and the edge values in w; and ws are distinct. The resulting concatenation wyw}
has the form (eq,...,en, v}, ...,v},), which obviously forms a valid ordered walk.. O

Lemma 4.15. Let w = (eyq,...,ey,) be an ordered walk, then merging two arbitrary valid blocks in
the partition p = w according to the rules in Definition 3.13 results again in an ordered walk w'.

Proof. To show that the result w’ still represents an ordered walk, we have to take a look at the
rooted plane tree layer of w(= p) and w’(= p’). Let us be at an arbitrary valid position in the rooted
plane tree of p where we apply the rules of Definition 3.13. Let w = (ey, ..., &, ..., Y, ..., &) and let a;
and b; be valid sub-walks and z = (21, a1, %2,a2,...,Zy) and y = (y1,b1,Y2,b2, ..., Ym, b ) with
m € N be the paths with the blocks as edge values we want to merge. Note that we are allowed
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to merge them along z; to y;, since x; and y; have the same parent and x;,y; the same length,
regarding the z and y path we want to merge. So for each z; there is a y; with the same depth
and thus with the same Dyck level. The figure below shows the relation of the (distinct) block
sequences (i.e. paths in the tree layer) x and y before and after merging them along the z}s and
the yis.

9

o
w— w O Ol

Let the red node illustrate the sub tree of the node lead by x and similar the blue (= b,,) the sub
tree of the node lead by y. After the merging process, we see that y, including the remaining sub
tree, simply folded up to 2. Consequently we get a partition p’ = w’ = (e1,...,x, ..., &', ..., ep) € Hw,
where the blocks from the zs increased their sizes by 2. After the merging process, x remains
identical and y changes to «’ = (x1,b1,22,b2, ..., Tm,by). From Definition 2.19 we see that w’
must fulfill the following properties to be a valid ordered walk:

1. w’ has to end and start at the root.
This requirement still holds since 2’ forms an ordered walk. Therefore, 2’ starts and ends at
the lowest common ancestor of 2, and y,, in w (see Proposition 4.12). As the sub-walk from
the root to this lowest common ancestor and the rest of w’ remains unchanged, it follows
that w’ also starts and ends at the root.

2. The edges e; and e;y1 in w' must be adjacent to the tree of w'.
Since every edge value in w’ remains identical to w except for the sub-walk z’, we focus on
the edges connecting to z’. Both x and 2’ start with z; and end with z,, (b,, is distinct to
the rest of w’, i.e. does not need to be taken into account by Lemma 4.14) and because z is
correctly connected to the remaining walk, we also know that 2’ is correctly connected. The
edge values within x’ are also consistent, because z’ itself is a valid ordered walk.

3. When choosing the next step, the w' has to take either a previously visited edge or the unvisited
edge with the smallest value.
Again we need to investigate 2’ in the context of the remaining part of w’. Since the edges
x; for 1 <1i < m are already visited, they do not violate this property. As for the remaining
edge values in b;, which are distinct by definition, we can again use Proposition 4.14.

As a result, w is still an ordered walk after the merge process, which resulted in w’, with the
difference that the path along the x.s is visited twice more. O

Proposition 4.16. Let W be the set of all ordered walks, then I, C W.

Proof. Let p € I, of the form (p1,pa,...,pm), where m € N is the size of p. Furthermore, the
function |-|,, : IIoo — N returns the number of pairs merged according to the rules of Definition 3.13.

Base case: n = [p|,, =0:
By Definition, p € NC5y and consequently according to Proposition 4.3, we know, that p =
(p1,p2, ..., Pn) is a simple walk.

Induction hypothesis: We assume that p is an ordered walk, if |p|,, =n

Induction step: Let first be |p|,, = n + 1. According to Definition 3.13 there is a partition
q € NC5 and a sequence of merges of length m, which turns ¢ into p. By reversing the last merge
of the sequence (i.e. performing a break), we get an intermediate partition p’ with |p/|,, = n.
Consequently, p’ is also an ordered walk according to the induction hypothesis.

Finally, we perform the merge, which we first reversed above, and turn p’ back into p. By
Lemma 4.15, we can deduce that p also has to be a valid ordered walk. O

Theorem 4.17. Let W be the set of all ordered walks, then Il = W.

Proof. From W C Il (Proposition 4.11) and I, € W (Proposition 4.16) follows that II, =
W. O
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4.3 The ”"Holy” Quaternity - A fourth Definition of Il arose

In this section, we examine and revisit the different representations of elements in Il,,. Fur-
thermore, we introduce and reformulate an alternative definition discovered by Alexander Mang
in [Man22], which we independently rediscovered in a different context through our findings in
Section 4.2.

The category Il can be described in several equivalent ways, each offering a different perspec-
tive on its structure:

(a) by its generator set (Definition 3.9 and Definition 3.13)
(

)
b) by constructing I, from non-crossing pair partitions (Definition 3.13)
(¢) by ordered walks on rooted plane trees (Theorem 4.17)

)

(d) by non-interference ([Man22])/even-nested-ness (in this section)

While I, can be defined by its generator set (my, k € N), Raum and Weber introduced a new
perspective by Definition 3.13, which states that we can build any element in II,, by merging
blocks of a non-crossing pair partition in a way that respects both the Dyck level structure and
the open pair constraints (see Section 3). We were able to prove the connection between ordered
walks (recall Theorem 4.17). With this knowledge, we introduced the following different view of
M.

Definition 4.18 (Even-Nested). A partition p = (p1,...,p,) is called even-nested if, for every
block B with point values b, the positions of all points in B can be grouped into consecutive

distinct pairs (piy,Dj, ), (Piss Pjs), - - - » such that for each pair p;, = p;, = b, where the sequence
Psub = (Dig+1,---,Dj,—1) does not contain b and each point value in pg,p occurs an even number
of times.

Lemma 4.19. Let p = (p1,...,pn) be an even-nested partition of size 2 < n € N. Then there
exists at least one pair of neighboring points (p;, pi+1) in p, where (p;, pi+1) belongs to the grouping
described in Definition 4.18.

Proof. We prove this Lemma by induction over the size |p| of the even-nested partition p.

Base case: For |p| = 2 we get the ordered walk p = (1, 1) which consists of two directly neighboring
points from the same block.

Induction Hypothesis (I.H.): We assume that (p;,p;+1) in p with p; = p; 41 exists if |p| < n.
Induction Step: Let |[p| = n and let A be an arbitrary block in p. Then, by definition, the points
in A can be grouped into consecutive distinct pairs (p;,, pj, )s (Piss Pjs), - - - - Since all points between
(piy, pjy) occur an even number of times and also have to maintain the even-nested property, we
can conclude that the partition p’ = (p(,)41,-..,P@,)—1) itself is even-nested. Consequently, we
can apply the I.H. since |[p’| < n, which shows that there is at least one direct neighboring pair
(pi,piv1) in p’ with p; = p;y1. Because p’ is a part of p, we can conclude that also p has at least
one neighboring pair (p;, pi+1) in p’ with p; = piyq. O

We can show the relation between this even-nested definition to Il via ordered walks.
Proposition 4.20. p € Il if and only if p is even-nested.

Proof. First, recall from Section 4.2 that p is also an ordered walk.

=: By definition, an ordered walk on a rooted plane tree must start and end at the root. Con-
sequently, each edge in the tree is traversed an even number of times. Since every ordered walk
maintains this property, it follows that for any sub-walk traversing a sub-tree within p, each edge
is also visited an even number of times, ensuring that every traversal eventually returns to its
starting point. This guarantees that, within any block of the corresponding partition, all points
(edges in a walk) between its consecutive distinct pairs (p;, , p;,.) (as in the definition of even-nested
partitions) appear an even number of times. Thus, by Definition 4.18, every ordered walk satisfies
the even-nested property.

<: We proceed by induction on the size of p.
Base case: For |p| = 0, the partition is empty and trivially satisfies the definition of an ordered
walk.
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Inductive Hypothesis (I.H.): Assume that for all partitions of size n, if p is even-nested, then
it corresponds to an ordered walk.

Inductive Step: Assume from I.H. that any even-nested partition of length n corresponds to an
ordered walk. Let p be an even-nested partition of length n + 2.

We now remove an arbitrary pair of neighboring points (p;, p;+1) from the grouping described
in Definition 4.18, where p; = p;11. Note that such a pair always exists in a non-empty even-nested
partition according to Lemma 4.19. The resulting partition p’ is still even-nested, as the removal
of a consecutive pair (p;,p;4+1) does not affect the even-nestedness of the remaining blocks. More
precisely:

e Every block can still be grouped into distinct consecutive pairs as defined in the definition
of even-nested partitions.

e All other blocks in p maintain their previous pairings/groupings, and the parity of point
values between their consecutive pairs remains unchanged because we removed a directly
neighboring pair so that nonetheless every pair of the block grouping wraps every different
point value an even number of times.

Because |p'| = n, we know from I.H. that p’ is an ordered walk. Reinserting the removed pair
in p is equivalent to traversing one more edge forth and back in the ordered walk, where we can
conclude that p is also an ordered walk.

By induction, it follows that every even-nested partition corresponds to an ordered walk and
therefore also to a partition in p € Il. O

However, this finding turned out to be already formulated by Mang in [Man22], where he defined
[T using the notion of non-interference.

Definition 4.21 (Non-Interference). Let p be a partition and A, B € p be blocks in p. We say
that A and B are non-interferent if and only if every interval formed by every pair of points in A
does include an even number of points in B. More precisely,

Va,o' € A: o, '] N B| =2 0,

where [[a, @] N B| is the number of points of B that are between the points o and o' in the partition
sequence p.

With the definition of non-interference, Mang defined Il as follows.

Mo :={p|VA€p:|A|=20 A VA Bep:A+#B= A, B non-interferent}

Example 4.22 (Even-nested and non-interferent partitions). Consider the partition

b= (plap23p3ap47p57p67p77p87p97p10ap117p12) = (17272a 1a374>4733 1a2’27 1) € HOO'

This partition is both and every distinct pair of blocks in p is non-interferent. We
could show this by checking for every pair of points (a, ) in every block whether there is an even
number of other point values between [, &']. We only check the conditions for A = (p1, pa, o, P12)
with value 1, since the other calculations are similar.

o [p1,pa] encloses the point value 2 which occurs an even number of times (exactly 2) v v/

[p1,p9] encloses the point values 1,2, 3,4 which all occur two times (except the 1, which is
not taken into account) v/

e [p1,p12] encloses the point values 1,2, 3,4 which all occurs an even number of times v’
e [p4, po] encloses the point values 3,4 which both occur two times v/

o [p4, p12] encloses the relevant point values 2, 3,4 which all occur two times v/

e [pg, p12] encloses the point value 2 which occurs two times v* v/

As we can see, we need to check less pairs for the even-nested condition than for non-interference.
This can be an advantage when implementing an algorithm for (for example) checking whether a
given partition p is in Il.
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Proposition 4.23. A partition p is even-nested if and only if every block in p has even size, and
any two distinct blocks in p are mon-interferent.

Proof. We prove both directions of the equivalence.

=: We start by assuming that p is even-nested. Then by Definition 4.18, every block A in p can
be grouped into consecutive neighboring pairs and the sequences within those pairs contain only
point values that occur an even number of times in those sequences and do not include the block
label itself.

e Since we can group every block A in distinct pairs, we can conclude that every block A itself
has to be of even size.

e Instead of allowing for every pair of points a, @’ € A only an even number of points for every
other block between [«, o], it is sufficient to check this property for every distinct consecutive
neighboring pair (8, 8’) (as in Definition 4.18), since the global evenness condition over any
interval [, @'] can be obtained by summing the local parity conditions between each such
consecutive pair within that interval. The additivity of the evenness parity ensures that if the
condition holds locally between all neighboring pairs, then it must also hold for any larger
enclosing pair. As a result, this shows that every distinct pair of blocks in an even-nested
partition is non-interferent.

<: This direction is trivial, since if any two distinct blocks A, B in a partition p are non-interferent,
then the following applies by definition.

Va,o/ € A: o, /] N B| =2 0.

As a result every occurrences between all o and o’ have to be of even size, while even-nestedness is
already satisfied if the points between any distinct neighboring o and o’ occur an even number
of times. O

In this case, we see that having alternative definitions, such as our ordered walks, can help uncover
additional properties and perspectives. Although the even-nested property itself is not a novel
result, we were able to establish its connection to Il via ordered walks and thereby further
reinforcing the definition of Mang. In Section 4.4, we revisit the definitions from this section.

4.4 Relationship Between Ordered Walks and the Parameter £ in Il;ci.. o)

We defined Il in many different ways. Now that we have established a connection to ordered
walks, we are interested in the significance of the parameter k in Ilyc (1, o). Since k occurs in the
context of the generator partition definition, we will also focus on this perspective in this section.
Furthermore, as we perform operations on partitions in this section (see Section 2.2.1), we once
again distinguish between upper and lower points when necessary.

From Definition 3.9, we know that the partition micy is given by k four blocks on 4k points of
the form

T = (pla s PksPks -3 P15DP15 -5 Pks Pk» "'apl)

|1

1 2 3 3 2 1 1 2 3 3 2 1

Recall that the partitions in NCy are basically simple walks and those in Ilpcqy . o) are
ordered walks. In order to classify k in Ilycqi. o0}, We need to understand what changes by
assigning k with different values. For & = 1 we have II; = ( 5773 ) which coincides with the
category NClepen Bs (see appendix). This category differs from NC5 in that the block sizes can
grow arbitrarily large while remaining even. As the name of this category suggests, there are still
no crossings between the blocks. Thus, it can be interpreted as "non-crossing ordered walks”,
where paths can be traversed arbitrarily many times without introducing crossings. Combining
those finding with Proposition 3.16, we see that

NCepen Bs € er{l,...,oo}'
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Using the category-generating algorithm from 0SCAR, as described in [Vol23], we observe that

T2 :lﬁﬁ¢ Nceven BS

1221122

and therefore

NCeyen Bs C er{l,...,oo}

which is entirely reasonable since w9 contains crossings and the ordering from Proposition 3.16
is actually strict (see [SR16]). Intuitively, this suggests that as k increases, the number of possible
crossings and nestings also grow.

Now, we aim to analyze the significance of k in the context of the rules in Definition 3.13 and

to understand how the rules change when considering a fixed, finite &k € N.
Given the assumption that the parameter k£ in ey . ) is related to the crossings and nestings
of its elements, we want to use a measure that quantifies the degree of crossing complexity. Both
Raum and Weber as well as Mang investigated the implications of the parameter k in ey, o0}
Raum and Weber used a so called w-depth, where Mang defined a betweeness relation.

We first start to introduce the betweeness relation by Mang.

Definition 4.24 (Betweenness and the Category Ilyeq1, .. o0})- Let p be a partition. We define
the betweenness relation X, as

Xp:{(A,B,C)EpX3|ﬂ(A:B:C) AF(a,7) e AxC:|[a,v]p,NBl=21}.

Using this relation, we define the category IIj as the set of all partitions p € Il satisfying the
following condition:

VA,C € p with A crossing C, [{Bep| (A B,C) € xp}| <k

As we can see, Mang was able to measure nestings in a partition p € Il for a fixed k¥ € N. However,
for the level of crossings in p, we need another point of view. For this purpose, we could use the
so-called w-depth, defined in [RW13].

Definition 4.25 (W-depth). Let p be a partition. Then the w-depth of p, denoted by w-depth(p),
is the largest integer k such that a rotated version of p contains a W-structure of depth k. More
precisely, p contains a W-structure of depth k if there exist k£ distinct elements ag, ..., ax such that
p can be written in the form:

_ B 5
p=Yia1 X{as...ar Xp apXyap—1...a1 Yoa1 X{as...ap X axXpap—1...a1Y3

S SB Kk g6

where each letter a; appears an odd number of times in the respective segments S, S#, 87, and
59 formed by these subwords. The number w-depth(p) thus measures the maximal depth of such
a W-structure present in p.

Example 4.26. Since the definition of w-depth(p) is admittedly confusing, we will discuss some
examples and edge cases.

(a) m has a w-depth of k. This results from the definition of

T = (p17 wes PkyPks -3 P15, P1y -5 Pk Pk "'7p1)

which basically coincides with the definition of w-depth(p), where a; = p; and the remaining
segments Y;, X;, ... are empty. In fact, the definition for w-depth is designed in such a way
that a partition p with w-depth(p) = k is like 7, with some additional optional sub-partitions
(see Remark 4.8.(f) in [RW13]).

(b) The partition p = (1, 2, 2, 1, 3, 3, 1, 2, 2, 1, 3, 3) has a w-depth of 3, although it only
contains a W-structure of depth 2, namely a; = 1,a2 = 2. But since the rotated version
(1, 2, 3, 3,2, 1, 1, 2, 3, 3, 2, 1)(= m3) has the maximal W-structure of all rotated version
of p with 3, we say w-depth(p) = 3.
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(c¢) Recall that by definition each letter a; has to appear an odd number of times in the respective
segments. To get an idea why this rule is important we will look at the following example. Let
p be of the form p = (12,22,32,32,22 12 12,22 32 32,22, 12). More precisely p basically looks
similar to 73 with the difference that we duplicated each point. Intuitively, this partition
should has a w-depth of 3 since 7, has a w-depth of 3. Nevertheless, it actually has a w-depth
of 2 since it basically is a modified version of ms. Recall that by rotating 7o, we get

e

which can be used to swap arbitrary neighboring pair points of a partition by applying com-
position. So to retrieve p, we can simply start with (12,12,12,12,22 22 22 22 32 32 32 3%) ¢
NC(C5 and swap with the rotated version of w9 until we get p.

(d) The term w-depth is named after the Dyck path representation of a partition. Consider the
partition

p=(1,2,3,4,4,3,2,1,5,6,6,5,1,2,3,3,2,1).

The Dyck path of p is

We can see that w-depth(p) = 3 since we have the the points 1,2,3 in a repeating pattern
like in the definition for w-depth. Looking at the Dyck path we can see that the point 1,2, 3
are drawing a big W (marked in red).

Definition 4.27 (Crossings in Ordered Walks). Let w be an ordered walk represented as
wW=...Wqg...-Wp...Wq...Wp...

where w, and w;, are sub-walks of w. We say that w, and wy cross each other in w if they appear
interleaved within the sequence as shown above and both w,,w, are non-empty.
If one of the sub-walks is empty, we say that the other crosses itself in w.

Example 4.28. (a) The walk w = (1,2,2,1,3,3,4,4,1,2,2,1,4,4) has a crossing between the
sub-walks w, = (1,2,2,1) and w, = (4,4)(= (1, 1))

(b) The walk w = (1,2,3,3,2,1,4,4,1,2,3,3,2,1) has a crossing where the sub-walk w, =
(1,2,3,3,2,1) crosses itself, since w = wq (4, 4)w,.

Theorem 4.29. Il is the category of partitions of all even-nested partitions with a w-depth of at
most k.

Proof. Follows from Proposition 4.20 and Section 4 and 5 from [RW13]. O

Knowing the parameter k in p € Ilpcqi,.. o) actually determines the degree of crossings and
nestings, as measured by the w-depth, it is necessary to extend the concept of w-depth to our
ordered walks. The basic intuition is that a w-depth of k£ in an ordered walk simply means visiting
at most k consecutive edges ey, es, ..., e, at least four times in a crossing manner.

Proposition 4.30. Let p € 1, 00} be a partition with a W-structure of (at least) depth m,
then the ordered walk w = p traverses m edges ey, e, ..., ey that form a path where each e; is
adjacent to e;y1. The walk follows the general visiting pattern

w:(617~~~;em76m7"'7613617-~~7eTn76m7"'761)5

where additional sub-walks may occur between, before and after consecutive edges, provided that the
overall ordered walk remains valid.
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Proof. The walk w visits the following sub-tree as explained in the proposition above.

The additional sub-walks that may occur between, before and after consecutive edges are depicted
by the ”...”. This property occurs since all the edges e, ..., e,, are traversed forwards before any
edge e; is traversed backwards. O

Finally, at this point, we are able to present an interpretation for the parameter k in Iye(1, . o0}
in terms of the ordered walk representation on rooted plane trees.

Theorem 4.31. Let w € Iy, for a fixed k € N. Then for every pair of sub-walks wy and wy in w
that cross each other, the sum of their depths satisfies

depth(w;) + depth(ws) < k.

Proof. We prove this statement by contradiction. Let w € Iy with & € N be an ordered walk in
which the sub-walks w, and w, cross each other. We assume additionally that d, + dp > k, where
d, = depth(w,) and d, = depth(wp). As a result, the walk w has the following form

W = W W, W2 WpW3WqWaWp WS .

Now we remove the walks w; with ¢ € {1,2,3,4,5} where the resulting walk w’ is still an
ordered walk according to Definition 2.24 (alternatively we could also remove them by partition
operations). The walk

w =(1,...,dg,dg,...,1,do +1,....dg +dp,do +dp,...,ds +1,

sub-walk w, sub-walk wy
1,...,dayda, ..., L,da+1,...,dg + dp,dg + dp,...,dg + 1)
sub-walk w, sub-walk wy

traverses the tree

de +3

dtod, ,* S (dg +4) to (dg + db)

We can now rotate w’ to w”, where w” is depicted below, without normalizations due to
readability.

w’' = (dg,...,1,de+1,...dg +dp,dg +dp,...,dg +1,1,...,dq,

doy... L,da+1,...dg +dp,deg +dp, ..., de +1,1,...,dg)

Finally, the tree of w” has the following form.
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d, to 1

(do + 1) to (dg + dp)

Consequently, w” has a W-structure of depth d, + d, and the partition depicted by w’ is
generated by (II; | | > d, + dp > k). Since we are able to transform w to w” by simply removing
sub-walks and applying the category operation of rotating in the partition layer, we can deduce
that w ¢ II;. However, we assumed that w € IIj, which leads us to the contradiction and proves
our statement.

This can be explained intuitively: By rotating we can basically choose a new root in the tree,
i.e. a new starting point in the walk. Consequently when we have such a crossing, we can simply
choose the deepest node in one of the crossing sub-walks as the root (i.e. starting point) and get
an ordered walk with (according to Definition 4.25) a w-depth and a W-structure of d, + dp (see
Proposition 4.30).

O

Example 4.32. Note that we will not normalize the walks/partitions in this example just to make
it less confusing. Let p = (1,2,2,1,3,4,4,5,5,3,6,6,1,2,2,1,3,4,4,5,5,3,6,6). As a result, p is
in II4 since the rotated version p’ = (5,3,6,6,1,2,2,1,3,4,4,5,5,3,6,6,1,2,2,1,3,4,4,5) has the
maximal possible w-structure of 4, i.e. the sequence 5,3,1,2. Note that we can construct p’ by
performing a bottom-right and top-left rotation 4 times. The tree which is traversed by p looks as
follows.

We can see that the walk p does not violate Theorem 4.31, since the following two sub-walks are
crossing each other:
walk 1,2,2,1 with 3,4,4,5,5,3,6,6.

From the tree we can see that the walk 1,2, 2,1 has a depth of 2 as well as the walk 3,4,4,5,5, 3,6, 6.
As a result, by rotating p to p’ we changed the starting points of the walk p to the node with the
edge 5 as described at the end of the proof for Theorem 4.31.

5 Algorithmic Methods for Analyzing Properties of 11,

An other approach for investigating the properties of categories is to utilize algorithms and data
structures and apply computer algebra research systems. As described and analyzed in [Vol23],
presented at ISSAC conference 2025 ([FV25]) and implemented in 0SCAR ([OSC25]), we make use
of several algorithms, particularly the one for generating categories of partitions. Furthermore,
we propose and analyze new algorithms in the domain of the category II,,. More precisely, using
Theorem 4.17, we solve the problem of deciding whether p € Ili¢c(y,... ) for a partition p.

.....
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5.1 Applying Category generating Algorithms

Open-source computer algebra systems such as 0SCAR are valuable tools for performing symbolic
computations, verifying mathematical properties, and experimenting with algebraic structures. In
this section, we demonstrate how we used our algorithms for partitions problems (designed in
[Vol23] and implemented in 0SCAR) to get the idea of drawing a connection between the partition
category I, and ordered walks.

Consider the following problem. Let C be a category and G be a set of partitions, where (G)
generates C. Given G and a n € N, we are interested in an algorithm to calculate the set C N P(n)
and |C N P(n)|, i.e. all partitions in C of size n.

With such an algorithm, we could generate |II., N P(n)| for different partition sizes n and
compare the results with already existing sequences in [OEI]. For this problem, we can use the
algorithm described and analyzed in [Vol23] and implemented in 0SCAR. The following code shows
the computation of the twelfth number in the sequence, where we calculate the set |IIo, N P(12)]
using the function construct_category.

In: using Oscar

In: pi.3 = set_partition ([], [1, 2, 3, 3, 2, 1, 1, 2, 3, 3, 2, 1])
In: base_partition = set_partition ([1], [1])

In: length (construct_category ([pi_-3, base_partition, 12))

Out: 22672

Due to the high computational power required for partition generation and its significant com-
plexity, we can only compute Il,, up to a size of 12, yielding the following values.
partitionsizen | 0 [ 2| 4 | 6 | 8 | 10 | 12
[Tl N P(n)] 13|15 |84 | 513 | 3333 | 22672
MeeNP(n,0) | 1| 1] 3 |12 ] 57 | 303 1744

Note that for odd partition sizes we get zero. Using [OEI] we can see that the sequence A094149
fits to the sequence of |1, N P(0,n)|, where we only filter out partitions with lower points of size
n, which is similar to our adaptation in Definition 3.2. The description of A094149 corresponds
to ordered walks on rooted plane trees. This was the point in our research where we started
to investigate ordered walks in a more detailed way, which finally brought us to the result in
Theorem 4.17.

Since we have already proven the connection between II,, and ordered walks, in Section 4.2,
we know that the results are valid. Consequently, we can use the formulas for ordered walks from
Section 2.2.3 to get further results for |II., N P(n,0)].

n
Mae NP(0,n)|=Y  Wa(r)
r=0
where the numbers of W,,(r) with n > r > 0 is given by

e g l4+i—1\(v—1
Wu(@)=> > > Wu—i—j(l)< i1 ) (Z 3 1)Wj(v — ).
i=1 j=v—i 1=0
In order to implement the formula efficiently, we use dynamic programming (see Section 2.1.2).
We implemented both a top-down and a bottom-up approach in Python, which can be found in
the GitHub repository [Vol25]. The advantage of using Python for such a domain is the support
larger numbers than the typical fixed-size integers found in other languages. As discussed in
Section 2.1.2, the bottom-up approach often outperforms the top-down approach. For a flexible
and efficient implementation of top-down dynamic programming, we used lru_cache() from the
Python library functools. The basic functionality of this decorator is to wrap a function to add
caching functionality, implicitly applying top-down dynamic programming (see [Fou25]).
As a comparison and to test the the time needed for computing the sequence up to |y N
P(n,0)|, we executed both approaches for different n's.

n 20 | 40 | 60 | 80 | 100 | 120 | 140
top-down | 0.02s [ 0.3s | 2.5s | 13s | 40s | 140s | 250s

bottom-up | < 0.01s | 0.2s | 1.4s | 7s | 25s | 70s | 150s
digit size 16 38 62 89 | 118 | 148 | 179
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To get a more general and formal idea of how complex the calculation process of this sequence is,
we analyze its time and space complexity using asymptotic growth (see Section 2.1.1).
The calculation |TI,oNP(n,0)| consists of three different steps. First we precompute all binomial

coefficients ,
{<Q|O<j<i<n}
J

using bottom-up dynamic programming and the recursive formula of the binomial coefficient.

Algorithm 1: Precompute Binomial Coefficients

Input: n (the maximum value for binomial coefficients to compute)
Output: binom (a 2D array storing binomial coefficients up to n)

1 binom < array of size (n + 1) x (n + 1) filled with 0;

2 for i € {0,1,...,n} do

3 binom[i][0] < 1 >Base case: (8) =1

4 binom[i|[i] + 1 >Base case: (:) =1

5 for k€ {1,2,...,i—1} do

6 | binom[i][k] < binom[i — 1][k — 1] + binom[i — 1][k] >Recursive formula
7 end

8 end

9 return binom

This step has a time complexity of O(n?). Subsequently, we precompute
{(Wi(j)10<j<i<n}
using a bottom-up dynamic programming approach.

Proposition 5.1. Calculating the number of ordered walks (or partitions in Il ) of length n has
an upper bound time complexity of O(n®).

Proof. Since computing each W;(j) involves evaluating three nested sums, the time complexity
for calculating a single W;(j) is O(n?). As we compute W;(j) for all 0 < j < i < n, the overall
time complexity for this step is O(n3 - n?) = O(n®). Additionally, note that we can leverage the
precomputed binomial coefficients for the calculation of W;(j).

Finally, we sum up W, (r) for all 0 < r < n in O(n). Combining all steps, the total time
complexity is O(n? +n’ +n) = O(n®). O

Note that we assume basic operations like addition and multiplication to run in O(1) time. In
practice, however, this does not always hold when operands become large, as their bit-length
grows and arithmetic operations require logarithmic time.
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5.2 Constructing and Validating Elements in 11

During the process of investigating properties of different categories, it can be helpful to have
algorithms that are able to decide whether a certain partition p is in a specific category C. However,
in general, the decision problem of determining membership p € C is undecidable. Theorem 4.9 in
[FV25] states the following.

Theorem 5.2 (Theorem 4.9 in [FV25]). There exists a recursively enumerable category of parti-
tions C such that the problem of determining if p € C for a partition p is undecidable.

However, in this section, for the category Il.,, we present an efficient algorithm that decides
whether a given partition belongs to 1.

The naive approach would be to simply generate the category given the algorithm used in
Section 5.1 and implemented in Oscar. Nevertheless, this approach has a high complexity and is
only sufficient for small categories and small input partitions.

Another approach would be to use algorithms that provide direct insights into specific properties
of partitions. Some of these algorithms have already been implemented in Oscar by us, including
the functions is_pair, is_balanced, and is_non_crossing. All of these functions run in linear
time, making them significantly more efficient than the naive approach from above.

Example 5.3. Consider the problem of classifying the category of a partition. Given a par-
tition p and the category Bs (see Section 2.2.2). We now want to verify, whether p € Bs.

Algorithm 2: Naive Approach with Category Generation

Input: p: The partition, Bs: The category to check against
Output: True if p € B;, otherwise False
1 Generate Bo;
2 Bj < construct_category([producer of B3], size(p));
3 return p € By;

While this approach is sufficient for a p of size(p) < 12, it is generally considered as slow. A more
efficient approach is the following.

Algorithm 3: Efficient Approach using Property Functions

Input: p: The partition, Bs: The category to check against
Output: True if p € Bs, otherwise False

1 is_pair_partition ¢ is_pair(p);

2 is_balanced < is_balanced(p);

3 return is_pair_partition A is_balanced;

Since this approach has a linear time complexity, it runs for inputs of size up to about 107.

Currently, the only approach available to handle the input category Il., is the naive approach.
This is because II,, cannot be described solely using properties such as crossing, balanced, pair,
singleton, etc. Fortunately, we were able to prove the connection between I, and ordered walks
in Section 4.2. Consequently, given a partition p and the category I, we can proceed by checking
whether p also describes an ordered walk. Using this property, we can construct the following
algorithm:
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Algorithm 4: Efficiently check membership of IT.

Input: input partition p

Output: True if p corresponds to a valid structure, else False
1 pik + p; max_point + max(pi_k);

/* Initialize arrays */
2 fill array back_edge and visited with False up to index max_point;
/* edge of type array[pair[]] x/
3 initialize array edge up to size max_point;
4 curr_node <+ 0;
5 for curr_edge in pi_k do
6 if not back_edge[curr_edge] and not visited[curr_edge] then
/* add new edge to tree structure in array edge x/
7 edge [curr_edge] « (curr_node, curr_edge);
8 curr_node < curr_edge;
/* expect next occurrence of this edge to be a back edge */
9 back_edge [curr_edge] < True;
10 visited[curr_edge] < True;
11 continue;
12 if visited[curr_edge] and back_edge[curr_edge] then
13 if curr_node # edge[curr_edge] [1] then
/* violation in tree structure detected (cycle) */
14 L return False;
15 curr_node ¢ edge[curr_edge] [0];
16 back_edge [curr_edge] < False;
17 continue;
18 if visited[curr_edge] and not back_edge[curr_edge] then
19 if curr_node # edge[curr_edge] [0] then
/* violation in tree structure detected (cycle) x/
20 L return False;
21 curr_node < edge[curr_edge] [1];
22 back_edge [curr_edge] < True;
23 continue;
/* check whether final node is the root */
24 return curr_node == 0;

In Algorithm 4, the array edge is used to store, for each point value (representing an edge in the tree
structure), a pair consisting of the current node and the node reached by that edge. Consequently,
each node is associated with the value of the edge that first visited it. The algorithm iterates
through the points of the input partition p and builds the tree structure in the array edge, which
is traversed by the ordered walk p. If the algorithm iterates over an already visited point value,
it checks whether the current node in the traversal matches the expected node stored in the array
edge, if not, this indicates a violation of the tree structure, and the algorithm returns False.
Finally, the algorithm returns True, if the walk p terminates at the starting point, i.e. the root.
In the following example, we demonstrate a run of Algorithm 4, where the input partition is actually
in 1. In this case, the algorithm successfully builds the rooted plane tree while traversing it in
the form of an ordered walk.

Example 5.4. Consider the partition (1, 2, 2, 3, 3, 1, 4, 4) € II,. Algorithm 4 iterates over
each point value. For any new point value encountered, the algorithm stores a pair consisting of
the current edge and the new point value. Note that the root node is assigned with 0 since it is a
special case. The resulting rooted plane tree looks as follows
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stored in the array edges of the form [(), (0, 1), (1,2), (1, 3), (0,4)], meaning the edge with value
1 goes from root to node 1 the edge 2 from 1 to 2 and so on.

If we have the case that the input partition is not in I, the algorithm will find a violation in the
tree structure.

Example 5.5 (Input partition not in I, ). Consider the partition (1, 2, 2, 3, 3, 1, 4,4, 1, 4,4, 1) ¢
II. In this case, the algorithm constructs the tree up to the 9th point value. Since we are in the
node 1 now, visiting node 4 would form a cycle. As a result, the algorithm returns False.

Theorem 5.6. Given a partition p of size n, the problem of deciding whether p € Il can be solved
in time O(n), which coincides with the lower bound Q(n) of this problem. Thus, the algorithm is
asymptotically optimal.

Proof. Algorithm 4 solves this problem with linear time complexity. Since the algorithm iterates
through the given partition only once and, in each iteration, accesses the array indices with constant
time complexity, the overall time complexity is O(n). The lower bound time complexity for this
problem is Q(n), because we need to check each point in p in order to decide whether p is an
ordered walk. O

After presenting an algorithm that decides whether a partition belongs to II.,, we now aim to
design an algorithm for a more specific problem. Let p be a partition and k£ € N. We want an
algorithm that checks whether p € II;. In Section 4.4, we defined multiple ways to characterize
the elements in Il for a fixed k. One of them is the w-depth, where we look at the Dyck path
layer of the partition. The other two characteristics are the betweenness relation of A. Mang and
the depth of the crossings in the ordered walk layer. However, we consider the w-depth for the
specialized membership problem.

Definition 4.25 stated that we can compute the w-depth by rotating the partition and searching
for the deepest W-structure.

Lemma 5.7. Letp = (p1,...,pn) € oo be a partition with w-depth k. Then there exists a rotated
version p' of p such that the W -structure of depth k in p’ begins at the first point, i.e. p| = a1,
where a; denotes the W -structure as defined in Definition 4.25.

Proof. As p is in I, it is also an ordered walk. In the proof of Theorem 4.31, we showed that
rotating p allows us to change the root of its rooted plane tree. Consequently, we may rotate p so
that the root lies at the first edge of the deepest W-structure. O

Using Lemma 5.7, we can construct an algorithm with a time complexity of O(n?).
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Algorithm 5: Compute w-depth of a partition in IT.

Input: Partition p € Il
Output: Th w-depth p

1 out < 0;
/* Iterate over all rotated versions of the partition x/
2 for i < 0 to size(p) do
3 rotate points p1,...,p; to right side of partition;
4 | max_point + max(p);
5 initialize array back_edge of size max_point + 1 with False;
6 deepest_in_wdepth < —1;
7 level < 0; max_level < 0; second round « False;
8 for point in p do
9 if not second_round then
10 if point == 1 and back_edge[1] then
11 back_edge[1] < False;
12 second_round < True;
13 continue;
14 if not back_edgelpoint] then
15 level < level + 1;
16 if maz_level < level then
17 max_level < level;
18 L deepest_in_wdepth ¢ point;
19 else
20 L level < level — 1;
21 else
22 if point == deepest_in_wdepth then
23 L out < max(out,max_level);
24 back_edge[point] < —back_edge[point];

25 return out;

Algorithm 5 outputs the w-depth of a partition p € TI,,. As written in Definition 4.25, the
algorithm iterates over every rotated version p’ of the input partition p. Note that according to
Theorem 4.17, p as well as p’ are also walks on rooted plane trees. For every p’ it calculates
the maximal Dyck level (or depth) of the first sub-walk wg,; that starts at the root and ends at
the root, i.e. the first and the last move of the sub-walk has the value of p}. Additionally, the
algorithm stores the deepest point p,; encountered during the walk wg,,. After completing wgyp,
the algorithm continues iterating through p’, and if the value pg occurs again in p’\ wgyp, it updates
the output variable with the depth of pg, if this value is greater than the current output, which
may have been set by a previous rotation of p’. According to Lemma 5.7, there is a wgyp which is
part of the W-structure that sets the w-depth of p.

Theorem 5.8. Let p € Il be a partition of size n € N. Then the problem of computing the
smallest k such that p € 11y, can be solved in O(n?).

Proof. Algorithm 5 solves the problem from above. In worst case, the algorithm iterates for every
rotated version of p through each point. Since there are n different rotated versions of p and for
each version we iterate over all points, we get an overall time complexity of O(n?). O

The implementation of this algorithm can be found in [Vol25].

6 Discussion
In this section, we conclude the thesis by summarizing its key contributions and providing a brief

outlook on potential directions for future work based on the presented results. The following graph
shows a general overview of the main topics of this thesis.
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Applications

Counting I, / Proposition 5.1 | | Algorithm 4 / Theorem 5.6 Algorithm 5 / Theorem 5.8

N /

Theorem 4.17 Theorem 4.31
Theorems
Dynamic Programming Ordered walks Il Categories of Partitions

Foundations

Our main achievement is the discovery and proof of the connection between the category Il and
ordered walks on rooted plane trees, which is formulated by Theorem 4.17. Based on this result, we
derived a polynomial-time algorithm for counting the number of partitions in Il of size n. Before
that, such calculations were only possible for values of n up to ~ 12, due to the exponential growth
of the category. Additionally, given a partition p, we can now solve the membership problem of
whether p € II, in linear time. If p € Il,, we can also compute the smallest k& such that p € Il
in quadratic time. Moreover, we were able to further validate Mang’s Definition 4.21, for which
we also provided our own interpretation, called even-nestedness, and proved it via ordered walks.

Future Work

Definition 3.13 by Raum and Weber defines the category I, via the notation of open blocks. The
limitation of this definition is that it does not take the parameter k in Ilzc(y,. .. ) into account.

Question 6.1. In what way must the rules in Definition 3.13 be modified to characterize the
category Iy, for a fixed k € N?

This problem could be solved by looking at the interpretation of ordered walks generated by Il
for a fixed k£ € N discussed in Theorem 4.31. In this interpretation, open pairs correspond to
paths that are traversed forward but not backward, and Dyck levels represent the depth within
the rooted plane tree.

Continuing with the parameter k in Ilyc(y . oy, the formula from Khorunzhy and Vengerovsky
counts the number of ordered walks (see Section 2.2.3), i.e. the category Il,,. Consequently, it
would be interesting to get a closed formula for counting the category II; for a fixed k € N.

Question 6.2. Is it possible to find a closed formula for counting all ordered walks generated by
11, for a fixed k7?7

Such a formula could be retrieved by further investigating the formula of Khorunzhy and Vengerovsky
and adapting it with the help of Theorem 4.31.

Question 6.3. Currently, we still need to construct Il,, via the generator partitions. Could this
be done more efficiently by enumerating I1,, through the even-nested property?

It may be possible to construct Il via a grammar that relies on the even-nested property. This
approach could be more efficient, as it naturally avoids partitions outside I, and does not rely
on partition operations, unlike the generator enumeration method.
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