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Introduction

In this thesis we deal with a new generalization of graph C*-algebras: we use hyper-
graphs for this approach.

A graph is a structure that is made up of a set of vertices and edges. By adding a
source and a range map to our structure we obtain directed graphs. Directed graphs
are used to construct graph C*-algebras. They developed from the Cuntz-Krieger al-
gebras, which were defined in 1980. Graph C*-algebras have been studied broadly
for the last 40 years. The reason for this is that the graph provides a handy tool for
characterizing and visualizing properties of the associated graph C*-algebra.

The main goal of this thesis is to generalize said object in the hope to find inter-
esting connections and differences to the well studied graph C*-algebra. We do so
by transferring the concept of graph C*-algebras on hypergraphs. Hypergraphs are a
generalization of graphs and therefore, a possible candidate to achieve our goal. The
difference to graphs is that the range and source map of hypergraphs map into the
power set of the vertices. Hence, an edge can join any number of vertices.

After introducing hypergraph C*-algebras, we examine a collection of different ex-
amples. We were able to find an example that shows, that in contrast to the graph
C*-algebras, a hypergraph C*-algebra does not need to be nuclear (see Proposition
. Also we found a hypergraph C*-algebra that is isomorphic to the well known
Toeplitz algebra (see Proposition and one that is isomorphic to the Cuntz algebra
(see Proposition . This led us to the idea of hyperization. The line of reasoning is
to find a "hyper version” of a given graph, that delivers us a *-homomorphism between
the graph and the hypergraph C*-algebra. One ”hyper version” we found provides us
with an injective *-homomorphism.

Keeping in mind, that by the Gelfand-Naimark Theorem every C*-algebra has a rep-
resentation on a Hilbert space, we went on and investigated some explicit representa-
tions. By representation we mean a *-homomorphism from the C*-algebra into B(H)
the space of bounded operators on a Hilbert space H.

We now give an outline of the thesis.

In Chapter 1 we provide mathematical basics that are indispensable for the construc-
tion of graph C*-algebras. We will also present examples of C*-algebras that will
encounter us throughout this thesis.

Chapter 2 deals with graph C*-algebras and their best known examples.

Finally, in Chapter 3, we pass to our own work: we introduce and study the case of
hypergraph C*-algebras. We give a definition and a collection of examples that we
examined. Some examples are completely understood and some only partially. We
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also present examples that are still quite mysterious to us. At the end of the thesis,
we prove the non-triviality of the examples by presenting representations.



1 Preliminaries

Since we want to study hypergraph C*-algebras, we need to introduce the concept of
universal C*-algebras first. To fully grasp the concept, we will show some beautiful
examples of universal C*-algebras. Before doing so, we will speak about projections
in C*-algebras, since they will play a major role in this thesis. A standard reference
for the theory of C*-algebras is Blackadar| (2006).

1.1 Projections in C*-algebras

In this chapter, we provide basic properties about projections.

Definition 1.1. Let A be a C*-algebra. We call p € A a projection iff the equation
p = p? = p* holds.

Definition 1.2. Let A be a C*-algebra. We call s € A a partial isometry iff the
equation ss*s = s holds.

Remark 1.3. Notice that for every partial isometry s in a C*-algebra A we have
§* = s*ss*.

The following statements are about orthogonal projections on a closed subspace of
a Hilbert space H. Due to the Gelfand-Naimark Theorem we know that for every
C*-algebra we have a faithful representation on a Hilbert space. Hence, we can use
the upcoming statements for projections in some C*-algebra. They are being proven
in Raeburn| (2005).

Proposition 1.4. Let P and QQ be orthogonal projections on a closed subspace of a
Hilbert space H. The following statements are equivalent:

(o) PH C QH

(b) QP =P =PQ

(¢c) Q — P is a projection.

(d) P <Q (meaning (Ph,h) < (Qh,h) for allh € H)

Proposition 1.5. Let P and QQ be orthogonal projections on a closed subspace of a
Hilbert space H. The following statements are equivalent:

(a) PHLQH
(b) QP =0 = PQ
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(¢) P+ Q is a projection.

To show the main statement of this section we need some terminology and properties
of positive elements.

Definition 1.6. In a C*-algebra A we name an element z € A positive and write 0 < z
iff an element x € A exists with z = z*z. We write a < 2z iff 0 < 2 — a.

Remark 1.7. One can show that a bounded operator T on a Hilbert space H is positive
iff (Th,h) >0 for allh € H.

Proposition 1.8. Let A be a C*-algebra.
(a) Let x € A. If —x*x > 0, then x = 0.
(b) The relation in Deﬁm’tion defines a partial order structure.

(¢) The sum of positive elements is again positive.

Proof.  (a) see (Web))[Lemma 4.7].
(b) see (Web)[Corollary 4.9].

(c) Follows immediately from (b).

Let’s show the main statement of this section.

Proposition 1.9. Let {p; | 1 < i < n} be projections in a C*-algebra A. Then we
have that p := Y ;" | p; is a projection iff pipj = 0 for all i # j. In that case we say
that the projections are mutually orthogonal.

Proof. Let the projections {p; | 1 < i < n} be mutually orthogonal. We are going to
prove that p is a projection. It is clear that we have p* = p. Furthermore it holds that

n n n n
PP=> > pipi=3 pi=> pi=p
i=1 i=1

j=1 i=1

Let’s prove the converse. We are going to use an induction. The case of n = 1 is
trivial. Assume that the converse holds true for n. Let Z?:Jrll p; be a projection.
Since p; = pip; is positive for all ¢ € {1,...,n} it follows that Z?jll Di > Pnt1. With
Propositionwe know, that > " | p; = Z?Ill Pi —Pn+1 1S a projection. The induction
hypothesis implies that the projections {p; | 1 < i < n} are mutually orthogonal. Using

Proposition shows, that py,1 is orthogonal to > | p;. For i <n we have
n
0 < (Pipn+1)* (PiPnt1) = PutaPibnir < Pur1(D_pi)Pat1 =0
j=1
and hence
Ipipn+1ll* = [[(Pipn+1)* (Pipns1)| = 0.

We conclude p;p,+1 =0 for all i € {1,...,n}. O



1 Preliminaries

1.2 Universal (C*-algebras

In this section we construct universal C*-algebras. They are the fundamental math-
ematical object to define graph C*-algebras.

Definition 1.10. Let E = {x; | i € I} be a set of elements indexed by a set 1.

(a) A noncommutative monomial in E is a word z;, - - - x;,, with i1,...,%,, € I and

m € N\{0}.

m

(b) A noncommutative polynomial in E is a complex linear combination of non-
commutative monomials: Z]kvz1 aryr with N € N,ap € C and yy, ..., yn being
noncommutative monomials in E.

(c) The concatenation of two words is defined by the following
(Tiy = Tig) - (Tjy -+ Tj,) = Ty - T, Ty T,

where z;, - -+ x;,, and xj, - - - x;, are two words.

m

(d) The free algebra on the generator set E is the set of all noncommutative polyno-
mials with the canonical addition and scalar multiplication. The multiplication
of two elements from the free algebra is given by the concatenation.

Note that for every algebra B containing a set of elements {y; | i € I} that is indexed
by the same set I, we will find a homomorphism from the free algebra to the algebra
B sending x; to y;, for all ¢ € I.

Let E = {z; | i € I} be a set of elements. By adding another set £* = {z} | i € I}
which is disjoint with F and by defining an involution on F U E* using the following

€1 Em\* .__ —, €m €1
(oag)..a™)" = qxi™..xy)
1 € = *
where a € C, ¢, € {1, *} and &, :=
* € = 1

we obtain the free *-algebra P(FE) on the generator set E.
Definition 1.11. Let E = {z; | i € I} be a set of elements indexed by a set I.
(a) Let R C P(FE) be a set of polynomials.

(b) Let J(R) C P(E) be a two-sided ideal generated by R. This means that J(R) is
the smallest two-sided ideal that contains R. The universal *-algebra with gen-
erator E and relations R is defined as the quotient space A(E|R) := P(E)/J(R).

Since J(R) is an ideal, the structure of an algebra is kept. By abuse of notation we
will write x; for z; € A(E|R).
We still miss a C*-norm. First, we will have a look at C*-seminorms.

Definition 1.12. Let A be a *-algebra.
A C*-seminorm on A is a mapping p : A — [0, 00), such that
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(a) p(Az) = |A|p(z) and p(z +y) < p(z) + p(y) for all z,y € A and A € C
(b) p(zy) < p(z)p(y) for all z,y € A

(c) p(z*z) =p(z)? forallx € A

holds. We are now able to define universal C*-algebras.

Definition 1.13. Let E be a set of generators and R C P(FE) relations. Define
||| := sup{p(z) | p is a C*-seminorm on A(E|R)}.

If [|z]] < oo for all x € A(E|R) holds, then || - || is a C*-seminorm. To convince
oneself, one can easily check (a)-(c) from Definition [1.12] Furthermore, note that
{z € A(E|R) | ||z|| = 0} is a two-sided ideal: let z € {x € A(E|R) | ||z|| = 0} and
y € A(E|R). By using Definition [1.12] (b) we see that

0 <Ilyzll <yl =0
0 <llzgll < llzllllyll =0

applies.
So if ||z]| < oo holds for all z € A(E|R), we define the universal C*-algebra C*(E|R)
as the completion with respect to the norm ||z|| := ||z||:

C*(E|R) := A(E|R)/{z € A(E|R) | ||z|| = O}H-ll

where x € A(E|R)/{x € A(E|R) | ||z|| = 0} is the equivalence class of z. Observe that
by taking the quotient space the C*-seminorm becomes a C*-norm. The completion
yields a C*-algebra.

The following lemma will provide a useful tool for proving that a universal C*-algebra
actually exists.

Lemma 1.14. Let E = {z; | i € I} be a set of generators and R C P(E) relations.
If a constant C' exists such that p(z;) < C holds for all i € I and all C*-seminorms p
on A(E|R), then it follows that ||z|| < oo holds for all x € A(E|R). In that case, we
say that the universal C*-algebra exists in the sense as described above.

Proof. The norm of a monomial of length N is bounded by CV and hence every
polynomial in A(F|R) is bounded. O

Before we present some examples, we need some basic statements from functional
calculus.

Definition 1.15. Let A be a C*-algebra and M C A a subset of A. By C*(M) we
define the intersection of all *-subalgebras B C A with M C B. Notice that C*(M) is
the smallest *-subalgebra in A that contains M.

In the case that A is unital and that x € A we define in an analogous way C*(z, 1).

Perceive that *-homomorphisms are already uniquely defined on the generator set.
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Lemma 1.16. Let A and B be C*-algebras and M C A a subset of A. Let ¢, : A — B
be two *-homomorphisms. If p(x) = 1 (x) for allx € M, then it follows that ¢p(x) = 1 (x)
forallx € C*(M).

Proof. Since ¢ and 1 are *-homomorphisms we obtain by D := {z € A | ¢(z) = ¢(z)} C
A a C*-algebra in A that contains M. Hence we have that C*(M) C D. O

In the following, we will discuss the so called universal property. Note that our
universal C*-algebra may exist, but it could still be the case that the algebra is trivial.
The universal property is a tool for obtaining *-homomorphisms between C*-algebras
and for proving the non-triviality of a universal C*-algebra.

Let E = {x; | i € I} be a set of generators and R C P(F) relations. We say that
elements {y; | i € I} in some *-algebra B satisfy the relations R, if every polynomial
p € R vanishes, when we replace z; with y;.

Proposition 1.17. Let E = {x; | i € I} be a generator set and R C P(E) relations,
such that the universal C*-algebra C*(E|R) exists. Let E' = {y; | i € I} be a subset of
some C*-algebra B. If the elements in E' satisfy the relations R, then there ewists a
unique *homomorphism ¢ : C*(E|R) — B, where x; is being sent to y; for alli € I.

Proof. Recall the *-homomorphism ¢ : P(E) — B, sending z; to y;. Since the elements
y; satisfy the relations R and hence the two-sided ideal P(R), generated by R, vanishes
in B, the *~homomorphism ¢ induces another *-homomorphism ¢q : A(E|R) — B. To

prove this, one can consider following definition ¢¢ : A(E|R) — B, ¢o(x) = ¢(x),
where x € A(E|R). Tt is well defined. Let z,z € A(E|R) with z = z and therefore
x — z € R. Then we have

¢o(x) = do(2) = ¢(z — 2) = 0.

Keep in mind that ¢q is sending z; respectively z; to v;.
Define p(z) := ||¢o(z)||5 for all x € A(E|R). One can show that this a C*-seminorm

and hence it follows that ||¢o(z)|| < ||=|| holds. Therefore ¢y is continuous. We may
extend it to a *-homomorphism ¢ : C*(E|R) — B, sending x; to y; for all ¢ € I.
Uniqueness is by Lemma O

The following lemma will show the existence of C*-algebras, that we will consider
throughout this thesis.

Lemma 1.18. Let A be a universal C*-algebra that is generated by a partial isometry
x and/or projection y. Then the C*-algebra A exists.

Proof. Let p be a C*-seminorm on A. We have
p(y*y) = p(y®) = p(y) € {0,1} and
pla)' = p(a*z)? = p(z*za*z) = p(z*z) = p(x)® € {0,1}.

By Lemma the C*-algebra A exists. O
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In the last step of this section, we will introduce how to form a product of universal
C*-algebras. We need this definition in a later part of the thesis.

Definition 1.19. Let A = C*(E;|R;1) and B = C*(E2|R2) be unital universal C*-
algebras. We call

Axc B := C*(Ey, E3|R1, Ry and 14 = 1p)

the free product of A and B.

1.3 Examples

In the previous chapter we have seen some tools to prove the existence and non-
triviality of universal C*-algebras. In this chapter we want to actually use them.

The first example we look at is the universal C*-algebra generated by a unitary. An
element u in a C*-algebra is a unitary iff it fulfills the following equation u*u = 1 = uu*,
where 1 is the unit element of the given C*-algebra. To characterize this universal C*-
algebra we need two important theorems from functional calculus. The proofs can be
found in Web[Kapitel 3].

Theorem 1.20 (Stone-Weierstra$}). Let X be a compact Hausdorff space and A C C(X)
a closed, unital *-subalgebra. By C(X) we define the space of all continuous func-
tions from X to C. If there exists a function f € C(X) for all s,t € X,s # t with
f(s) # f(t), then we have A = C(X).

Theorem 1.21 (Continuous functional calculus). Let A be a unital C*-algebra and
x € A normal, meaning x*x = xzx*. Then there exists an isometric isomorphism
¢:C(sp(x)) = C*(z,1) C A with ¢(id) = x and ¢(1) = 1, where sp(z) is the spectrum
of x.

Let’s have a look at our first example. For our universal C*-algebra generated by
a unitary we write C*(u, l|u*u = 1 = uu*). Notice that we will not explicitly write
down the relation of 1 being the unit element. The existence is by Lemma [1.1§] since
every unitary is also a partial isometry.

Proposition 1.22. Let A be a unital C*-algebra and z € A a unitary element with
sp(z) = St, where St := {x € C | || = 1}. Then we have C*(u, l|u*u = 1 = uu*) =
C*(z) C A, meaning that C*(u, l|u*u = 1 = uu*) is isomorphic to C*(z). Notice that
we write C*(z) instead of C*(z,1) because z is a unitary.

Proof. Define C*(u) := C*(u, l|u*u = 1 = uu*). Observe that by the universal prop-
erty we obtain a *-homomorphism ¢ : C*(u) — C*(z) that sends u to z. Since
C*(z) is generated by z we obtain that ¢ is surjective.

Notice that z is also a normal element. Therefore we can use the continuous func-
tional calculus and we get an isomorphism W, : C(sp(z)) — C*(z). Using an argu-
ment by analogy, there exists another isomorphism Wy : C(sp(u)) — C*(u). For
our next step it is important to know that the spectrum of a unitary element is al-
ways a subset of S!. Let ® : C(S') — C(sp(u)) be the restriction mapping defined
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by f = flsp): f € C(S'). By assumption we have C(sp(z)) = C(S*). We define
Y : C*(2) — C*(u) by ¢ := Uy 0 ® o U L. Tt follows that

U(2) = (P20 @ o Wyh)(2) = Wa(P(P(2) = Pa(@(id e (spa)) = Palid | spw)) = u.

Using Lemma we see that 1) o ¢ is already the identity function on C*(u). One
can conclude immediately, that ¢ is injective and therefore, the proof is finished. [

Corollary 1.23. We have C*(u, 1|ju*u = 1 = uu*) = C(S1).

Proof. Consider the identity function z on S! given by z(t) = t for all t € S. No-
tice that z € C(S') and z*2 = 1 = 22* holds, where 1 is the constant function
1(t) = t. We have sp(z) = S'. It follows from the fact that A\ —¢,t € S! is not
invertible iff A € S!. Observe that C(S?) is a unital C*-algebra. Using the previous
proposition, we have C*(u,lju*u = 1 = wu*) = C*(z). By construction we know
that C*(z) C CO(S!) is a closed unital *-subalgebra. Let s,t € S, s # t. We have
z € C*(z) with z(s) # z(t). By Stone-Weierstra8 Theorem we obtain C*(z) = C(S?)
and therefore, C*(u, 1|u*u = 1 = uu*) = C(S1). O

For our next example we consider a universal C*-algebra generated by an isometry
instead by a unitary.

Definition 1.24 (Toeplitz algebra). The universal C*-algebra
T :=C*(u, l|u*u = 1)
generated by an isometry u, meaning u*u = 1, is the so called Toeplitz algebra.

Notice that the Toeplitz algebra exists for the same reasons as for the universal
C*-algebra generated by a unitary element. The Toeplitz algebra is non-trivial. One
can consider the Hilbert space ¢2(N) of square-summable C-valued sequences. Let
{en, | n € N} be the standard orthonormal basis. The unilateral shift S given by
Se, = enq1 is an isometry. With the universal property we have found a representation
of T on (?(N).

The existence of the next universal C*-algebra follows by the same argument as before.

Definition 1.25 (Cuntz algebra). Let n € N and n > 2. We call the universal
C*-algebra

O i=C*(S1,..., 8 | SfS;=1forall i=1,....m» SS =1)
=1

the Cuntz algebra.

The Cuntz algebra is also non-trivial. We sketch the proof. Consider a separable
Hilbert space H with orthonormal basis (ex)ren. Notice that the basis is countable
since we have a separable Hilbert space. Consider injective functions f1,..., fn : N - N
with f;(N) N f;(N) = 0 for ¢ # j and |J;_, fi(N) = N. One could for example take
film) := n(m — 1) +i. By Tiex := ey, () we obtain operators T1,...,T), that fulfill
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the relations from the Cuntz algebra. Notice that since f; is injective a left inverse g;
exists for all i = 1,...,n. We set g;(k) = 0 for every k & imf; and i = 1,...,n. We
also set eg := 0. One can show that T} is given by T7"ex = eg, (1)

Let k € N. Then there exists a j € {1,...,n} and m € N, such that f;(m) = k and
k & Im(f;) for all i =1,...,n with ¢ # j. So we have

n n
D THT (k) = D €)= €10, (15 m)) = €5y (m) = €k
i=1 i=1
Since k was arbitrary, it follows > " | T;T; = 1.
We now come to a third example. Let My (C) be the N x N-matrices and E;; € My (C)
the matrix units, meaning that at the i-j-th place there is a 1 and elsewhere a 0.

Proposition 1.26. Let N € N with N > 2. The following C*-algebras are isomorphic.
(a) Mn(C)
(b) C*(eij;i,5=1,.. .,N\e;‘j = ej; eijep = Ojreq for all i, j,k, 1)

Proof. Let A be the universal C*-algebra in (b). First of all, we prove the existence
of A. Let p be a C*-seminorm. Then we have p(e;;)? = p(ejej;) = plejj) € {0,1}
and hence p(e;j)> = p(ejieij) = plej;) € {0,1}. By Lemma we conclude the
existence of A. The matrix units satisfy the relations of A. Hence there exists a *-
homomorphism ¢ : A — My (C), sending e;; to E;j. Since the matrix units E;; are
generators of My (C), we see that ¢ is surjective. Due to the second relation of A, we
observe that e;;,4,j = 1..., N are already all possible monomials and therefore A is

NZ2-dimensional. The fact that ¢ is surjective implies that ¢ is also injective. O

Definition 1.27. We name a C*-algebra A simple, if it has no proper ideal, meaning
for every closed ideal I C A it immediately follows that either I = {0} or I = A holds.

A common example for a simple C*-algebra is the space of N x N-matrices My (C).
By K(H) we define the space of all compact operators on H, where H is a separable
Hilbert space. What comes next is an infinite version of Proposition [1.26

Proposition 1.28. The following C*-algebras are isomorphic.
(a) K(H)
(b) C*(eij;i, 5 € Nlej; = eji; eijers = dkeq for all i, j, k,1)

Proof. We define A := C*(e;5;1,5 € N|efj = eji; eije = Ojpey for all 4,5, k,1). The
existence follows in an analogous way as in the proof of Proposition

Let (-,-) be the scalar product of H and || - || the induced norm. Since H is separable,
we can choose a countable orthonormal basis (e, )nen in H. For i, 7 € N we define the
operator f;; by fijen := d;jne;, where n € N. We have

[ fijenll = W0mesll = djnllesll = djnllenl-

10
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Therefore f;; is a bounded and hence continuous operator. Furthermore, it follows
that

fijen = 6jne; = djn(en, en)e;

applies. Hence f;; is an operator with a finite image and that is why f;; is a compact
operator. In the next stept we want to prove that f;; fulfills the relations of A. Let
k,l € N then we have

fij(frien) = fij(Oiner) = Smdjrei = djk firen-

Let z,y € H. Due to the orthonormal basis we can rewrite z and y asx = ) (7, en)en
and y = ) (¥, en)en. Using the continuity of f;; we conclude

fijx = fij Z(x,en>en = Z(m,en)éjnei = (z,ej5)e;

neN neN

and hence

(fijz y) = (@, e5)€i,y)

((z,ej)ei Z@’ €n)en)
neN
((z,e5)€i, (Y, €i)eq)
(z,€5)(ei €)(y, €:)
(x,e5)(ej, €j)(y, €)
((z,€5)
(

(z,e5)ej, (y, ei)ej)

Z<$, €n>€na <yv ei>€j>

We see that fj; = fji holds. The operators f;; satsify the relations of the universal
C*-algebra A. Hence there exists a *-homomorphism ¢ : A — K(H), sending e;; to
fij for all 7, j. In the following we will show that ¢ is an isomorphism.

The image of ¢ contains all linear combinations of the operators f;;. Remember the
fact that the image of a C*-algebra under a *-homomorphism is again a C*-algebra.
Therefore, the image ¢(A) contains even all limits of the linear combinations. One can
show that every arbitrary compact operator can be approximated by linear combina-
tions of f;;. This shows that ¢ is surjective.

To show injectivity we regard My := C*(e;5;4,5 = 1,. .., N|e;‘j = €ji; eijep = Ojieq for
all 7,7, k,1) for N € N. By Proposition We have My = My(C). Define ¢ as the
restriction mapping from ¢ on My. Since the kernel of the *-homomorphism ¢y is an
ideal in My and since My is isomorphic to My (C), and hence simple, we have that
¢ is injective. Using the property, that a *-homomorphism between two C*-algebras
is injective iff it is isometric, provides us the fact that ¢y is also isometric. Therefore,
¢ is isometric on the dense subset | J, .y My C A. In turn, it follows that ¢ is injective
on A. O

11



1 Preliminaries

Let’s come to our last example for this section.

Proposition 1.29. Let N € N. The following C*-algebras are isomorphic.
(a) CN as C*-algebra with pointwise operation
(b) C*(p1,....,oNn,1 | pi =D :p?,i =1,..,N; Zf\ilpi =1)

Proof. We define Ay = C*(p1,...,pn,1 | pi = pf = p?,i =1,..,N; Zf\;ﬂ’z‘ =1).
Notice that Ay is generated by projections. Therefore, the universal C*-algebra Ay
exists by Lemma. Observe that p; :=¢; = (0, ...,0, 1,0, ...,0), with an 1 at the i-th
place, satisfies the relations of Ay. Hence we have a *-homomorphism ¢ : Ay — CV,
sending p; to p; = e;. Since the e; are the basis of CV, we have that ¢ is surjective. If we
show, that Ay is N-dimensional we are done. So we need to prove, that p;,i =1,..., N
are already all monomials in Ax. We want to show, that p;p; = 0 for all i # j. Observe
that 1 = Zf\i 1 pi is a projection. With Proposition it follows that p;p; = 0 for all
i O

12



2 Graph C*-algebras

This chapter deals with the construction of graph C*-algebras and their most known
examples.

2.1 Definition and properties

After learning about universal C*-algebras, we are now able to use them to define
graph C*-algebras. First of all, we need to introduce graphs.

Definition 2.1. A directed finite graph T' = (V, E,r,s) consists of two finite sets V,
FE and functions r : £ — V, s : E — V. The elements of V' are called vertices and
the elements of F are called edges. The map r is named range map and the map s
is named source map. Throughout this thesis we will mostly look at directed finite
graphs, therefore we will just say graphs. We say that v € V is a sink iff the set s~!(v)
is empty and we call v a source iff r~!(v) is empty.

In the following we want to define graph C*-algebras.

Definition 2.2. Let I' = (V| E,r,s) be a graph. The graph C*-algebra C*(T') of the
graph I' is the universal C*-algebra generated by mutually orthogonal projections p,

for all v € V and partial isometries s, for all e € FE such that the following relations
hold

(R1) sgsp = 0cspr(e) for all e, f € B

(R2) py =>_ cer Ses for all v € V| in case that v is not a sink.

s(e)=v
Remark 2.3. Every graph C*-algebra exists by Lemma|[1.18

Remark 2.4. Notice that sisy = 0 iff e # f and hence Sesesypsy =0 foralle, f € E
with e # f. So the projections {se.s’ | e € E} are mutually orthogonal.

Remark 2.5. If the graph is infinite, meaning that V and E are infinite but countable
sets, we only consider vertices v € V' for (R2) where s~(v) is non-empty and finite.
Because otherwise we need to consider the infinite sum >, ccp SeS: of mutually or-
s(e)=v

thogonal projections which does not converge in norm. To s(e; this let 0 < € < 1 and
assume that the sum converges. Notice that we replace E with N since E is countable.
Since it converges it is also a Cauchy sequence. Hence there exists N € N such that
| >0 sist|| < € for n,m > N which implies that ||s,s}|| < € for n > N. Since € was
arbitrary we conclude ||spsk|| =0 for n > N. This would imply that sys) = 0 for all
n > N which would be a contradiction. We also add Relation (R3) to our relations:

13



2 Graph C*-algebras

(R3) sesi < ey for alle € E.

We need this relation (R3) for vertices where s~1(v) is infinite. If for allv € V the
set s~ 1(v) is finite or empty one can show that (R2) implies (R3). In that case we call
the graph row-finite. In this thesis we only consider row-finite graphs.

Before we present some examples, we are going to prove a few properties of graph
C*-algebras. We will need them for the characterization of our examples.

Proposition 2.6. Let I' = (V,E,r,s) be a graph and C*(T') the graph C*-algebra.
Then the following equations hold

Se = SePr(e) (2.1)

and

Se = Ds(e)Se (2.2)
foralle e E.

Proof. Let e € E. By (R1) and the fact that s. is a partial isometry we have
Se = 85¢555¢ = SePr(e)- We are going to prove Equation
Observe that we can write py) = Zs(f):s(e) st}. Consequently it is

* R1 *
Ps(e)Se = Z SfSfSe = SeScSe = Se-
s(f)=s(e)
O

Proposition 2.7. Let I' = (V,E,r,s) be a graph and C*(T") the graph C*-algebra.
Then we have that ), oy, py is the identity in C*(T') and hence ) i py = 1.

Proof. Let w € V. Since the projections are mutually orthogonal we have
Pw va = prpv :p?u = Pw = (va)pw'
veV veV veV
Let e € E. Since s, is a partial isometry we have by Relation (R1)
Se Z Dv = 565256 Z Pv = SePr(e) Z Pv = SePr(e) = Se-
veV veV veV

Using Equation [2.2] it follows

(Z pv)se = (Z pfu)ps(e)se = Ds(e)Se = Se

veV veV
and hence ) .y py = 1. O

Proposition 2.8. Let I' = (V,E,r,s) be a graph and C*(I') the graph C*-algebra.
Then we have that

14



2 Graph C*-algebras

(a) the projections {s.s} | e € E} are mutually orthogonal

(b) and sesy # 0= r(e) =r(f).

Proof.  (a) We have (s¢s})" = ses) and sesises; = sesi. Therefore s.s) is a projec-
tion. To show orthogonality see Remark
(b) It applies that ses} = sepp(e)pr(f)s} = 0, if 7(e) # r(f). -

2.2 Examples

Finally, we will study some examples of graph C*-algebras. The usage of the universal
property will be indispensable in the following section.

Proposition 2.9. Let C*(I") be the graph C*-algebra of the following graph I'. We have
C*(I') = C(S'), meaning the graph C*-algebra is isomorphic to the set of continuous
functions on the unit circle.

e v

Figure 2.1: Graph 1

Proof. The relations (R1) and (R2) imply
SpSe = Py = SeSp-

Using Proposition we know that the projection p, has to be the identity in C*(T").
Using the equation from above, this implies that s, is a unitary generator of C*(T"). The
universal property gives us a *-homomorphism ¢; : C*(u, l|u*u = 1 = wu*) — C*(I),
sending u to s, and 1 to p,.

By defining 5. := w and p, := 1 we see that 5. and p, satisfy the relations (R1)
and (R2). Note that S, is also a partial isometry and p, a projection. This is due
to uu*u = ul = u and 12 = 1 = 1*. So there exists another *-homomorphism
p2 : C*(I) — C*(u,lju*u = 1 = wu*), sending se to 5. = u and p, to p, = 1.
Those two homomorphism are inverse to each other. Using Corollary we have
C(SY) = C*(u, lu*u = 1 = uu*) = C*(T). O

Proposition 2.10. Consider the following graph ' and the associated graph C*-algebra
C*(T'). We have C*(I') = T where T is the Toeplitz algebra from Definition [1.24)

eC vV —m— W

Figure 2.2: Graph 2
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2 Graph C*-algebras

Proof. Step 1: There is a *-homomorphism ¢; : C*(u, l|u*u = 1) — C*(I"), sending u
to (se + s¢) and 1 to p, + pw. Following from the relations (R1) and (R2) we have

Do = S5 Se
Pw = Sysf
Du = SeSh + st}.

Using Proposition we have that p, + p, is the identity in C*(T"). By using (R1)
and Proposition 2.8 it follows that

(e +8f)"(se +8f) = 5c8c + 88 + 8pse +8p8f =pu+ 040+ py = pv+ Pu
(Se +87)(8e + 87)" = Sesy + SeSy + Sps. + Sp5F = Do

(Se +s5)"(se+55) = (se +57)(5e +57)" = pu

(e + 5f)Pw = ScPw + 5fPw = SesSpSp + 55 = sy

(Se + 87)Pv = SePv + Sypy = Se + 57515 = Se

holds. Meaning that s. + sy is an isometry and it also generates C*(I'). We get a
*-homomorphism ¢ : C*(u, lju*u = 1) — C*(I'), sending u to (s + s¢) and 1 to
Do + Puw-

Step 2: Consider the definition p, := uu®, py := 1—py, 8¢ := up, and 55 := up,,. There
exists a *~homomorphism ¢ : C*(I') — C*(u, 1|u*u = 1), that sends p, to p, = uu®,
Pw t0 D = 1 — uu*, s to 5 = vuu* and sy to 5; = u(l —uu*). It is

5¢558e = vuu™ (vuu™) uuu®

= wuu™ (vu®) v uuu”

= wuu uu v uun®

= uu(u*u)u”

= yuu* = 5,

and
57535 = u(l —wu™)(u(l — wu®))*u(l — uu’)

=u(l —uu*)(1 —wu")u*u(l — uu™)
=u(l —uu*)(1 —wu*)(1 — uu®)
=u(l —wu)(1 — 2uu™ + vu uu®)
=u(l— uu*)(l — uu”
=u(l —uu®) =

Hence s. and 5y are partial isometries. Further, it holds
P2 = wutuu® = uu*t = p, = (uu*)* = p

=(1—p)?=1-2pp +p2 =1~y =pw = (1 — )" =5

16



2 Graph C*-algebras

and in addition
Pobw = Po(1 = Pv) = P» — P, = 0.

Meaning that by p, and p,, we defined mutually orthogonal projections. In the follow-
ing, we want to check the relations (R1) and (R2). It applies

§ede = Dyu*upy = Py = Do

8181 = Do upuw = Py = Pu

5.5p = pputupy =0

SeSs + §f§3‘c = uPyPyu” + UPy Pyt = upyu® + upyu’ = upyu” + u(l — py)ut = uu* = p,.
We see that 3¢, 57, Py and p,, satisfy the relations (R1) and (R2) and hence there exsits
a *-homomorphism ¢9 : C*(I') = C*(u, l|u*u = 1), that sends p, to p, = uu*, py, to
Pw =1 —uu*, se to 5 = vuu* and sy to 5y = u(l — uu*).

Step 3: We have that ¢2 0 ¢1 = idgx(y,1juru=1) and ¢1 0 ¢2 = idg+(r). One observe that

G1(d2(pv)) = d1(uu®) = (se + s¢)(Se + 5¢)" = pu
o1(p2(pw)) = ¢1(1 — uu™) = (py + Pw) — Pv = Pw
b1(92
(
(
(

se)) = d1(uun”) = (se + s7)(se + 57) (e +57)" = (se + 57)pv = se
P1(2(s5)) = d1(u(l —uu’)) = (se + s¢)pw = 55
d2(d1(u)) = Pa(se + 5f) = vun™ + u(l —uu®) =u
)

P2(p1(1)) = d2(pv + pw) =1
applies. We conclude by Definition that we have 7 = C*(I). O

Proposition 2.11. Let n € N and let C*(I") be the graph C*-algebra of the following
graph T'. It follows C*(T") =2 M,,(C) where M, (C) is the set of n X n-matrices.

m Vg s Up
€1 €9 Cn—1

Figure 2.3: Graph 3

Proof. Step 1: In C*(I') it holds s¢; 8¢, ; = jkSe;8e,_; forj=1,...,n—=1;k=2,...,n
and sg._ e, = 0kpv;_, for j,k =2,...,n. From our relations (R1) and (R2) we get
S¢.8¢; = Py foralli=1,...,n—1

and
Se;Sp, = Pugyy foralli=1,...,n—1.

Let j=1,...n—1and k =2,...,n. With Proposition it follows that the relation

Sejsek,l = Sejpvjpvksek,l = jksejsej,l

17



2 Graph C*-algebras

holds and for j,k=2,...,n

* _ * X _ . * _ )
6]',1861@—1 - (pej56j71) peksek_l - Sej71p6jpeksek_1 - 6]ksej7186j,1 - 5jkp’l)j,1'

s
Step 2: Define E” =y, for i =1,...,n. Fori,j =1,..,n with ¢ > j we define
Em = Se;_ySe;_g -+ SejpqSe; and else E” = EN, where E(]+1),j = e, There exists
a *—homomcgrphism ¢1: M, (C) — C*(I'), sending E; ; to E'i,j = Se;_18ei_5 - - - Sejy15¢;
and E; ; to E; ; = p,,. Recall Proposition which told us that M, (C) = C*(e;j;i,j =
1,..., n|e§‘j = ej;; eijer = Ojpeq for all 4,5, k,1). Obviously E;; satisfy the relations of
the matrix units. Let ¢ > j and k > [, then it is

E; iEy,

Jk = Se; 18e; 9 -+ - Sejp15¢;Sep_15ep_o - Sepy15e

= 0jkSei_1Se;_o -+ Sejp15¢;SeijSej_o -+ Sery1Se; = 0k Ei-

For the next case let j > ¢,k > [ and with no loss of generality ¢ < [. The remaining
cases can be treated analogously. Then by using Equation

L.k % I * % * *
EijEx) = BBy = 5380, - Se,_y8 s

€it+1 Toej—2 Ej_15€k715€k72 e S€l+l €]
. * *
= ]kSELSE i1 ...Sej7256j7188j_186j_2 "'S€l+1sel

_ *
= 0jkSe,Sesyy - Se;_oPvj_15ej_z - - Serpr Sey

*

= 0jkSe;Se, 1 - Sej_ySej_z -+ Serp

€; €i+1 Sel

= 0} kSe;_15e;_s - - Ser1Se

= dj1Eiy
holds. In addition to that we have

E* —E”forz>j
EZ*] = (EJ*Z)* = Ej; else.

Hence there exists a *-homomorphism ¢ : M,,(C) — C*(I'), sending E; ; to EN'M
= Se;_1S¢;_o - - Seji15e; and E;; to E;; = py,.

Step 3: Define p,, := E;; and 3¢, := Ej1,;. Thereis a *~homomorphism ¢, : C*(I") — M, (C),

that sends p,, to p,, = F;; and s, to 5., = E;;1,. We see that p,, is a projection, 3,
is a partial isometry and that they fulfill the relations (R1) and (R2), since we have

BB i Biv1i = Biv1i1Biv1i = Eig1g
E},=FE;; = E};

Ef1iEj,y = 6ijEig

Eiy1:E 1 = Byt

We can conclude that there exists another *-homomorphism ¢ : C*(I') — M, (C),
that sends p,, to p,, = F;; and s¢; to s¢; = Fiq;.

18



2 Graph C*-algebras

Step 4: It is ¢2 0 ¢1 = idpy,(c) and ¢1 0 g2 = idg«(r). We have

D1(d2(se,)) = d1(Eit1,) = s

$1(P2(pv;)) = 1(Eii) = py,

P2(d1(Eij)) = 02(Se;_18e;y - Seji15¢;) = Eii1Bi1i-2... Ejro 1B = Eij
$2(91(Eii)) = ¢2(pv;) = Eii

The *-homomorphisms are inverse to each other and one can conclude that C*(I") =
M, (C). O

For our next example we want to study an infinite version of Proposition [2.11]

Proposition 2.12. We consider the next graph I' and the associated graph C*-algebra
C*(I'). It follows C*(I') = K(H) where IC(H) is the set of compact operators on a
Hilbert space H.

™" U2 Vs
(&1 Ca c3

Figure 2.4: Graph 4

Proof. Keep in mind that we need to use the relations from Remark [2.5] Observe that
I' is a row-finite graph. Hence, it follows for all i € N

* —
Se;Se; = Pu;
*
Se;iSe; = Pvigr-

By taking an analogue approach as in Example one can find an isomorphism to
C*(eij51,5 € N|e;‘j = ej;; eijep = d;key for all 4, 5, k,1). With Proposition we have
C*(I) = K(H).

Proposition 2.13. Let n € N and n > 2. Consider to the next graph I' the associated
graph C*-algebra C*(T"). It follows C*(T') = O,, where O,, is the Cuntz algebra from
Definition . The figure shown below is taken from (Eifler,|2016))[p.30].
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2 Graph C*-algebras

.

o

Figure 2.5: Graph 5

Proof. It holds s7 se, = py for alli =1,...,n and Sy Se;Se; = Py- With Proposition
the projection p, is the identity in C*(I') and therefore, s, is an isometry for all
i=1,...,n. Also {sq]i = 1,...,n} is the generator of C*(I'). Recall Definition [1.2F]
and the universal C*-algebra O,, = C*(S1,..., 5, | S;Si=1forall i=1,...,n;
Yo SiSH =1). We obtain a surjective *-homomorphism ¢ : O,, — C*(T'), sending
S; to Se; -

On the other hand with 5., := .S; and p, := Z?:l S; ST we see that 5., and p, satisfy
the relations of the graph C*-algebra C*(I'). Nevertheless, we check that 57 5., = 0 for
i # j. By Proposition we have that {S;S | ¢ = 1,...,n} are mutually orthogonal
and hence for 7 # j

5t 5, = SIS,
= S;5;575;55S;
= §708; = 0.

The resulting *-homomorphism ¢9 : C*(I') = O, sends s, to 5., = S;. Observe that
¢1 and ¢y are inverse to each other. We have C*(I") = O,,. O
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3 Hypergraph C*-algebras

We now come to the main section of this thesis, where we introduce the so called
hypergraph C*-algebras. They are new mathematical objects. The definition of hy-
pergraph C*-algebras was conveyed to us by Simon Schmidt and Moritz Weber. We
then enriched the theory with the remaining results of this section. First, we will define
directed hypergraphs.

3.1 Definition and properties

Definition 3.1. A directed finite hypergraph HI' = (V, E,r, s) consists of two finite sets
V, E and two mappings r, s : E — P(V)\{0}. The set V contains vertices, while the set
FE contains hyperedges. The difference to a directed finite graph, as in Definition
is that the hyperedges can join any number of vertices whereas for graphs, we always
have |r(e)] =1 = |s(e)| for all e € E. Therefore, the range map r and the source map
s map to the power set P(V') of V rather than to V. We only study directed finite
hypergraphs. We write hypergraph instead of directed finite hypergraph.

For a better understanding, we take a look at an example of a hypergraph.

Example 3.2. Consider the following hypergraph HT'.

2

v /d—_ __\_h-\ v
1 S 2

€32

€2 U3

Figure 3.1: Hypergraph 1

We have V' = {v1,v9,v3} and E = {ej,e2}. For the image of our range and source
map we have

r(er) = {v2},  s(e1) = {v1,vs}

r(e2) = {v1,vs}, s(e2) = {va,v3}.
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3 Hypergraph C*-algebras

Throughout this thesis we display hypergraphs like the example above. There are
several different ways to display hypergraphs but for our following examples this way
of representing them is just fine. For more complicated cases one might consider to
draw circles around the vertices instead of connecting them with arrows. I should
notice that we did all the drawings of graphs by ourselves except the drawing from
Proposition |2.13

Remark 3.3. Notice that every graph T = (V, E,r, s) is also a hypergraph HT = (V, E,r', s')
by defining ' : E — P(V),e— {r(e)} and s’ : E — P(V),e — {s(e)}.

Similar as in the Definition for constructing graph C*-algebras, we will define
hypergraph C*-algebras.

Definition 3.4. Let HI' = (V, E,r,s) be a hypergraph. The hypergraph C*-algebra
C*(HT) of the hypergraph HT is the universal C*-algebra generated by mutually
orthogonal projections p, for all v € V' and partial isometries s, for all e € E such that
the following relations hold

(HR1) sgsp = 0cfd yep(e)Po forale, febE
(HR2) sesp <3 cqe) pv foralle € E

(HR3) pw <. ccr Sest if s7H(w) # 0 for w € V.

wes(e)

Remark 3.5. Every hypergraph C*-algebra exists by Lemma[1.18

Keep in mind that with Proposition we have for every projection p and ¢ in
some C*-algebra A the equivalence p < ¢ < pg =p = qp.

Lemma 3.6. Let p and q be projections in some C*-algebra A. If p < q and ¢ < p
applies, then we have p = q.

Proof. Tt follows

O]

Lemma 3.7. Let py,p2,q be projections in some C*-algebra A. If p; < q fori=1,2
and q < p1 + po applies, then we have ¢ = p1 + ps.

Proof. 1t follows

q = q(p1 +p2) = qp1 + qp2 = p1 + p2.
O

We are still left with the question whether the hypergraph C*-algebra C*(HT') of
an arbitrary hypergraph HT is trivial or not. The following statement shows that the
class of hypergraph C*-algebras contains the class of graph C*-algebras and therefore,
our definition of hypergraph C*-algebras is a generalization as wished. We know that
every graph C*-algebra is non-trivial (see (Raeburnl, 2005)) and therefore, we found
a class of non-trivial hypergraph C*-algebras. The proposition also shows that the
Relations (HR2) and (HR3) are the corresponding relations to Relation (R2).
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3 Hypergraph C*-algebras

Proposition 3.8. Consider a graph I' = (V, E,r,s) and interpret it as a hypergraph
HT = (V,E,r',s") in the sense of Remark . For our graph C*-algebra we write

C*(T) = C*(3¢, € € By, vEV | PuPuw = 0,0 7 w; 587 = e fDr(e); g 3¢5 = Pw)
eck
s(e)=w

where Se is a partial isometry for all e € E and p, is a projection for all v € V. Then

we have C*(I') = C*(HT).

Proof. First, we check that the generators of C*(I") fulfill the relations of C*(HT).
Since the only element in the set r/(e) is the vertex r(e) we have

§:§f = 5ef]3r(e) = 56f § ]37)'
veV
ver’(e)

We see that Relation (HR1) is fulfilled. For the same reasons it follows for w € V' with
s~ H(w) # 0 that
Pw = 5652 = §ef§

eck ecl
w=s(e) wes’(e)

*
e

applies and hence

Pw = Pubu =Y, 5cdihw=Puw Y Sesi-
eck eckE
wes'(e) wes’ (e)

Therefore, Relation (HR3) py <> cep 8.5} is fulfilled. Let’s check Relation (HR2).
wes’(e)
By Equation [2.2 we have 3. = py(¢)3e. So it follows

§e§: = ﬁs(e)ge‘;: = §e§:ﬁ:(e) = §e§:ﬁ5(e)
and hence
585 <Py = D, o= Pu-
veV

veV
v=s(e) ves' (e)

By the universal property we obtain a *-homomorphism ¢; : C*(HT') — C*(I'), send-
ing s, to 5. and p, to p,. To obtain a *-homomorphism that is inverse to ¢, we are

going to prove that the generators of C*(HTI") satisfy the Relations (R1) and (R2) of
C*(T"). Using the same argument as in the above direction, we have

stf = 5ef E Dv = 5efpr(e)'
veV
ver!(e)
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3 Hypergraph C*-algebras

We see that Relation (R1) is satisfied. To show that (R2) is fulfilled we need Relations
(HR2) and (HR3). Let w € V with s~!(w) # 0 and hence there exists at least one
f € E with s(f) = w. With (HR2) it follows

SeSp < 5 Do = Ds(e)
veV
ves'(e)

and using Relation (HR3) we have

Pw = Ps(f) < Z SeSp = Z SeSp.

ecll eck
s(f)es’(e) s(f)=s(e)
By Lemma we conclude
P = Z SeSs.
ecl
w=s(e)

Therefore, a *-homomorphism ¢, : C*(I') — C*(HT), that sends 5, to s, and p, to py,
exists. Notice that ¢; and ¢9 are inverse to each other. O

In the following, we will present a useful statement that will accompany us through
the remaining parts of this thesis. It says that the projections sum up to the identity.
We know that it holds of every graph C*-algebra (see Proposition [2.7)). It’s nice to
notice that although we generalize graph C*-algebras we are able to show that this
statement still holds.

Theorem 3.9. For every hypergraph HI' = (V,E,r,s) and hypergraph C*-algebra
C*(HT) we have that ) oy, py is the unit element in C*(HI') and therefore, Y v po =
1.

Proof. Using Relation (HR1), we have

Se va = 86‘9:86 va

veV veV

= Se Z pvzpv

ver(e) wveV

= Se Z Do

ver(e)
= Se.
It follows with Relation (HR2)

(Z Pu)Se = (Z Pu)SeScSe

veV veV

= (va)( Z pv)SeSZSe

veV ves(e)

:( Z pv)seszse

vEs(e)

= Se.
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3 Hypergraph C*-algebras

Notice that we have

vapw = Pw = Puw va for all w € V and

veV veV
Q_p)* =D po=(_p)"
veV veV veV
We conclude that ) i p, is the unit element in C*(HT). O

3.2 Examples

In this chapter we will present some interesting hypergraphs. One should recall The-
orem since it will be of great benefit.

3.2.1 Toeplitz algebra

The first examples we present are interesting cases since we found isomorphisms from
the hypergraph C*-algebras to some well known universal C*-algebras. Therefore, we
fully understand these examples.

Proposition 3.10. Consider the hypergraph HT' with vertices {v1,v2} and edges {e1}.
The image of the range and source map looks as follows r(e1) = {vi,ve}, s(e1) = {v1}.
We have C*(HT') =T where T is the Toeplitz algebra from Definition m

€1

C)

U1 ()
&1

Figure 3.2: Hypergraph 2

Proof. Step 1: There exists a *~homomorphism ¢; : 7 = C*(u, l|u*u = 1) — C*(HT),
sending u to se; and 1 to py, + py, = S5, 8¢, We are going to examine the associated
hypergraph C*-algebra C*(HT'). Using the Relation (HR1) we get s, se; = pu; + Do,
Therefore, we have s, s.; = 1 by Theorem The remaining Relations (HR2) and
(HR3) imply se, s, < py; and se;s5, > py;. Hence se, 53, = py, by Lemma Since
5%, 8¢, is the unit, we know that s, is an isometry. We obtain a *-homomorphism
¢1:T = C*(u, 1ju*u = 1) — C*(HT), sending u to se; and 1 to py, + Pu, = 5%, Se; -

Step 2: Define 3., := u, py, := uu* and p,, := 1 — wu*. There is a *-homomorphism
¢2 : C*(HT') — T, that sends s¢, to Se, = u, py, t0 Py, = uu* and py, t0 Py, = (1—uu®).
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3 Hypergraph C*-algebras

We see that 5., is a partial isometry and that p,, and p,, define projections:

5615;561 =uu'u=ul =u = 3§

Py, = (uu®)" = uu® = py,

P, = wuruu® = ulu® = wu* = py,

Py, = (1 —wu™)* = 1" —uu® =1 —uu™ = py,

Doy = (1 —uu*)? =1 = 2uu” + uwvu® = 1 — uu’* = py,.
We check the relations of C*(HT') and we start with Relation (HR1). We have
50,80, =u'u=1=uu" 4+ (1 —uu”™) = Pu; + Po,-

Therefore, Relation (HR1) is fulfilled. Furthermore, it is

551521 =
and we see that Relations (HR2) and (HR3) are satisfied. Hence S, , p,, and p,, fulfill
the relations of C*(HT'). Hence, there exists a *-homomorphism ¢o : C*(HT') — T,
that sends s¢;, t0 S¢; = u, Py, t0 Py, = wu® and py, to Py, = (1 — uu™).

Step 3: It is ¢2 0 ¢1 = idg+(gry and ¢y 0 g2 = id7. We have

P1(P2(8e,)) = d1(u) = se,
$1(P2(Py)) = ¢1(un”) = s, 57, = puy
¢1(P2(pvs)) = d1(1 — wu®) = pu; + Pu, = Puy = Puy
$2(d1(u)) = P2(s¢e,) = u
$2(01(1)) = P2(po; + Puvy) = uu™ +1 —uu™ = 1.
The *-homomorphisms are inverse to each other and therefore, we have 7 = C*(HT).

O

3.2.2 Cuntz algebra

Proposition 3.11. Let n € N and n > 2. Consider the hypergraph HI' with vertices
{v1,...,vn} and edges {e1,...,en}. The range and source map are defined as follows

r(e;) = {v1,...,vn}, s(e;) ={vi} foralli =1,...,n. It is C*(HT) = O,, where Oy, is
the Cuntz algebra from Definition [1.25,

Proof. By the relations of the hypergraph C*-algebra C*(HT") we have

n
5¢,5¢; = 04 j vaj foralli,7 =1,...,n
j=1

SeiSe; Sy foralli=1,...n

Se;Se; = Pv; forall i =1,... n.
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3 Hypergraph C*-algebras

Notice that s7 s, = 1 for all i@ = 1,...,n by Theorem With the last two re-
lations we obtain se sy, = py, forall ¢ = 1,..,n by Lemma It follows that
1= 87.8¢, = (3721 Pv;) = 25—y Se;Se, holds and that {s¢, | i =1,...,n} are generat-
ors of C*(HT"). We obtain a *-homomorphism ¢; : O, = C*(S1,...,5, | S;S; =1 for
alli=1,...,n;>.1 | S;SF=1) — C*(HT), that sends S; to s,.

By 3., := S; we define a family {5., | @ = 1,...,n} that satisfies the relations of
the hypergraph C*-algebra C*(HTI'). To see that 5} 5., = 0 for i # j one can use
the same argument as in Proposition Therefore, we obtain a *~homomorphism
¢2 : C*(HT') — Oy, that is inverse to ¢ and hence O,, = C*(HT). O

3.2.3 Free products of C(S') resp. O,, with C"

The next example will show that the class of hypergraph C*-algebras is strictly lar-
ger than the class of graph C*-algebras. Omne should recall the Definition [1.19| of
free products: When we have two unital universal C*-algebras A = C*(E1|R;) and
B = C*(Es2|R2), we call

A*(c B = C*(El,E2|R1,R2 and 1A = 1B)
the free product of A and B.

Proposition 3.12. Let n € N and consider the hypergraph HTU with vertices {v1,...,vn},
edges {e1} and the mappings defined as r(e1) = {vi,..., v}, s(e1) = {v1,...,vn}. We
have C*(HT') = C(S') ¢ C™.

)
e \ / €1 €]
N /"d_i_h-'““\\; {f/’___,_ ~~ -
€1 M v2 Un €1
P _— P -~ L -

Figure 3.3: Hypergraph 3

Proof. For the hypergraph C*-algebra C*(HT) we obtain s} s, = > 1" py; by Re-
lation (HR1). Once again s7, s¢, is the unit by Theorem Further, by Relations
(HR2) and (HR3) we have s¢, 57 < > 7" | py, and se 55 > p,, for all i =1,...,n. This
implies s¢, 55, = > ;" Py, by Lemma and also s¢,s;, = 1 by Theorem (3.9, Hence
we have s¢;s7, =1 = 87, 8¢,

Consider the universal C*-algebras C(S!) & C*(u, 1juu* = 1 = u*u) and C" = C*(p;, i
=1,..,nlpf =pi=p% > pi=1) 2 C". We will show that we have C(S!) xc C" =
C*(HT'). With the considerations above, we know that s., satisfies the relations of
C(S') and that {p,, | i = 1,...,n} satisfy the relations of C". With s} s¢, =1= 7", p,
we obtain a *-homomorphism ¢; : C(S') ¢ C* — C*(HT), sending u to s, and p; to
py, foralli =1,...,n.
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3 Hypergraph C*-algebras

Conversely, with 5., := w and p,, := p;, we have that 5., is a partial isometry,
Se, Sy, and 87 3¢, are the unit element, p,, are projections and especially we have
85 5y = Loty = lon = Yoiey Pu, in C(S1) ¢ C™.

The last two relations of our hypergraph C*-algebra 5, 87, < > Pu; and 3, S5, = Du;
for all i =1, ...,n are implied by the following

n n

o ok - L N

Se1Se; vai = 10(31)1(C” = 10(51) = 5615:1 = (vai)selszl
=1 =1

561521ﬁvi = 10(31)]51)«; = Du; = ﬁvilC(Sl) = }501‘5615:1'

We obtain a *-homomorphism ¢, that is inverse to ¢1. Hence we have C(S1) x¢c C* =
C*(HT). O

Remark 3.13. One can define the term "nuclear” C*-algebra. In (Raeburn,|2005)[p.34
Remark 4.3] it is stated that every graph C*-algebra is nuclear. This is interesting due
to the fact that one can show that the hypergraph C*-algebra C*(HT) from Theorem
is nmot nuclear. In Proposition it is shown that every graph C*-algebra is a
hypergraph C*-algebra. Now we see that the class of hypergraph C*-algebras is in fact
strictly larger than the class of graph C*-algebras. Since the theory of the term "nuc-
lear” goes beyond the scope of this thesis, we present a sketch of the proof which was
provided to us by Moritz Weber.

Proof. In Proposition we proved that C*(HT) is isomorphic to the free product
C(S') ¢ C". This free product is not nuclear and therefore, C*(HT) is not nuc-
lear. To see this, notice that the set of integers Z and the cyclic group of order n,
Z/nZ form discrete groups and therefore, we are able to define the group C*-algebras
C*(Z) and C*(Z/nZ). Tt is C(S') = C*(Z) and C* = C*(Z/nZ). In group C*-
algebra theory one can show that for two groups G1,G3 and their free product G * Go
we have following isomorphism C*(G1) x¢ C*(G2) = C*(Gy * G2). Hence we have
C(SY) xc C" = C*(Z*(Z/nZ)). Since Fy C Zx*(Z/nZ) holds, it follows that Z x (Z/nZ)
is not amenable which is equivalent to C*(Z * (Z/nZ)) not being nuclear. Hence we
are done. O

What happens to Proposition when we take m > 2 edges instead of 1 edge?
Looking back at the proposition before, one would expect to meet the Cuntz algebra.
Let’s show that we can confirm our expectations.

Proposition 3.14. Let n,m € N with m > 2. Consider the hypergraph HI' with the
following properties: vertices {v1, ...,v,}, edges {e1, ...,en} andr(e;) = {vi,...,vn}, s(e;)
={v1,..,vn} for alli=1,....,m. We have C*(HT') = O,,, xc C".
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3 Hypergraph C*-algebras

Proof. Using the relations of the associated hypergraph C*-algebra C*(HT"), we obtain

n
55,8¢; = 04 j vak foralli,j=1,...m
k=1

n
Se;5p, < vaj forallti=1,....m
j=1

m
Do, < ZSejS:j foralli=1,...,n.
j=1

With Theorem we know that s} se, = Z;‘:l py; = 1 for all i = 1,...,m. Further-
more, we have with Relation (HR2) and (HR3)

n m

n
1=2 pu = (o) se;2)
i=1

i=1 j=1

Recall Oy, = C*(S1,...,5m | S;S; = 1forall i = 1,...,m;> ", S;SF = 1) and
C" = C*(pi,i = 1,..,n|p} =p; =p?; >~ pi = 1). Hence we have a *-homomorphism
¢1: Op, x¢c C" — C*(HT) that sends S; to s, for all i = 1,...,m and p; to p,, for all
1=1,...,n.

Let i = 1,...,m. Conversely, we have S;S; = >°"", ;87 = 1 = > 7', p; in the free
product. With S; we also defined partial isometries for all ¢ = 1,...,m. Hence, the
Relations (HR1)-(HR3) are satisfied in Oy, ¢ C™". We obtain a *-homomorphism ¢
that is inverse to ¢;. O

3.2.4 Two mysterious examples

In the following example we were able to show that the partial isometry and their
conjugated form add up to a unitary.

Proposition 3.15. Define the hypergraph HT' with vertices {vi,ve,v3,v4} and edges
{e1}. The image of the range and source map is defined like this

r(e1) = {v1,va} and s(e1) = {vs, v4}.

There exists a *-homomorphism ¢ : C(S') — C*(HT), sending the identity function z
on St to se, + 5%,
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3 Hypergraph C*-algebras

(] Vo
€1 €1
Uy Uy

Figure 3.4: Hypergraph 6

Proof. Step 1: We have s} s¢; = py, + pu, and se, 85, = py; + py,. By the relations of
C*(HT') we have

* R
861 861 - pv1 + pvz
k
561 861 S pv3 + pv4

Pus Tespectively py, < se, sy .
Using Lemma implies
861 Szl - p”ug + p’U4'

Step 2: We have s7, s¢; + s¢; 55, = 1. Using Theoremwe conclude from Step 1 that

4
* * _
SeySey T SeySey, = E Dv; = 1.
j=1

Step 3: We have that s, + s;, is a unitary. First, we show that szl =0. It is
S2, = Se18¢,5e15e1 56, Ser = Sey (Puy + Doy) (Duog + Duy) e, = 0
and therefore,
(er +58,)(Ses +52,)" = ser 58, + 52, + (57,)° + 58,5, = 1= (e, + 57,) (5, + 57,)-

Step 4: We have a *-homomorphism ¢ : C(S!) — C*(HT). By the universal prop-
erty we have a *-homomorphism ¢, : C*(u, 1 | uvu* = 1 = v*u) — C*(HT') sending u to
Sey+s;, . From Corollarywe have a *-isomomorphism ® : C(S') — C*(u, 1 | uu* =
1 = u*u) that sends the identity function z on S* to u. Hence we have *-homomorphism
¢ : C(S') — C*(HT) sending z to se, + s}, O

The next example is of great interest since we do not fully understand it. We found a
non-surjective *-homomorphism from a universal C*-algebra into the hypergraph C*-
algebra. The said universal C*-algebra is an interesting mathematical object which
makes this example worth for further studies. To see this, we need a lemma beforehand.

Lemma 3.16. The following universal C*-algebras are isomorphic.
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3 Hypergraph C*-algebras
(a) A:=C*(s1,s2,1 | s187 = s5s2; 5255 = s7s1; 8781 + s5s2 = 1) where s1 and sy are
partial isometries and
(b) B:=C*(u,p | up = (1 — p)u) where u is a unitary and p a projection

Proof. Step 1: Define §; := up and S := u(1 — p). There exists a *~homomorphism
¢1 : A — B sending s1 to 51 = up and s9 to So = u(l — p). Let’s check that §; = up
and S9 = u(1 — p) are partial isometries. It is

(up)(up)* (up) = upp*u*up = up*1p = upp = up

and

u(1 —p)(u(l - p))*u(l - p) —p)(1 —p)"u*u(l —p)
-p)(1 =p)1(1 —p)
l—p+p—p)(1-p)

—p).

(1
(1
(
(1

u
u
u
u

We prove that 5751 + 5552 = 1 holds:
(up) up + (u(1 — p))*u(l —p) = p*u*up + (1 — p)u*u(l —p) =p+ (1 —p) = 1.

Let’s show that 5157 = §552 and §285 = 5751 holds. The relation up = (1 — p)u from
B implies upu* = (1 — p). Hence

8151 = (up)(up)* = upu* =1—p= (1 = p)uu(l — p) = (u(l — p))*u(l — p) = 533,
and
5255 = u(l —p)(u(l —p))* =u(l —p)u* =1 —upu” =1~ (1 —p) =p = (up)*up = 5751.

We obtain a *-homomorphism ¢; : A — B sending s1 to §; = up and sg to 52 = u(1—p).
Step 2: Define @ := 51452, p := s7s1. There is a *-homomorphism ¢9 : B — A, sending
u to 4 = s1+ sz and p to p = s7s;. Notice that by Proposition the projections sjs1
and s3sg are mutually orthogonal and hence

$185 = $18]151558285 = 0 = s957.
We see that that @ is an isometry and p a projection:
(514 52) (51 + 52)" = 5187 + 5155 + 5287 + 8285 = 1 = (51 + 82)" (51 + 52)

and

~2 * * * ~ * * *
p° = sis181s1 = s1s1 =p = (s7s1)" =p".
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3 Hypergraph C*-algebras

By using the relations from A we have

(I=p)u=(1—sIs1)(s1+ s2)
=81 + S92 — 878181 — S78182
= 81 + S92 — $]S151 — $28582
= 81 — 818181
= $1 — §]51518]81
= §1] — 5151555251
= 81 — 081
=S

= (81 + $2)s1s1 = up.

Hence, we obtain a *-homomorphism ¢9 : B — A, sending u to @ = s1 + s and p to
D = 5]51.
Step 3: We show that ¢ and ¢o are inverse to each other:

P1(P2(u)) = p1(s1+s2) =up+u(l—p)=u
d1(P2(p)) = ¢1(s1s1) = (up)*up =p
$2(1(s1)) = d2(up) = (s1 + s2)s7s1 = 51
(¢1(s2)

D2(b1(52)) = Pa(u(l —p)) = (81 + s2)(1 — s781) = $1 + S2 — $18]51 — S25781 = S2.
Therefore, we have A = B. O

Proposition 3.17. Let B := C*(u,p | up = (1 —p)u) be the universal C*-algebra from
Lemma where w is a unitary and p a projection. We define the hypergraph HT'
with vertices {v1,v2,v3,v4}, edges {e1,e2} and range and source map r(e1) = {vs,v4},
r(e2) = {vi,v2}, s(er) = {v1,va}, s(ea) = {vs,va}. We have a *~homomorphism
B — C*(HT),sending u + ¢, + 5S¢, and p = 8% Se, .

e
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Figure 3.5: Hypergraph 4
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3 Hypergraph C*-algebras

Proof. We show that the partial isometries fulfill the relations from the universal C*-
algebra A := C*(s1, $2,1 | s157 = s5s2; S285 = sis1; 5751 + s5s2 = 1) which we defined
in Lemma From the relations of the hypergraph C*-algebra C*(HT") we have

*
361 Se; = Pus + Doy

*
SeySes = Py + Do,

and

861 8:1 S pv1 + p’vz
Seq 3:2 < Pug + Doy
SeySa, > Dy, respectively py,

*
€1

SeySa, = Dug Tespectively py,.

€2
Using Lemma [3.7] it follows

* Lk
861 861 - (]%1 +pv2) - 862862

and in an analogous way se,s;, = s}, S¢,. With Theorem [3.9] we conclude

4
* * Lk * _ _
SezSey T Se1Se; = SeqSer T SepSeq = E Dy, = 1.
i=1

We see that s., and s, satisfy the relations from the universal C*-algebra A from
Lemma which is isomorphic to B. The *-isomorphism ¢3 : B — A from Lemma
sends u to & = 51 + s2 and p to p = s]s1. By the universal property we obtain a
*-homomorphism ¢ : B — C*(HI') that maps u to s¢, + Se, and p to s3 se,. O

Remark 3.18. It is possible to show that the universal C*-algebra B from Lemma
is isomorphic to the ”cross-product” C*(Z/27) X4 Z where o is an isomorphism
o CNZ)27) — C*(Z/27Z) sending p to (1 — p) (see (Weber, 2007)). This makes
the example above interesting. Sadly, we only found a non-surjective *~homomorphism
since we only mapped to se, + Se, and s% se; of C*(HT'). To fully understand this hy-
pergraph C*-algebra we need to find a way how to deal with the projections in C*(HT).
A possible approach would be to look at similar hypergraphs. One defines the vertices
{v1,v2,v3,v4}, edges {e1,e2} and the source map s(er) = {vi,ve},s(ea) = {vs,v4}.
Then one considers all possible ways of defining the range map r. In Proposition|3.21
we investigated such an example but with a less interesting outcome.

3.2.5 Further Examples

What comes next is a collection of examples that one might title as uninteresting. We
were not able to find any outstanding relations in them. This should not stop us from
presenting them. As a matter of fact, we show some representations on those examples
in the next section. Therefore, one might have a look at them.
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3 Hypergraph C*-algebras

Lemma 3.19. Consider the hypergraph C*(HT') consisting of vertices {v1,va,vs,v4},
edges {e1, e, e3,e4} and the following images of the range and source map

r(e1) = {v1,v2} and s(e1) = {v1}

r(e2) = {vg,v3} and s(ez) = {va}

r(eg) = {vs,va} and s(e3) = {vs}

r(eq) = {vg,v1} and s(eq) = {v4}.

We have

(a) s%,8e; = Po; + Doy foralli=1,...3
(b) 524564 = Puy + Py
(c) se;s5, =pu; foralli=1,..,4
4
(d) 1= Zj:l SejSZj = 821 Sey + 823853 = 822862 + 824864

(e) C*(HT) is generated by {s¢,|i = 1,...,4}.

€
er M 4>1 U2 €2
€4 €9
ea (. Va vz _D>¢€3

Figure 3.6: Hypergraph 5

Proof. By the relations of the associated hypergraph C*-algebra and Lemma (3.6 we
have

5¢,8¢; = Pu; + Dugyy foralli=1,...,3 and
54,5cq = Duy + Do, and

Se;8e; = Pv; forall i =1,...,4.

Using again Theorem [3.9] we have
4 4
1= Zsejs:j = vaj = 55, 8¢; T Spy8e5 = SeySey T Su, 54
J=1 Jj=1
We also see that the partial isometries s, already generate the hypergraph C*-algebra

C*(HT), since se;s5, = py, holds for all i = 1, ..., 4. O

Lemma 3.20. Consider the hypergraph HI' with vertices {vi,va,v3}, edges {e1} and
range and source map defined like this

r(e1) = {v1,v2} and s(e1) = {v1,v3}.

We have
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3 Hypergraph C*-algebras

(@) s%,Ser = Py + Puy
(b) Seq 821 = Doy T Doy
(c) C*(HT) is generated by se, .

€1
€1 ( U1 4> ()]

\/

Figure 3.7: Hypergraph 7

Proof. The relations of the hypergraph C*-algebra and Lemma immediately imply
821 861 - p”U1 + p”UQ
861 61 p’Ul +p’U3

We have

* *
Sel 861 861 861 - pvl

* * * _
361361 - 861831331361 = Doy
* * * .
e1 881 831831861 - pU3

Sey S
and therefore, we see that C*(HT) is already generated by the partial isometry s.,. O

Lemma 3.21. Consider the hypergraph HT with vertices {v1,va,v3,v4} and edges
{e1,ea}. The image of the range and source map are defined like this

r(e1) = {v1,v3} and s(e1) = {v1,v2}

r(e2) = {va,v4} and s(ez) = {vs,v4}.

It follows

(@) S%,5¢; = Poy + Pug
(b) $%,8e; = Puy + Doy
(c) 361321 = Pu; + Doy
(d) Sey58, = Pos + Pug
(e) C*(HT) is generated by se, and Se,.
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3 Hypergraph C*-algebras

e1 0 PR %

v
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Figure 3.8: Hypergraph 8

Proof. Using the relations from C*(HT") and Lemma we have

521 Se; = Dvy T Pug
822862 = Pvy + Doy
Seq S 61 = Pv; + Doy
862 62 pvg +p7.}4'

Furthermore, we have
* *
Se,Se1Se3Sey = Dus
* *
862862361 Sel - p’U2

* *
3628623623@2 - pv4

54, 5¢15¢156, = Puy-
Hence the hypergraph C*-algebra is generated by the partial isometries. O

Lemma 3.22. Consider the hypergraph HT' with vertices {v1, va, v3,v4}, edges {e1, e}
and range and source map defined like the following

r(e1) = {v1,v2,v3} and s(ey) = {v1,va}

r(e2) = {vs,v4,v1} and s(ez) = {vs, v4}.

We have

(a) s%,Sey = Doy + Puy + Dug

(b) 8%,5e; = Pog + Doy + Pu,

(c) Se1Se, = Duy T Dua

(d) 5e35¢, = Pug + Doy

(e) C*(HT) is generated by se, and Se,.
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Figure 3.9: Hypergraph 9

Proof. The relations of C*(HT") and Lemma [3.7] imply

S§ Se1 = Puy + Dug + Do
822862 = Py + Pog + Doy
SeyS 61 = Doy + Pos
SeaSty = Pug + Duy-

It holds that
* *
351361 - 361351 = D3
*
862862 862 62 = Pv,

5:1361 - (561561 5615:1) (562362 SepS 62) Pus

562562 - (561 Se; — 5615:1) (5e2562 Sey S e2) Puy-

Hence the hypergraph C*-algebra C*(HT') is generated by the partial isometry s, and
Seq- O

Lemma 3.23. Consider the hypergraph HT' with vertices {v1, ...,v¢} and edges {e1, e, e3}.
We define the range and source map:

r(e1) = {v1,v2,v3} and s(ey) = {v1,va}

r(e2) = {vs,v4,v5} and s(ez) = {vs,v4}

r(es) = {vs,ve,v1} and s(e1) = {vs, vg}.

It follows

(a) 5% 8¢, = Doy + Doy + Doy
(b) 8%,8¢3 = Pug + Pus + Dos
(c) s¢ySes = Dus + Pug + Doy
(d) Sey 8%, = Doy + Do

(€) Ses¢, = Pus + Pu
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3 Hypergraph C*-algebras

(f) 863823 = Pus +pv6

(9) C*(HT) is generated by the partial isometries.

e1C 0
e
/o] Ne :
€1
{
[
‘ €1 €1
| C V2 —— vz e \‘
\

Figure 3.10: Hypergraph 10

Proof. By the relations of the hypergraph C*-algebra and Lemma we obtain

55,5¢1 = Doy + Doy + Doy
St Ses = Puy + Dug + Dus
8’53863 = Pus + Pug + Puy
Sey 61 = Puy + Doy
S e2 = Pug + Pua
Ses S e3 = Pus + Dug-

We have

821 Seq 3:2362 = D3

821 8613:3563 = Pv;

8:1361 - (5215615:2562 + 3213615:3563) = Duy

Sez Seq 863 863 pv5

5638:3 - Sez Sea 5:3563 = Pus

5625:2 — S¢;Se1 5:2 Sea = Puy-
So all projections, and therefore C*(HT'), are already generated by the partial isomet-
ries. O
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3 Hypergraph C*-algebras

Lemma 3.24. Consider the hypergraph HT given by vertices {v1, ..., vs}, edges {e1, ez, €3}
and following images of the range and source map

r(e1) = {v1,v2,v3} and s(ey) = {v1,va2}

r(e2) = {v4,v5,v6} and s(ez) = {vs, vg}

r(es) = {vs,va} and s(es) = {vs,v4}.

We have

* * _
(a) s} 8¢, + 8%,5¢, = 1
* * *
(b) Sey 861 + 862862 + 563863 =1

(C) 563523 = 3:3363-

€1 0 U5 €2
€1 €3 €3 €2
(“j N
i =
o~
€] U3 €3 vy €2
\_‘_'_/"
/ \
e1 . V2 v T €2

Figure 3.11: Hypergraph 11

Proof. Using the relations of the hypergraph C*-algebra C*(HT") and Lemma yields

821861 = Pu; +pU2 +pv3
3:2362 = Pvy + Puvs T Dug
8:3863 - pU3 +p’U4
3613:1 = Dy T Doy
8628:2 = Dus T Dug

863823 = pvg +pv4'
Theorem [3.9) shows >°0_ p,, = 1. O

Lemma 3.25. With vertices {v1,...,vs}, edges {e1,ea} and the following image of the
range and source map

r(er) = {vi,v3,v5} and s(e1) = {v1, v}

r(e2) = {va,va} and s(ez) = {vs}

we define the hypergraph HI'. We have

(U/) 821861 = p’Ul +p1)3 +pv5

(b) 522 Seg = Pua +p’U4
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3 Hypergraph C*-algebras

(c) 561521 = Doy T Doy
(d) 362522 = Dug

(e) the partial isometries generate C*(HT).

Figure 3.12: Hypergraph 12

Proof. The relations of the hypergraph C*-algebra C*(HT") and Lemma and Lemma
imply following equations

55,8¢; = Dvy + Doy + Pus

SeySes = Puy + Doy

Se1Se, = Puy + Dus

SeySey = Dug-

It applies

8:1 3613613:1 = DPv;y

Sey8e5¢1 56, = Pua

321361 - (5:1561361321 + 862522) = Dos

522862 — 522562561 szl = Do,
The projections and therefore, the hypergraph C*-algebra C*(HT') are generated by
the partial isometries. O

3.2.6 Hyperization

In the subsection before we found isomomorphisms from hypergraph C*-algebras to
some well known universal C*-algebras. From Section 2 we know graphs that generate a
graph C*-algebra that is isomorphic to these universal C*-algebra. We asked ourselves
whether it is possible or not to define a ”hyper” version of a given graph such that the
hypergraph is not actually a graph, like we did in Remark [3.3] and that the generated
graph and hypergraph C*-algebras are isomorphic to each other. We were able to
find a "hyper” version that produces an injective homomorphism to the given graph
C*-algebra.
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3 Hypergraph C*-algebras

Proposition 3.26. LetI' = (V, E,r,s) be a graph. For our graph C*-algebra we write

C*(T) = C*(3c, € € Espy, v €V | poPu = 0,0 # w; 5557 = efbrie) D Seds = Pu)

eck
s(e)=w

where 5. s a partial isometry for all e € E and p, is a projection for all v € V.

Consider the hypergraph HT = (V,E,r,s) consisting of

V= {v,0'} for allveV
r(e) = {r(e),r(e)'} for alle € E
s(e) = {s(e),s(e)'} for all e € E.
We have an injective *~homomorphism ¢ : C*(I') — C*(HT), sending S. to s. and

Dy to Dy + py. We also have a surjective *-homomorphism o : C*(HT') — C*(T") that
sends se to Se, Py t0 Py and py to 0.

Proof. Step 1: There exists a *-homomorphism ¢ : C*(I') — C*(HT), sending S, to
Se and Py to py + pyr. We check that the partial isometries {s.|e € E'} and projections
{pv + pv|v € V'} from the hypergraph C*-algebra C*(HT") satisfy the relations of the
graph C*-algebra C*(T"). Using Relations (HR1)-(HR3) we obtain

SZSf = 5ef Z Pv = 5ef(pr(e) +pr(e)’)

UEV
ver(e)
SGSZ < Z Dv = Ds(e) T Ps(e)
veV
vEs(e)
PoS D spsp= ) s
feE feE
ves(f) v=s(f)
prS D spsp= ) srsi= ) sish
feE feE feE
v'es(f) ves(f) v=s(f)

Notice that the first Relation (R1) of our graph C*-algebra C*(HT) is fulfilled. For

the second and last Relation (R2) we let be v € V' that is not a sink. Then there exists
at least one e € F such that s(e) = v and hence v € s(e). Observe that v’ € s(e). By
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3 Hypergraph C*-algebras

the last 3 relations from above we have for that v € V'

Do + Dot = Ps(e) + Ps(ey
= (ps(e) + ps(e)’) Z stf*

feE
s(e)es(f)
= Z (ps(e) + ps(e)’)sfsf*
feEE
s(e)es(f)
= Z (ps(e) + ps(e)’)sfs?
feE
s(e)=s(f)
(H:2) Z Sfo*'
fEE
s(e)es(f)

Hence we obtain a *-homomorphism ¢ : C*(I') — C*(HT), sending . to s. and p, to

Do + Do
Step 2: We show that ¢ is injective. Define o : C*(HT') — C*(I') with

a(se) = e
a(pv) =Py
a(pv’) =0

and observe that

a(p(Pv)) = a(py + pur) = Pu
So « is the left inverse to ¢ and therefore, the *~homomorphism ¢ is injective. Notice
that « is by definition a surjective *~homomorphism. O

Remark 3.27. Notice that there are other ways to define a ”hyper” version of a given
graph. One could also consider taking two 2 edges on top of taking 2 vertices as in our
version. Since we found an injective *-homomorphism for the version above, this is
the one we present.

3.3 Representations

Recall that we showed non-triviality of hypergraph C*-algebras for a certain class of
hypergraphs (see Proposition . Since we did not find a general way of proving
non-triviality we investigated the graphs from Section 3.2 and found representations
of them. Notice that we do not explicitly write down the representations. We present
the operators that are needed to obtain the representations.
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3 Hypergraph C*-algebras

3.3.1 Representations on (?(Z?)

Remark 3.28. Notice that the cardinal number of the image of the range map r is 2
throughout the sections 3.3.1 and 3.3.2. As soon as we use |r(e)] = 3 for e € E we
need to switch from representations on £2(Z?*) to representations on (*(Z3). One might
investigate this observation.

One consider the Hilbert space H := (?(Z?*) with orthonormal basis €(z,y) Where
x,y € Z. We define the following closed subspaces of H with decomposition H :=
Hy ® Hy® H3 ® Hy

Hy = )
Hy = <e(z,y) | £ <0,y > 0)
Hs :={ )
Hy = (e(py) | © >0,y <0).

Let P; € B(H) be the corresponding projection on H; for all ¢ = 1,...,4. Furthermore,
let

f:Z—>N0
g:Z—)Z\NO
h:N — Z\Ny

be bijections.

(a) Recall the hypergraph HT from Proposition It is given by vertices {v1, va, v3, v4 },
edges {e;} and the following images of the range and source map

r(e1) = {v1,v2} and s(e1) = {vs, v4}.
1 Vo
€1 €1
U3 U4

Figure 3.13: Hypergraph 6

We define by S; a partial isometry that fulfills the relations of the hypergraph
C*-algebra

>0
S1(e(ay)) = Teh) Y= S7S1 =P+ Py; S157 = P3 + Py.
C(ah(—y)) SONSt
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3 Hypergraph C*-algebras

(b) Recall the hypergraph HT from Lemma It is given by vertices {v1, va, v3,v4 },
edges {e1, €2, e3,e4} and the following images of the range and source map
r(e1) = {v1,v2} and s(ey) = {v1}
r(e2) = {v2,v3} and s(eg) = {va}

(e2) (e2)
r(es) = {vs,v4} and s(eg) = {vs}
(e4) (€4)

r(eq) = {v4,v1} and s(eq) = {v4}.
€1
er v — U2 e
€4 €9
eq . V4 U3 €3

Figure 3.14: Hypergraph 5

We define by S; partial isometries for all ¢ = 1, ...,4 that satisfy the relations of
the hypergraph C*-algebra C*(HT)

S1(e(zy)) = 0y>0€(f(2).p) S7S1 = P+ Py S187 =P
S2(e(zy)) = 02<0€(a,f(y)) 8552 = Pp + Ps; 5985 = P2
S3(e(z,y)) = Oy<0€(g(a)y) S3S3 = P3 + Py; 5355 =
Su(€(ay)) = 0220€( g(v)) SpSy =Py + Py; S4S; = Py.

CB

3.3.2 Further representations on (*(Z?)

It was not possible to use the decomposition from Section 3.3.1 for the next examples.

Hence we used a different one.
One consider the Hilbert space H := ¢*>(Z?) with orthonormal basis e(,,) where
x,y € Z. We define the following closed subspaces of H with decomposition H :=

Hy ® Hy ® H3 ® Hy
= (€(ay) | 220,y 20)
— (e(ey) | 2 <0,y > 0)
= (e(ay) | >0,y <0)
H4 = (e(%y) | r <0,y <0).
Let P; € B(H) be the corresponding projection on H; for all ¢ = 1,...,4. Furthermore,
let
f:7Z— Ny
g:Ng—=Z
h:Z\Nyg — Z
Jj:Z — Z\Ny
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3 Hypergraph C*-algebras

be bijections.

(a) Recall the hypergraph HT from Lemma It is given by vertices {vy, ve, v3},
edges {e1} and the following images of the range and source map

r(e1) = {v1,v2} and s(e1) = {v1,v3}.

(&5}
€1 ( U1 —> V2

Figure 3.15: Hypergraph 7

We define by S a partial isometry that satisfies the relations of the hypergraph
C*-algebra C*(HT)

. >0 i} .
Si(e@y) = { U@t V= ; S151 = P + Py; S$187 = P + Ps.
€(f(z),9(~y)) Sonst

(b) Recall the hypergraph HT from Lemma It is given by vertices {v1, va, v3, v4},
edges {e1, ea} and the following images of the range and source map

r(e1) = {v1,v3} and s(e1) = {v1,v2}
r(e2) = {va,v4} and s(e2) = {v3, v4}.

€1
€1 ( V4G «— V2
c

€1 €9

€2
(B}

vy D €2

Figure 3.16: Hypergraph 8

We define by S7 and Sy partial isometries that fulfill the relations of the hyper-
graph C*-algebra C*(HT")

>
Si(e(y)) = “l@rwy 20 ; S181 = P + Ps; S157 =P+ P
’ €(g(—a).f(y))  SOMSt
52(6(35 y)) = NUCE) v<0 ; S;SQ =P+ P SQS; = P34+ Py.
’ C(h(~x).j(y)) SOMSt
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3 Hypergraph C*-algebras

3.3.3 Representations on (?(Z3)

As we discussed earlier we need to switch to representations on ¢?(Z3) since we start
to investigate hypergraphs with |r(e)| = 3 for e € E.

One consider the Hilbert space £?(Z3) with orthonormal basis €(z,y,z) Where z,y, 2 € Z.
We define the following closed subspaces of H with decomposition H := H1®Hy®- - -G Hg

H, €(zyyz) | T>0,y>0,2>0

= (e )
Hy = {ezy- | >0,y 20,2 <0)
H3 = (e y-) | >0,y <0,2>0)
Hy =gy | >0,y <0,2<0)
Hs = (e(pyz) | <0,y > 0,2 >0)
Hg :=(e(zy-) | <0,y 20,2 <0)
H7 = (e(gy,) | <0,y <0,2>0)
Hg = (€(py,) | <0,y < 0,2 <0).

Let P; € B(H) be the corresponding projections on H; for all i = 1, ..., 8. Furthermore,
let

f:Z — Ny
g:Z — Z\Ny
h:Nyg—Z
i:Z\Nyg — Ny

be bijections.
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3 Hypergraph C*-algebras

(a) Recall the hypergraph HT from Lemma It is given by vertices {v1, va, v3,v4 },
edges {e1, ea} and the following images of the range and source map
r(e1) = {v1,v2,v3} and s(e1) = {vy,va}
r(e2) = {vs,v4,v1} and s(e2) = {vs, v4}.

€1

e1 v vz o€l

el

es (3 vg e

€2

Figure 3.17: Hypergraph 9

We define by S7 and Sy partial isometries that satisfy the relations of the hyper-
graph C*-algebra C*(HT)

Sl(e(ac,y,z)) =0 >0 €(z,f(y),?) STSI =P, + P, + Ps; Sle =P+ P
y>0;2>0
y<0;2>0
y>0;2<0

Sg(e(%y,z)) =0 >0 €(z,9(y),2) S;SQ =P3+ P+ P SQS; = P3+ P4.
y20;220
y<0;2>0
y<0;2<0
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3 Hypergraph C*-algebras

(b) Recall the hypergraph HT' from Lemma It is given by vertices {v1, ..., v},
edges {e1, e2, e3} and the following images of the range and source map
r(e1) = {v1,v2,v3} and s(e1) = {vy,va}
r(e2) = {vs,v4,v5} and s(e2) = {v3, v4}
r(es) = {vs,ve,v1} and s(e1) = {vs, vg}.

e:
/] N :
[

f

| &1 €1

| v -
C_ Vg ——— Uz DEQ \

1
\
\

Figure 3.18: Hypergraph 10

We define by S; partial isometries that satisfy the relations of the hypergraph
C*-algebra HT'

Sl(e(x,y,z)) =0 >0 e(m,f(y),z) Siksl = Pl + P2 + P3; SlS’{ = P1 =+ P2
y>0;220
y<0:2>0
y>0;2<0

S2(€(z,y,2)) = 0u>0<0;2>0 €(f(z)y,2) 8552 = Py + Py + Ps; 985 = P3+ Py
>0;y<0;2<0
<0;y>0;2>0

S3(e(ay,2) =0 y>0 €(g(a)y.2) S383 = Ps + Ps + Py; 5353 = P5s + Ps.
x>0;2>0
2201250
<0;2<0
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3 Hypergraph C*-algebras

(¢) Recall the hypergraph HT from Lemma It is given by vertices {v1, ..., v},
edges {e1, e2, e3} and the following images of the range and source map
r(e1) = {v1,v2,v3} and s(e1) = {vy,va}
r(e2) = {v4,v5,v6} and s(e2) = {vs, vg}
r(es) = {vs,v4} and s(eg) = {vs, v4}.

ey ( Uy Us _ €2
€1 €3 €3 €9
0 N
T~
€1 U3 €3 U4 €2
~_
€] €2
ey va Ug ) €3

Figure 3.19: Hypergraph 11

We define by S; partial isometries that fulfill the relations of the hypergraph
C*-algebra HT'

S1(e(ay,2) =0 2>0 €(af(y),2) SiS1 = P+ P, + Ps; S1S7T =P+ P,
y=>0;22>0
y<0;2>0
y>0;2<0

S2(€(z,y,2)) 1= 0u>0,y<0;2<0 €(g(2).y.2) S3S9 = Py + Ps + F; 955 = Ps + P
r<0;y>0;2>0
r<0;y>0;2<0

S3(€(2,y,2)) = 0u>0<0 €(z,y,2) 8383 = P3 + Py; 5383 = Py + Py.
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3 Hypergraph C*-algebras

(d) Recall the hypergraph HT' from Lemma It is given by vertices {v1, ..., v5},
edges {e1, ea} and the following images of the range and source map
r(e1) = {v1,vs,v5} and s(e1) = {vy,va}
r(e2) = {vg,v4} and s(eg) = {vs}.

€1
f 02
L

Vg ——— Uy

€2

Figure 3.20: Hypergraph 12

We define by S7 and Sy partial isometries that fulfill the relations of the hyper-
graph C*-algebra C*(HT")

€(f(x P z>0 .
Sl(e(:t,y,z)) = 53:20;?;20;220 {e(f( )F W):h(2)) sonst ; Sl S1 =P+ P3 + Ps;
z2>0;y>0;2 T —z
3,58528;58 (f(@),f(y),h(—2))
<0;y>0;2>0

815’1* =P+ P

€(z i(z z2 <0 " N
52(€(2,y,2)) = 020 { (=9 (w)i(=)) ; S582 = Py + Py; S985 = Ps.

C(ag(y)i(-2) SONSt
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