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1 Introduction
In the last years manifold concepts for the realization of quantum computers and quantum networks have been developed. It has been shown that quantum computers are
superior to classical computers in some fields, e.g. in the factorization of prime numbers
[1] or in searching an unsorted database [2].
A promising candidate for the implementation of small-scale quantum computers is the
use of single trapped ions. There are different approaches for the implementation of
quantum computers using single trapped ions [3],[4].
In our experiment we want to realize a quantum network, which involves, e.g., entangling
two distant single ions in two traps. The ions serve as nodes in the quantum network.
They can store quantum information in their internal states and are therefore also called
stationary qubits. These qubits can be entangled by the absorption or emission of single
photons. It is therefore of essential necessity to obtain control over the emission and
absorption process as well as over the manipulation of the internal states of the ion.
For that purpose we need very high frequency and phase stability of the laser systems
that are used to manipulate the internal states of the ion.
Up to now we use diode laser systems that are stabilized using a tranfer locking scheme
[5]. There the lasers are stabilized to a transfer cavity using the Pound-Drever-Hall
locking technique [6]. The transfer cavity is locked to a laser which is itself stabilized to
an absorption spectroscopy signal of a caesium vapor cell.
This work contributes the first steps towards replacing this laser locking scheme by a
setup that allows us to stabilize not only the frequency of the lasers but even their phase.
For that purpose we need an instrument that allows us to obtain the information about
the laser phase in order to be able to stabilize it. With the invention of the optical
frequency comb [7] such an instrument became available.
A frequency comb is a mode-locked laser that runs on many laser modes (≈106 ) simultaneously, yielding a comb-like spectrum. The phases of the modes are correlated due
to the mode-locking mechanism. The fields of the individual modes add up to give rise
to a temporal sequence of short, intense pulses separated by the cavity round trip time.
In the present experiment the frequency comb is a mode-locked Er3+ -doped fiber laser.
The phase stabilization of the lasers is achieved by measuring the heterodyne beat note
between a laser and its spectrally nearest comb mode. The beat signal contains the
information about the laser phase or, more precisely, about the phase difference between
the laser and the comb mode. Thus after some processing the beat signal can be used
to lock the laser phase to the phase of the comb mode.
If the comb phase is stabilized, also the laser phase will be stable.
The stabilization of the frequency comb is another aspect of this work and will be pre-
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sented in chapter 3.
At first in chapter 2 the theoretical fundamentals that are relevant for this work are
given. These are the theoretical description of noise processes and their characterization,
control theory and laser theory. This is of interest to understand the noise processes that
occur in the lasers and to evaluate the performance of the stabilization. Furthermore
one needs to know how the frequency and the phase of the lasers can be controlled.
In chapter 3 the actual setup for the laser stabilization is presented. Also the frequency
comb is shown in more detail and the comb stabilization is explained.
In chapter 4 the results that were obtained with the setup are presented. Finally in
chapter 5 a conclusion and an outlook on future work is given.
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The following chapter will introduce some fundamentals which are necessary to understand the principles behind the laser stabilization. In the first section, the different kinds
of noise and their characterization are described. Afterwards, a short introduction to
control theory is given.
As it is the aim of this thesis to stabilize a laser, we will then concern ourselves first
with laser theory in general before the two laser systems used in the setup, on the one
hand, the diode lasers which are to be stabilized and on the other hand a mode-locked
femtosecond laser, the frequency comb, will be described. The frequency spectrum of
the latter consists of many equidistant modes. The comb acts as a reference for the other
lasers. At the end of this chapter, I introduce the theory describing the interaction of a
laser with a single ion, in our case the 40 Ca+ ion.

2.1 Noise and Characterization
The following section is based on [8] and [9].
In this section, some terms and definitions are introduced that are needed later to
understand and evaluate the measurements shown in chapter 4.
The different noise types and their origins are described and some tools are developed to
characterize the noise types. This is applied afterwards to characterize the lasers used
in the experiment and determine the quality of the stabilization of the lasers.
In reality, the frequency and amplitude of an oscillator are not constant values, but
fluctuates in time in a non-deterministic way due to a large variety of physical processes
which can not be controlled. They are often referred to as noise or jitter. Therefore
it is essential to have a profound knowledge of these processes and how they affect the
system under investigation in order to regulate their effects.
Because of the non-deterministic character of these fluctuations, they can not be described by analytical functions, but have to be described statistically.
The instantaneous output signal of the oscillator is written as
U (t) = [U0 + ∆U0 (t)]cos(2πν0 t + φ(t)) ,

(2.1)

where the quantity U (t) is the electric output field of a laser. ∆U0 (t) and φ(t) represent
random fluctuations of the constant amplitude U0 and the phase 2πν0 t, respectively.
These fluctuations are considered to be only small pertubations, i.e. the mean value of
the temporal derivative of the phase fluctuations hφ̇i is small compared to 2π ν0 and
∆U0 (t) is small compared to U (t). It is furthermore assumed that the fluctuations of
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the phase do not influence the amplitude fluctuations and vice versa. The instantaneous
frequency is defined as the temporal derivative of the phase:
ν(t) =

1 d
1 dφ
(2πν0 t + φ(t)) = ν0 +
.
2π dt
2π dt

(2.2)

One sees that this quantity differs from ν0 by the derivative of the phase fluctuations,
∆ν(t) =

1 dφ
.
2π dt

(2.3)

For better comparison, the fluctuations are then normalized to the center frequency ν0
of the oscillator:
y(t) ≡

∆ν(t)
dx(t)
=
,
ν0
dt

where x(t) ≡

φ(t)
2πν0

(2.4)

is the normalized phase fluctuation.

2.1.1 Time Domain Description
In reality, the measurement of a quantity will be performed by a series of discrete readings
yi rather than a continuous measurement y(t). The continuous function y(t) is then
reduced to a series of consecutive measurements averaged over the measurement time τ ,
1
y¯i =
τ

tZ
i +τ

y(t) dt .

(2.5)

ti

In general, different data sets of yi coming from repeated measurements will differ from
each other, so it is useful to characterize such data sets using the mean value
ȳ =

N
1 X
yi
N i=1

(2.6)

and the square of the standard deviation
 N 2
N
N
X
1
1 X
1 X
2
2
=
(yi − ȳ) =
y −
yi
,
N − 1 i=1
N − 1 i=1 i
N i=1
"

s2y

#

(2.7)

with N being the number of data points.
sy is a measure of the spread of the data set around the mean value ȳ.
Often the fluctuations of y(t) result from a statistical process. If the cause of these
fluctuations is stationary, i.e. time independent, this distribution evolves into a Gaussian
probability density
(y−ȳ)2
1
p(y) = √ e− 2σ2
σ 2π

10
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for sufficiently large measurement time, and the variance is
Z∞

2

σ =

(y − hyi)2 p(y) dy ,

(2.9)

−∞

where hyi is the expectation value of the statistical process,
hyi ≡

Z∞

yp(y) dy .

(2.10)

−∞

p(y) dy is the probability that the quantity takes a value in the range y → y + dy.
Using eq. 2.10, eq. 2.9 is written as
σ 2 = h(y − hyi)2 i = hy 2 − 2yhyi + hyi2 i = hy 2 i − hyi2 .

(2.11)

However, the use of the mean value and standard deviation causes some problems as
soon as the mean value does not converge within the measurement time.
For example consider a set of randomly fluctuating data superimposed with a slow drift.
Then it is clear that the spread of each subset is less than the spread of the whole set,
which means also that the standard deviation of each subset is smaller than the one of
the entire set.

2.1.2 Allan Variance
To avoid the problem mentioned above, one can determine the so-called two-sample
Allan variance instead of the usual variance. This is defined as
σy2 (τ ) =

2
DX
i=1

2
1X
y¯j
y¯i −
2 j=1

!2

E

1
= h(y¯2 − y¯1 )2 i .
2

(2.12)

As one can see, unlike the usual variance, where the calculation of the fluctuations is
referred to the mean of the distribution, the two-sample Allan variance is based on the
difference of two adjacent frequency values.
The Allan variance is a function of the measurement time τ : y¯i is the time average of the
i-th frequency measurement, averaged over the measurement time τ , as defined in eq.
2.5. Here it is assumed that there is no dead time between subsequent measurements. A
low value of σy2 for a given τ means a good stability over this measurement time. There
are other versions of the Allan Variance which will be introduced later.

2.1.3 Frequency Domain
For a stable oscillator, such as a laser, it is reasonable to assume that the instantaneous
frequency ν(t) differs only slightly from the mean frequency ν̄ so that
∆ν(t) ≡ ν(t) − ν̄  ν̄

(2.13)
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holds.
Assuming that ∆ν(t) is stationary distributed, one can consider the autocorrelation
function of the frequency deviations as a measure of this distribution:
1
Rν (τ ) ≡ lim
T →∞ 2T

ZT

∆ν(t + τ )∆ν(t) dt .

(2.14)

−T

Now the power spectral density is obtained using the Wiener-Khintchine theorem,
Z∞

Sν (f ) =

Rν (τ )e−i2πf τ dτ ,

(2.15)

−∞

where f is the Fourier frequency.
According to eq. 2.4, the power spectral density of the fractional frequency fluctuations
y(t) is then
Sy (f ) =

1
Sν (f ) .
ν02

(2.16)

In analogy to the power spectral density of the frequency fluctuations, one finds the
power spectral density of the phase fluctuations by taking into account that the frequency
fluctuations are essentially the time derivative of the phase fluctuations:
Sν (f ) = f 2 Sφ (f ) ,

(2.17)

and from that follows


Sy (f ) =

f
ν0

2

Sφ (f ) .

(2.18)

The power spectral density is easily measured. From measurements of Sy (f ) for various
noise sources one observes that it can be regarded as a superposition of five independent
noise processes which are described as a power series,
Sy (f ) =

2
X

hα f α ,

(2.19)

α=−2

where the hα ’s are constant.
The different powers are identified with different noise mechanisms. To connect the
Allan variance with the measured spectral density, one has to find an expression for
σy2 (τ ) in terms of Sy (f ). This is done using the transfer function [10]
Hτ (f ) ≡

12

sin2 (πf τ )
.
πf τ

(2.20)
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With that, one obtains the relation [8]
σy2 (τ )

Z∞

2

Z∞

Sy (f ) Hτ (f ) df = 2

=2

Sy (f )

sin4 (πf τ )
df .
(πf τ )2

(2.21)

0

0

Now the different types of noise are characterizd either by the power spectral density
or the Allan variance. Table 2.1 shows the 5 classes of noise, the corresponding power
spectral density (with the dependency on the Fourier frequency f ) and the Allan variance
(with the dependency on the measurement time τ ).
Type of noise

Sy (f )

σy2 (τ )

White phase noise
Flicker phase noise
White frequency noise (Random walk phase noise)
Flicker frequency noise

h2 f 2
h1 f
h0
h−1 f −1

Random walk frequency noise

h−2 f −2

3h2 fc −2
τ
4π 2
h1 (1.038+3ln 2πfc τ )
4π 2 τ 2
h0 −1
2 τ
2ln 2h−1
2π 2 h−2
τ
3

Table 2.1: Power law for Sy (f ) and the corresponding Allan variance (assuming a low1
pass filter with cut-off frequency fc , where fc  2πτ
) for the different noise
classes.
The origins of these types of noise are manifold [11], [9]:
• White phase noise is the dominating effect at high frequencies. In the optical
regime it is a consequence of the quantum noise. For diode lasers it becomes
important for frequencies higher than 10 MHz.
• Flicker phase noise arises from noisy electronics and becomes significant for
frequencies higher than 1 MHz. The responsible physical process is unknown.
• White frequency noise comes from the electronics inside the feedback loop of
the oscillator. In a laser system, spontaneous emission is also known as a source
of white frequency noise. This kind of noise appears in a region from 1 Hz up to
1 MHz.
• Flicker frequency noise, also called 1/f -noise, is related to the electronics and
environmental influences, but not yet totally understood. The significant region
for this is from 1 Hz to 100 kHz.
• Random walk frequency noise appears due to environmental effects like temperature drifts, pressure variations, vibrations and shocks. The random walk happens on a time scale from seconds to days.
However, one has to keep in mind that eq. 2.19 represents only a model. In reality, especially the low frequency noise, which has an f −1 -dependency in the model, can show
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up as f −β -noise, with 12 ≤ β ≤ 2 (e.g. caused by a superposition of different noise processes).
The exponent of τ is determined easily if the Allan variance is displayed in a double
logarithmic plot. The exponent corresponds then to the slope of the graph.
The terminology and results obtained here are later used to characterize the frequency
behavior of the diode lasers and the frequency comb.
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2.2 Introduction to Control Theory
This following section relies on a comprehensive overview of control theory that one can
find in [12].
Control theory deals with the control of dynamical systems, i.e. systems that change
their output with time. To control the output of the system, the input of the system
has to be manipulated in such a way that it counteracts external perturbations. This is
done via a so called control loop. A simple model of such a loop is shown in fig. 2.2
noise

reference
w(t)

d(t)
error signal
e(t)
u(t)
System
Controller

output
y(t)

−

Figure 2.1: Simplified model of a control loop. The output of the system, superimposed
by noise, is compared to a reference. The deviation from the reference value
is used as the error signal. Based on the error signal, the controller creates
a feedback signal that is fed into the system and annihilates the deviation of
the system output from the reference value.
The basic elements of a control loop are
• The input reference w(t) to which the output of the system is compared.
• The output y(t) of the system is compared to the reference, the difference of these
two signals gives the error signal e(t). This error signal is then sent to the controller.
• The controller generates a signal u(t) that is the input of the system. The generated input signal depends on the controller and its parameters and is not necessarily
a linear function of e(t).
• Depending on the input, the system generates an output signal which is sent back
again. In this case one speaks of a closed loop or a feedback loop. In general, the
system output will be additively superimposed by noise d(t).
It is the aim of the control loop to minimize the error signal e(t), i.e. that the output
and the reference coincide and that the noise is compensated as fast as possible.
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In the case of this work, the reference w(t) is assumed to be constant in time, so that
w(t) = w .
Furthermore, the feedback signal is not the actual output of the system, but the measured
output ym (t). This may differ due to dynamic processes in the measurement process as
well as due to noise. Another deviation from the ideal case of fig. 2.2 comes from the
non-ideal behavior of the controller and the system itself.
One part of this work is the development of a controller. Therefore, the different kinds
of controllers are introduced in the following sections.

2.2.1 P-Controller
A P-controller is a linear amplifier whose phase shift over the relevant frequency range is
negligible. Considering the simplified picture (cf. fig. 2.2) and assuming a linear behavior
of the system, i.e.
y(t) = AS (u(t) + d(t)) ,

(2.22)

we get
u(t) = AC (w(t) − y(t)) ,

(2.23)

where AC is the amplification of the P-controller and AS is the amplification of the
system. For an operational amplifier like in fig. 2.2 the amplification is given by the
ratio of the two resistances,
|AC | =

16

ROA
.
RIn

2.2 Introduction to Control Theory

ROA
RIn

+

Uin

Uout

Figure 2.2: Operation amplifier acting as a P-controller. The gain is given by the ratio
ROA /RIn .
From eq. 2.23 and eq. 2.22 we get
y(t) =

AC AS
AS
w(t) +
d(t) .
1 + AC AS
1 + AC AS

One sees that the behavior
g = AC AS ,

∂y
∂w

(2.24)

approaches 1 with increasing loop gain
(2.25)

whereas the response to perturbations, ∂y
∂d decreases and approaches 0 with increasing
controller gain AC . The problem we have to deal with here is that the loop gain g cannot
be made arbitrarily large. Otherwise, as a result of the propagation delay of the signal in
the loop and the controller, phase shifts of the signal would occur that cause oscillations
in the loop.
To determine the maximal possible P-controller gain one uses its Bode plot. Such a
Bode plot is shown in fig. 2.3.
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Amplification / dB

Controller

40

fc

20

Controller + System
(loop gain |g|)

Phase / °
System
0

0

-90

-20
Phase

Phase margin 60°

-40

-180

-60

-270

10

100

1k

10k

100k

frequency / Hz

Figure 2.3: Example for a Bode plot of a P-controller. The figure shows the gain of
the controller, the gain of the loop (controller + system), the gain of the
system and the phase shift of the loop as a function of the frequency. At the
critical frequency fc the loop gain is equal to one. Usually the gain of the
P-controller is chosen such that the frequency where the phase margin of the
loop is 60◦ coincides with the critical frequency.
In this example the phase delay of the loop (controller + system) becomes 180◦ for
a frequency of 3.3 kHz. At this frequency the feedback becomes positive and therefore
an oscillation at this frequency is driven instead of being avoided. Depending on the
loop gain g = AC · AS , the oscillation at that frequency grows exponentially for |g| > 1,
oscillates with a constant amplitude for |g| = 1 and is damped for |g| < 1.
The optimal proportional gain AC is derived from the phase margin one obtains from
the Bode plot. The phase margin α is defined as
α = 180◦ − |ϕL (fc )| = 180◦ − |ϕS (fc ) + ϕC (fc )| ,

(2.26)

where |ϕL (f )| is the phase delay of the loop, consisting of the sum of the phase delay of
the controller, |ϕC (f )|, which is zero by definition, and the phase delay of the system,
|ϕS (f )|. fc is the critical frequency, which is defined as the frequency for which the loop
gain |g| is equal to 1. So we get
α = 180◦ − |ϕS (fc )| .

(2.27)

A phase margin of 0◦ results in a undamped oscillation. The response time, i.e. the
time it takes until the the control deviation w(t) − y(t) permanently falls below a certain
value, reaches its minimum for α = 60◦ .
To determine the optimal P-gain, one searches the frequency where the system has a
phase margin of 60◦ and then adjust the P-gain to make this frequency the critical
frequency.
When increasing the controller gain in order to reduce the control deviation, the transient
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response1 is worsened. This is because for too large gain values overshoots appear in the
output signal. To obtain a vanishing control deviation and optimal transient response,
a modified controller is needed.

2.2.2 PI-Controller
As the name implies, this is a P-controller with an additional integrating part in parallel.
The integrating behavior leads to a control deviation of lim we = 0, since it integrates
t→∞
as long as there is a finite error signal.
Another point of view is that the integrating part behaves like a low pass, i.e. the gain is
high for lower frequencies and decreases for increasing frequency. For the PI-controller,
the complex controller gain is
AC = AP +

1
.
iωτ

(2.28)

Here, AP denotes the gain of the proportional part and τ is the time constant of the
integrating part. With that we get
lim |g| = ∞ .

f →0

(2.29)

The effect of the integrating part near the critical frequency is negligible, so that the
behavior at higher frequencies is mainly determined by the proportional part of the
controller. This is also shown in fig. 2.4.

1

i.e. the response of the system to a variation of the input signal u(t).
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Amplification
Gain

I

Phase / °
P
0
-45

Phase

-90

fI

frequency

Figure 2.4: Bode plot for a PI-controller. The gain of the integrating part, the gain of
the proportional part and the phase shift due to the controller are shown.
For low frequencies, the behavior of the controller is determined by the integrating part, while for higher frequencies, the proportional part dominates.
At the cross-over frequency fI , the gain of the integrating part has the same
magnitude as the gain of the proportional part. Here it is assumed that fI
is small compared to the critical frequency fc .
The transition between these two regimes takes place at the cross-over frequency fI
which characterizes the PI-controller. At this frequency, the phase shift is -45◦ and the
gain of the P-part is equal to that of the I-part. Typically the cross-over frequency is
small compared to the critical frequency fc .
A realization of a PI-controller is shown in fig. 2.5.
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RP2

RP1

-

P

ROut

+

ROut

-

CI

Uin

+
Uout
RI

-

I

ROut

+

Figure 2.5: Realization of a PI-controller using operational amplifiers. The upper part
amplifies the input proportionally, while the lower part shows an integrating
behavior. The operational amplifier on the right adds the contributions of
the proportional and the integrating part and re-inverts the signal.
For that circuit, the proportional gain is given by
AP =

RP 1
RP 2

(2.30)

and the integrating gain by
|AI | =

1
.
ωRI CI

(2.31)

For the cross-over frequency we get
fI =

RP 2
.
2πRP 1 CI RI

(2.32)

To avoid a reduction of the phase margin of the integrating part, we must ensure that
fI  fc . On the other hand it is not reasonable to choose fI too low, because then the
time for the I-part to regulate the control deviation to 0 is increased. A good value for
fI is fI = 0.1 · fc .

2.2.3 PID-Controller
By adding a derivative part, i.e. a controller whose output is proportional to the temporal
derivative of the input signal, in parallel, a PI-controller is turned into a PID-controller.
A realization of a PID-controller is shown in fig. 2.6.
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Figure 2.6: Realization of a PID-controller using operational amplifiers. The upper part,
denoted with D, produces an output signal that is proportional to the temporal derivative of the input signal.
The gain for the derivative part is given by
|AD | = τD

dUin
= ωCD RD .
dt

(2.33)

The complex overall gain of the PID-controller adds up to
AC =

i
RP 1
+ iωCD RD −
.
RP 2
ωCI RI

(2.34)

In eq. 2.33, Uin is the input voltage and
τD =

1
,
2πfD

(2.35)

where fD = 2πCDRRPD1 RP 2 is the frequency at which the D-part becomes dominating.
Usually, the critical frequency fc is then chosen such that it coincides with fD . At fD ,
the phase shift of the D-part is approximately +45◦ , thus the phase delay of the system
is partly compensated and consequently the proportional gain can be increased till the
overall phase margin is 60◦ again, so that we get the desired transient response, but with
an increased critical frequency and therefore an increased loop gain.
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Usually, another resistor is placed in front of the derivative part in order to avoid
an infinite gain for frequencies approaching infinity, which would lead to an oscillatory
behavior of the controller.
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2.3 Laser Theory
Lasers have nowadays become an important instrument not only for research, but also
for industrial and daily applications.
The acronym laser stands for light amplification by stimulated emission of radiation.
The process of stimulated emission leads to coherent emission of light. The different
mechanisms of absorption and emission in a laser medium are discussed later in this
section.
A laser consists of three main parts: [13]
1. the amplifying medium where the stimulated emission takes place,
2. the energy pump which creates a population inversion in the amplifying (or
active) medium, and
3. the resonator which provides a feedback for the light field.

Mirror

Mirror
Active medium
Pout

Energy pump
Figure 2.7: Schematic setup of a laser. An energy pump produces a population inversion
in the active medium. By stimulated emission, the light field is amplified
coherently. The two mirrors, forming a resonator, provide a feedback to the
system.
Population inversion means that at least one level is populated far off the thermal
equilibrium and the population density of this level is higher than the one of a level with
lower energy. In this case, the rate of emission induced by an external light field is higher
than the absorption rate, so that there is a net amplification of the field. This light is
then reflected by the resonator mirrors and sent back through the active medium.

2.3.1 Principles of a Laser
When looking at the interaction of the light field with the active medium, one has to
distinguish between three processes, absorption, spontaneous emission and stimulated
emission. These three mechanisms are shown schematically in fig. 2.8.
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(a)

(b)

(c)

|ei

|ei

|ei

|gi

|gi

|gi

Figure 2.8: The three processes that arise in the active medium: (a) absorption, (b)
spontaneous emission and (c) stimulated emission .
Regarding a two level system, absorption means that the system (e.g. an atom) is
initially in the ground state |gi, absorbs a photon of the suitable frequency (the frequency
of the transition) and ends in the excited state |ei.
In the case of the spontaneous emission, the system is in the excited state with the
E −E
energy Ee , emits a photon with frequency ν = e h g (where h is the Planck constant
and Eg is the energy of the ground state) but with random direction and phase.
The important effect for laser activity is the stimulated emission. There the system is
in the excited state when an external photon stimulates the transition into the ground
state. By this a second photon with the same frequency, direction and phase is emitted,
so the light field is amplified in a coherent manner.
The rate at which these processes appear is described by Einstein’s Rate Equations
(ERE). It is intuitive that the rate depends on the population of the two states, so the
rate equations become [14]
dN1
= A21 · N2 − B12 · N1 · hW (ω)i + B21 · N2 · hW (ω)i ,
dt
dN2
= −A21 · N2 + B12 · N1 · hW (ω)i − B21 · N2 · hW (ω)i .
dt

(2.36)
(2.37)

N1 is the the population of the ground state, N2 is the population of the excited state,
A21 , B12 and B21 are the Einstein coefficients for the spontaneous emission, the absorption and the stimulated emission, respectively. W (ω) is the frequency dependent
radiation energy density.
The ratio of stimulated emission to spontaneous emission is [15]
st
dN21
sp = number of photons per mode,
dN21

so it is necessary to have a large feedback (i.e. a resonator) to increase the photon number
to obtain a ratio significantly larger than 1. In contrast to the spontaneous emission
where the light is emitted in a random direction, the stimulated emission leads to an
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amplification of the intracavity light field, whereas the absorption attenuates the field.
The intensity of a light field passing through a medium in z direction is given by Beer’s
law, namely
I(ν, z) = I0 · e−α(ν)z ,

(2.38)

where I0 is the initial intensity at z = 0 and the frequency dependent absorption coefficient α(ν) is given by
α(ν) = (N1 − N2 ) σ(ν) .

(2.39)

σ(ν) is the cross section for the emission and absorption. It is obvious that amplification
can only occur if the population of the upper state is larger than the one of the lower
state, i.e. if there is a population inversion. In thermal equilibrium the population ratio
of the excited and the ground state is given by [16]
g2 − E2 −E1
N2
=
e kT ,
N1
g1

(2.40)

with the energy of the excited state, E2 , the energy of the ground state, E1 , the temperature T and the Boltzmann constant k. g1 and g2 denote the degree of degeneracy of
the ground state and the excited state, respectively. The ratio of the population of the
excited and the ground state never exceeds 1, i.e. a two-level-system can not perform
continuous laser activity. Thus, one needs at least one additional level to realize a laser.
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Laser transition
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Figure 2.9: Level scheme for a three level laser (a) and a four level laser (b). For the three
level system, the lower laser state is also the ground state of the system. For
the four level system this is not the case so a better inversion can be obtained.
In the case of the three level laser (c.f. fig. 2.3.1 (a)), the system is pumped into an
upper pumping level |pi, from where it relaxes into the upper laser level |ei. The laser
transition is then the transition from |ei to the lower laser level |gi, which also happens
to be the ground state of the whole system. To obtain inversion between the laser states,
it is necessary that the time that the system is in the state |gi is much shorter than the
lifetime of |ei.
A disadvantage of this scheme is that the lower laser level is, at the same time, also the
ground state, so the time the system is in the lower laser level is determined by the rate
at which the system is excited to the pump level. A better depopulation of the lower
laser level can be achieved if a fourth level is included so that the lower laser level and
the ground state do no longer coincide (see fig. 2.3.1 (b)). In that case, the lower laser
state can relax quickly into the ground state |0i and thus the inversion can be improved.
Of course, one has to take into account losses inside the cavity (e.g. scattering and
absorption losses) for real laser systems. Be γ the loss coefficient, then the intensity of
a light field after one round trip reduces according to I = I0 · exp (−γ 2L) for a cavity
of the length L. Together with the active medium, this gives
I(ν, 2L) = I0 · e−(α(ν)+γ) 2L .

(2.41)

The condition for amplification is then
−α > γ ,

(2.42)
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or for the inversion ∆N :
∆N = N2 − N1 >

γ
.
σ

(2.43)

This is the threshold condition for laser activity.

2.3.2 Laser Linewidth and Broadening Mechanisms
So far the energy levels of the laser have been considered to be sharp, so that the
transitions would be absolutely monochromatic. In reality, every laser transition has a
certain width originating from various mechanisms [17].
Homogeneous Broadening
In the case of homogeneous broadening, all emitters are broadened in the same way and
behave in the same manner. The individual emitters have a Lorentzian lineshape, so in
a homogeneously broadened medium also the resulting line has a Lorentzian shape. One
of the most important homogeneous mechanisms is the so called natural broadening
(or the natural linewidth of a laser transition).
The natural broadening occurs because the individual laser emitters have a finite lifetime. If we think of the emitters as oscillating dipoles, then the electric field of these
dipoles consists of an oscillation superimposed with an exponential decay. From the
Fourier transform of this field we see that the resulting spectral line exhibits a certain
width that is proportional to the inverse of the decay time and which is Lorentzian
shaped.
There are other homogeneous broadening mechanisms, e.g. the so called pressure broadening, which shall not be discussed here in detail.
Inhomogeneous Broadening
In contrast to the homogeneous broadening, where all the single emitters in the medium
contribute to the resulting linewidth in the same way (i.e. they all do have the same
mid-frequency, linewidth and lineshape), the lineshape of inhomogeneously broadened
media arises from a distribution of the emitters with different (environmental, thermal,...) properties. So the individual emission frequencies are shifted and the resulting
lineshape represents the distribution of the emitters, e.g. a velocity distribution for
Doppler broadening. This distribution is in general a Gaussian distribution, so also
the overall lineshape approximately has a Gaussian shape. In fact, the resulting line
arises from the superposition of the Lorentzian lines of the individual emitters with the
Gaussian lineshape of the distribution of the emitters, which is called a Voigt profile.
One important inhomogeneous effect for solid state lasers is the (solid state) Stark
broadening. This effect is based on the different environmental conditions in the host
crystal of the laser medium. The emitting particles see different external electric fields,
depending on the lattice site where it is located. Therefore their energy levels are shifted
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in a different way. The shift of the energy levels in an external electric field, the Stark
shift, then leads to a distribution of the emitted frequencies, thus the laser line is inhomogeneously broadened.
These broadening mechanisms determine the gain bandwidth of the laser, i.e. the range
of frequencies that can experience amplification in the active medium of the laser. They
are therefore also of particular interest for the frequency comb presented later which
relies on the fact that many laser mode are able to oscillate simultaneously.

2.3.3 Diode Lasers
This section follows the treatments in [18], [17] and [19].
A widely used kind of laser is the semiconductor laser, also called diode laser. Due to
their flexibility they are used in various fields including consumer electronics, pumping
of solid state lasers and stand-alone scientific laser systems like in the present work.
Diode lasers operate using jumps in the energy that occur when an electron occupying
a state in the conduction band of the semiconductor material makes a transition into an
unoccupied electron state, a so called hole, in the valence band.
In this section an overview of the basic semiconductor physics, some aspects of the
laser operation and a possible realization of an external cavity diode laser, the so-called
Littrow configuration, will be given.
The first thing we have to pay attention to is the band structure of semiconductors,
the influence of controlled impurities (so called dopants) and the behavior at a junction
between two regions with different dopings.
Semiconductor Physics Background
In a semiconductor, the sharp energy levels of single atoms smear out because of the
interaction with neighboring atoms and thus form broad energy levels, called energy
bands. These bands are seperated by an energy Eg , which is called the energy gap or
band gap. The band formed by the outermost electrons of the atoms, which at absolute
zero temperature is completely filled, is called the valence band. The excited energy
states of the atoms broaden due to interaction with the neighboring atoms and form
a series of excited energy bands, which at absolute zero temperature are empty, and
of which the lowest one is called conduction band. The distance in energy between the
conduction and the valence band determines whether the solid is an insulator, a metal or
a semiconductor. If the band gap is much higher than the thermal energy in the system,
i.e. if Eg  kT , there are almost no electrons excited into the conduction band and so
the solid is an insulator. In a metal, the gap is small (Eg  kT ), thus electrons can easily
be excited thermally into the conduction band, giving rise to electrical conductivity. For
semiconductors, the band gap is in the order or a few times larger than the thermal
energy kT , so for temperatures above 0K there will be some electrons in the conduction
band.
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Figure 2.10: Band diagram for an insulator (a), a metal (b) and a semiconductor (c). For
an insulator, the band gap is much larger than the thermal energy kT . For
a metal, the band gap is small compared to kT and for the semiconductor,
the band gap and the thermal energy are of the same order.
Commonly used semiconductor materials in photonics are binary materials, such as
the III-V semiconductors GaAs and InSb, where the roman numerals indicate the group
in the atomic table to which each atomic constituent belongs to.
For these materials the electrons will emit a photon when they fall from the excited state
in the conduction band into the low energy state in the valence band. These transitions
are essential for the realization of diode lasers and are thus discussed in the next section.
Band Transitions
To explain how electrons move within a band, we must allow for at least one vacant state
in the band. This is achieved when an electron is excited into the conduction band.
The vacancy left in the valence band, called a hole, behaves very much like a positive
charge.
For an intrinsic semiconductor, i.e. a semiconductor material with no or very little impurities, at a finite temperature, there will always be some electrons being excited into
the conduction band, and consequently some holes in the valence band. It is now of
interest to know the density of these charge carriers at a certain temperature T .
As the electrons are fermions and can not occupy exactly the same energy state, they
obey the Fermi-Dirac statistics. So the probability for an electron to occupy an energy
state at energy Ek is given by the Fermi-Dirac distribution
1

f (Ek ) =
e

Ek −µ
kT

,
+1

where µ is the Fermi level1 (see fig. 2.11).

1
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Figure 2.11: Fermi-Dirac distribution for zero (a) and finite temperature (b) for an intrinsic semiconductor. The Fermi level lies in the middle of the band gap.
For T =0 K, no electrons are thermally excited into the conduction band.
For a finite temperature, due to thermal excitation, some electrons occupy
states in the conduction band. Consequently, the same amount of states in
the valence band is vacant.
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For low temperatures, where Ek − µ  kT , this can be approximated as
f (Ek ) = e

µ−Ek
kT

.

(2.45)

It can be seen that the Fermi level is situated in the middle of the energy gap. At this
energy the population probability of a state is f (µ) = 12 . Of course, since the Fermi level
lies inside the energy gap, there are no states that could be occupied. For T = 0K all
states in the valence band up to the band gap, i.e. up to Ev , are filled and no states in
the conduction band are occupied. For T > 0K some of the states in the valence band
are empty while the same amount of states in the conduction band will be filled.
Since a hole is equivalent to a missing electron, the Fermi-Dirac distribution for the holes
in the valence band is
1

fh (E) = 1 − fe (E) =
e

µ−Ek
kT

,

(2.46)

+1

where fe (E) denotes the probability that an electron occupies a state at energy E in the
valence band.
It can be shown that the total number of electrons in the conduction band n is
m∗e kT
n=2
2π~2

! 32

e

µ−Ec
kT

.

(2.47)

Analogously the number of holes in the valence band is given by
m∗h kT
p=2
2π~2

! 23

e

Ev −µ
kT

.

(2.48)

m∗e is the effective electron mass in the semiconductor which differs from the rest mass
of the free electron due to interaction with the crystal lattice. m∗h is the effective mass
of the holes.
The radiative transitions will occur when electrons in the conduction band recombine
with the holes in the valence band. For an intrinsic semiconductor the recombination
rate is very low.
A way how a region can be created where this rate is highly enhanced is presented in
the next section.
The p-n Junction [17]
The concentration of conduction electrons and holes can be increased when impurities
are added into the semiconductor material. These impurities are called dopants. In an ntype semiconductor, an impurity is added that can release electrons. These impurities are
called donors. In a p-type semiconductor, an impurity is added that can bind surrounding
electrons. They are called acceptors. Consequently, for an n-doped semiconductor the
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additional electrons in the valence band can be excited more easily into the conduction
band, increasing the number of occupied electron states in the conduction band. For a
p-doped semiconductor the number of holes in the valence band is increased.
When a semiconductor is doped, the Fermi level moves towards the conduction band for
n-doped material and towards the valence band for p-doping. When the doping level
is high enough, the Fermi level moves into either the conduction band or the valence
band, depending on the type of doping. When this happens the material is said to be
degenerately doped. The charge distribution with respect to the energy is shown in fig.
2.12.
Energy
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Figure 2.12: Variation of the carrier density in degenerately doped n-type (a) and p-type
(b) semiconductors.
If it was possible to create a region where there are both, the electrons in the conduction band coming from the n-doped material, and the holes in the valence band
originating from the p-type semiconductor, it would be possible to obtain a population
inversion needed for laser activity. In fact, this can be done by creating a junction
between an n-type region and a p-type region and applying a voltage in the forward
direction of the formed diode1 .
In its simplest form, such a p-n junction is just the interface between two identical semiconductors, one p-doped and one n-doped. This is called a p-n homojunction.
As the Fermi level is equivalent to the chemical potential in the semiconductor, the
Fermi levels in both materials (n- and p-doped) line up when the junction is formed,
leading to a deformation of the energy levels of the conduction and valence band shown
in fig. 2.13.

1

so called forward biasing
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Figure 2.13: Band diagram of a p − n junction in equilibrium. The doping leads to the
deformation of the bands (see text). The vacuum level is the level at which
an electron would escape completely from the semiconductor.
Since the chemical potential is the same on both sides of the junction, the edge of the
conduction band (Ec1 ) has to be lowered on the n-doped side to assure that the Fermi
level is closer to the conduction band than to the valence band. With an analogous
argument, the conduction band edge (Ec2 ) is lifted up towards a higher energy in the
p-doped material. As the band gap remains the same, also the valence band is lowered
for the n-side and lifted for the p-side. The low resistance direction of the diode runs
from p → n. The electrons in the n-part come largely from ionized donors (with energy
near the conduction band edge Ec1 ), while the holes in the p-part come mainly from
ionized acceptors (with energy near the valence band edge Ev2 ).
As one sees in the figure, an electron that travels from the n- to the p-region has to
climb an energy wall of magnitude eVD , where VD is called the diffusion potential. It is
given by
eVD = Eg − (Ec1 − µ) − (µ − Ev2 ) .

(2.49)

For the holes, the situation is similar. Since they have a charge of different sign, their
energy is lower in the p-region and they would have to "climb down" the hill in order
to reach the n-doped side. Thus, the concentration of electrons decreases in the region
from the n-side to the p-side, while the number of holes increases. This region is called
the depletion layer, and it forms a barrier for the electrons to pass from n → p and from
p → n for the holes. However, across the junction the product of the number of holes
in the valence band and the number of electrons in the conduction band p · n remains
constant.
eVD
The probability for a charge carrier climbing up the hill is e− kT .
If a voltage V is applied to the diode, this probability changes to e−
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current to voltage relation for the diode is
eV

I = IS (e kT − 1) .

(2.50)

When the junction is forward biased, the charge carrier concentration across the junction changes. The current injects additional electrons (excess electrons) in the p-region
and additional holes in the n-region. To preserve electrical neutrality across the junction, in the p-type side of the junction, more holes are accumulated where the electrons
are injected and vice versa for the n-doped region. For an appropriate semiconductor material, these electron-hole-pairs do then mostly recombine radiatively, thereby
emitting a photon which may escape from the semiconductor, observable as injection
luminescence. This process is equivalent to the spontaneous emission known from other
(non-semiconductor) lasers.
Laser diodes can be build by forward biasing a degenerately doped p-n junction. The
band diagram of a degenerately doped p-n junction is similar to fig. 2.13, but the Fermi
levels lie within the bands. The band structure of the biased junction is shown in fig.
2.14.

Energy
Depletion layer

n

Junction

p

Distance

Figure 2.14: Band structure at the junction between two degenerately doped semiconductors when the junction is forward biased.
As we can see, inside the depletion layer a population inversion can be obtained, which
is needed for laser activity.
The Laser Diode
To build a diode laser, an optical feedback has to be provided for the diode. Due to the
high gain, usually the cleaved end facets of the diode itself, forming a resonator, will
give a sufficient feedback for the laser oscillation to occur. However, as the reflectivity
R of the facets is low (≈ 30%) [20], the resulting finesse of the cavity formed by the two
end facets, [17]
√
π R
F=
≈ 2.5 for R ≈ 30% ,
(2.51)
1−R
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is rather poor and consequently the linewidth (FWHM) of the cavity, [17]
∆νF SR
,
(2.52)
F
where ∆νF SR is the free spectral range of the cavity, is very broad. Together with the
broad emission characteristics of the diode itself, this gives an emission spectrum of a
single mode of the laser diode up to 100 MHz [21]. To increase the spectral purity, the
end facets can be AR coated, or an external cavity can be used. A commonly used way
to set up such an external cavity is the Littrow configuration [22] which is also used in
the diode lasers in the present experiment. A schematic setup of a diode laser in Littrow
configuration is shown in fig. 2.15.
∆ν1/2 =

Mirror

Lens
Laser diode
Grating

Figure 2.15: Schematic setup of a diode laser in Littrow configuration. The light coming
from the diode is collimated by a lens and sent onto the grating. The zeroorder diffraction of the grating is used as the output beam, while the first
order is sent back to the laser, serving as a feedback.
In that configuration, the beam coming out of the diode is collimated and sent to a
grating. The zero-order diffraction is used as the laser output, whereas the first-order
diffraction is sent back to the laser, serving as a feedback. By rotating the grating,
the wavelength that experiences feedback is tuned1 , avoiding multi-mode behavior and
narrowing the linewidth of the laser significantly. All other modes suffer from higher
losses because they are not fed back properly.

2.3.4 The Frequency Comb
In this section one of the central devices used in this work, the femtosecond frequency
comb, will be presented. The first part will treat the basic priciples of the comb, such
1
Different wavelength are diffracted at different angles. Thus, by rotating the grating, the wavelength
that was formerly diffracted back correctly is now diffracted in a different direction and anonther mode
that was not diffracted back to the laser before is now fed back properly.
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as mode-locking mechanisms, the output spectrum and the temporal shape of the field
that is emitted.
In the second part, typical noise mechanisms and noise effects occuring in the frequency
comb will be discussed in order to achieve a deeper understanding of the measurements
that will be presented in chapter 4.
Realization and Mode of Operation
A frequency comb is a mode-locked laser. Mode-locking means that the modes contributing to the laser light have a fixed phase relation which leads to a pulse of temporal
constant envelope travelling inside the cavity.
There are several mechanisms to attain multi-mode behaviour and assure the fixed phase
relation, e.g. by a saturable absorber [23], kerr-lens mode-locking [24] or mode-locking
via nonlinear polarization rotation [25]. The latter will be discussed in more detail later,
since it is applied in the frequency comb used in the experiment.
The temporal part of the light field of a single cavity mode1 (say the n-th mode) is
written as
En (t) = Re(En (t) eiωc,n t ) ,
with the center frequency νc,n =
E(t) = E0,n eiφn (t) ,

(2.53)
ωc,n
2 π

and the complex amplitude
(2.54)

where E0,n is constant and φn (t) is the phase. Assuming a fixed phase relation between
subsequent modes, i.e. φn (t) = φn+1 (t) = φ(t), the modes add up coherently, yielding
Etot (t) =

X

En (t) .

(2.55)

n

Taking, for simplicity, φ(t) = 0 = const. and regarding one fix point in the resonator,
this results in a sequence of short pulses, temporally separated by the inverse of the
free spectral range of the cavity, corresponding to the repetition rate νrep at which the
pulses appear2 . A calculated sequence of pulses based on eq. 2.55 is shown in fig. 2.16.
Fig. 2.17 shows the comb-like spectrum with the individual modes that were used to
calculate the temporal shape of the field.

1
Note, however, that the lines in the comb spectrum do not exactly coincide with the resonance
modes of the empty cavity because of intracavity dispersion in the laser medium and other dispersive
elements inside the cavity.
2
6= 0, as long as the phase change is the same for all modes.
this is still valid for dφ
dt
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Figure 2.16: Calculated temporal shape of the pulses created by the superposition of
many mode-locked cavity modes.

Figure 2.17: Comb-shaped spectrum resulting from the superposition of many modelocked cavity modes.
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After one round trip, the phase of the resulting pulse will not be exactly the same
as the one of the previous pulse. This comes from the dispersion inside the medium,
leading to different velocities of the individual modes, which causes a phase shift ∆φ
between two subsequent pulses. This can be understood more easily if we use a different,
but totally equivalent approach for the light field inside the cavity1 . There, the complex
field at a fixed point is described by the product of a oscillating field with the carrier
frequency νc and the envelope Ê(t),
E(t) = Ê(t)ei2πνc t .

(2.56)

In general, the group velocity vg (i.e. the velocity with which the envelope evolves) and
the phase velocity vp (the velocity of the carrier) will differ, causing a phase shift of [27]
∆φ =

1

vg

−

1
L2πνc
vp

(2.57)

for one round trip of the pulse, where L is the cavity length (c.f. fig. 2.18).
E(t)

Δϕ

t

Figure 2.18: Phase shift of two subsequent pulses due to dispersion in the resonator.
The additional phase contribution over time due to dispersion yields an
additional frequency offset by which all modes of the spectrum are shifted.
This phase shift of ∆φ over the single pulse round trip time Trt can be interpreted as
an additional frequency that shifts all modes of the spectrum by an amount of ∆ν = ∆φ
Trt .
Since a phase shift of ∆φ < 2π cannot be distinguished from a phase shift of ∆φ + m · 2π
(where m is an integer), the so called carrier-envelope offset (CEO) frequency (denoted
by νCEO ) is chosen to be between 0 and νrep . Phase shifts larger than 2π (or less than
−2π) in one round trip time will than result in an increased or decreased mode number
1

see for example [26]
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of all modes1 .
Having this in mind, we see that the frequency of the n-th mode is given by
νn = n · νrep + νCEO .

(2.58)

Both, the repetition rate and the CEO frequency are radio frequencies and can thus
easily be measured by devices such as spectrum analyzers or frequency counters. Hence
the absolute frequencies of the comb lines can be determined.
The repetition rate can be accessed by a fast photodiode in the resonator which measures
the intensity I(t). From the beat of the subsequent modes, the repetition rate can then
be measured. By this way, also higher harmonics of the repetition rate are seen.
For the CEO frequency (and phase), the case is a bit more complex. First of all, we need
the frequency comb spectrum to contain at least one optical octave. This is achieved
using the spectral broadening in an optical fiber due to self phase modulation. [28]
If this is achieved, the low-frequency part of the spectrum is frequency doubled. Afterwards, the frequency doubled modes with frequency 2(nνrep +νCEO ), where n is the mode
number of the original mode, is interfered with the mode of frequency 2nνrep + νCEO ,
yielding a beat note of frequency [28]
νbeat = 2(nνrep + νCEO ) − 2nνrep + νCEO = νCEO .

(2.59)

We see that the beat signal is the CEO signal, which can then be used to stabilize it to
an RF reference.
As we have seen so far, the generation of a single pulse2 , oscillating inside the cavity,
resulting in a comb-like frequency spectrum, can only be achieved if the cw operation of
the laser is suppressed. Thus, it is of interest how this can be done.
It was already mentioned that in the present experiment, the mode-lock was obtained
by non-linear polarization rotation (NLPR). How this works can be understood by the
following:
Consider a fiber resonator as shown in fig. 2.19.

1

A phase shift of ∆φ + m · 2π, where m is an integer and ∆φ < 2π, within the time Trt would shift
+ T∆φ
= m · νrep + νCEO . This is the same situation as when
the frequency of all modes by ∆ν = m · T2π
rt
rt
the phase shift in one round trip time is below 2π, but the mode number of all modes is shifted by m.
2
Single pulse means that for a fixed time, there is only one pulse inside the cavity. This pulse
oscillates inside the cavity, so that for a fixed position inside the cavity, we would see many pulses in
time.

40

2.3 Laser Theory
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Figure 2.19: Schematic setup of a fiber based frequency comb using non linear polarization rotation mode-locking. A cw laser optically pumps the Er3+ -doped
fiber. The optical isolator is needed to avoid the formation of standing
waves in the resonator that cause undesired effects like spatial hole burning
in the fiber. The resonator length is adjustable (depicted by the ∆L-part).
A polarizing beam splitter together with a set of λ/2 and λ/4 waveplates
is used to introduce intensity-dependent losses.
The Er3+ -doped fiber, pumped by a diode laser, forms the amplifying medium.
Without any additional measures, i.e. without the polarizing beam splitter (PBS) and
the waveplates, the laser would run in single-mode operation. To achieve mode-locking,
we must fulfill two requirements:
• We must attain multi-mode operation where all modes that lie above the lasing
threshold oscillate simultaneously and
• we must create a phase coherence between the individual modes.
For that purpose we need a mechanism that produced an intensity-dependent intracavity loss, where the losses are minimized when the intensity of the light field is maximized.
Since a single-mode laser runs in continuous wave operation, its peak intensity is low
compared to the peak intensity in the pulsed operation. Therefore it suffers from high
losses. The highest peak intensity is achieved if
• all modes above the lasing threshold start to oscillate simultaneously and contribute to the field and
• these modes add up coherently, i.e. they have a fixed phase relation, as described
in the beginning of this section.

41

2 Theory

These are exactly the requirements for the mode-locked operation mentioned above.
This means if we can realize a mechanism that exhibits minimum losses for the highest possible intensity inside the resonator, mode-locked operation of the laser will be
achieved.
One possibility to achieve intensity-dependent losses is the so-called non-linear polarization rotation (NLPR). Due to non-linear processes, the polarization of the field inside the
resonator is rotated, where the amount by which it is rotated depends on its intensity.
The PBS is included to introduce intensity-dependent losses. It is obvious that after including the PBS, the intracavity loss depends on the polarization of the light and hence,
due to the NLPR, on the intensity.
The number of modes that start to oscillate and their phases are determined by the
intensity that experiences minimal losses. These quantities will arrange in such a way
that the resulting field inside the cavity will exhibit this intensity.
The waveplates are adjusted such that the highest possible intensity experiences the lowest losses. Therefore all laser modes above the threshold contribute to the field and their
phases are fixed relative to each other to create the field with the highest intensity. The
laser is called to be mode-locked and its spectrum exhibits the comb structure shown
before.
The following part describes how one can change the repetition rate νrep and the carrierenvelope offset frequency νCEO .
For the repetition rate the cavity length can be changed by a piezo crystal attached to
one of the cavity mirrors. The round trip time Trt of the pulse, i.e. the time that is
needed for the pulse to perform one round trip inside the cavity, is given by
Trt =

L
vg

(2.60)

for a cavity of the length L.
Since the repetition rate νrep is determined by
νrep =

1
,
Trt

(2.61)

a change of the cavity length causes a change of the repetition rate.
For the carrier-envelope-offset, the issue is a bit more complicated.
We start with the expression for the complex refractive index of a medium
n = n0 + in00 ,

(2.62)

where the real part n0 is given by
n0 =

c0
,
c

(2.63)

with the vacuum light speed c0 and the light speed in the medium c. The imaginary
part n00 corresponds to the extinction coefficient  of the medium, which is related to
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the absorption coefficient α by
ω
ω
α = 2n00 = 2 .
c0
c0

(2.64)

Furthermore we need an expression for the group velocity and the phase velocity. The
latter is the quotient of the angular frequency ω and the wave vector k, i.e.
ω
c0
vp = = 0 .
(2.65)
k
n
The group velocity is
vg =
with k =

dω
.
dk

n0 ω
c0

vg =

(2.66)

(c.f. eq. 2.65) this becomes

dω
1
= dk =
dk
dω

1
n0
c0

+

=

ω dn0
c0 dω

n0

c0
0 .
+ ω dn
dω

(2.67)

The real and imaginary parts of the refractive index are connected via the KramersKronig relation [29] which is in its general form for a complex, frequency dependent
quantity χ(ω) = Re(χ(ω)) + i Im(χ(ω))
2
Re(χ(ω)) = 1 + P
π

Z∞

ΩIm(χ(Ω))
dΩ ,
Ω2 − ω 2

(2.68)

0

Where P is the Cauchy principle value of the integral. For the case of the complex
refractive index, χ(ω) = n(ω), then Re(n(ω)) = n0 (ω) and ωIm(n(ω)) = c20 · α(ω),
yielding
c0
Re(n(ω)) = n (ω) = 1 + P
π
0

Z∞

α(Ω)
dΩ .
Ω2 − ω 2

(2.69)

0

Given this formula the further argumentation is straightforward. A change of the current
of the diodes pumping the fiber laser leads to a change of the gain coefficient or to the
absorption coefficient, respectively. From eq. 2.69 we see that this also affects the real
0
part of the refractive index. For a non-vanishing dn
dω , this acts differently on the group
and the phase velocity (c.f. eq. 2.65 and eq. 2.66) which according to eq. 2.57, alters the
CEO frequency.
Unlike the variation of the repetition rate by the change of the resonator length via
the piezo, which has for obvious reasons no effect on the CEO frequency, a change of
the offset frequency by the pump power and thus a change of the refractive index also
influences the repetition rate due to a variation of the optical length of the cavity and
therefore a change of the round trip time. Alternatively seen, a change in the optical
cavity length results in a change of the free spectral range of the subsequent cavity modes
contributing to the pulse and hence the repetition rate alters.
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Noise Types and Mechanisms
The following section is based on [30].
Of course, the comb modes are not δ-shaped, but exhibit a certain linewidth, corresponding to a certain amount of noise. The origin and effect of different noise types in
the frequency comb are the topic of this section.
There are three main noise contributions that arise in frequency combs,
• the timing jitter,
• the optical phase noise and
• the carrier-envelope offset noise.
They can have different origins, most commonly mechanical vibrations of the laser
cavity, thermal effects in the gain medium and/or the laser cavity and quantum fluctuations, which are mainly determined by spontaneous emission. Depending on the
circumstances, the noise performance can be close to quantum limited or many orders
of magnitude above the quantum limit. For example, a timing stabilization via cavity
length control can, depending on the situation, reduce or greatly increase the optical
phase noise.
Definitions
In order to provide an overview, first of all the quantities used in this section will be
defined.
We start with the timing error ∆t, which is defined as the temporal deviation of the
pulse inside the cavity relative to a timing reference (which is assumed to be noiseless).
It is related to the timing phase ϕt (not to be confused with the optical phase) by
ϕt = 2πνrep ∆t ,

(2.70)

The two-sided timing error power spectral density (PSD) S∆t (f ) is related to that of
the timing phase noise Sϕ,t (f ) by
2

Sϕ,t (f ) = 2πνrep S∆t (f ) .

(2.71)

It has been shown before that the optical spectrum of a mode-locked laser consists of
equidistant lines with the frequency
νn = νCEO + n · νrep .
The CEO frequency is a measure for the common shift of all lines and is chosen to be
between 0 and νrep . For νCEO 6= 0, the CEO phase changes from pulse to pulse by
2π ννCEO
.
rep
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The optical phase noise is denoted by Sϕ,opt (f ) and the corresponding optical phase by
ϕopt . In our context, ϕn is taken to be the phase of the complex amplitude of the n-th
comb mode, i.e. the phase deviation from a sinusoidal oscillation with the frequency νn .
As already mentioned in section 2.1.3, the frequency noise PSD Sν (f ) is related to the
phase noise PSD Sϕ (f ) by
Sν (f ) = f 2 Sϕ (f ) .

(2.72)

Timing Noise
In this section, we will focus on the effect of quantum fluctuations on the different types
of noise. This must not be mistaken for the fundamental quantum noise limit, which
might be well below the noise levels occurring in the laser.
It can be shown that the quantum-limited PSD for timing error is [30]
S∆t (f ) ≈ 0.53

θhν ltot τp2
.
Ep Trt (2π f )2

(2.73)

ltot denotes the total cavity losses, including the losses at the output coupler, h is the
Planck constant, ν the photon frequency, Ep the intracavity pulse energy, θ the spontaneous emission factor, τp the pulse duration (FWHM) and Trt the cavity round trip
time. With eq. 2.71 the corresponding timing phase noise PSD is
θ hν ltot τp2 νrep
Sϕ,t (f ) ≈ 0.53
Ep Trt
f

!2

.

(2.74)

Here, (sech)2 -shaped pulses were assumed and the coupling between timing noise and
other noise types (e.g. fluctuations of the optical center frequency) were neglected.
For νrep = T1rt , eq. 2.74 becomes
Sϕ,t (f ) ≈ 0.53

θ hν ltot 2 3 −2
τp νrep f .
Ep

(2.75)

Optical Phase Noise of Passively Mode-Locked Lasers
For the discussion of the optical phase noise, we start with the modified SchawlowTownes formula for the quantum-limited linewidth of a laser,
∆νST =

θ hν ltot Toc
,
2 P
4π Trt
out

(2.76)

where ∆νST is the FWHM, Toc is the output coupler transmission and Pout is the average
output power of the laser.

45

2 Theory
In the quantum-limited case, the optical phase noise PSD is proportional to f −2 , i.e.
[31]
Sϕ,opt (f ) ∝ f −2 .

(2.77)

The linewidth is then related to this PSD by [31],[30]
∆νopt = 2πSϕ,opt (f )f 2 .

(2.78)

Combining eq. 2.76 and eq. 2.78 we get
Sϕ,opt,ST (f ) =

θ hν ltot Toc
θ hν ltot
f −2
= 2 2
2
2
2
8π Trt Pout f
8π Trt Pint

(2.79)

for the optical phase noise PSD in the quantum limited case. Pint = PTout
is the intraoc
cavity power. At first, eq. 2.79 is only valid for single frequency continuous wave laser,
but it has been shown that it can be applied to all lines of an actively mode-locked laser,
and with some modifications also to passively mode-locked lasers.
As any mode-locking mechanism does not rigidly lock the phases of the cavity modes, but
only generates some ’force’ which acts on the cavity modes during many round trips, the
modes can be considered as basically uncoupled during short time intervals, corresponding to high frequency noise. Therefore, for short time scales (or high Fourier frequencies)
the individual modes must be taken to be independent of each other. Although the formula for the Schawlow-Townes limited noise PSD still holds for the independent comb
lines, we have to take the power for each individual line instead of the overall (averaged)
laser power in eq. 2.79 to calculate the optical phase noise PSD of the line. For long time
scales, where the mode-locking mechanism is effective and the phases of the modes are
coupled, the phase noise level approaches the Schawlow-Townes limit calculated with
the total laser power.
Fortunately, in most cases the high frequency noise is not very relevant since the lines
that contribute to it are very weak. Hence it is justified to use eq. 2.79 with the total
average power Pint .
For a mode-locked laser, Pint can be written as Pint = Ep νrep , where Ep is the intracavity
pulse energy. Eq. 2.79 then becomes
Sϕ,opt,ST (f ) =
and with νrep =

θ hν ltot −1 −2
,
2 E νrep f
8π 2 Trt
p

(2.80)

θ hν ltot
νrep f −2 .
8π 2 Ep

(2.81)

1
Trt

Sϕ,opt,ST (f ) =

By comparing eq. 2.81 and eq. 2.75 we see that the quantum limited timing phase noise
is smaller than the quantum limited optical phase noise because usually τp νrep  1

46

2.3 Laser Theory
2
(however, for the noise PSDs of the fractional frequency noises, Sy,t (f ) = Sϕ,t (f )f 2 /νrep
2
2
and Sy,opt (f ) = Sϕ,opt (f )f /νopt , the opposite would be the case, since νrep is orders of
magnitude smaller than νopt ).
Furthermore we get

2

Sϕ,t (f ) = 2π τp νrep Sϕ,opt,ST (f ) ,

(2.82)

with 0.53 ≈ 0.5. Note that this relation only holds for low frequency noise.
Since the frequency comb used in this work is passively mode-locked, also optical phase
noise due to timing drifts has to be taken into consideration.
The phase fluctuations at a frequency ν = ν̄ +∆ν (e.g. in a wing of the optical spectrum)
caused by timing fluctuations can be approximated as
ϕ(ν) ≈ ϕ(ν̄) +

∂ϕ
∆ν = ϕ(ν̄) + 2π∆t∆ν .
∂ν

(2.83)

The phase noise PSD at the frequency ν = ν̄ + ∆ν is then given by
2

Sϕ,opt,ν̄+∆ν (f ) = Sϕ,opt,ST (f ) + (2π∆ν) S∆t (f ) = Sϕ,opt,ST (f ) +
h

= Sϕ,opt,ST (f ) 1 + 2π ∆ν τp

2 i

∆ν
νrep

!2

Sϕ,t (f )

,
(2.84)

provided that phase and timing fluctuations are uncorrelated, as it is usually the case
in passively mode-locked lasers.
We see that for passively mode-locked lasers the phase noise in the wing of the optical
spectrum is higher than at the center.
The calculation above holds only if there is no mechanism that creates a coupling between different kinds of noise, like nonlinearities. These could lead to an increase of
the phase noise by orders of magnitude. Therefore, the linewidth can lie well above
the Schawlow-Townes limit, even if quantum fluctuations were the only source of noise.
Thus, not only excess noise such as mirror vibrations can give rise to noise levels far off
the quantum limit.
Carrier-Envelope Offset Noise
In this section a mathematical model based on [30] is presented that could be used to
describe the influence of quantum noise caused by spontaneous emission in the cavity on
the carrier-envelope offset phase. Note that this is just a mathematical approach which
has not yet been verified experimentally.
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When equation 2.84 is extrapolated to zero frequency by chosing ∆ν = −νopt , an expression for the quantum limited carrier-envelope offset (CEO) phase noise PSD could
be obtained1 :
2

Sϕ,CEO (f ) ≈ Sϕ,opt,ST (f ) 2π νopt τp
2
θ hν ltot
=
νopt τp νrep f −2 .
2 Ep

(2.85)

Here, the direct Schawlow-Townes phase noise term has been neglected, given that
2
2π νopt τp  1.
The situation is illustrated in fig. 2.20. There, the spectral phase is plotted versus the
optical frequency.
cavity length fluctuations

optical frequency

optical phase

optical phase

quantum fluctuations

optical frequency

b

a

optical phase

temperature fluctuations

optical frequency

c

Figure 2.20: Temporal evolution of the spectral phase under the influence of quantum
fluctuations (a), cavity length fluctuations (b), and temperature fluctuations (c). The lines indicate the phase values for five different times. One
clearly recognizes the different ’fixed points’ for the different types of noise.
Quantum noise due to spontaneous emission exhibits a fixed point in the
optical spectrum, while the fixed point for cavity length fluctuations lies
in the frequency origin. The fixed point for temperature fluctuations typically lies at frequencies larger than the optical frequencies. The figure was
adoptet from [30].
For the case of quantum noise, the spectral phase of a passively mode-locked laser
which is assumed to exhibit narrow-bandwidth pulses always stays close to a straight
1
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Note that νCEO < νrep  νopt , so that ∆ν = −νopt is a good approximation
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line which intersects the frequency axis somewhere in the optical spectrum. As an approximation, which is at least valid for frequencies outside the optical spectrum, quantum
fluctuations lead to a rotation of this line around a fixed point at the center of the spectrum.
Using this picture, it would be obvious that the quantum limited CEO phase noise would
be much larger than the quantum limited optical phase noise. On the other hand, it can
also explain the rather moderate increase of the optical phase noise within the optical
spectrum for quantum noise present in the laser.
Cavity Length Variations and Temperature Changes
Now we want to investigate the influence of classical noise sources on the frequency comb,
in particular cavity length changes and thermal fluctuations. These considerations are
relevant for the repetition rate stabilization, because this acts on the cavity length. Also
the effect of quantum induced timing noise on the optical phase noise when the repetition
rate stabilization is switched on is investigated.
Cavity length fluctuations occur, for example, due to random mechanical vibrations.
The phase change per round trip caused by a length change of the cavity δL is
δϕ = 2π

ν 2δL
.
c

(2.86)

For the line with index n, the cavity length noise PSD SL (f ) is related to the (optical)
phase noise PSD of that line by
Sϕ,n (f ) =

 4π ν /c 2
n

2π f Trt

SL (f ) =

 2 ν 2
n

c f Trt

SL (f ) .

(2.87)

This situation is shown in fig. 2.20 (b). The straight line, representing the spectral
phase1 , as a function of the (optical) frequency. It is comprehensible that for fluctuations
of the cavity length the straight line is rotated around the origin of the coordinate system.
Compared to the optical phase noise induced by the cavity length changes, the timing
phase noise due to the cavity length fluctuations is weaker by a factor of (νrep /νopt )2 ,
i.e.
Sϕ,t (f ) =

ν


rep 2

νopt

Sϕ,opt .

(2.88)

Furthermore, the cavity length fluctuations have no influence on the CEO frequency and
−1 , which is
phase. Eq. 2.88 can be compared to eq. 2.82 and we see that for 2π τp  νrep
usually the case, the ratio of the PSDs of optical phase noise and timing phase noise is
much larger for cavity length fluctuations than for quantum fluctuations. Therefore it
can for example happen that noise originating from mirror vibrations can dominate the
optical phase noise while the timing jitter can be quantum limited.
1

Defined as the phase of the electric field in the frequency domain.
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One can imagine a situation where timing jitter occurs in the system caused by quantum
noise, but a feedback is applied that stabilizes the timing via corrections of the cavity
length.
Unlike in the situation of cavity length fluctuations, where the timing noise would clearly
be reduced by the feedback, the noise might even be greatly increased for quantum induced timing jitter.
Consider a timing offset δt, induced by quantum fluctuations, with the corresponding
(spectral) phase change
δϕ(ν) ≈ 2π (ν − νopt ) δt ,

(2.89)

neglecting the change at ν = νopt . The cavity length control produces a correction which
is proportional to the optical frequency rather than to the derivation from the optical
center frequency ν − νopt .
Assuming a perfect suppression of the timing jitter, the phase change would be
δϕ(ν) = δϕquantum noise (ν) − δϕf eedback (ν)
= 2π (ν − νopt ) δt − 2π ν δt = −2π νopt δt ,

(2.90)

where νopt denotes the optical center frequency.
The optical phase change δϕ is
δϕopt = −2π νopt δt = −

νopt
δϕt .
νrep

(2.91)

This shows that the resulting optical phase noise is huge compared to the original timing
phase error δϕt . From the graphical picture used before, the situation is clear. The ’fixed
point’ of the quantum fluctuations lies in the optical range (at the frequency νopt ), i.e.
the quantum noise rotates the ’straight line’, representing the spectral phase, around a
point in the optical part of the spectrum, while the control tries to compensate these
fluctuations by rotations around the origin of the coordinate system.
The corresponding optical phase noise PSD is calculated as
Sϕ,opt (f ) =

νopt
νrep

≈

νopt
νrep

!2

Sϕ,t (f )
!2

(2π νrep τp )2 · Sϕ,opt,ST (f )

(2.92)

= (2π νopt τp )2 Sϕ,opt,ST (f ) .
Note, however, that this holds only well within the bandwidth of the timing stabilization.
Other control parameters may again have totally different fixed points.
Temperature fluctuations in silica based fiber lasers at 1535 nm have, for example, a
fixed point at ≈ 2.5 times the optical center frequency (c.f. fig. 2.20 (c).
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In this section we have seen that in a frequency comb we have to distinguish between
three main noise contributions: fluctuations of the timing phase (also called timing
jitter), fluctuations of the optical phase and fluctuations of the carrier-envelope offset
phase. We have also seen that the optical phase noise for high Fourier frequencies can
be neglected. Furthermore it has been shown that in the quantum limited case the
timing phase noise is small compared to the optical phase noise. The latter can lie well
above the the quantum limited level even if only quantum noise, caused by spontaneous
emission, is considered.
Another issue that was discussed in the section were the different noise mechanisms that
exhibit different fixed points, i.e. frequencies for which the phase fluctuations caused
by the individual mechanisms are minimal. The fixed point for quantum fluctuations
(caused by spontaneous emission) lies in the optical spectrum.
The attempt to compensate phase fluctuations1 caused by one of these mechanisms (e.g.
timing phase fluctuations caused by spontaneous emission) with another mechanism (e.g.
by changing the cavity length) can even largely increase the phase noise.
With all this, we will later be able to understand some effects occuring in the experiment in a more profound manner.

1

Of either the timing phase, the optical phase or the CEO phase.
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2.4 The

40

Ca+ Ion

The calculations shown in this chapter are a summary of the corresponding chapter in
[9].
A single 40 Ca+ ion trapped in an ion trap can be used as a tool to characterize the phase
stability of several comb-stabilized lasers relative to each other. To do so the cw lasers at
397 nm and 866 nm are sent to the ion (c.f. fig. 2.21). The frequency of the 397 nm laser
is held constant while the frequency of the 866 nm laser is tuned by an acousto optic
modulator. The fluorescence at 397 nm is recorded. The obtained fluorescence spectrum
will exhibit dips. This happens when a so called dark resonance occurs. The width and
depth of these dips is determined by the spectral width, phase coherence between the
two lasers and the frequency stability of the lasers1 . Thus the spectroscopy is a suitable
tool to determine these properties.
In the following it will be shown how these dark resonances occur and how they are
influenced by the phase coherence between the two lasers.

2.4.1 Level Scheme of

40

Ca+

The 40 Ca+ ion has an atomic number of 20 and exhibits a hydrogen-like level structure
with a configuration similar to Argon plus an additional valence electron. The level
scheme with the states used in the experiment is shown below.
40 Ca+
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Figure 2.21: Level structure of 40 Ca+ , showing the relevant states, the transition wavelengths and the splitting of the Zeeman sublevels.
One sees the S1/2 ground state, the two metastable states D5/2 and D3/2 , and the short
lived excited states P3/2 and P1/2 plus the Zeeman splittings of the states. It exhibits
1
To obtain a good dark resonance dip, the laser linewidth has to be below the natural linewidth of
the transition that is driven by the laser. Furthermore, the emission frequency has to be stable over the
time that is needed to perform the spectroscopy
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no hyperfine splitting since the nuclear spin is zero. The transitions from the S1/2 state
to the P-states as well as from the D-states to the P-states are electric dipole transition,
while the trasition from S1/2 to D5/2 or D3/2 are electric quadrupole transitions.

2.4.2 Interaction of a Three Level System Interacting with Two Light
Fields
To obtain a basic understanding of the dynamics in the 40 Ca+ ion, we consider the
simple case of a three level system in Λ-configuration. This is essential to understand
why we see the dark resonances that will be observed in the spectroscopic measurements
shown in chapter 4. The dark resonances are used to characterize the phase stability of
the lasers.
The three states of the Λ-system could for example be the states S1/2 , P3/2 and D5/2
in fig. 2.21, denoted by |1i, |2i and |3i, respectively. |1i is the ground state, |2i is the
excited state and |3i the metastable state. Additionally one has to have two laser fields
~ 12 and E
~ 23 . E
~ 12 couples the states |1i and |2i and E
~ 23 couples the states |2i and |3i.
E
The fields are written as
~ 12 = Re(E0,12 e−iω12 t+iφ12 )~12
E
and
~ 23 = Re(E0,23 e−iω23 t+iφ23 )~23 .
E

(2.93)

E0,12 and E0,23 are the amplitudes, φ12 and φ23 the phases which are assumed to be
zero, ω12 and ω23 the angular frequencies and ~12 and ~23 the corresponding polarization
vectors.
Under the influence of this light field, the resulting Hamiltonian Ĥ does no longer consist
only of an atomic part Ĥatom , but also of a field Hamiltonian Ĥf ield and an interaction
part Ĥint :
Ĥ = Ĥatom + Ĥf ield + Ĥint .

(2.94)

Due to the large number of photons in the laser fields, the effect of the atom onto the
light field can be neglected. Thus, the field Hamiltonian is assumed to be constant and
just delivers an offset for the total energy, which we do not take into account here.
The eigenvectors |ai (with a ∈ {1, 2, 3}) of the atomic Hamiltonian satisfy the equation
Ĥatom |ai = ~ωa |ai .

(2.95)

Hence, Ĥatom can be written as
Ĥatom =

3
X

~ωa |aiha| ,

(2.96)

a=1
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or in matrix representation using the basis
|1i = (1, 0, 0)T ,
|2i = (0, 1, 0)T ,
|3i = (0, 0, 1)T ,
it reads




ˆ
Hatom

ω1 0 0


= ~  0 ω2 0  .
0 0 ω3

(2.97)

~ωa with a ∈ {1, 2, 3}, is the energy of the state |ai. By chosing the level |2i to be at
zero energy, this becomes




ˆ
Hatom

ω1 − ω2 0
0


0
0  .
= ~ 0
0
0 ω3 − ω2

(2.98)

The light field interacts with the atom, leading to the interaction term Ĥint .
Since the transitions coupled by the laser fields in question are both dipole allowed, higher
order contributions such as electric or magnetic quadrupole transitions are neglected.
~ 12 has no influence on the transition
Furthermore it is assumed that the light field E
|2i ↔ |3i and vice versa.
The dipole interaction Hamiltonian is then
~ˆ ,
~ˆ · E
Ĥint = −D

(2.99)

~ˆ represents the atomic dipole vector
where D
 

x

~ˆ = e 
D
y  ,
z

(2.100)

which can also be expressed in terms of the atomic eigenvectors
~ˆ =
D

X

~ ab |aihb| .
D

(2.101)

a,b=1,2,3

If we treat the D-levels as stable energy states, which is justified due to their lifetimes
of ≈ 1 s, the interaction Hamiltonian in matrix representation reads


0
 Ω12 −iω12 t
ˆ
Hint = ~  2 e
0

54

Ω12 iω12 t
2 e

0
Ω23 iω23 t
2 e



0
Ω23 −iω23 t 
 ,
2 e
0

(2.102)
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with
~ 12 E0,12 ,
~Ω12 = ~12 D
~ 23 E0,23 .
~Ω23 = ~23 D

(2.103)

Ω12 and Ω23 are called the Rabi frequencies.
The full Hamiltonian is then given as the sum of eq. 2.98 and eq. 2.102


ω1 − ω2

Ĥ = ~  Ω212 e−iω12 t
0

Ω12 iω12 t
2 e

0
Ω23 iω23 t
2 e



0
Ω23 −iω23 t 
e
 .
2
ω3 − ω2

(2.104)

Applying the rotating wave approximation (RWA) and defining the detunings
∆12 = ω12 − (ω2 − ω1 )
and

(2.105)

∆23 = ω23 − (ω2 − ω3 ) ,
the Hamiltonian (in the rotating frame) becomes


∆12

Ĥ = ~  Ω212
0


Ω12
2

0
Ω23
2

0



Ω23 
2 
∆23

.

(2.106)

This Hamiltonian will be needed afterwards to describe the dynamics of the system.

2.4.3 Master Equation
When dissipative processes, such as spontaneous emission from the state |2i are taken
into account, the system can no longer be described by a pure state, but the density
operator ρ̂ has to be used. The atomic density operator in the basis |ai is
ρ̂ =

X

ρab |aihb| .

(2.107)

a,b=1,2,3

The diagonal elements ρii are the population probabilities for the states |ii. The offdiagonal elements ρij , with i 6= j ∈ {1, 2, 3}, are the coherences and represent the
superpositions of the states |ii and |ji.
Since the system must be in one of the states, the sum of the population probabilities
must be 1. This means that the trace of the density operator is preserved:
ρ11 + ρ22 + ρ33 = 1.

(2.108)

For a closed system, i.e. without dissipative processes, the time evolution of the density
operator is given by the von-Neumann equation
dρ̂
i
= − [Ĥ, ρ̂].
dt
~

(2.109)
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Now, if dissipative processes are taken into account, the system is no longer in a pure
state and eq. 2.109 no longer holds, but the system has to be described by the master
equation in Lindblad form:
dρ̂0
i
= L(ρ̂0 ) = − [Ĥ0 , ρ̂0 ] + Ldamp (ρ̂),
dt
~

(2.110)

describing a Markovian non-unitary dissipative evolution of the density matrix that is
trace preserving. ρ̂0 is the density matrix in the rotating frame of the RWA and Ldamp
corresponds to the damping of the system due to the dissipative processes which is
invariant under the tranformation into the rotating frame. It is calculated by
Ldamp (ρ̂) = −

1X †
†
†
[Ĉ Ĉm ρ̂ + ρ̂Ĉm
Ĉm − 2Ĉm ρ̂Ĉm
],
2 m m

(2.111)

where the operators Ĉm describe the dissipative processes, e.g. decay from |2i to |1i
(which is in our case from the P to the S level), represented by the operator
Ĉ21 =

p

Γ21 |1ih2|,

(2.112)

and so on.
These results are needed to derive the Bloch equations presented in the next section.

2.4.4 Bloch Equations
After the evaluation of Ĥ0 and Ldamp , eq. 2.110 is written in matrix form
dρ0i X
=
Mij ρ0j .
dt
j

(2.113)

M is a N 2 × N 2 -matrix, where N is the number of states. ρ0j is the j-th element of the
vector
ρ
~ 0 = (ρ011 , ρ012 , ..., ρ023 , ρ033 ) .

(2.114)

These linear equations are called the optical Bloch equations. Given the initial condition
ρ
~ 0 (0), the solution of eq. 2.113 is given by
ρ
~(t) = eM t ρ
~(0) .

(2.115)

Together with the normalization condition eq. 2.108 and considering steady state solutions, i.e. ρ̇ 0 → 0 for t → ∞, the set of equations
0=

X

Mij0 ρ
~j0

(2.116)

j

is solved by diagonalizing M 0 .
With these results we are now able to understand why the dark resonances observed
later in the spectroscopy arise.
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2.4.5 Dark Resonances
An interesting effect arises when the detunings of both lasers are the same, i.e. when
∆12 = ∆23 . Then, the fluorescence light disappears. This can be understood by having
a look at the stationary solution of the Bloch equations for this condition,





Ω223
Ω212 +Ω223

ρdark = 

0

Ω23
− ΩΩ212+Ω
2
12
23



Ω23
0 − ΩΩ212+Ω
2
12
23 

0
0
 .
Ω212
Ω212 +Ω223

0

(2.117)



This is a pure state with
ρdark = |ψdark ihψdark |

(2.118)

and
|ψdark i = q

1
Ω212 + Ω223

(Ω23 |1i − Ω12 |3i)


=q

1
Ω212 + Ω223

(2.119)



Ω23


 0  .
−Ω12

As one can see, the state |ψdark i is a coherent superposition of |1i and |3i and has
no contribution from |2i, so that the spontaneous emission is supressed and the atom
remains dark. The diagonal elements of the density matrix show that the population is
shared between the two states |1i and |3i according to the ratio of their Rabi frequencies.
The off-diagonal elements denote the coherence between the two states.
The time evolution of the dark state is given by


0

∂t |ψdark i ∝ Ĥint |ψdark i ∝  Ω212
0


Ω12
2

0
Ω23
2

0





Ω23

Ω23  
2  0  = 0 .
−Ω12
0

(2.120)

This means that |ψdark i (and hence also ρdark ) is a steady state solution. Therefore, the
ion does no longer interact with the light field and becomes transparent.
Since we want to use the dark resonance spectroscopy as a tool to determine the performance of the laser stabilization later, it is of interest to know how the system will
react to perturbations of the laser phase. For this purpose we follow the treatment in [32].
We assume that the system is in the dark state
Ω23
Ω12
|ψi = c1 |1i − c2 |3i = q
|1i − q
|3i
Ω212 + Ω223
Ω212 + Ω223

(2.121)
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for the time t = 01 . As the time evolves the coefficients ci of the state shown in eq. 2.121
Ei t
will acquire a phase factor e−i ~ , where Ei is the unperturbed energy of the state |ii.
The lasers acquire a phase of eiω12 t and eiω23 t , respectively.
~ 12 and
The probability amplitude for the system to absorb a photon from the field E
E t
−i ~1
−iω
t
be excited from the state |1i into the state |2i is c1 e
Ω12 e 12 . The probability
~ 23 and be excited from the
amplitude for the system to absorb a photon from the field E
E2 t
state |3i into the state |2i is c2 e−i ~ Ω23 e−iω23 t .
The total absorption amplitude is then
c1 e−i

E1 t
~

Ω12 e−iω12 t + c2 e−i

E2 t
~

Ω23 e−iω23 t .

(2.122)

The system remains in the dark state only when the two amplitudes cancel out, i.e. when
eq. 2.122 is equal to zero. This is fulfilled if
E2 − E1
t = (ω12 − ω23 ) t .
~

(2.123)

If this condition is not fulfilled, e.g. by fluctuations of the laser phase2 , the ion is no longer
in the dark state and starts to scatter light until the phase relation is again such that
the absorption amplitude vanishes and the dark state is restored. This means that the
dark resonance dips seen in the spectroscopy (c.f. section 4.4) will be more distinct the
better the phase coherence of the lasers is. Therefore the dark resonance spectroscopy
is a good tool to determine the phase stability of our lasers and thus the performance of
the laser stabilization.
Real spectra will be of course more complex, since the states will be degenerated by
Zeeman splitting and, depending on the ion, other effects.

1

The amplitude for an absorption process from |ii to |2i, where i = 1, 3, is equal to the amplitude for
|ii being populated, denoted by ci , times the amplitude to absorb a photon from |ii which is proportional
to the respective Rabi frequency Ωi2 . To avoid excitation into the state |2i, the absorption amplitudes
for both states must match. Then they interfere destructively and the ion cannot be excited. For the
state shown in eq. 2.121 this condition is obviously fulfilled.
2
Fluctuations of the laser fields will change the right side of eq. 2.123 to
(ω12 − ω23 ) t → (ω12 − ω23 ) t + ∆φ12 − ∆φ23 ,
where ∆φ12 and ∆φ23 denote the magnitude of the phase fluctuations of the two lasers, respectively,
destroying the equality in eq. 2.123.
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In this chapter the setup for the laser stabilization using the frequency comb is presented.
The new setup shall replace the transfer locking scheme which is used so far [5]. In this
scheme a transfer cavity is locked to a laser at 852 nm, which is again locked to an
absorption spectroscopy signal of a caesium vapor cell, using the Pound-Drever-Hall
(PDH) technique [6]. All other lasers are then locked to this transfer cavity using the
PDH technique.
Since we are taking some measurements where the lasers are locked using the PDH
technique as reference measurements later, this technique will be presented in a short
section at the beginning. Afterwards the components of the frequency comb are shown
in more detail.
The frequency comb serves as reference to which the lasers are locked in the new locking
scheme, therefore it should be stabilized itself. The electronic setup and the controller
that was built for the repetition rate lock are then presented and explained in the next
section. Also the principle of the CEO lock is described, although it has not yet been
fully included.
At the end of this chapter the setup and the electronics for the laser stabilization are
shown.

3.1 Pound-Drever-Hall Laser Stabilization
The following section orients itself to [6].
So far, the lasers used to manipulate the ion in the experiment are frequency-locked
using a technique named after Robert Pound, Ronald Drever and John Lewis Hall.
In the Pound-Drever-Hall (PDH) method, a cavity is used as the frequency reference.
If light is sent onto a Fabry-Perot cavity, the cavity exhibits a reflection spectrum that
can be seen in fig. 3.1.
c
The reflection resonance dips are separated by the free spectral range ∆νF SR = 2L
,
where L is the cavity length, and their width δν is determined by the finesse F of the
cavity by
δν =

∆νF SR
.
F

(3.1)
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Reflection

Free spectral range

Figure 3.1: Reflection spectrum of a Fabry-Perot cavity.
One could use a slope of the reflection signal as an error signal to stabilize the laser
frequency, since a change of the emission frequency leads to a change of the reflected
signal and by that the frequency deviation could be corrected. This idea produces some
problems because fluctuations of the laser frequency and of the intensity can not be
distinguished. Therefore it is desirable to have a technique at hand that does not show
this problem. One could choose the center of the reflection dip as the set point of
the stabilization, yielding the problem that one can not determine the direction of the
frequency change from the direct reflection signal. However if it was possible to measure
the derivative of the reflected signal with respect to the frequency one could obtain
this information. In fact this is possible by varying the frequency and looking at the
response.
In the PDH scheme the laser frequency is modulated with a frequency that is high
compared to the cavity linewidth δν = ∆νFF SR . The reflected light from the cavity is
measured with a photo detector. After demodulating the signal from the photo detector
we obtain the frequency dependent error signal shown in fig. 3.2. The x-axis shows the
deviation of the carrier frequency of the laser from the resonance frequency of the cavity.

60

Error signal [a.u.]
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Frequency deviation from cavity resonance [a.u.]

Figure 3.2: Pound-Drever-Hall error signal for high modulation frequency. The figure
was adopted from [6].
One recognizes a steep slope around resonance, which is used to frequency-stabilize
the laser. Any deviation from the resonance frequency will lead to a non-zero error signal
which is, depending on direction of the deviation, positive or negative. This signal is fed
into the control electronics and this supplies a feedback signal to the laser that corrects
for the frequency fluctuations, stabilizing the emission frequency.
The disadvantage of the PDH technique is the fact that only the the frequency is
stabilized, but phase deviations can not be detected. To achieve a phase stabilization of
the lasers, an other technique is needed. Such a technique is presented in the following.
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3.2 Laser Stabilization
It is the aim of this work to build a new laser stabilization setup that replaces the transfer
locking scheme. The approach followed here is to use the frequency comb as a reference
and to stabilize the lasers directly to their spectrally closest comb mode. To do so we
overlap the laser with the comb light and measure the resulting beat note. After some
signal processing this beat note is used as an error signal for the laser stabilization. An
advantage of this approach is that the laser is not only frequency-stabilized but even
phase-stabilized. The method to stabilize the lasers used in this work as well as the
setup will be explained in more detail in section 3.2.3. First, we will have a closer look
at the frequency comb.

3.2.1 The FC1500 Frequency Comb
The frequency comb used in this work is the Menlo Systems FC1500, a fiber based
mode-locked femtosecond laser with a repetition rate of 250 MHz.

(3)

(4)

(2)

(1)

(5)

Figure 3.3: Image of the Menlo Systems FC1500 frequency comb and the peripheral
components (see text).
The whole device consists of five parts (see fig. 3.3) [28]:
1. The M-Comb femtosecond fiber laser. This is the mode-locked laser that provides
the pulsed laser light used afterwards. It exhibits a comb-like output spectrum
centered around 1560 nm. A schematic setup of this device is shown in fig. 3.4.
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Figure 3.4: Schematic of the M-Comb femtosecond fiber laser, containing a wavelength
division multiplexer (WDM), a movable wedge to adjust the CEO frequency,
a mirror, fixed to a piezo crystal to adjust the cavity length and thus control the repetition rate, and the other necessary components like the Waveplates (WPs) to obtain mode-locked operation (as described in section 2.3.4),
a quarter waveplate (QWP), an opical isolator, polarizing beams splitters
(PBS) and the Er3+ -doped fiber. The black lines indicate fiber connected
radiation, while the red lines stand for free space beams. [28]
2. The P250XPS EDFA high power fiber amplifier, which amplifies the light coming from the M-Comb. The beam is split into two parts. One is sent outside the
amplifier box where it is accessible for the experiment. The other part is spectrally
broadened in a highly non-linear fiber (HNLF). The shape and width of the spectrum can be modified with the polarization controller at the input of the amplifier.
After the broadening, the spectrum spans one optical octave from roughly 1 µm to
2.1 µm. The schematic of the P250 is shown in fig. 3.5.
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Figure 3.5: Schematic of the P250 fiber amplifier with internal spectral broadening by
a highly non-linear fiber (HNLF). The shape and width of the broadened
spectrum can be modified with the polarization controller at the input of the
amplifier. [28]
The amplification and broadening is needed for the CEO frequency detection,
which happens in the next stage called XPS1500.
3. The XPS1500 non-linear interferometer. Fig. 3.6 shows a sketch of the optical
setup.
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Figure 3.6: Schematic of the XPS1500 one-arm non-linear interferometer. The broadened spectrum ranging from 1050 nm to 2100 nm is focused onto the periodically poled lithium-niobate (PPLN) crystal, where a part of the light is
frequency doubled. Afterwards, it is collimated by the second lens and split
at the PBS. The reflected part is sent through the inteference filter and the
low pass filter. Thus only the non-doubled high frequency end of the spectrum (at 1050 nm) and the doubled low frequency end of the spectrum (at
1
2 ·2100 nm) arrive at the photo detector. There the beat note containing the
CEO signal is measured. [28]
The interferometer is set in an one-arm configuration. As explained in section
2.3.4, the carrier-envelope offset signal is obtained by frequency doubling the higher
wavelength end of the spectrum and interfering it with the undoubled modes of
the lower end. This takes place in the periodically poled lithium-niobate (PPLN)
crystal, where the far infrared part of the spectrum at approximately 2100 nm is
frequency doubled. Together with the undoubled part of the lower end of the spectrum at approximately 1050 nm, it is guided through an interference filter (IF) that
works around 1064 nm and through an optical low-pass filter (BG3) to select only
the interesting part of the spectrum onto the FPD510-F photo detector. There,
the beat note between the doubled low frequency part and the original high frequency part is measured, which gives rise to the CEO signal.
4. The SHG780 frequency doubling module. Since the lasers we want to stabilize
lie in the range from 729 nm to 866 nm, which is not covered by the fundamental
spectrum, ranging from 1480 nm to 1600 nm, (c.f. fig 3.7 (a).), a further frequency
doubling stage is needed. The main part of this is a periodically poled lithiumniobate (PPLN) crystal. The output spectrum behind the PPLN crytal is shown
in fig. 3.7 (b). On fig. 3.8 one can see the schematic setup of the SHG780.
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Figure 3.7: The optical output power spectra of the fundamental (a) and the frequency
doubled light (b), measured with an optical spectrum analyzer. [28]

Figure 3.8: Schematic setup of the SHG780 frequency doubling module. In this module,
the unbroadened light from the P250 amplifier is frequency doubled in a
periodically poled lithium-niobate (PPLN) crystal. [28]
Note that after the second harmonic generation (SHG), the common shift of the
modes with respect to zero is no longer νCEO , but due to the doubling twice the
offset frequency. This does also mean that fluctuations of the CEO frequency will
be increased by a factor of two behind the SHG.
The repetition rate remains unchanged due to the fact that the dominant process
in the SHG is sum frequency generation.
5. The photonic crystal fiber (PCF). As we can see in fig. 3.7 (b), the spectrum
behind the doubling crystal does not cover all frequencies that we need. Therefore,
an additional broadening process is included. The light is sent through an nonlinear photonic crystal fiber. There it is spectrally broadened due to non-linear
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processes such as self phase modulation [33]. The zero-dispertion wavelength of
the present PCF is 810 nm ± 10 nm.
In front of the PCF the spectral width of the pulses is Fourier limited, i.e. their
spectral width is determined by the inverse of the temporal width. After passing
through the PCF and being broadened, the spectral width of the pulses exceeds
the Fourier limit.
The PCF has a solid silica core with a diameter of 2 µm surrounded by air holes
and a high numerical aperture (NA = 0.13). An aspheric lens is used to couple
into the PCF [28].
Behind the PCF, the light is collimated with an aspheric lens with a focal length
of 4.51 mm.

3.2.2 Comb Stabilization
In this stabilization scheme, the frequency comb serves as the reference for the lasers.
Therefore, it is desirable to stabilize the comb itself.
For an absolutely phase stabilized frequency comb, one has to phase lock both, the
repetition rate and the carrier-envelope offset. However, since a relative phase stability
of the lasers among each other is sufficient for the moment, the focus of this work was
to stabilize the repetition rate. Thus, the drift of the repetition rate is suppressed.
A stabilization of the CEO has also been tried to realize, but exhibited some problems
which will be explained in more detail later.
Electronic Setup of the Repetition Rate Stabilization
The repetition rate signal is measured with a fast photo detector inside the laser resonator
and accessible via a BNC connector at the backplane of the M-Comb module. In order to
obtain a faster response to phase fluctuations, we do not take the fundamental repetition
rate peak at 250 MHz, but the 6th harmonic at 1.5 GHz. The electronics used for the
repetition rate lock are shown in fig. 3.9.
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Repetition rate
6th harmonic
Band pass filter
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Figure 3.9: Peripherical electronic components used for the repetition rate lock. The
6th harmonic of the repetition rate is filtered out, amplified and mixed twice
down to a DC signal. This signal is fed into the controller that generates
the feedback signal which is then applied to the piezo actuator inside the
resonator.

This signal is filtered out by a band pass filter (1470 MHz-1580 MHz). The power level
of the signal is in the order of -42 dBm. The signal-to-noise ratio was measured to be
≈68 dB with a resolution bandwidth of the spectrum analyzer of 1 kHz. To guarantee
that the two mixers work properly, the power level of the repetition rate signal has to be
increased. Therefore the signal is amplified by a 25 dB amplifier. Behind the amplifier
the signal exhibits a power level of typically -25 dBm and a SNR of 75 dB, measured with
a resolution bandwidth of 1 kHz. After the amplification the signal is sent into a mixer.
There it is mixed with a 1530 MHz reference signal coming from a voltage controlled
oscillator (VCO). The power level of the VCO signal lies in the order of -17 dBm and it
exhibited a SNR of 85 dB, measured with a RBW of 3 kHz. The VCO is phase locked to
a Rubidium atomic frequency standard (Stanford Research Systems FS725) by a phase
locked loop (PLL). The phase noise of the atomic frequency standard is specified to be
< 130 dBc
Hz 10 Hz away from the carrier and its relative Allan variance, i.e. relative to
the carrier frequency, is specified as < 2 · 10−11 for a measurement time of 1 s [34]. The
output of the mixer consists of two frequency contributions, the difference frequency at
30 MHz and the sum frequency at 3030 MHz, where the latter is filtered out by a low
pass filter. Since the sum frequency is much larger than the difference frequency, it is
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sufficient to use a 32 MHz low pass filter instead of a low pass filter with a lower cut-off
frequency. The difference frequency signal is mixed again with a signal from a direct
digital synthesizer (DDS), which is referenced to the atomic clock. The frequency of the
DDS signal νDDS is chosen such that it coincides very well with the frequency of the
mixed-down repetition rate signal, i.e. such that the frequency difference between the
two signals is at most a few Hz. After filtering the output of the second mixer with a
low pass filter with a cut-off frequency of 1.9 MHz1 , one gets a signal that depends only
on the phase deviation of the DDS signal and the signal of the mixed-down repetition
rate. This is fed into a electronic controller which will be described in detail later. The
signal from the controller is applied to the piezo actuator inside the laser resonator that
changes the cavity length and thus acts on the repetition rate.
To see that actually the phase of the repetition rate signal (i.e. the timing phase) is
stabilized by this method, we have a closer look at the signals in the subsequent parts
of the electronic setup.
Behind the band pass filters all other contributions except for the 6th harmonic of the
repetition rate oscillating at the frequency frep are filtered out. The measured voltage
behind the amplifier is then
Urep (t) = Arep cos(2π frep t + ϕrep (t)) ,

(3.2)

where Arep is the amplitude of the signal and ϕrep (t) is the phase. This signal is mixed
with the VCO signal at fV CO =1530 MHz. The VCO signal is assumed to be stable,
which is justified since it is phase locked to the atomic reference, so that the phase ϕV CO
is time independent and the signal becomes
UV CO (t) = AV CO cos(2π fV CO t + ϕV CO ) .

(3.3)

AV CO (t) is again the amplitude of the VCO signal.
The output Uout1 of the first mixer is the product of the two inputs, i.e.




Uout1 (t) = Arep cos(2π frep t + ϕrep (t)) · AV CO cos(2π fV CO t + ϕV CO ) .

(3.4)

With
cos(x) cos(y) =


1
cos(x − y) − cos(x + y)
2

(3.5)

this becomes
1
cos(2π (fV CO − frep ) t − ϕrep (t) + ϕV CO )
2

− cos(2π (fV CO + frep ) t + ϕrep (t) + ϕV CO ) .

Uout1 (t) = Arep AV CO ·

(3.6)

1

Since the repetition rate signal is very narrow, we used the low pass filter with the lowest cut-off
frequency. This was the 1.9 MHz low pass.
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After filtering out the high frequency part we get a signal with the difference frequency
fV CO − frep ≈ 30 MHz:
U (t) = Arep AV CO ·

1
cos(2π (fV CO − frep ) t − ϕrep (t) + ϕV CO ) .
2

(3.7)

Defining ∆ϕ(t) = ϕrep (t) − ϕV CO , which is the phase deviation of the repetition rate
signal relative to the stable phase of the VCO, eq. 3.7 is written as
U (t) = Arep AV CO ·

1
cos(2π (fV CO − frep ) t − ∆ϕ(t)) .
2

(3.8)

In the second mixer, this signal is mixed with a signal of the same frequency generated
by a DDS. The DDS is also referenced to the atomic frequency standard, so it is assumed
to be stable. For simplicity, the phase origin is chosen such that the phase of the DDS
signal is zero. Hence the DDS signal is
UDDS (t) = ADDS cos(2π (fV CO − frep ) t) .

(3.9)

Behind the second mixer and after the low pass filter which filters out the sum frequency
part, one gets the following difference signal:
1
cos(−∆ϕ(t))
4
1
· cos(∆ϕ(t)) .
4

U (t) = Arep AV CO ADDS ·
= Arep AV CO ADDS

(3.10)

As one can see, we get an error signal that depends on the phase deviation from the
repetition rate signal to the reference. If this error signal is held at zero, the phase
deviation stays constant over time and hence the repetition rate is phase locked to the
atomic reference1 .
To hold the signal at zero is the duty of the controller, into which the error signal is fed.
This controller is the topic of the next section.
Repetition Rate Locking Controller
As has been shown in the previous section, the error signal depends on the phase of the
repetition rate signal. Since the feedback signal is applied to the piezo and thus acts
on the cavity length, the phase is not directly controlled, but compensated by changes
of the repetition rate (i.e. the frequency of the signal). This is a a bit more complex
situation than assumed in section 2.2, where we have assumed a linear behavior. Linear
means that the controller would influence the measured quantity (in this case the phase)
directly.
1

Note that any frequency deviation results in a phase change. Therefore also frequency fluctuation
are detected and compensated by the control electronics.
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A phase deviation can be compensated by a change of the frequency keeping in mind
that
Z

∆ϕ =

∆ν dt

where ∆ν denotes the frequency deviation from the center frequency.
Using a P-controller as described in section 2.2.1, frequency deviations would obviously
yield an oscillatory behavior of the system. Therefore a more complex controller design
is needed. The schematic of the controller developed in this work is shown in fig. 3.10.
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Figure 3.10: Schematic of the controller used for the repetition rate stabilization. It is
separated into four main parts: the input offset (1), a proportional part
(2), the integrating part (3) and the output offset (4). The function of the
controller is descibed in detail in the text.
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As indicated in the picture, the controller is separated into four parts.
1. The input offset and input filter. Typically the input signal exhibits an offset
voltage that comes from the external components like the mixer. To compensate
this, the resistor R1 and the adjustable resistor R2 form a voltage devider with
whom the offset voltage is adjusted.
In the configuration shown here, the operational amplifier OA1 acts as a summing
amplifier and adds the offset to the input signal. Furthermore, the input signal is
amplified by a factor of − R4
R3 = −2.2. The negative sign arises because the inverting input of the amplifier is used.
The amplitude of the unlocked error signal is in the order of ±200 mV.
The capacitor C1 is added to achieve a low pass behavior of the operational amplifier. The low pass filter is included to prevent high frequency noise from entering
the controller. For the values of 10 nF and 2.2 kΩ, the cut-off frequency of the filter
(being the frequency for which the input signal is attenuated by 3 dB compared
to the DC value) is approximately 7.23 kHz. This is sufficient to filter out high
frequency noise1 , but high enough to avoid significant attenuation and phase shift
of the input signal. Such a high frequency noise source is for example the ion trap
used in the experiment. It uses an oscillating electric field at ≈26 MHz. This field
is also radiated into the environment and will also enters the input signal of the
controller, where it would even be amplified.
2. The proportional part. Here the signal U1 (t) coming from the first part is amplified linearly. The amplification factor is given by the ratio of the resistance of the
resistor R5 and the resistance of the adjustable resistor R6. The output voltage
UP (t) of the proportional part is given by
UP (t) = −

R6
U1 (t) ,
R5

(3.11)

where we have taken into account that the inverting input of the operational amplifier is used.
This signal is afterwards added with to the signal coming from the next part discussed here.
3. The integrating part. As explained above, a proportional part alone is not sufficient because frequency deviations would lead to oscillations of the system. Therefore the integrating part is needed to damp these oscillations and compensate
frequency drifts. Note that this part is not the same as the integrating part discussed in the context of the PI-controller, but it shows a similar behavior.
The operational amplifier OA2 is operated as a comparator by removing the resistor that connects the output to the input. The amplification causes any positiv
1
In fact high frequency noise is filtered out anyway by the piezo actuator inside the laser resonator
which acts as a low pass filter with a cut-off frequency that was measured to be ≈13 Hz. Since the low
pass filter did not have any negative effect, we did not remove it.
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voltage at the input to be amplified to +15 V. Analogously, a negative voltage
causes an output voltage of -15 V. The output voltages must be compatible with
the TTL specifications, for this purpose the output voltage is devided down using
the voltage devider formed by the resistors R7 and R8 and the diode D1. The
+15 V output is devided down to +5 V (the logical 1 in TTL), while the -15 V output voltage is grounded due to the diode to 0V, which corresponds to the logical
0 in TTL1 .
The timer circuit NE555 runs in astable operation. In this mode, it produces
TTL-like pulses which are used as the clock input for the binary 4-bit up/down
counters HEF4516. The values of the resistors and capacitors connected to the
NE555 timer are chosen such that the frequency of the pulses is approximately
8 kHz2 .
The Hex inverter circuit 74AC04 and the flip flop circuit 74AC74 are used to synchronize the signal from the comparator that determines the counting direction
with the clock pulses.
The four 4-bit binary counters HEF4516 are connected in a way that they act like
a single 16-bit counter. The counting frequency is determined by the frequency of
the pulses at the clock input. Every clock cycle the resulting 16-bit counter, formed
by the four 4-bit counters counts one step up or down, depending on the voltage
¯ input. If the voltage from the comparator is +5 V, corresponding
at the UP/DN
¯ input, the counters count upwards. If
to the logical 1 and applied to the UP/DN
¯
the voltage at the UP/DN input is 0 V, the counters count downwards.
The counting behavior of the counters is shown in fig. 3.11.

1

In the real controller, this voltage is not exactly 0 V but rather approximately -0.3 V, but this is
still within the tolerance range of the TTL.
2
The clock frequency is far above the point in frequency at which the proportional gain starts to
dominate over the gain of the integrating part. Thus there is no sudden drop in the overall gain-versusfrequency figure of the controller. Frequencies above the clock frequency can not be processed properly
by the integrating part, leading to a drop in the gain for frequencies higher than the clock frequency. If
the clock frequency is near or below the point at which the proportional gain starts to dominate, this
drop in the gain of the integrating part can not be neglected.
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Figure 3.11: The 16 outputs of the effective 16-bit counter formed by the four combined
4-bit counters together with the clock signal and the signal applied to the
¯ input of the counters. If the up/down signal switches from 1 to 0,
UP/DN
the counters count into the opposite direction. The input signal is derived
from a change of the phase of the repetition rate.
The counters generate a binary number that ranges from 0 to 65535. The digitalto-analog-converter (DAC) AD669 converts this number into a output voltage from
0 V (for the number 0) to +10 V (for 65535). This output voltage is amplified (and
inverted) by the operational amplifier OA3.
Since the counting direction of the counters is related to a positive or negative
sign of the input signal the DAC output voltage is sensitive to the phase of the
repetition rate signal and thus can counteract changes of it.
Together with the signal from the proportional part this makes it possible to compensate phase fluctuations.

4. The summing amplifier and output offset. The operational amplifier OA4 in
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this configuration adds the integrating and the proportional part. Furthermore
it is needed to re-invert the DAC signal. This is necessary because the signal is
applied to the piezo inside the laser resonator which does not work with negative
voltages.
Additionally an offset voltage coming from the potentiometer R9 is added to the
signal.
The resistor R10 and the capacitor C2 form a low pass filter with a cut-off frequency
of 5950 kHz to filter out switching noise that appears when the inputs and outputs
of the digital ICs switch from 1 to 0 or vice versa.1
A phase deviation from the value for which the input signal is zero will cause a change
of the output voltage of the controller. The direction of this change depends on the
direction of the phase change. The voltage change at the piezo crystal leads to a change
of the repetition rate. The frequency deviation causes a temporal change of the phase, so
that a phase deviation is regulated back. An oscillatory behavior of the phase deviation
is damped out by the action of the proportional and the integrating part of the controller
together. Thus the repetition rate signal is phase locked.
The real device built for this work is seen in figure 3.12.

Figure 3.12: Photo of the controller used for the repetition rate lock mounted in its metal
housing.
The results and evaluation of the repetition rate stabilization are found in chapter 4.
1

Additionally the piezo acts as a low pass filter. Its cut-off frequency was measured to be 13 Hz. The
piezo is the limiting factor of the bandwidth of the control electronics as we will see in chapter 4.
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Carrier-Envelope Offset Stabilization
The locking electronics for the carrier-envelope offset stabilization are similar to those
of the repetition rate stabilization1 . The schematic setup is shown in fig. 3.13.
XPS1500
Low pass filter
98MHz

High pass filter
41MHz

RF amplifier 30dB

Mixer

Pump diode

CEO locking
controller

DDS

DC
Low pass filter
11MHz

Figure 3.13: Schematic setup of the CEO locking electronic. The CEO signal is provided
by the XPS1500 interferometer. The signal is filtered out, amplified, mixed
down and sent into the controller, which acts on the current of the pump
diodes to influence the CEO frequency.
The CEO RF-signal is accessed via a BNC connector at the back plane of the XPS1500
non-linear interferometer. The signal is filtered with a 41 MHz high pass filter and a
98 MHz low pass filter. The high pass filter is needed to filter out noise that appears
in the frequency range up to 30 MHz, e.g. due to the trap frequency which has been
mentioned in section 3.2.2. The low pass filter avoids that the signal at the mirror
frequency νrep − νCEO enters the mixer. In principle the signal at the mirror frequency
should be filtered out by the second low pass filter after being mixed with the DDS
signal, but we wanted to make sure that as little noise as possible enters the control
loop. Therefore all other signals except for the CEO signal are filtered out before the
mixer.
The absolute power level of the signal behind the filters was typically -45 dBm with a
signal-to-noise ration (SNR) of 25 dB. For the measurement of the SNR we subtracted
the noise level (in dBm) from the maximum of the signal peak.
The SNR was measured with the spectrum analyzer with a resolution bandwidth of
1 MHz.
Note that these numbers changed from day to day and are only given to get a rough
idea.
After the CEO signal is isolated by the filters, it is amplified by a 30 dB RF amplifier in
order to make sure that the mixer works properly. Behind the amplifier the SNR was
typically around 25 dB. The absolute power level of the of the CEO signal is -17 dBm
1

Except for the controller.
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with a resolution bandwidth of 1 MHz. The DDS is referenced to the atomic clock and
provides an output frequency that oscillates at the CEO frequency νDDS which adjusted
such that is is very close to the frequency of the CEO signal νCEO . Following the
calculations in section 3.2.2, we see that in analogy to there, the output of the mixer
consist of two signals. One oscillates at 2 · νCEO (assuming that the frequency of the
DDS approximately coincides with the frequency of the CEO signal) and the other one
depends on the phase difference of the CEO signal and the DDS signal1 . The first of
the two is filtered out by a low pass filter. The signal which depends only on the phase
difference between the CEO signal and the DDS signal is isolated by a low pass filter
with a cut-off frequency of 11 MHz and afterwards used as the input of the controller.
Since the CEO signal is very broad (c.f. section 4.2) we used a 11 MHz low pass filter
instead of a 1.9 MHz low pass filter to avoid that we cut off a part of the CEO signal.
The controller is similar to the controller shown in the previous section, but an additional
derivative part has been added (c.f. section 2.2.3) in order to gain a faster response
to phase variations of the CEO signal. Furthermore the low pass filters at the input
and output were removed and the values of the resistors that are responsible for the
amplicication of the operational amplifiers were modified. This is necessary since the
output of the controller must be in the range of 0 V to 1 V in order to avoid damage of
the pump diodes.
The output voltage of the controller is applied to the pump diodes that pump the Er3+ doped fiber inside the laser resonator. By applying a voltage, the current of the pump
diodes is changed, leading to a change of the gain in the fiber. It has already been shown
in section 2.3.4 that this leads to a change of the CEO frequency.
In analogy to the repetition rate lock, this is then used to stabilize the phase of the CEO
signal.
In the context of this work, the setup to stabilize the CEO phase has been completed,
but due to problems with the CEO signal measured by the interferometer, the attempt
to operate the stabilization was not successful. The consideration regarding the origin
of the large amount of CEO noise are presented in more detail in chapter 4.

3.2.3 Locking the Lasers to the Comb
In this section the principle of stabilizing the cw lasers to the femtosecond frequency
comb is explained.
In the setup, five lasers from Toptica Photonics are present that are used at the ion
experiment and which work at 729 nm, 794 nm, 850 nm,854 nm and 866 nm. These are
grating stabilized continuous wave diode lasers. They are built in Littrow configuration,
1

Of course the distinction between phase and frequency is not very strict. Since the instantaneous
frequency is the temporal derivative of the phase, a temporal change of the phase corresponds to a
frequency change and a change of the frequency leads to a phase change. Usually in this work we use
the term „frequency“ when we refer to oscillations whose oscillatory behavior is intended (e.g. a beat
signal) and the term „phase“ when the quantity shall be stabilized, i.e. when oscillations are unwanted,
e.g. for the laser phase and phase noise.
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which was presented in section 2.3.3.
All of these lasers1 have successfully been phase locked to the frequency comb. For the
characterization of the laser stabilization and some properties of the frequency comb,
the 794 nm and the 866 nm laser have been used. Furthermore, the 729 nm laser was
used to investigate the noise properties of the frequency comb.
The lasers are placed in another laboratory. To overlap their light with the light of the
frequency comb, they are coupled into a fiber and sent to the frequency comb setup.
They are collimated by fiber collimators and guided into the beat lines. The schematic
setup for the laser stabilization is shown in fig. 3.14.
Beat lines
729nm
to electronics
854nm
to electronics
850nm
to electronics
FC1500
λ/2
frequency comb
PBS

794nm
to electronics
866nm
to electronics

Grating

Figure 3.14: Setup for the laser stabilization. After being broadened in the photonic
crystal fiber, the spectrally broad comb light is spatially separated by an
optical grating. The individual parts of the spectrum are picked out by the
mirrors and guided into the beat lines, where the heterodyne beat measurement with the respective lasers is performed.
The broad spectrum coming from the comb is spatially separated by the grating. The
grating exhibits 1800 grooves per millimeter. The comb modes that are closest to the
frequencies of the lasers are picked out by the mirrors and guided into the beat lines.
There the comb light is overlapped with the light coming from the laser. The beam
paths of the individual spectral parts of the comb spectrum used in the setup are drawn.
The length of the beam paths lies in the range of 1.8 to 2.5 meters.
A picture of the real setup is shown in fig. 3.15.

1

except for the TA Pro (729 nm) which is locked to a high finesse cavity. It is therefore used here as
a tool to characterize the frequency comb and the laser stabilization
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729nm

866nm

(G)

Figure 3.15: Picture of the real setup. The comb can be seen in the front. The light of
the comb is sent onto the grating (G) where it is widened and guided to the
beat lines. The beat lines can be recognized in the background. The beam
paths of the 866 nm part and the 729 nm part of the spectrum are drawn
as examples.
The beat line, where the beat signal between the laser and the comb light is created,
is shown in detail in fig. 3.16.
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Figure 3.16: Schematic setup of a beatline. The laser and the comb light is overlapped
at the first polarizing beam splitter (PBS1). The λ/2 waveplate and the
second PBS (PBS2) are needed to project the comb light and the laser
light onto the same polarization. The beat note is detected with the photo
detector.
The light coming from the comb will in general not be linearly polarized but due to
polarization changes at the mirrors be elliptically polarized. Thus the λ/2 waveplate
WP1 is adjusted such that it rotates the linearly polarized part of the comb light to horizontal to maximize the transmission through the first polarizing beam splitter (PBS1).
One half of the circularly polarized part of the comb light will also be transmitted while
the other half will be reflected.
At this PBS, the comb light and the laser light is overlapped. To maximize the reflection
of the laser light, the λ/2 waveplate (WP2) behind the fiber collimator is adjusted such
that the polarization of the laser behind the waveplate is vertical. The polarization of
the laser behind the fiber collimator drifts slowly (on a time scale of a few minuted to
hours for a drift of the polarization axis of 90◦ due to thermal and other effects in the
fiber through which it is sent) so that the waveplate has to be adjusted to correct the
drift from time to time.
After the PBS1, the polarizations of the two overlapped beams are orthogonal. The
third waveplate (WP3) and the second PBS (PBS2) are thus used to project a part of
both beams onto the same polarization.
The iris cuts off the comb modes whose frequency is not close to the laser frequency.
Since we can not collimate light of all wavelengths perfectly at the same time, we adjust
the outcoupling lens behind the PCF such that all comb lines of interest (i.e. at 729 nm,
794 nm, 850 nm, 854 nm and 866 nm) have the same spatial width when they enter the
beat lines. All modes, except for the one whose frequency is closest to the laser frequency, that are incident onto the detector will not contribute to the desired beat signal
but only increase the shot noise1 of the detector and thus worsen the signal-to-noise
1

Shot noise appears as a consequence of the quantization of the current from the photo detector
due to the fact that the current flow is formed by single electrons and holes. This leads to a certain
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ratio (SNR). In the shot noise-limited case, which is usually not reached with the silicon
detectors we use for the beat note detection, the SNR is given by the ratio of the signal
amplitude1 and the shot noise level, proportional to the sum of the laser power and the
power of all comb modes that are incident onto the photo detector.
In the shot noise-limited case the signal to noise ration is given by [35]
SN R =

PL · PNc η
,
Pc + PL h ν B

(3.12)

where N is the total number of comb modes that are incident onto the photo detector,
Pc is the total power of all these comb modes, PL is the power of the laser light that
is incident onto the photo detector, h is the Planck constant, ν is the frequency of the
laser and the comb modes, which is ≈378 THz for the case of the 794 nm light, η is the
quantum efficiency of the photo detector and B is the bandwidth of the detector. We
assumed here that all comb modes that illuminate the detector have the same power,
which is not absolutely correct since the iris cuts off more power from the modes that
lie closer to the edge of the aperture. For the detectors that are used in the setup η is
0.67 at 794 nm and the bandwidth B is 350 MHz [36].
To increase the SNR it is desirable to cut off as many additional modes as possible.
This is done with the iris. However we do not want to cut off much power of the comb
mode whose frequency is closest to the frequency of the corresponding laser. Hence the
aperture of the iris is chosen such that it coincides with the diameter of the closest comb
mode. This diameter is typically 1-2 mm. We are interested in the number of modes
that lie within this aperture. As an example this calculation is performed for the 794 nm
light of the comb.
If light of the wavelength λ is incident onto a grating with d1 grooves per millimeter
under the angle α, the angle under which the m-th order maximum of the diffracted
light leaves the grating (c.f. fig. 3.17) is given by
sinα + sinβ =

m·λ
,
d

(3.13)

where m is the order of the diffraction maximum, which is 1 in our case. The angle of
incidence was measured to be 71◦ with an uncertainty roughly 3◦ due to the error in
the reading. Note that this is the uncertainty in the reading, not the uncertainty in the
actual angle.

fluctuation of the current which causes noise, the so-called shot noise. It is proportional to the flowing
current and hence to the intensity of the light field that is incident onto the photo detector.
1
Which is, as we will show in eq. 3.21, proportional to the product of the laser power and the power
of the comb mode whose frequency is closest to the laser frequency.
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1st order
β

α

α

0th order

Figure 3.17: Light is incident onto the grating under the angle α. The angle β under
which the first order maximum is diffracted is determined by the angle
of incidence, the wavelength λ of the light and the distance between two
subsequent grooves of the grating, d.
Solving eq. 3.13 for β yields
β = arcsin

m · λ

d



− sinα .

(3.14)

The distance D from the grating to the iris is 1.84 m ±0.05 m for the 794 nm light. The
iris aperture a is 2 mm. This means any light that leaves the grating under an angle
that lies in the range β − ∆θ → β + ∆θ, where ∆θ is calculated as
∆θ = arctan

a
,
2D

(3.15)

will pass through the iris.
The spread of possible angles under which the light passes through the iris is ∆β = 2∆θ.
The corresponding spread of the linewidth ∆λ is calculated by
 λ + ∆λ

∆β = arcsin

d



− sinα − β ,

yielding


∆λ = d sin(∆β + β) + sin − λ .

(3.16)

+0.28
1
For λ = 794 nm and d1 = 1800 mm
we get β = 28.9◦ ± 1.2◦ and ∆λ = 0.26−0.26
nm.
The lower limit of ∆λ is given by the resolving power of the grating which is given by
the wavelength of the laser devided by the number of grooves of the grating that are
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illuminated. in our case the number of illuminated grooves is ≈ 5 mm· 1800
mm = 9000. Thus
the resolving power of the grating for 794 nm is 0.08 nm. This means that ∆λ lies in the
range of 0.08 nm → 0.54 nm.
The frequency spread ∆ν is given by
∆ν =

c
c
−
.
λ λ + ∆λ

(3.17)

With that the number N of comb modes behind the iris is calculated as
N=

∆ν
.
νrep

(3.18)

For 794 nm this number of modes is calculated to be 495+532
−342 .
Behind the iris a plano-convex lens with a focal length of 30 mm focusses the beam down
to the photo detector.
Typical values for the power of the laser and the power of comb light behind the iris lie
in the range of 400 to 1000 µW for the laser and 20 to 100µW for the comb. Assuming
a laser power of 800 µW and a power of the comb light of 60 µW according to eq. 3.12
for 495 comb modes behind the iris we would get a shot noise-limited signal-to-noise
ratio of 861 =
b 58.7 dB. In practice we will not reach the shot noise limit with the silicon
detectors we use in the setup due to electronic noise of the detector. For the powers
mentioned above we typically get a signal-to-noise ratio of roughly 35 dB (see section
4.3).
A picture of a beat line is shown in fig. 3.18.
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Figure 3.18: Picture of the beat line for the 866 nm laser. The function of the different
components is described in the text.
We are interested in the beat note of the laser with the comb mode whose frequency
is closest to the laser frequency.
The electric field of this comb mode at the detector is given by
Ecomb = Ac eiωc t , Ac ∈ R ,

(3.19)

where we assume the phase of the comb mode to be stable and the phase origin is chosen
such that the comb mode phase is zero. ωc is the angular frequency at which the comb
mode oscillates.
The electric field of the laser with angular frequency ωL is
ELaser = AL ei(ωL t+φL (t)) , AL ∈ R .

(3.20)

φL (t) is the phase of the laser. The resulting field Eres is the sum of both fields.
The photo detector does not measure the field, but the power P of the incident field.
This is given by
P = |Eres |2 = |ELaser + Ecomb |2
= A2L + A2c + 2 AL Ac cos (ωL − ωc ) t + φL (t) .


(3.21)

The first two terms give a DC offset voltage that does not depend on the relative phase
of the laser and the comb. The cosine term oscillates at the frequency difference of the
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laser and the comb mode and contains the information about the laser phase. This is
why it can be used for the phase stabilization of the laser.
Right after the detector this beat signal is rather weak (typically in the order of 75 dBm. with a SNR of 5 dB for a resolution bandwidth (RBW) of 300 kHz), therefore is
is amplified by a 30 dB RF amplifier. Behind the amplifier the power level of the signal
is -46 dBm with a SNR of 46 dB for a RBW of the spectrum analyzer of 300 kHz.
The electronic setup that is used for the laser lock is shown in fig. 3.19.

Laser + Comb
Photo detector

Low pass filter
98MHz

RF amplifier 30dB

Mixer

High pass filter
41MHz

RF amplifier 30dB

RF amplifier 30dB

DDS

DigiLock 110

Laser

Low pass filter
11MHz

Figure 3.19: Electronic setup for the laser stabilization. The signal from the photo detector is amplified and filtered to isolate the beat signal of the laser with
the nearest comb mode. This beat signal is mixed and filtered to extract
the signal that depends only on the phase of the laser. This signal serves
as the error signal for the phase stabilization and is fed into the controller.
Usually the comb light in the beat line will contain more than one mode, so that there
are also beat notes with higher frequencies contained in the output signal of the detector.
Thus the detector signal is filtered by a high pass and a low pass filter afterwards. The
high pass filter with a cut-off frequency of 41 MHz cuts off the noise that is present
for frequencies up to 30 MHz, e.g. the 26 MHz frequency from the ion trap (c.f. section
3.2.2). The 98 MHz low pass filter avoids that the signal at the mirror frequency of the
beat signal (c.f. section 3.2.2) or signals at higher frequencies like the repetition rate
signal at 250 MHz enter the mixer.
Before the beat signal is mixed with the signal from the DDS, it is amplified again by
two 30 dB amplifiers. Contrary to our expectations, the power level behind the third
amplifier was only -20 dBm (with a SNR of 45 dB for a RBW of 300 kHz), which is
anyway sufficient to guarantee a proper functionality of the mixer.
The filtered output of the photo detector is oscillating at the frequency difference of the
laser and the closest comb mode. This signal also contains the information about the
phase of the laser. The phase information is retrieved by mixing the signal with a signal
from the DDS. The output frequency of the DDS is adjusted to match the frequency
of the beat signal. The low pass filtered output of the mixer is only depending on the
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phase difference of the beat signal and the DDS signal.
To filter out the generated sum frequency, the output of the mixer is filtered by a 11 MHz
low pass filter. Day-to-day operation showed that it is more convenient to use the low
pass filter with a cut-off frequency of 11 MHz instead of a 1.9 MHz low pass filter1 . For
the 1.9 MHz filter the mixed-down beat signal with the free-running laser drifted away
too fast so it was hard to lock it.
Since the DDS is referenced to the atomic frequency standard, its phase can be assumed
to be constant. Therefore a change of the mixer output can only be caused by a change
of the phase of the beat. For a phase stabilized comb, a phase change of the beat signal
corresponds directly to a phase change of the laser.
Thus, using this signal as the error signal, the phase of the laser can be stabilized.
The error signal is fed into the controller. The amplitude of the error signal at the input
of the controller (when the laser is not locked to the comb) is usually ±140 mV. For this
setup, the Toptica DigiLock110 module is used as the loop controller. This is a PID
controller that can be controlled by a PC.
The DigiLock module can apply a feedback signal to the current of the laser diode as
well as to the piezo crystal that controls the cavity length. In the framework of this
scheme, only the current modulation has been used so far.
In section 2.3 it was shown that a change of the current yields a change in the gain of the
laser. According to the Kramers-Kronig relation (c.f. eq. 2.68), this leads to a change
of the refractive index of the gain medium and therefore to a change of the emission
frequency. In analogy to the discussion for the stabilization of the repetition rate, phase
deviations can be regulated back by this mechanism and thereby the phase and the
frequency of the laser are stabilized.
Even if the phase of the comb was not stabilized, at least the relative phase of the
laser, i.e. the difference of the phase of the comb mode and the laser phase, would be
stabilized. This does also mean that if two lasers are locked to the comb2 the phases of
these lasers will be locked relative to each other.

1
Low pass filters with cut-off frequencies between 1.9 MHz and 11 MHz were not in stock. Since the
lock worked well with the 11 MHz filter we didn’t buy other filters.
2
under the assumption that the phase of all comb modes fluctuates in the same way
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The first part of this chapter will treat the measurements of the long term stability of
the repetition rate. Additionally the short term behavior of the timing phase was determined by calculating the phase noise PSD1 and the frequency noise PSD.
In section 4.2 the measurements of the CEO signal obtained in the non-linear interferometer XPS1500 and its effect on the linewidth of the beat signals are shown. An
explanatory approach for the discrepancy between the width of the CEO signal and the
width of the beat signals is depicted there.
Afterwards the beat signals of the laser with the comb are investigated for different
situations. In the first case the lasers are unlocked, then the lasers are locked to the
cavity and finally the lasers are locked to the comb. It will be shown that a significant
narrowing of the beat linewidth can be achieved when the lasers are locked to the comb.
This indicates that the laser is phase-locked to the closest comb mode.
Finally in section 4.4 we show the results of the fluorescence spectroscopy we performed
on the 40 Ca+ ion. According to section 2.4 the spectroscopy is an appropriate tool to
determine the phase stability of two lasers to each other. To get an indication on the
performance of the phase-lock of the lasers the results for the spectroscopy with lasers
locked to the comb are compared to a spectroscopy that was performed when the lasers
were locked to the cavity.

4.1 Repetition Rate Measurements
4.1.1 Characterization of the Repetition Rate Signal
Since the frequency comb serves as the reference for the laser stabilization, it is the crucial
element in the stabilization scheme. Any frequency fluctuations of the repetition rate
will result in frequency fluctuations of the optical comb modes that are larger compared
to the original fluctuations by a factor of the mode number of the comb mode. As this
number is large (∼105 to ∼106 ), even small fluctuations of the repetition rate will cause
large frequency fluctuations of the comb modes in the optical spectrum. Any laser that
is locked to such a comb mode will experience the same drifts. Therefore it is highly
necessary to stabilize the repetition rate.
It was shown in section 3.2.2 how this is realized in the setup.
The picture on the left in fig. 4.1 shows the phase sensitive error signal for the locked
repetition rate measured with a digital oscilloscope. This signal is obtained when the
1

See section 2.1.3.

89

4 Results

800

800

600

600

400

400

Amplitude / mV

Amplitude / mV

repetition rate signal is mixed down to zero frequency (c.f. section 3.2.2). As one can
see, the repetition rate phase1 is indeed stabilized and fluctuates around zero. The
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Figure 4.1: Error signal at the input of the controller. Left: The repetition rate is locked.
The fluctuations of the repetition rate phase, caused mainly by 50 Hz noise
entering the controlloop, are clearly below π4 (see text). Right: the repetition
rate is unlocked. The signal oscillates at the difference frequency of the 6th
harmonic of the repetition rate and the reference (≈ 100-200 Hz). One sees
that the oscillation amplitude is larger than the maximum deviation in the
locked case. This indicates that the repetition rate is indeed phase locked
and the phase deviation of the repetition rate signal from the reference is
below π4 .
The fluctuations of the repetition rate phase are below π4 , which is seen when we compare the error signal in the locked case with the error signal for the unlocked repetition
rate. The latter is shown in on the right side of fig. 4.1. The amplitude of the unlocked
repetition rate signal is clearly larger and performs a sinusoidal oscillation, while this
oscillation is suppressed for the locked signal and it does not reach the maximum amplitude. This means that the phase of the repetition rate signal does not exceed a value
of π4 .

4.1.2 Long Term Measurements
The long term stability of the repetition rate is determined by measuring the temporal
evolution of the center frequency of the repetition rate peak. For that purpose we used
the frequency counter function of the Agilent N9320B spectrum analyzer that can resolve
the carrier frequency of the repetition rate peak down to 1 Hz for a measured frequency
1
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span of 500 Hz. The spectrum analyzer was referenced to the atomic frequency reference
during the measurement. The temporal evolution was recorded by a LabVIEW program
that reads out the carrier frequency from the spectrum analyzer.
A measurement of the 6th harmonic of the unlocked repetition rate at roughly 1.5 GHz
is shown in fig. 4.2.
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Figure 4.2: Deviation of the center frequeny of the 6th harmonic of the unlocked repetition rate from 1.5 GHz over time. In about two hours one sees a drift of
about 160 Hz. The sampling time between two adjacent frequency values is
1 s.
The spectrum analyzer sampled the frequency value every 1000 ms. In two hours there
is a maximum drift of about 160 Hz. This corresponds to a drift of an optical mode at
794 nm of roughly 40.3 MHz1 . This value is far above the necessary long term stability
for the lasers that are locked to the comb in the ion experiment. The frequency drift of
the lasers over one day must be well below the linewidth of the used transitions in the
ion about 20 MHz.
The Allan variances of the long term measurements were calculated with the program
1

From eq. 2.58 we see that a drift of the repetition rate frequency causes a drift in the optical
frequency of the modes. The frequency drift in the optical is larger than the drift of the repetition
rate by a number that coincides with the mode number of the respective mode. For 794 nm this mode
number is ≈ 1.5 · 106 . Since we are looking at the 6th harmonic of the repetition rate, the actual drift
of the repetition rate is smaller by a factor of 6. This means that the corresponding drift in the optical
at 794 nm for a drift of the 6th harmonic of the repetiton rate of 160 Hz is
∆νopt ≈

1
· (1.5 · 106 ) · 160 Hz ≈ 40.3 MHz .
6
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AlaVar 5.2 by Alaa Makdissi. Note that the program uses an expression equivalent to
the two-sample Allan variance shown in eq. 2.12, the so-called overlapping Allan variance
given by [37]
1
σ (τ ) =
2(N − 2m + 1)
2

N −m+1
X



Y (i + m) − Y (i)

2

,

(4.1)

i=1

where
Y (i) =

X
1 i+m−1
νj .
m j=i

(4.2)

Here we use the overlapping Allan standard deviation which is the square root of eq.
4.1.
The data set consists of M measured frequency points νi , temporally separated by the
time τ0 . The measurement time τ is given by τ = m · τ0 .
The Allan standard deviation for the free running 6th harmonic of the repetition rate is
shown in fig. 4.3.
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Figure 4.3: Double logarithmic plot of the Allan deviation against the measurement time
τ for the repetition rate measurement shown in fig. 4.2. For measurement
times τ larger than 32 s the plot exhibits a slope of approximately 12 which
is characteristic for random walk frequency noise. For lower measurement
times an almost flat line can be recognized which indicates flicker frequency
noise.
In that case the sampling rate was 1 Hz, corresponding to a τ0 of 1 s. The plot shows
the absolute Allan deviation, i.e. it is not normalized to the center frequency of the
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signal.
One sees a slope characteristic of the double logarithmic plot which is close to random
walk frequency noise, fitted with a linear fit of the slope 12 . The fitted line starts with
τ = 32 s as the first point for the fit calculation. For measurement times τ < 32 s one
recognizes a transition into the flicker frequency noise domain with a slope of zero. The
random walk is probably caused by drifts of the temperature or the pressure. The flicker
noise might be among others caused by acoustical vibrations of the laser.
One sees that the fluctuations of the repetition rate on short time scales in the order of
1 s are relatively small (fluctuations of a few Hz around the center frequency of 1.5 GHz).
Errors in the calculation of the Allan deviation may arise because the method we use to
record the CEO frequency does not guarantee a dead time-free measurement.
When the repetition rate is locked, the fluctuations of the center frequency are below
the resolution of the spectrum analyzer, i.e. below 1 Hz on a time scale of 1 s, as shown
in fig. 4.4.
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Figure 4.4: Long term measurement of the central frequency of the repetition rate peak
at 1.5 GHz. As one can see the frequency fluctuations are below 1 Hz. This
is the minimum resolution given by the frequency counter function of the
spectrum analyzer.
The spectrum analyzer was referenced to the atomic frequency reference during the
measurement.
The measurement ran for about one hour. In that time no frequency deviations could
be observed. The center frequency of the 6th harmonic of the repetition rate stayed
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within an intervall of ≤1 Hz within a measurement time of one hour. The corresponding
fluctuations of the center frequency of the comb mode in the optical spectrum at 794 nm
is therefore ≤250 kHz.
Day-to-day operation showed that the repetition rate stays in lock for the whole day
without problems.
Since we do not observe any frequency deviations the Allan deviation has not been
calculated for this case.

4.1.3 Short Term Measurements
To determine the short term stability of the repetition rate lock, the 6th harmonic of
the repetition rate, mixed down to zero frequency, is sampled with a digital oscilloscope (LeCroy WaveRunner 6050A). The phase noise power spectral density is calculated with the help of a MATLAB program that was written by Dr. Erik Benkler from
the Physikalisch-Technische Bundesanstalt in Braunschweig. The program extracts the
phase information using a software phase-locked loop. From the obtained phase the
phase noise PSD is calculated by
Z∞

Sφ (f ) =
−∞

1
T

ZT

!

φ(t + τ )φ(t) dt e−i2πf τ dτ ,

(4.3)

0

where T is the sampling time and φ(t) is the phase deviation of the signal from the
phase of a reference oscillator at the carrier frequency of the signal. Of course in the
calculation t and τ will not be continuous variables but discretized.
The frequency noise PSD is then calculated according to eq. 2.17.
The phase noise PSD and the frequency noise PSD for the unlocked and the locked
repetition rate signals are shown in fig. 4.5 and fig. 4.6, respectively. The sampling rate
was 5 MS
s and the total measurement time was 1 s.
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Figure 4.5: Phase noise PSD (left) and frequency noise PSD (right) of the repetition
rate signal when the repetition rate is unlocked. The double logarithmic
plot shows that for frequencies between 100 Hz to 100 kHz white phase noise
is the dominating effect.
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Figure 4.6: Phase noise PSD (left) and frequency noise PSD (right) of the repetition rate
signal when the repetition rate is locked. One can clearly see a suppression
of the low frequency noise due to the feedback, whereas the noise at higher
frequencies around 50 Hz is even increased. Since the control bandwidth
of the feedback loop is limited by the piezo actuator which has a cut-off
frequency of ≈13 Hz the regulation has no effect for frequencies above 100 Hz.
Hence the noise levels for the locked and the unlocked repetition rate signal
are the same for frequencies higher than roughly 100 Hz.
In both cases for frequencies from 100 Hz to 100 kHz the double logarithmic plot for the
frequency noise PSD exhibits a linear behavior with a slope of 2, corresponding to white
phase noise (c.f. tab. 2.1). Thus for these frequencies white phase noise is the dominant
noise process. It could originate from quantum noise (i.e. spontaneous emission) in the
resonator.
As one would expect, the phase noise and frequency noise is suppressed by roughly two
orders of magnitude for low frequencies in the range of 1 Hz to less than 10 Hz when the
repetition rate is locked. For frequencies in the range of 20 Hz to 50 Hz the frequency
and phase noise of the locked repetition rate signal exceeds the frequency and phase
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noise of the signal in the unlocked case. This additional noise is typical for feedback
loops, known as servo bumps. These servo bumps appear when the the phase delay of
the feedback signal exceeds 180◦ and the feedback changes from negative feedback to
positive feedback1 . For that reason, the frequency noise for this Fourier frequency is
even amplified instead of attenuated.
Furthermore one sees that the excess noise at 50 Hz is increased when the repetition rate
lock is active. This 50 Hz noise enters the system at some point and is then applied to
the piezo actuator. The origin of the peak at approximately 1.1 kHz is unknown.
For frequencies above 100 Hz no difference between the locked and the unlocked case
can be seen. This is because the piezo actuator acts as a low pass filter whose cut-off
frequency has been measured to be around 13 Hz. Therefore noise frequencies of more
than 100 Hz are far off the control bandwidth of the system and the regulation has no
effect.

1
negative feedback means that the feedback acts on the system such that a deviation of the quantity
we want to stabilize, i.e. the phase in our case, is reduced. For positive feedback a deviation of the
quantity under consideration from a reference value is even increased instead of reduced.
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4.2 Carrier-Envelope Offset Measurements
As mentioned before we did not succeed in locking the carrier-envelope offset phase.
Therefore we performed several measurements to find possible reasons for that.

4.2.1 Influence of the Repetition Rate
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First of all we wanted to verify that the repetition rate lock has no effect on the CEO
phase as predicted by the theory (see section 2.3.4). For that reason we mixed down the
CEO signal with the signal from a DDS to ≈5 MHz and sampled it with the oscilloscope.
5
The sampling rate was 25 MS
s . The total number of samples in the data set was 5 · 10 ,
corresponding to a measurement time of 20 ms. The frequency noise power spectral
density was then calculated using the program from section 4.1.
The two frequency noise PSDs are shown in fig. 4.7.
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Figure 4.7: Frequency noise power spectral density of the carrier-envelope offset signal
with unlocked repetition rate (left) and locked repetition rate (right). No
significant differences can be observed. This indicates that the CEO is not
influenced by repetition rate fluctuations.
There is no significant difference visible between the frequency noise PSDs when the
repetition rate is locked and when it’s unlocked. Even for Fourier frequencies around
50 Hz, where the frequency noise of the repetition rate is increased by approximately
two orders of magnitude when the repetition rate is locked, no increase of the frequency
noise of the CEO signal can be observed. This means that, as expected, the repetition
rate fluctuations have no influence on the CEO.
As one sees for Fourier frequencies up to 1 MHz the frequency noise of the CEO is
dominated by white frequency noise1 . A typical source for white frequency noise in
lasers is spontaneous emission (c.f. section 2.1.3).
Since the phase noise PSDs is obtained from this data using eq. 2.17, it contains no
additional information and is not shown here.
1
The frequency noise power spectral density is flat for Fourier frequencies from roughly 50 Hz to
1 MHz. This means that the frequency noise PSD is independent of the Fourier frequency in that range,
corresponding to white frequency noise.
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4.2.2 Influence of the CEO in the Optical Regime
Now we want to see how the linewidth of the CEO signal affects the linewidths of
the beats of the different lasers with the frequency comb. One would expect that the
measured beats have at least the width of the CEO signal. This is because in the ideal
case the contribution of the CEO to the frequency and phase of the comb modes is the
same for all modes. Hence we would expect that all comb modes have the same width,
corresponding to the width of the CEO signal (since the repetition rate peak is much
narrower). As the shape of the beat is given by the convolution of the laser and the
comb mode, the resulting peak of the beat note is at least as wide as the CEO peak
when we assume that the width of all comb modes is the same.
In fact, due to the frequency doubling process in the SHG780 module the comb modes
behind the doubling should have twice the width of the CEO beat and thus also the
beats of the lasers with these comb modes should be at least two times as wide as the
CEO peak.
To test this we measured the beat signals of three different lasers at 729 nm, 794 nm and
866 nm with the comb together with the CEO beat signal. From these measurements,
we determined the corresponding linewidths over a certain measurement time. The
794 nm and 866 nm lasers were locked to a Fabry-Perot cavity and it is known that their
linewidths lie between 100 kHz and 300 kHz on a time scale of 200 ms [9]. The 729 nm
laser is locked to a high finesse cavity and exhibits a linewidth in the order of 1 kHz.
To measure the linewidth of the CEO and the beat signals with the help of an RF
spectrum analyzer turned out to be impractical since we are interestet in the linewidth
on a shorter time scale than we can measure with the spectrum analyzer. Therefore
we recorded the CEO and beat signals with the LeCroy WaveRunner 6050A digital
oscilloscope and estimated the short term linewidth from that data.
To estimate the linewidth we split the sampled data sets into bins of a certain length and
perform a fast Fourier transform (FFT) of each one of these bins individually. We get
the individual linewidth values by fitting a Lorentzian shaped curve onto the data points
of this FFT and calculating the full width at half maximum (FWHM). The linewidths of
the beat notes and the CEO signal are then determined by averaging over the measured
linewidths of all bins.
Of course this method only serves to give an estimation of the linewidth and is not
very accurate, as can be seen on the wide spread of the values for the linewidth in the
figures. This is due to the fact that the fits used to determine the FWHM of the Fourier
transforms of the individual bins exhibit a rather large error and hence also the values
for the FWHM are not very precise. Nevertheless it is sufficient to obtain a qualitative
impression about the linewidths of the lasers.
The CEO linewidth was measured with a bin time of 8.2 µs, corresponding to a frequency
resolution of 122 kHz, for a total measurement time of 10 ms. The sampling rate of the
oscilloscope was 500 MS
s and the total number of sampling points was 5 MS. A plot of
the measured linewidth versus time is shown in fig. 4.8.
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Figure 4.8: Calculated linewidth values of the CEO signal versus time. The values were
obtained by performing a FFT on single bins of 8.2 µs of the data set of length
10 ms. The averaged linewidth is 4 MHz. According to the manufacturer
Menlo Systems, the linewidth of the CEO signal should be in the order of
250 kHz.
The averaged CEO linewidth is determined to be 4 MHz.
In order to see this broad linewidth in the optical regime, the same analysis was done
with the beat note of the 729 nm laser with the closest comb mode. When this laser is
locked to a high-finesse cavity, it has a linewidth of ≈1 kHz. Therefore we would expect
no contribution from the laser linewidth to the width of the resulting beat. The width
of the resulting beat should be twice the width of the CEO beat, i.e. roughly 8 MHz,
due to the frequency doubling. The beat signal was mixed down with a signal from a
DDS to ≈5MHz. The sampling rate of the oscilloscope was 25 MS
s . The total number
of sampling points was 5 MS. The total measurement time for the beat signal of the
729 nm laser was 200 ms and the bins were 0.16 ms long, yielding a frequency resolution
of 39 kHz. The plotted linewidths as a function of time are shown in fig. 4.9.
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Figure 4.9: Linewidth of the 729 nm beat signal versus time. The sampling rate of the
oscilloscope was 25 MS
s . The total number of sampling points was 5 MS. The
total measurement time was 200 ms. The data set was devided into bins of
a length of 0.16 ms, corresponding to a frequency resolution of 39 kHz. The
time-averaged linewidth of the beat note is 1018 kHz ± 229 kHz.
In contradiction to the expected value of ≈8 MHz, the averaged width of the 729 nm
beat line is 1018 kHz ± 229 kHz, i.e. roughly one order of magnitude below the expected
value. Since the 729 nm laser is very narrow, the 1018 kHz coincide with the linewidth of
the comb mode at 729 nm. Further measurements for the beat of the 794 nm laser (see
fig. 4.10) and the 866 nm laser (see fig. 4.11) show that none of the beat signals reaches
a linewidth that is as high as the linewidth of the CEO.
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Figure 4.10: Linewidth of the 794 nm beat signal versus time. The beat signal was
mixed down with a signal from a DDS to ≈5MHz. The sampling rate of
the oscilloscope was 25 MS
s . The total number of sampling points was 5 MS.
The total measurement time was 200 ms. The data set was devided into bins
of a length of 0.16 ms, corresponding to a frequency resolution of 39 kHz.
The time-averaged linewidth of the beat note is 480 kHz ± 94 kHz.
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Figure 4.11: Linewidth of the 866 nm beat signal versus time. The beat signal was
mixed down with a signal from a DDS to ≈5MHz. The sampling rate of
the oscilloscope was 25 MS
s . The total number of sampling points was 5 MS.
The total measurement time was 200 ms. The data set was devided into bins
of a length of 0.16 ms, corresponding to a frequency resolution of 39 kHz.
The time-averaged linewidth of the beat note is 200 kHz ± 44 kHz. This
coincides with the linewidth of the laser itself. Thus the actual comb line
at 866 nm might be narrower.
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If we compare the three different linewidths, we see that measured linewidths decrease
for wavelengths higher than 729 nm. Therefore the wavelength of the comb mode that
exhibits the lowest linewidth seems to be larger than 794 nm. Since the linewidth of the
comb mode at 866 nm is already small, the wavelength of the comb mode that experiences
the lowest phase noise (i.e. exhibits the smallest linewidth) seems to be somewhere near
866 nm. Unfortunately we had no lasers with wavelength below 729 nm or above 866 nm
to test this hypothesis.
A possible explanation for this phenomenon was given in section 2.3.4. There it was
discussed that in the presence of quantum noise the fixed point for the optical phase
noise, i.e. the frequency that experiences no phase noise due to the quantum noise, lies in
the optical spectrum. For frequencies below and above this fixed point, the optical phase
noise due to quantum noise will increase, as it can be seen at the increased linewidths
of the beat of the 729 nm laser compared to the linewidth of the beat signals of the
794 nm and 866 nm lasers. The linewidth of the latter reaches the linewidth of the laser
so that the actual linewidth of the comb mode at 866 nm might even be lower. The CEO
frequency lies in the radio frequency range and is thus far off the optical frequencies.
Therefore, according to the mathematical model presented in section 2.3.4, the CEO
signal would experience a large amount of phase noise. This would result in a large
CEO linewidth, which agrees well with the measurements.
We suppose that a increased amount of quantum noise, caused by spontaneous emission
in the laser cavity, could originate from a misalignment inside the resonator. Thus the
cavity losses would be increased. Due to the high amplification in the Er3+ -doped fiber
the spontaneous emitted light would then be amplified to a greater extent. Hence the
optical phase noise caused by spontaneous emission would be increased significantly.
Still the fixed point seems not to lie in the center of the spectrum at ≈775 nm but
is shifted to a lower frequency. Therefore we suppose that there is yet another, still
unknown mechanism with a fixed point at higher wavelengths. A superposition of the
two effects, i.e. quantum noise and the supposed unknown effect, could be responsible
for the shift of the wavelength of the comb mode that experiences minimum phase noise
to a higher value.
The presumed high amount of quantum noise in the CEO phase noise might be a reason
why we did not succeed in locking the CEO phase. We can not counteract the CEO
phase fluctuations caused by spontaneous emission. If we tried to regulate the CEO
phase by changing the dispersion as described in section 2.3.4, we would even increase
the phase noise instead of locking the CEO. This situation is similar to the one depicted
in section 2.3.4. There it was shown that the attempt to regulate quantum induced
timing phase noise by changing the cavity length leads to a large increase of the timing
phase noise.
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4.3 Laser Stabilization
In this section we will show that the lasers are phase-locked to the frequency comb. This
phase-lock is identified by a drop in the phase and frequency noise PSD of the beat notes
when the lasers are locked to their closest modes of the frequency comb compared to
the PSDs of the beat notes for the cases that the lasers are unlocked and that the lasers
are locked to the Fabry-Perot cavity. Additionally a clear narrowing of the beat signals
of the lasers with the frequency comb is visible when the lasers are locked to the comb.
This is clear evidence that the lasers are indeed phase-locked. The measurements are
shown exemplarily for the beat signal of the 794 nm laser.

4.3.1 Laser Lock with Free-Running Repetition Rate
First of all the we measured the frequency noise PSD for the beat signal of the 794 nm
laser locked to a Fabry-Perot cavity using the method mentioned in section 4.1. This
measurement is used as the reference to see if there is any improvement of the frequency
noise PSD of the beat when the laser is locked to the comb.
The phase noise PSDs do not carry any additional information and are not shown here.
Fig. 4.12 shows the frequency noise power spectral density of the beat for the cavitylocked 794 nm laser. The beat signal, originally at roughly 70 MHz, was mixed down
with a signal from a DDS to ≈5MHz. The sampling rate of the oscilloscope was 25 MS
s .
The total number of samples in the data set was 5 · 106 , corresponding to a measurement
time of 200 ms.

Single sided frequency noise PSD / (Hz2/Hz)

794nm laser locked to the cavity, Repetition rate unlocked
1010
108
106
104
102
100
10-2
10-4 0
10

101

102

103
104
Fourier frequency / Hz

105

106

107

Figure 4.12: Frequency noise power spectral density of the beat signal of the 794 nm
laser with the frequency comb. The laser is locked to the cavity.
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The frequency noise is larger for lower Fourier frequencies. In the double logarithmic
plot this results in a linear slope of approximately - 12 which results probably from a superposition of different noise processes such as white frequency noise and 1/f frequency
noise of the diode laser (c.f. 2.1.3).
Since the CEO frequency noise exhibits a white frequency noise-like power spectral density, as shown in fig. 4.7, and the repetition rate frequency noise increases for increasing
frequencies (c.f. 4.5), the decrease of the frequency noise PSD of the beat signal for
increasing frequencies can only originate from the laser.
When the laser is locked to the frequency comb, the phase and frequency noise in the
beat signal are highly decreased. This is obvious since the phase noise of the beat signal
corresponds to the fluctuations of the phase difference between the laser and the comb
mode, which are highly decreased when the laser is phase-locked to the respective comb
mode. The decrease of the phase noise, and thus the decrease of the frequency noise,
for Fourier frequencies up to 100 kHz can be seen in fig. 4.13. There the frequency noise
PSD of the beat signal of the laser that is locked to the comb is shown. The beat signal
at 70 MHz was mixed down with a signal from a DDS to ≈5MHz. The sampling rate
6
of the oscilloscope was 25 MS
s . The total number of samples in the data set was 5 · 10 ,
corresponding to a measurement time of 200 ms.
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Figure 4.13: Frequency noise power spectral density of the beat signal of the 794 nm
laser with the frequency comb. The laser is locked to the frequency comb.
Up to about 1 MHz, the frequency noise is dominated by white frequency noise. A
clear decrease of the noise level for Fourier frequencies up to 100 kHz compared to the
case when the laser is locked to the cavity (c.f. fig. 4.12) is visible. For low frequencies,
this decrease is more than three orders of magnitude. This clearly indicates that the
laser is phase-locked to the comb mode.
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In fig. 4.14 the two frequency noise PSDs from fig. 4.12 and fig. 4.13 are shown again
next to each other to illustrate the decrease mentioned above.
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Figure 4.14: Comparison of the frequency noise power spectral densities for the beat
of the 794 nm laser with the frequency comb when the laser is locked to
the cavity (left) and when the laser is locked to the comb (right). A clear
decrease of the noise level for Fourier frequencies up to 100 kHz is visible
when the laser is locked to the comb, indicating that the laser is phaselocked to the comb mode.

4.3.2 Laser Lock with Locked Repetition Rate
For the measurements shown above the repetition rate stabilization was not active.
When this is switched on, the frequency noise PSD for the beat of the laser that is
locked to the cavity stays essentially the same except for the peak at 10 kHz (see fig.
4.15). This peak, whose origin is unknown, is induced by the repetition rate lock. When
the laser is locked to the comb and the repetition rate is stabilized, the frequency noise in
the beat signal is increased compared to the case when the repetition rate is not locked.
The reason for this is not yet understood.
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794nm laser locked to the comb, Repetition rate locked
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Figure 4.15: Frequency noise PSDs of the beat when the laser is locked to the cavity (top)
and when it’s locked to the frequency comb (bottom). The beat signal was
mixed down with a signal from a DDS to ≈5MHz. The sampling rate of
the oscilloscope was 25 MS
s . The total number of samples in the data set
6
was 5 · 10 , corresponding to a measurement time of 200 ms. The repetition
rate was locked. When the laser is locked to the cavity there is no difference
to the case when the repetition rate is in free-running mode. For the case
that the laser is locked to the comb an increase of the frequency noise is
observed when the repetition rate is locked.
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Even when the repetition rate is locked one can still see that the frequency noise level
is significantly lower when the laser is locked to the comb than when it is locked to the
cavity. As already mentioned, this is clear evidence that the laser is phase-locked to the
frequency comb.
Additionally, locking the laser to the comb leads to a narrowing of the beat peak measured with the RF spectrum analyzer compared to the beat of the laser that is locked to
the cavity. In fig. 4.16 the spectrum analyzer measurements of the beat of the 794 nm
laser that is locked to the cavity and the beat when the laser is locked to the comb are
shown. The repetition rate was locked.

Figure 4.16: Spectrum of the beat of the 794 nm laser with the comb. Left: Laser locked
to the cavity. Right: Laser locked to the comb. A clear narrowing of the
peak is visible, indicating that the laser is phase locked to the comb mode.
Note that the span for the picture of the beat with the cavity-locked laser
(left) is 10 MHz, while the span for the picture of the beat with the comblocked laser (right) is only 1 MHz. The picture of the beat with the cavitylocked laser was accidentially taken with a 20 dB attenuation, so that the
actual peak is higher. Since we are only interested in getting a qualitative
impression, this is not of importance.
Note however that the width of the beat note does not represent the actual width
of the laser or the comb mode. These will in general be much broader. As we have
seen in section 3.2.3, the phase fluctuations of the beat signal coincide with the phase
fluctuation of the laser relative to the phase of the comb mode, which will obviously
be very low when the laser is phase locked to the comb. A narrow beat signal thus
indicates little fluctuations between the laser phase and the phase of the comb mode,
but not necessarily also a stable absolute phase.
The absolute phase stability of a laser is hard to measure, but we can at least determine
the phase stability of two lasers relative to each other. A way to do this is presented in
the next section.
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4.4

40

Ca+ Spectroscopy

In section 4.3 we have seen that the phase and frequency noise of the beat notes of laser
and comb is decreased by orders of magnitude when the lasers are locked to the comb.
This is obvious since the beat note only contains the information about the phase fluctuations of the laser relative to the corresponding comb mode. This is of course heavily
decreased when the laser is phase-locked to the same comb mode. To obtain a measure for the phase stability between two individual lasers we performed a fluorescence
spectroscopy on the 40 Ca+ ion. For that purpose the frequency doubled 794 nm laser
at 397 nm and the 866 nm laser were sent to the ion. The frequency of the 794 nm laser
was fixed while the frequency of the 866 nm laser was detuned by an acousto optical
modulator (AOM). By that the fluorescence behavior of the ion for different detunings
of the lasers with respect to the atomic transitions is observed. The 397 nm laser light
drives the transition between the S1/2 state and the P1/2 state (see section 2.4), while
the 866 nm laser drives the transition between the P1/2 and the D3/2 state. The three
states S1/2 , P1/2 and D3/2 are split due to Zeeman splitting which arises because an
external magnetic field is applied.
If the 866 nm laser is scanned over a range from -100 MHz to 100 MHz and the fluorescence of the ion is measured for the respective detuning, one obtains the fluorescence
spectra shown below. As discussed in section 2.4, one sees the dark resonance dips that
appear when the detunings of the two lasers with respect to two of the Zeeman sublevels
are the same, assuming that the polarizations of the lasers fit to the corresponding transition. The polarizations of both lasers are perpendicular to the axis of the magnetic
field. In that case the two possible σ + and σ − transitions between the S1/2 and the P1/2
state are driven. Each of the two Zeeman sublevels in the P1/2 state can perform two
possible σ + and σ − transitions (c.f. fig. 2.21). Therefore we get in sum four possible
transitions and thus four dark resonances in the spectrum.
From eq. 2.123 we see that the dark resonance dips are more pronounced for higher
phase and frequency stability of both lasers relative to each other, going down to zero
for the case of monochromatic lasers. So from the depth of the resonance dips we can
draw conclusions regarding the phase stability of the lasers.
The measured spectrum is fitted by a calculation from the 8-level Bloch equation model
and adjusting the input parameters such that the simulated data fits to the experimentally obtained spectrum. From that fit one obtains the value for the laser linewidths,
where it is assumed that both lasers, i.e. the 794 nm laser and the 866 nm laser, exhibit
the same linewidth, which is roughly justified.

4.4.1 Lasers Locked to the Cavities
We startet with a spectroscopy for cavity-locked lasers. The fluorescence spectrum is
shown in fig. 4.17.
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Figure 4.17: Fluorescence spectrum of the 40 Ca+ ion. The frequency of the 397 nm light
is held constant while the frequency of the 866 nm light is detuned by an
AOM. The spectrum (dots) exhibits several dips that are caused by dark
resonances in the ion. The linewidth of the lasers is determined by fitting the
spectrum. The fit (solid line) delivers a linewidth of approximately 262 kHz
for the lasers that are locked to the Fabry-Perot cavity. The χ2 -value of the
fit is 19.27.
The fit delivers a laser linewidth of approximately 262 kHz.

4.4.2 Lasers Locked to the Comb
The next measurement was performed with both lasers locked to the comb, but the frequency comb was free-running, i.e. the repetition rate was not locked. The polarizations
of the lasers were the same as before. The resulting spectrum is shown in fig. 4.18.
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Figure 4.18: Fluorescence spectrum of the 40 Ca+ ion. The lasers were locked to the
free-running comb. The fluctuations of the repetition rate lead to strong
fluctuations of the laser frequency. This makes it impossible to record a
proper spectrum.
Due to fluctuations of the unlocked repetition rate the laser frequencies fluctuate
heavily during the time it takes to record the spectrum. For that reason we did not fit
the spectrum. To avoid the fluctuations we locked the repetition rate. The spectroscopy
performed with lasers which are locked to the frequency comb whose repetition rate is
locked are shown in fig. 4.19.
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Figure 4.19: Fluorescence spectrum of the 40 Ca+ ion. The lasers were locked to the frequency comb. The repetition rate of the frequency comb was locked. The
drifts of the laser frequency due to fluctuations of the repetition rate are
clearly suppressed, which is seen by the fact that the spectrum is much
smoother than in the case when the repetition rate is not locked (c.f.
fig. 4.18). The laser linewidth calculated from the plot is approximatley
315 kHz. The χ2 -value of the fit is 13.97.

As one can see, the drifts of the laser frequency are effectively suppressed when the
repetition rate stabilization is switched on, which is seen by the fact that the spectrum
is much smoother than in the case when the repetition rate is not locked (c.f. fig. 4.18).
The fit delivers a laserlinewidth of ≈315 kHz for the lasers which is a bit higher than
in the case of cavity-locked lasers. This indicates that the phase coherence between the
two lasers is worse than when the lasers are locked to the cavity. This is in contrast to
our expectation that the phases of both lasers should be stable relative to each other
since both lasers are locked to the frequency comb. A possible reason for this could be
the following:
We suppose that due to quantum noise the phase fluctuations of the individual comb
modes are not well correlated (c.f. section 2.3.4). An indication for this assumption
has been shown in section 4.2, where we have seen that the beat signals with different
lasers locked to a cavity exhibited significantly different linewidths. Since the phases
of the lasers stabilized to the comb are locked to the phases of the corresponding comb
modes (see section 3.2.3) also the phases of the lasers relative to each other would not
be well correlated. We have seen in section 2.4 that the depth of the dark resonance
dips depends on the phase correlation between the two lasers. Therefore a bad phase
correlation between the lasers results in a less distinct dark resonance dip.
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This situation corresponds to the situation of cavity-locked lasers, where the fluctuations
of the individual laser phases are uncorrelated. Thus for the current situation, where
the phases of the individual comb modes seem to be not well correlated, we would not
expect a big improvement of the spectroscopy results when the lasers are locked to the
frequency comb.
However, if we overcome this problem and successfully lock the CEO, a great enhancement of the laser phase stability can be expected.
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In this work a setup was presented that allowed us to stabilize the diode lasers that are
used in the single-ion experiment to a femtosecond frequency comb. For that purpose
the beat signal of the laser with its spectrally closest comb modes was measured and
used to lock the phase of the laser to the phase of the comb mode.
The repetition rate of the frequency comb was successfully phase-locked to an atomic
frequency standard over at least one hour. Day-to-day operation showed that there is
practically no time limitation for the repetition rate lock and that it stays in lock for
the whole day.
It could be shown that the laser phase was indeed locked to the phase of the comb line by
observing a remarkable narrowing of the measured beat note. Furthermore it could be
shown that it is possible to lock more than one laser to the frequency comb at the same
time, which was then used to perform a fluorescence spectroscopy on the 40 Ca+ -ion.
To compare the results we performed another spectroscopy where the lasers were locked
to a cavity using the Pound-Drever-Hall technique.
The stability of the laser frequency and the laser phase were in the same range for both
locking schemes, the transfer lock and the locking to the frequency comb; an improvement by using the comb-lock technique could not yet be observed. This could be caused
by a high amount of quantum noise that contributes to the noise characteristic of the
frequency comb, causing the phase fluctuations of the individual comb modes to be less
correlated. Due to that effect also the laser phases would be less correlated, since they
are locked to the phase of the respective comb mode, leading to a loss of the phase
coherence between the lasers.
Therefore the first thing to do for the future will be to eliminate this problem.
We expect to gain more knowledge on the origin of the broadening of the CEO signal
measured with the non-linear interferometer when we measure the phases of either two
beat signals of two lasers with the comb or one beat signal of a laser with the comb and
the CEO signal simultaneously and investigate if there is a correlation between these
phases.
Since we expect a misalignment inside the laser cavity to be the reason for the presumed
increased amount of quantum noise, the problem could possibly be solved by letting the
cavity be realigned by the manufacturer.
Afterwards it could be possible to stabilize the carrier-envelope offset phase and thus
establish a phase-lock for the lasers where the laser phase is not only stable relative to
the phase of the comb mode, but in fact stabilized to the phase of the atomic reference.
Since this will apply for all the lasers that are locked to the frequency comb, the phase
coherence between the lasers should be highly increased.
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A way to avoid the problem of an unstable frequency comb at all is to use an alternative locking technique where the comb is not used as the reference but as a transfer
oscillator [38].
By mixing the beat signals of two lasers with the comb in an appropriate way, one can
obtain an error signal that depends only on the phase difference of the two lasers. This
can then be used to stabilize the phase of one laser to the phase of an other one. Using this scheme the 729 nm laser would be used as the reference. This laser is locked
to a high finesse cavity and exhibits a linewidth in the order of 1 kHz. By locking the
phases of the other lasers to the phase of the 729 nm laser using the technique mentioned
above, the stability of the 729 nm laser will be transfered to the other lasers, yielding
a significant narrowing of the laser linewidths and a high phase coherence between the
individual lasers.
In future work this method will be established, tested and compared to the locking
scheme where the comb is used as the reference.
Several other contributions to improving the performance of the laser stabilization have
been identified, e.g. using better power supplies to reduce the 50 Hz noise that represents
the dominating noise contribution in the repetition rate lock. Another possibility is to
send the comb light to the laboratory where the lasers are. If the beat signals used to
stabilize the lasers were generated closely to the lasers, the signal paths could be significantly reduced, which would lead to an increased control bandwidth of the stabilization
loop and therefore to an improvement of the laser stability.
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